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Let X ~ Np(6,Z) (X known) and consider the problem of estimating the mean vector
when loss is general quadratic loss (§ — 6)'Q(§ — 6). Many results are known for the case
3 = @ = I. There is also a relatively large literature for the case of general ¥ and Q
but it is relatively less well developed. The purpose of this paper is to unify many of the
results in the general case by relating them to the simpler case ¥ = Q = I. We give a
reduction of the general case to a canonical form (X = I, Q = Diagonal) and show that
a natural correspondence between priors, marginals, and estimators in the two versions of
the problem preserves risk, admissibility, minimaxity and Bayesianity. This allows many
results on minimaxity and admissibility in the case ¥ = @ = I to be extended to the
general case and allows an expansion of the classes of known minimax estimators in the
general case. It also seems to make the general case somewhat more comprehensible.

1. Introduction

Let X ~ Np(0,%) and consider the problem of estimating the mean vector
6 with loss L(6,d) = (d — 6)Q(d — ).

A great deal is known about this problem when ¥ = @ = I (and more
generally when ¥ and @ are known multiples of I). Relatively less is known
when the covariance matrix, ¥, and the matrix @ are general positive definite
matrices. The purpose of this paper is to close, to a degree, the gap between
the case Q@ = ¥ = I and the general case.

In Section 2, we briefly present a snapshot of results for the case where
Y and @ are known multiples of I. In Section 3, we extend these results to
the case where ¥ and ) are diagonal and in Section 4, to the case of general
positive definite ¥ and Q.

The spirit of the development herein is to derive procedures in the gen-
eral case corresponding to procedures in the ¥ = @ = I case which are Bayes
(proper, generalized, or pseudo) minimax and/or admissible and which pre-
serve these properties in the general case. There are a number of results
along these lines in the literature. This paper unifies and generalizes many
of these results and gives a comprehensive and, it is hoped, comprehensible
picture of the general case.

We will use the notation Vm(X), V- m(X) and V?m(X) for the gradi-
ent, divergence, and laplacian of a function m(X). Recall that V2m(X) =
Y1 0?°m(X)/0X? and that a function m(X) is superharmonic if and only if
V2m(X) <0 VX.
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See Strawderman (1971), Alam (1973), Bock (1975, 1988), Berger (1976),
Faith (1978), Shinozaki (1980), Stein (1981), George (1986), Berger and
Robert (1990), Berger and Strawderman (1996), and Fourdrinier, Strawder-
man, and Wells (1998) for background and results related to this paper.

The main technical contributions of the paper are part (c) of Theo-
rem 3.2 and part (b) of Example 4.1 which may be viewed as extensions
of Berger (1976) along the lines Fourdrinier, Strawderman and Wells (1998).

2. Thecase X =02%1,Q =1

The basis of much of the modern development in Stein estimation is Stein’s
1981 paper. The following is a summary of that development. We assume
throughout that g(X) is weakly differentiable and E||g(X)||?> < oo.

Theorem 2.1 (Stein, 1981). Let X ~ N,(0,02I) and suppose the loss
function is ||d — 0||? (ie., L =0%I,Q=1).

(2) E[(X —0)9(X)] =0’EV - g(X).

(b) If 8(X) = X + 0%¢(X), El6 - 0]> = R(6,9) = po® + E[o*(|lg(X)|I* +
2V - g)].

(e) If lg(X)|? +2V - g(X) <0 VX, then §(X) = X + 0%g(X) is minimaz.

(d) If @ ~ w(6), the Bayes estimator 6;(X) = X + a>Vm(X)/m(X), where
m(X) = (V2ro)2 [ exp[—(202) 71| X — 0||%]n(0) d6 is the marginal dis-
tribution of X.

(e) If0 ~n(60),

R(6,6,) = po? + E[a4 (2m(X)VZmE;)();)va(X)“2)]

=po? + 4&]3(@)

m(X)

Hence 05 is minimaz provided \/m(X) is superharmonic.

Note that superharmonicity of () implies superharmonicity of m(X)
which in turn implies superharmonicity of \/m(X). Hence superharmonicity
of m(0), m(X), or y/m(X) implies minimaxity of d,(X).

