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The spaces Fyxi and Sz' consisting of rectangular and positive def-
inite matrices are developed as partially ordered sets having lower and
upper bounds. Under Loewner (1934) ordering, spectral lower and upper
bounds are constructed for pairs A,B € (S},>L) and are shown to be
tight. Similar bounds are given for pairs in (F,xk, ) in terms of singu-
lar decompositions under an induced ordering. Applications pertaining to
(St,>L) include stochastic bounds for distributions of quadratic forms,
minimal dispersion bounds in certain regular ensembles, and bounds on
the peakedness of certain weighted vector sums. Applications to (Fnxk,>)
support the uniform improvement of any pair of first-order experimental
designs.

1. Introduction

Extremal problems persist throughout applied probability and statistics.
Their solutions often shed new light on structural aspects of the system at
hand.

To fix ideas, we reexamine the concentration properties of measures
u(+;p) induced by weighted sums Y 7, p;X; of iid random scalars
{Xi,...,X,} having a symmetric log-concave density. Here p = [py,...,pp]
satisfies {0 < p; < 1,p1 + -+ + pn = 1}, and we let F(t;p) = p([-t,t];p)
with ¢t > 0. Proschan (1965) has shown for each ¢ > 0 that F(¢;p) is order-
reversing under majorization, i.e., if p majorizes q, then F(t;q) > F(t;p)
and thus p(+; q) is more peaked than p(:;p) in the sense of Birnbaum (1948).

Since linear functions arise in a variety of contexts not entailing ordered
weights, we pose the further question: If neither p majorizes q nor q ma-
jorizes p, what then may be said regarding the concentration properties
of p(+;p) and p(-;q)? One answer follows immediately on observing that
the ordered simplex supporting majorization is a lattice with greatest lower
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bound (glb) and least upper bound (lub) given respectively by p A q and
PV q. Proschan’s (1965) result immediately gives the bounds

(1.1) F(t;pVvaq) < {F(t;p), F(t;q)} < F(t;pAQq)

for each ¢t > 0. Accordingly, we may refer to F(¢;p V q) as the stochas-
tic minorant, and to F(t;p A q) as the stochastic majorant, of measures
{u(:;p), u(-;q)} when evaluated over symmetric sets [—t,¢]. We return to
this topic later.

In this paper we extend the foregoing concepts to include other spaces
and other orderings. It is seen that lattice properties need not carry forward.
Nonetheless, these spaces are developed as partially ordered sets having lower
and upper bounds, and these bounds are shown to be tight. An outline of
the paper follows.

Preliminary developments occupy Section 2. Our main results are set
forth in Section 3, first with regard to an ordering for symmetric matrices
due to Loewner (1934), then with regard to an induced ordering on the
space of real rectangular matrices. Applications are developed in Section
4. For the positive semidefinite ordering these include stochastic bounds
for distributions of quadratic forms, minimal dispersion bounds on vector
estimators in certain regular ensembles, and bounds on the peakedness of
certain weighted vector sums. Applications to rectangular matrices support
the uniform improvement of any pair of first-order experimental designs.

2. Preliminaries

We establish conventions for notation and review basic properties of some
ordered spaces and functions monotone on them.

2.1. Notation

Symbols include R™ as Euclidean n-space, F,xx as the real (n X k)
matrices with n > k, S as the real symmetric (k X k) matrices, and S,?, S,'c"
and Dy, as their positive semidefinite, positive definite, and diagonal varieties,
respectively. The simplex Ry(c) in R" is given by Ra(c) = {x €e R" : 21 >
e+ > Zy,T1+- -+ T, = c}, and the transpose of x € R" is X’ = [z1,...,2,).
Special arrays include the unit vector 1, = [1,...,1]) € R", the unit matrix
I,., and a typical diagonal matrix D, = Diag(ay,...,ax) € Dg. Groups of
transformations on R™ include the general linear group Gl(n) and the real
orthogonal group O(n).

The spectral decomposition A = Zi-;l aiq;q; of A € S,j' yields its sym-

k 1/2

metric root AV/? = % a;

q:q;. The singular decomposition of X € Fpx
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is X = Y% &ipiql = PD(Q’ in which P = [py,...,px] is semiorthogonal
containing the left singular vectors, Q = [qi,...,qk] is orthonormal con-
taining the right singular vectors, and D; = Diag(§1,...,£k) contains the
ordered singular values of X.

Standard usage refers to independent, identically distributed (7id) vari-
ates and their cumulative distribution function (cdf). L(X) denotes the
distribution of X, with Ni(p,X) as the Gaussian law on IR* having some
mean g and dispersion matrix .

2.2. Ordered Spaces

A set 'H together with a binary relation »¢ is said to be linearly ordered
if the relation is reflexive, transitive, antisymmetric and complete. A partial
ordering is reflexive, transitive and antisymmetric, and a preordering is re-
flexive and transitive. A partially ordered set (H,>¢) is a lower semi-lattice
if for any two elements z,y in H, there is a greatest lower bound z A y in H;
an upper semi-lattice if there is a least upper bound z V y in H; and a lattice
if it is both a lower and upper semi-lattice.

Ordered spaces of note include (R¥, >} ), with x >, y in IR* if and only if
{z; > yi;;1 <1 < k}, and the simplex (R,(c), > ) ordered by majorization
(cf. Marshall and Olkin (1979)). The space (Sk, =1 ) is ordered as in Loewner
(1934) such that A >, B if and only if A — B € S?, with A >, B whenever
A-Be S,'c". The space (Fpxk, =) has an induced ordering in which X > Z
if and only if X'X > Z'Z; see Jensen (1984). This ordering is invariant in
the sense that X > Z if and only if PXB > QZB for any P,Q € O(n) and
B € GIi(k), and antisymmetry holds up to equivalence under O(n) acting
from the left.

Spaces with lower and upper bounds are germane to our studies. Clearly
(R*,>}) is a lattice with aAb = [a3 A by,...,ax Aby) and aVbh = [a; V
bi,...,ar V b]', where {a; A b; = min(a;,b;) and @; V b; = max(a;, b;);1 <
i < k}; see Vulikh (1967), for example. On working backwards from

v = 1A
v1 + v = (z1 4+ 22) A (91 + 92)
(2.1)
v+t vk = (1t tT)A(pit-+y)=c
then from
Uy = z1 Vi
uy + ug = (z1+22) V(%1 +92)
(2.2)

Uy + - + ug = (.’1}1+"°+$k)v(yl+"'+yk)=c7
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we conclude that (R(c),=p) is alattice withx Ay = vand x Vy = u. The
space (S, > 1) is not a lattice (cf. Halmos (1958, p. 142)), nor can (Fyxx, )
inherit lattice properties through its induced ordering. Nonetheless, both
(SF,>1) and (Foxk,>) are shown subsequently to have lower and upper
bounds that are tight.

2.3. Monotone Functions

A real-valued function f(-) on (H,>o) is said to be order-preserving
if z =0 y on H implies f(z) > f(y) on R, and to be order-reversing if
z >0 y on H implies f(z) < f(y) on R!. Denote by ®(H,>o) the class of
order-preserving functions, and by ®~(H, >¢) the order-reversing functions,
on (H,>o). Specifically, ®(R¥,>;) consists of functions f(zi,...,zx) non-
decreasing in each argument, and functions in ®(Rg(c),>pr) comprise the
Schur convex functions (cf. Marshall and Olkin (1979)). The class ®(Sk,>1)
is characterized in Marshall, Walkup and Wets (1967), and ®(F),x, =) may
be characterized through compositions as

(2.3) (Fuxr, =) = {¢(X) = (X'X) : ¥ € ®(Sk, =1)};

for further details see Jensen (1984).

3. Matrix Extremes in S and F.xx

Our principal findings are developed here. We first characterize the sets
of lower and upper bounds for pairs of matrices in (S§,>1).