It is also convenient to introduce the notion of a pseudo-Bayes estimate
(see Bock, 1988). We say d,,(X) is pseudo-Bayes if §,,(X) = X + o2 Vg(lgg),
where m(X) is any function for which Vm(X) exists (we assume further
that V2m(X) exists and E||Vm|?/m? < o). Hence a pseudo-Bayes esti-
mate has the form of a Bayes estimate but m(X) may not be a true mar-
ginal distribution resulting from a (generalized) prior 7(6). For example,
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if m(X) = (1/]|X ||2)b, the resulting pseudo-Bayes estimator is 6,,(X) =
X — (2b0%/|| X||*)X, a James-Stein type estimator. The next corollary fol-
lows essentially directly from Theorem 2.1(d) and (e).

Corollary 2.1. A pseudo-Bayes estimator 0,(X) is minimaz provided
Vvm(X) is superharmonic.
Example 2.1. Suppose m(X) = (1/]|X||?)®. Then

bX

VVmX) =~

and

) X2 = b+ 2) x|
VivmX) = b[ x|

_bl(p—2) -
[xper2 -

Hence Vy/m(X) < 0 (m is superharmonic) provided 0 < b < (p — 2). It
follows that the James-Stein estimator (1 — ao?/||X(|?>)X is minimax for
0 < a < 2(p—2). Note that superharmonicity of m(X) holds only for
0<b< ’—’;—2 corresponding to the range 0 < a < (p — 2). The risk of §,,(X)
is equal to po? — 40*E[b[(p — 2) — b]/||X||?] by Theorem 2.1(e).

Fourdrinier, Strawderman, and Wells (1998) (FSW) point out that the
distinction between superharmonicity of v/m(X) vs m(X) is important and
that it is impossible for m(X) to be simultaneously proper (corresponding
to a proper (integrable) prior 7(6)) and superharmonic. They show that
propriety of m(X) and superharmonicity of 1/m(X) are indeed possible, if
p =9

FSW also give a fairly general class of Bayes minimax estimators. A main
result of that paper is the following result concerning hierarchical (general-
ized and proper) Bayes minimax estimators.

Theorem 2.2 (FSW). Suppose 0 has a prior distribution with the following
structure

0')""Np<0 (1_—_)‘_)_03

A I), A~h(N), 0<A<L.

(a) The marginal distribution of X conditional on X is

2
XIANNP(O,%‘—I).
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(b) The marginal distribution of X is

7%@&/W%m%£ﬂfﬂ%@ﬂk

(c) /m(X) is superharmonic (and hence 0r(X) is minimaz) provided h(\)
satisfies
AR/ (N)
(21) Y LX) + L2(X),
where £1(A\) < A, is nonincreasing in A\, and 0 < fy(A) < B where
3A+B<(p—6)/4, and

. p/2 _ .
(2.2) /{11’%)\ h(A\) =0, )1\1_)ml h(\) < 0.

Note. FSW developed their results in terms of a hierarchical distribution of
the form
0|V ~N(O,Ve2I), V~AV),0<V < oo

The above result re-expresses Theorem 1 of FSW in terms of the current
parameterization.

Example 2.2. The prior distribution given by h(A) = (1 — a)A™® given
in Strawderman (1971) satisfies the conditions of the theorem for —a <
(p—6)/2. These priors are proper provided that —a > —1 and lead to
admissible estimators provided —a > —2 by Brown (1971). Noting that
the interval —1 < —a < (p — 6)/2 is nonempty for p > 5, and —2 < —a <
(p — 6)/2 is nonempty for p > 3, the above prior gives proper Bayes minimax
estimators for p > 5 and admissible minimax estimators for p > 3.

See also Faith (1978), Alam (1973) for other mixing distributions h(\)
leading to Bayes minimax estimators.

George (1986) studied multiple shrinkage estimators. Here one may have,
for example, several possible points v;, 1 = 1,..., k towards which to shrink.
It is desired to adaptively shrink toward one of the points so that the re-
sulting procedure is minimax. The key observation is that if each of 7;(9)
is superharmonic, then so is Y a;m;(€) (and more generally for an arbitrary
mixture of superharmonic functions). Here is a version of George’s result.

Theorem 2.3. Suppose 74(0), a € A, are a collection of superharmonic
(generalized) priors and my(X) is the corresponding collection of marginal
distributions. Let A(a) be any finite mizing distribution on « € A. Then
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(a) [ma(0)h(a)da is superharmonic with corresponding superharmonic mar-
ginal

/ma(X)h(a) da.

(b) The resulting generalized (or pseudo, if mqo(X) are given) Bayes esti-
mator is minimaz.