3.1. Bounds in (S},>L)

Given (A,B) in (SF,>1) we study first the lower bounds Hz(A,B) =
{S € Sf :S <L A and S <, B}, and then the upper bounds Hy(A,B) =
{TeSt:T>r Aand T > B}. The ordering L <, {A,B} <, U always
holds with L=0and U = A + B, and if A <1 B, then L = A and U = B.
Since A > S if and only if GAG’' =1 GSG’ for any G € GI(k), it suf-
fices to consider a canonical form in which (A,B) — (B~'/2AB-1/2 ;) —
(GAG',GBG') — (D,,I;), where B-1/2AB~1/2 = ¥°F | 4,q;q! is its spec-
tral decomposition and D., = Diag(7i,...,7k) contains the ordered roots of
|A —yB| = 0. We thus seek E = GLG' and F = GUG’ such that E <,
{D,,1;} XL F or, equivalently, the classes Hr(D.,,Ix) and Hy(D., Ix).

First note that A > B on S,;" ifand only if {3 > --- > % > 1}. If
neither A >1, B nor B >, A, then at least one of two integers (r,s) can be
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found such that

(3'1) {712 e 2 > Y1 =1=
= Yr4s > Yres+1 2 000 2k >0}

Now let t = k—r — s, and let {e; > --- > €& > 0} be the ordered eigen-
values of E € Si. Essential properties of the lower bounds Hy(D.,I;) are
summarized in the following lemma.

LEMMA 1 Let E = [e;;] have eigenvalues {e1 > --- > €, > 0}, and consider
the class Hy(D~,Ix) with D, fized. In order that E € Hp(D~,1Ii) it is
necessary that

(i) {&; £ 1;1 < i<k}, and that
(i) {ei <1;1<i<7+s}and {e; <vi;r+s+1<i<k}

Moreover, if {e;;;1 < i < k} are assigned their mazimal values, a necessary
and sufficient condition that E € HL(D.,1;) is that E should take the form

(m) EM = Diag(lr,ls,‘)’r+3+1, e ,’)’k).

ProoF  The equivalence of Iy >; E and I, > Diag(ey,...,€x) gives
conclusion (i). Conclusion (ii) follows on noting that the diagonal elements
of the positive semidefinite matrices D, — E and I} — E are necessarily
nonnegative. To see necessity in conclusion (iii), assume first that D, — E €
52, so that E when assigned its maximal diagonal elements takes the form
Eo = Diag(H, L, ¥r4s+1,---,7k) such that H = [h;;] with {hii = 151 < ¢ <
r}, and Diag(71,...,7r) — H € Sp. Other off-diagonal elements vanish since
D, —E € S9 and the corresponding diagonal elements vanish. Now invoking
the assumption Iy — Eg € S,? stipulates further that I, — H € S2, hence
the off-diagonal elements of H must vanish also, giving Eps as in conclusion
(iii). Sufficiency of the form (iii) follows since the diagonals of Eps take their
maximal values, and both D, — Eps and Iy — Eps are positive semidefinite
by construction. m]

Turning to upper bounds for the pair (D,,I;), and thereby for (A, B),
let {m > --- > mr > 0} be the ordered eigenvalues of F € S;:. Without
further proof, essential properties of Hy/(D.,I;) are as summarized in the
following.

LEMMA 2 Let F = [f;;] have eigenvalues {qy > --- > nx > 0}, and consider
the class Hy(D,,I;) with D, fized. In order that F € Hy(D,,Ix) it is
necessary that

(i) {1 < < o00;1 <1<k}, and that
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(i) {fii >vi;1<i<r}and {fii > };r+1< i<k}

Moreover, if {fii;1 < i < k} are assigned their minimal values, a necessary
and sufficient condition that F € Hy(D,,Ix) is that F should take the form

(#i) Fp, = Diag(v1,... Y, Ls,It) witht =k —r —s.

All lower and upper bounds for (A,B) in (S{,>L) follow on map-
ping back to the original space. Since A = B/2QD.,Q'BY/? and B =
B'/2QI,Q’'B'/2, we conclude that L € H(A,B) if and only if L =
B/2QEQ’B!/? for some E € H(D,,I;). Similarly, U € Hy(A,B) if
and only if U = BY/2QFQ’B/? for some F € Hy(D~,I).

3.2. Spectral Bounds in (S§,> 1)

If we require that lower and upper bounds for diagonal matrices should be
diagonal, then (Dg, > 1) is seen to be a lattice on imbedding it in (]Rk, >k)-
Then the glb and lub of (D.,I;) are Dy A Iy = Ep and D, VI = Fpy,
precisely as defined in Lemmas 1 and 2. This in turn prompts the following.

DEFINITION 1 The matrices given by AAB = BY/2Q(D., AI;)Q'B!/2 and
AV B = B!Y2Q(D, V I;)Q'B/2 are called the spectral glb and the spectral
lub for (A,B) in (S},>1).

Properties of these spectral extremes are studied next. The main is-
sues include the possible interchangeability of A and B, and whether the
spectral bounds are tight. Both are answered affirmatively in developments
culminating in Theorem 1.

With regard to the reduction (A,B) — (D,,I;), we may take instead
(A,B) —» (Ix,A"Y2BA~1/2) 5 (I,Dg). Here Dy is the diagonal matrix
Dy = Diag(6y,...,0;) with {0 < 6; < --- < 6;} as the reverse-ordered
roots of |B — A| = 0, where A~1/2BA~1/2 = Y%  6,p;p! is the spectral
decomposition with P = [py,...,px] € O(k). Proceeding as before, define
BAA = AV?P(I; ADy)P'AY? and BV A = AY?P(I, v Dy)P'AY/2
To investigate whether the spectral bounds are invariant with regard to
decomposition, i.e., whether AAB=BAAand AVB =BVA, we first
note several duality relations. These are Dg = D;l, I, ADg = (D, VIE)L,
I;VDy = (D, ALY, (D, AL)(D,VI) = D, and BY/2Q = A/2PD;'/?
and A~V 2PD}/ ? = B~1/2Q. The latter expressions follow on establishing
relationships between the normalized eigenvectors of {B~1/2AB~1/2q; =
7iqi;1 < i < k} and {A~Y2BA-12p; = 6;p;;1 < i < k}. Our principal
findings with regard to the lower and upper spectral bounds are as follow.

THEOREM 1 Let {AAB,AVB} and {BAA,BV A} be spectral glb’s and
lub’s as defined. Then for any (A,B) in (S},>=1),
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(i) AANB =L {A,B} X AVB,

(ii) $(A AB) < {$(A),$(B)} < (A V B) for each ¢ € ®(S{,>L), and
(ii)) ANAB=BAAand AVB=BVA.
Moreover, the bounds are tight in the sense that

(iv) if {A,B} XL Tand T <, AV B, then T = AV B, and

(v) if {A,B} =1L S and S > AAB, then S= AAB.

Proor Conclusion (i) follows from Lemmas 1 and 2, and this implies (ii)
in view of the monotonicity of ®(S{,>L). To see conclusion (iii), note that
if A <; B,then AAB=A=BAAand AVB =B = BVA. Otherwise let
B! = BY/2Q and B, = A}/2PD;"/%; observe that AAB = B} (D, AL;)By;
and recall that BA A = AY/2P(I; ADy)P’A'/2. From the duality relations
cited earlier it follows that I A Dy = (D, VI;)~! = (D, AI;)D;!, so that
BAA = AY?PD;Y%(D, AI;)D; /*P'AY/2 = B(D, AI)B,. But another
duality asserts that B} = Bj, so that AAB = B A A as claimed. The
assertion AV B = B V A follows similarly. To establish (iv), first suppose
that {A,B} <1, T and T <1, AV B. Then since D, = Q'B-1/2AB-1/2Q
and D, VI; = Q'B~1/2(A v B)B~1/2Q, the ordering A <;, T <, AVB
implies

(3.2) D, <, Q'B~/*TB-/2Q <, D, VI,

whereas B <; T <; AV B gives

(3.3) I <L Q'B~?TB"/?Q <, D, V I;.