Example 2.3. Suppose vy,...,v, are k given vectors in RP, and m;(X) =
(1/]IX — v|?)? for 0 < b < (p — 2)/2. Let m(X) = (1/k)2f=1mz(X)
Then m;(X) and m(X) are superharmonic and the resulting pseudo-Bayes
estimator is minimax. This estimator is given by

5(X)=X —o? 1 2b(X — ) /(IX — Vz'“2)b+1:|

S /(X — wil|2)e

and “adaptively” shrinks X toward the “closest” v; or alternatively is a
weighted combination of James-Stein like estimators shrinking toward the
v; with greater weights (1/]|X — v4]|%) put on v; closest to X.

It seems worth noting that in Theorem 2.3 we required m;(6), and not
V/m;i(0), to be superharmonic. This is significant in that this makes it im-
possible that the 7;(#) (and hence 7(6)) be proper priors. It need not be
the case that the square root of mixtures of functions whose square roots
are themselves superharmonic. Hence it is difficult to carry out George’s
development for mixtures of proper priors (or even proper pseudo-marginals
as in Example 2.3). '

3. Results for the Case X, Q Diagonal

In this section we study the case where ¥ = diag(c?,03,..., 012,) and Q =
diag(di,...,dp) = D. The extension of Theorem 2.1 to this case is the
following result.

Theorem 3.1. Suppose X ~ Np(0,X) and L(6,d) = (d—6)' D(d—6), where
Y and D are as above. Then

(a) If 6(X) = X + Xg(X), where g(X) is weakly differentiable and E||g||* <
0o, then R(0,8) = tr XD + E[3°F_, o}d;i(g2(X) + 20¢:(X)/0X)].

(b) If 8 ~ m(0), the Bayes estimator of 6 is 6r(X) = X + XVm(X)/m(X).
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(¢) The risk of a proper (generalized, pseudo-) Bayes estimator of the form
Im(X) = X +EVm(X)/m(X) is given by

Ty
b oidi(Om(X )/c?Xi)QJ
m?(X)
B b1 07did*/m(X)/0X}
—tr2D+4E[ 17 m(X) }

R(0,6;m(X)) =tr D+ E

[2m(X)( t=1 01di0*m(X)/0X7)

(d) If the term in brackets in the last line of (c) is non-positive, the proper
(generalized, pseudo-) Bayes estimator 6,,(X) is minimaz.

Proof. The proof is basically the same as Theorem 2.1 and is essentially in
Stein (1981). O

Here is the key observation that allows us to construct Bayes minimax
procedures for the present case based on procedures for the case ¥ = Q = I.

Lemma 3.1. Suppose n(X) is such that Vn(X) = 3 0°n(X)/0X? < 0.
Then n*(X) = n(£~1D~12X) is such that Za“d 82 (X )/8X2 <0.

Proof. The proof follows by straightforward calculation noting that

82 * -4 5—1 82
55(777 (X) =0; d; aygn(y)ly=z—1p—1/2x-

(3

Hence
4 * _82
2otz () = 3 55101 px <O .

Note by the same reasoning that if 7(X) is superharmonic, then so is
n(aX) for any scalar a.
The following theorem is the main result of this section.

Theorem 3.2. Let X ~ N(6,%) and L(6,d) = (d — 6)'D(d — 6) where &
and D are diagonal as above.

(a) Suppose \/m(X) is superharmonic (a proper, generalized, or pseudo-
marginal for the case ¥ = Q =1). Then

Vm(E~1D-1/2X)

S(X) = X + 3
(X) =X+ 2 7%

18 a proper, generalized, or pseudo-Bayes minimaz estimator.
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(b) If /m(|| X||?) is spherically symmetric and superharmonic, then

2m/(X'S-1D-18-1X)D-1x-1X
m(X'S-1D-15-1X)

Sm(X) = X +

18 Minimaz.
(c) Suppose the prior distribution 7(0) for 6 has the hierarchical structure
A ~ Np(0,Ay), A~h(A), 0<A<],

where Ay = (¢/\)LDX. — ¥ where c is such that Ay is positive definite
and h(\) satisfies the conditions of Theorem 2.2(c). Then

Vxm(X)

0a(X) = X + 2= s

is minimaz. [Note that such a ¢ may always be found and that h(\) may
be any miring distribution for which /m(X) is superharmonic such as
Alam’s, etc.]