Letting ¢ = [0,...,0,1,0,...,0] have unity in the ith coordinate and zeros
elsewhere, we infer from (3.2) and (3.3) that

(3.4) % < i QB2TB2Qe; <y, 1<i<r

(3.5) 1< QB2 TB /?2Qe; <1, r+1<i<k.

Combining these and letting W = [(D, V I;) — Q'B"1/2TB~1/2Q] we find
that cWc; = 0, so that the diagonal elements of W are zero. But since
W >, 0, this implies that W = 0 and thus T = B/2Q(D, VI;)Q'B'/2 =
A VB as claimed in conclusion (iv). The proof for (v) proceeds similarly, to
complete our proof. ]

3.3. Bounds on (Fnxk,>)
We seek lower and upper bounds on (F,x,> ), now requiring that ma-

trices in F,yxx should be of full rank k¥ < n. We proceed constructively as
follows, starting with (X,Z) in (Fyxk,>)-
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First transform (X,Z) — [X(2'Z)"1/2,Z(2'Z)~1/?), observing that H =
Z(Z'Z)~'/? is semiorthogonal such that H'H = I; and HH' is idempotent
of rank k. We next undertake the singular decompositions X(2'Z)~1/2 =
Y Apiq) = PD)Q’ and Z(2'Z)"Y2 = TF | u;q} = UIL;Q’ such that
D, = Diag(A1,...,Ak), and P and U are semiorthogonal, whereas Q €
O(k). It is essential to note that X and Z may be recovered as X =
PD,\Q/(Z'Z)"/? and Z = UIQ'(2'Z)'/2. Corresponding to earlier usage we
now define provisional lower and upper bounds, to be verified subsequently,
as

(3.6) X AZ=P(DyAL)Q(Z'Z)/?
(3.7) XVZ=PD,VI)Q(Z'2) /.

Subject to later justification we set forth the following.

DEFINITION 2 The matrix X A Z in (3.6) is called a singular lower bound
for (X,Z) in (Fuxk,>), and XV Z in (3.7) is called a singular upper bound.
Basic properties of the singular bounds are given in the following.

THEOREM 2 Consider matrices XAZ and XVZ as constructed from (X, Z)
in (Fuoxk,>=). Then

(i) XANZ=<{X,Z} <X VZ;
(i) $(X AZ) < {$(X),H(Z)} < d(X V Z) for each ¢ € ®(Fyyi,>); and

(i1i)) X AZ and XV Z are determined up to equivalence under O(n) acting
from the left. Moreover, the bounds are tight in the sense that

(iv) if {X,Z} X T and T X XV Z, then T is equivalent to X V Z, and
(v) if {X,Z} =S and S = X A Z, then S is equivalent to X A Z.

Proor The conclusions follow from Theorem 1 since the orderings “X > Y
on (Fuxk,>)” and “X'X =1 Y'Y on (Si,=1)” are equivalent. In particular,
with X’X = A, Z'Z = B and D, = D%, conclusion (i) follows from its coun-
terpart in Theorem 1. Conclusion (ii) follows from (i) and the monotonicity
of ®(F,xk,>). Conclusion (iii) is apparent since X > Y and PX > UY are
equivalent for any P, U in O(n). Conclusions (iv) and (v) follow from their
counterparts in Theorem 1 together with the foregoing conclusion (iii). O

In view of Theorem 2 we now see that there are equivalence classes of
singular lower and upper bounds for (X,Z) in (Fyrxk,>). Thus X A Z and
X V Z in (3.6) and (3.7) may be replaced by their equivalents

(3-8) {X AZ} = {R(DA\ AL)Q/(Z'Z)"/*; R € O(n)}
(3.9) {XVZ}={R(D,VIL)Q(Z'Z)/? R € O(n)}.
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4. Some Applications
We illustrate stochastic bounds arising from Theorems 1 and 2.
4.1. Distributions of Quadratic Forms

Quadratic forms in Gaussian variates arise in a variety of settings, of-
ten under one of several alternative models. Specifically, with A € S9, let
G A(t; X) be the cdfof V = X’AX under £(X) = Ng(0,X). Standard results
include the following. (i) L(X'AX) = £ (T, %2?), where {Z,..., 2}

are iid N1(0,1) and {71,...,7%} are the roots of |[A — 7yE7!| = 0; see John-
son and Kotz (1970), including series expansions for G 4(¢; X). (ii) For fixed
A € S? and t > 0, it is clear that G4(t,E) € @~ (S, =1) when considered
as a function on S,‘:', as may be seen on applying a result of Anderson (1955).
Given two models, Ni(0,X) and Ni(0,8), our earlier developments support
the bounds

(4.1) Ga(tE2VR) < {Ga(t:2),Ga(t; )} < Ga(t; EAQR)

for each t > 0. As t varies, this provides an envelope bounding the two
cdf’s G4(t,X) and Ga(t;2). Moreover, these bounds may be evaluated
numerically in particular cases using known series expansions; see Johnson
and Kotz (1970).

To continue, consider an ensemble {N;(0,Z); E € Ko}, for which Ko C
S,j' contains a minimal element =,, and a maximal element =Zjs under the
ordering >1. Corresponding to (4.1) we have stochastic bounds given by

(4.2) Ga(t;Em) £ {Ga(t;,2);E € Ko} < Ga(t;EnR)

for each ¢t > 0. For fixed A, this gives an envelope of curves for all such cdf’s
as t varies over [0,00).

4.2. Minimal Dispersion Bounds

We consider the regular estimation of vector parameters. Specifically,
consider a family of dominated probability measures having density functions
{f(X;8);0 € ©} with © C R"; let G(0) = [¢1(0),...,9x(8)] be estimable
functions on © having the partial derivatives A(0) = [6;;(0)] = [09:(8)/06;]
for all § € ©; and let G(X) = [61(X),-..,gk(X)]' be any unbiased esti-
mator for G(6) having some dispersion matrix V(G(X)). Under regularity
conditions R, given as (i)—(vi) on page 194 of Zacks (1971), for example,
a standard result is a minimal dispersion bound given by V(G(X)) b A
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A(6)[Z(0)]71A/(9), where Z(0) = [Z;;(8)] is the Fisher information matrix.
Moreover, this bound holds for every unbiased estimator é(X)

If two such regular families have information matrices Z;(6) and Z5(9),
then our earlier construction applies directly. The resulting bound, namely,

(4.3) V(G(X)) =1 AB)[Z1(8) v Z2(8)] 1 A'(6)

applies to any unbiased estimator for G(6) taken from either model.

These developments extend to any regular ensemble {f.(X;8);0 € O,7 €
T} for which there is a maximal Fisher information matrix Zps(6). Corre-
sponding to (4.3) we now have the bound

(4.4) V(G(X)) =1 AO)Zum(6)]1A(6)

uniformly for every unbiased estimator G(X) for G() taken from any family
in the ensemble.