(d) Suppose mi(X), i = 1,...,k are superharmonic. Then the multiple
shrinkage estimator
r L Vxmy(ET1D7V2X)
kL mi(S1D-1/2X)

S(X) =X +%

18 a minimax multiple shrinkage estimator.

Proof. Part (a) follows directly from Theorem 3.1(c) and (d) and Lemma 3.1.
Part (b) follows from part (a) and Theorem 3.1(b) on straightforward cal-
culation.

To show part (c), note that X — 8|]A ~ N(0,X) and 6|A ~ N(0, Ay)
and X — @ and 0 are therefore conditionally independent given A. Hence
X|A ~ N(0,A) + X). It follows that

1
m(X) « / Ap/zexp[-%X’E*ID—lz—lx]h(Md,\)
0

but m(X) = n(X'S71D"1¥71X/c), where \/n(X’X) is superharmonic by
Theorem 2.2(c). Hence by part (b), d-(X) is minimax (and proper or gen-
eralized Bayes depending on whether h()) is integrable or not).

Part (d) follows from part (a) noting that n(X) superharmonic implies
that /n(X) is superharmonic.

Note again that we ask for superharmonicity of m;(X) and not of vm;(X)
in part (d). O
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Examples 3.1. (a) Pseudo-Bayes minimaz estimators. We saw in Ex-
ample 2.1 that James-Stein estimators result from pseudo-marginals of the
form m(X) = (1/||X||2)°. Tt follows from part (b) of Theorem 3.2 and Ex-
ample 2.1 that m(X’S71D1271X) = (1/X'S~ D712~ X)? has associated
pseudo-Bayes estimator 6,,(X) = X — (20D7'¥71X)/(X'271D71271X)
and that this estimator is minimax for 0 < b < (p — 2).

(b) A hierarchical (proper) Bayes minimax estimator (Berger, 1976).
Suppose h(A) x A7, 0 < XA < 1, for (6—p)/2 < a < 1 and that Ay = cEXDX—
¥, wherec > 1/ min(ofdi). The resulting proper Bayes estimator is minimax
by Example 2.2 and Theorem 3.2. That it is a generalized Bayes admissible
minimax estimator for a < 2 will follow immediately from Section 3.

(c) A multiple shrinkage minimaz estimator. It follows from Example 2.3
and Theorem 3.2 that

k 1 b

m(X) = Z [(X — 1)’ 1ID7IE (X — )

=1

satisfies the conditions of Theorem 3.2(d) for 0 < b < (p — 2)/2 and hence
that

om(X) k

— x _ opiztPTE X — )/ [((X — ) STIDTIE X — )"

PL/I((X = v)E1D1E Y (X — )]

is a minimax multiple shrinkage (pseudo-Bayes) estimator.

It is worth pointing out that in this example and in Example 2.3, a gener-
alized Bayes minimax estimator (as opposed to a pseudo-Bayes estimator)
results from the generalized prior

k 1 ’
m(0) = Z((e —v;)S-1D-1E-1(0 - Vi))

for0<b<(p—2)/2.

4. The Case of Generalized X and Q

In this section we show that the case of general ¥ and @ (both positive
definite) can be reduced to the canonical form ¥ = I, Q = diag(dy,...,dp) =
D. We use the following well-known fact repeatedly:

Lemma 4.1. For any pair of positive definite matrices, ¥ and Q, there
exists a non-singular matriz A such that ALA' = I and (A')"'QA™! =D
where D is diagonal.

This fact leads to the following canonical form of the estimation problem:
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Theorem 4.1. Suppose X ~ N(6,%) and loss is L1(0,d) = (d—6)Q(d—86).
Let A and D be as in Lemma 4.1, Y = AX ~ N(v,I), v = A6, and
Ly(v,d) = (d —v)'D(d — v).

(a) For every estimator 81(X) with risk function R1(6,61)=EL (0,6 (X)),
the estimator 02(Y') = Ad1(A~Y) has risk function Ry(v,82) = R1(6,61)
= ELZ(”? 62(Y))

(b) 61(X) is proper or generalized Bayes with respect to the prior distri-
bution m1(6) (or pseudo-Bayes with respect to pseudo-marginal m1(X))
under loss Ly if and only if 05(Y) = A61(A™Y)) is proper or generalized
Bayes with respect to ma(v) = m(A™1v) (or pseudo-Bayes with respect
to pseudo-marginal mo(Y) = my(A~1Y)).

(¢) 61(X) is admissible (or minimaz or dominates §7(X)) under Ly if and
only if 65(Y) = A6 (A7YY) is admissible (or minimaz or dominates
85(Y) = At (A™YY)) under Lo.

Proof. (a)

Ry (v,82) = E[La(v,02(Y))]
= E[(62(Y) = v)'D(62(Y) — v)]
= E[(A0;(A7YY) — A9) D(A8,(A™Y) — Af)]
= E(61(X) — 0)’A'DA(6:(X) — 6)
= E(61(X) — 0)'Q(61(X) — 0)
= R1(0,6y).

This completes the proof of part (a).

Part (b) follows upon noting that the Bayes estimator for any quadratic
loss is the posterior mean. Hence, since if § ~ m1(0), v = A0 ~ ma(v) =
m1 (A1) (ignoring constants) 62(Y) = E(v|Y) = E(A]Y) = E(A(A|AX))
= AE(0]X) = A61(X) = A6 (A71Y).

Part (c) follows directly from part (a). d

Strawderman (1978) contains a result which is similar to parts (a) and
(c) of the above theorem. It is worth noting that if X/2 is the positive
definite square root of ¥, and A = PYX~Y/2 where P is orthogonal, then
Y = AX ~ N(v,I) and the above argument gives equivalence of the two
corresponding problems X ~ N(6,%), L1(0,d) = (d —6)Q(d —0) and Y ~
N, 1), Ly(v,d) = (d — v)PXY2QXY2P'(d — v). Hence in Theorem 4.1,
A = PYY2 where P diagonalizes £'/2Q¥/2 will work.
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Examples 4.1. (a) A pseudo-Bayes minimaz estimator. It follows
from Example 3.1(a) and Theorem 4.1 that

b
1
X’E_l —1ly-1 —
m( Q b X) X/E—IQ—lz—IX

for 0 < b < p — 2 results in the minimax James-Stein estimators

2Q1x1X

5m(X) =X- X/Z—IQ—IE—IX'

(b) A hierarchical (proper) Bayes minimaz estimator. Similarly for Ex-
ample 3.1(b) and the above theorem we have that if

0| A~ N(0,4)), A~A"%0<A<]1
for (6 —p)/2 <a<1and

Ay = %2@2—2

for ¢ > inf v;, where v; are the eigenvalues of £1/2Q¥1/2 then the resulting
Bayes estimator is proper Bayes and minimax. It is admissible minimax
if (6 —p)/2 < a < 2. In fact the same is true if A ~ h()), where h())
is any mixing distribution for which the Bayes estimator is minimax when
Y=Q=1I

(c) A multiple shrinkage pseudo-Bayes minimaz estimator. Applying the
result of this section to Example 3.1(c) implies that

k 1 K
m(X) = [(X “LyEIQTE (X - >]

i=1

for 0 < b < (p —2)/2 leads to the minimax estimator

5”(Xix_2b[

SEQTIN (X — w)/((X —w)S71QTIN TN (X - ui))"“]
SE/((X = wys1Q 11 (X - w))" '
Also a prior distribution of the form

k

1 b
"0 =3 (g

i=1

for 0 < b < (p —2)/2 gives a minimax generalized Bayes estimator.

It follows from a result of Shinozaki (1980) that admissibility of a (gener-
alized Bayes) estimator does not depend on the matrix Q in the loss func-
tion. Hence admissibility holds in the above case if b = (p — 2)/2 from
Brown (1971).
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5. Summary and Conclusions

We have attempted in this paper to unify and extend much of the existing
literature on minimax estimation of the mean of a multivariate normal dis-
tribution with arbitrary (known) covariance matrix and arbitrary quadratic
loss.

The main results are

(a) If a (pseudo-) marginal m(X) results in a minimax estimator for the
case X = Q = I, then m(X~1D~1/2X) results in a minimax estimator for
the case ¥ and D are diagonal, and

(b) If m(X) (or m(@)) results in a minimax estimator for the case ¥ = I
and Q = D (diagonal), then m(A~1X) (m(A~10)) results in a minimax
estimator for the general ¥, @) case where A is such that AYA’ = I and
(AHN1QA™1 = D.

(¢) The general case can be reduced to the case ¥ = I, Q = D in such a
way that risks, minimaxity, admissibility, and Bayesianity are all preserved
through the correspondence X « AX, 6 < Af, §(X) « As(A~1X).

Most of the specific examples in the paper are not new but the point of
view seems to be new and quite successful in unifying and extending known
results.
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