4.3. Peakedness of Vector Sums

Consider the measures u(+; p) on R¥ induced by weighted sums ", p:X;
of 7id random vectors {Xj,...,X,} having a symmetric log-concave density.
Let CE be the class of all compact convex subsets of RF symmetric under
reflection through 0 € R¥, i.e. x € A implies —x € A for each A € CE. Tt
is known for each A € C§ that u(A;p) is order-reversing when considered
as a function on (R,(c), = nm), i.e., p(A;p) € 2~ (Rn(c), =m); see Olkin and
Tong (1988) and Chan, Park and Proschan (1989). Thus if p > q, then
(-3 q) is more peaked about 0 € R¥ than u(-;p) in the sense of Sherman
(1955). Corresponding to (1.1) we therefore have the bounds

(4.5) w(A;pVaq) < {u(4;p),1(4;q)} < uw(A;pAQ)

for each A € Ck. Accordingly, we may refer to u(-;p V q) as the stochas-
tic minorant, and to pu(;p A q) as the stochastic majorant, of measures
{p(:;p), 1(-;q)} when evaluated over sets in C§.

To continue, we consider a possibly contaminated Gaussian sample as fol-
lows. Let {Y1,..., Y.} be iid Ni(0,X) and let {Z,,...,Z,} be iid Nx(0,S).
Now consider a possibly contaminated sample {Xj,..., Xy} in which {X; =
0Y; + (1 -6,)2Z;;1 <1 < n} with {§ € {0,1};1 < ¢ < n}. Further let
p(+;p,X) be the measure induced by > %, p;Y;. A basic result of Ander-
son (1955) shows that for each fixed A € C§ and p € Ry(c), the measure
1(A; p,T) is order-reversing when considered as a function on (S7,>L).

On combining the foregoing developments with Theorem 1, we now have
the following bounds on the measure px(-;p) induced by Y i, p;X; in a
possibly contaminated sample, as

(4.6) p(A;pV q;ZV Q) < {ux(4;p),1x(4;q)} S u(4;pAq,ZAQ)
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for each A € Ck, where the brackets in the center encompass all 2" possible

choices for {6;,...,6,} in the contaminated model. Equality is achieved on
the left when p >y qand ¥ =7, Q at §; = -+ = §, = 1, and on the right at
6p=:-=6,=0.

With regard to the peakedness of vector sums, the results of Olkin and
Tong (1988) and of Chan, Park and Proschan (1989) have been extended
by Eaton (1988) to include concentration properties in Gauss-Markov esti-
mation. Our developments here, applied in Eaton’s setting, would appear
to provide lower and upper bounds for concentration probabilities in two or
more linear models having dispersion parameters not ordered in (S,j, >L ).
Earlier work by the author (Jensen (1979)) complements Eaton’s work in
demonstrating that Gauss-Markov estimators are most peaked among median-
unbiased linear estimators, even without first or second moments as assumed
by Eaton (1988).

4.4. First-Order Ezperimental Designs

Consider models Y = a31, + XB+ e and Y = a3l, + ZB + e hav-
ing design matrices X,Z € F, x; in centered form as deviations from their
column means. We are concerned with inferences regarding the elements
of B = [B1,...,0) in the two models, based on the Gauss-Markov esti-
mators B(X) = (X'X)"1X'Y, and similarly B(Z) = (Z'Z)~'Z'Y, when
L(e) = N,(0,0°1,). The directed Fisher efficiency of design Z relative to X
in estimating a’B is given by

(4.7) Ep(Z,X;a) = a'(X'X)"'a/a’(2'Z) 'a.

The Pitman efficiency of Z relative to X, in normal-theory tests for H :
AB = by against K : AB # & is given by

(AB — 60)'[A(Z'Z) AT (AB - bo)

(AB - bo)[A(X'X) 1A (AB — bo)

(48)  Ep(Z,X|A)=

It is clear that design Z is more efficient than X, uniformly for all a € R*
under Fisher efficiency, and for all {A € F,xx;1 < 7 < k} under Pitman
efficiency, if and only if Z > X on (Fyxk, >)-

If neither Z = X nor X > Z, then Theorem 2 supports the construction
of a new design dominating both X and Z in efficiency. This is precisely the
design XV Z given in expression (3.7), or any equivalent design from expres-
sion (3.9). In summary, given any specified pair of first-order experimental
designs in Fy,xk, we may construct numerically a new design dominating
both designs in its efficiency for inferences regarding f.
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