CHAPTER?2

Random Vectors

The basic object of study in this book is the random vector and its induced
distribution in an inner product space. Here, utilizing the results outlined in
Chapter 1, we introduce random vectors, mean .vectors, and covariances.
Characteristic functions are discussed and used to give the well known
factorization criterion for the independence of random vectors. Two special
classes of distributions, the orthogonally invariant distributions and the
weakly spherical distributions, are used for illustrative purposes. The vector
spaces that occur in this chapter are all finite dimensional.

2.1. RANDOM VECTORS

Before a random vector can be defined, it is necessary to first introduce the
Borel sets of a finite dimensional inner product space (V, (-, -)). Setting
llx|l = (x, x)"/2, the open ball of radius r about x, is the set defined by
S, (x0) = {xllx = xoll < 7).

Definition 2.1. The Borel o-algebra of (V, (-, -)), denoted by B (V), is the
smallest o-algebra that contains all of the open balls.

Since any two inner products on V are related by a positive definite
linear transformation, it follows that % (¥) does not depend on the inner
product on V—that is, if we start with two inner products on ¥ and use
these inner products to generate a Borel o-algebra, the two o-algebras are
the same. Thus we simply call B (V) the Borel o-algebra of ¥V without
mentioning the inner product.
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PROPOSITION 2.1 1

A probability space is a triple (2, %, P,) where Q is a set, ¥ is a o-algebra
of subsets of Q, and P, is a probability measure defined on %.

Definition 2.2. A random vector X € V is a function mapping € into V'
such that X~ !(B) € & for each Borel set B € B (V). Here, X !(B) is the
inverse image of the set B.

Since the space on which a random vector is defined is usually not of
interest here, the argument of a random vector X is ordinarily suppressed.
Further, it is the induced distribution of X on ¥V that most interests us. To
define this, consider a random vector X defined on Q to V where (2, %, P,)
is a probability space. For each Borel set B € B(V), let Q(B)=
P,(X'(B)). Clearly, Q is a probability measure on $(V) and Q is called
the induced distribution of X—that is, Q is induced by X and P,. The
following result shows that any probability measure Q on B (V) is the
induced distribution of some random vector.

Proposition 2.1. Let Q be a probability measure on B (V) where V is a
finite dimensional inner product space. Then there exists a probability space
(2,9, Py) and a random vector X on € to ¥ such that Q is the induced
distribution of X.

Proof. Take Q =V, 5$=R(V), Py=Q, and let X(w)=w for w € V.
Clearly, the induced distribution of X is Q. O

Henceforth, we write things like: “Let X be a random vector in V with
distribution Q,” to mean that X is a random vector and its induced
distribution is Q. Alternatively, the notation £(X) = Q is also used—this is
read: “The distributional law of X is Q.”

A function f defined on V to W is called Borel measurable if the inverse
image of each set B € B(W) is in B(V). Of course, if X is a random vector
in V, then f(X) is a random vector in W when f is Borel measurable. In
particular, when f is continuous, f is Borel measurable. If W = R and f is
Borel measurable on ¥V to R, then f( X) is a real-valued random variable.

Definition 2.3. Suppose X is a random vector in ¥ with distribution Q and
/ is a real-valued Borel measurable function defined on V. If [, f(x)|Q(dx)
< + o, then we say that f(X) has finite expectation and we write &f( X)

for [, f(x)Q(dx).

In the above definition and throughout this book, all integrals are
Lebesgue integrals, and all functions are assumed Borel measurable.
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¢ Example 2.1. Take V to be the coordinate space R" with the usual
inner product (-, -) and let dx denote standard Lebesgue measure
on R”. If g is a non-negative function on R" such that [g(x) dx = 1,
then ¢ is called a density function. 1t is clear that the measure Q
given by Q(B) = [zq(x) dx is a probability measure on R” so Q is
the distribution of some random vector X on R". If ¢,..., ¢, is the
standard basis for R”, then (¢;, X) = X, is the ith coordinate of X.
Assume that X; has a finite expectation for i = 1,..., n. Then
66X, = [p(g;, x)q(x) dx = p, is called the mean value of X; and the
vector i € R" with coordinates p,,..., p, is the mean vector of X.
Notice that for any vector x € R", &(x, X) = 6(Xx;¢;, X) =
Tx;6(g;, X) = Lx;u; = (x, ). Thus the mean vector p satisfies the
equation &(x, X) = (x, p) for all x € R” and p is clearly unique. It
is exactly this property of p that we use to define the mean vector of
a random vector in an arbitrary inner product space V. ¢

Suppose X is a random vector in an inner product space (¥, (-, -)) and
assume that for each x € V, the random variable (x, X) has a finite
expectation. Let f(x) = &b(x, X), so f is a real-valued function defined
on V. Also, f(a;x; + ayx,) = b6(ayx;, + ayx,, X) = blay(x;, X) +
o, (x,y, X)) = a,&6(x;, X) + a,6(x,, X) = a,f(x,) + a, f(x;,). Thus fis a
linear function on V. Therefore, there exists a unique vector p € V such that
f(x)=(x,p) for all x € V. Summarizing, there exists a unique vector
p € V that satisfies &(x, X) = (x, ) for all x € V. The vector p is called
the mean vector of X and is denoted by &X. This notation leads to the
suggestive equation &(x, X) = (x, &X), which we know is valid in the
coordinate case.

Proposition 2.2. Suppose X € (V, (-, -)) and assume X has a mean vector
w. Let (W,[-, -]) be an inner product space and consider 4 € £(V, W) and
w, € W. Then the random vector Y = AX + w, has the mean vector
Ap + wy—that is, &Y = A6 X + w,.
Proof. The proof is a computation. Forw € W,
&[w, Y] =6[w, AX + wy] = &6[w, AX] + [w, w,]
=&(Aw, X)+ [w,w] = (4w, p) + [w,w,]
= [w, Au] + [w,wp] = [w, Ap + wp].

Thus Ap + w, satisfies the defining equation for the mean vector of Y and
by the uniqueness of mean vectors, EY = Ap + w,. ]
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If X, and X, are both random vectors in (¥, (-, -)), which have mean
vectors, then it is easy to show that &( X, + X,) = 6X, + &6X,. The follow-
ing proposition shows that the mean vector p. of a random vector does not
depend on the inner product on V.

Proposition 2.3. If X is a random vector in (¥, (-, -)) with mean vector p
satisfying &(x, X) = (x, p) for all x € V, then p satisfies &f(x, X) =
f(x, u) for every bilinear function fon V' X V.

Proof. Every bilinear function f is given by f(x,, x,) = (x,, Ax,) for some
A € R(V,V). Thus &f(x, Xi = 8ixi AXi = (x, Ap) = f(x, n) where the
second equality follows from O

When the bilinear function f is an inner product on V, the above result
establishes that the mean vector is inner product free. At times, a convenient
choice of an inner product can simplify the calculation of a mean vector.

The definition and basic properties of the covariance between two
real-valued random variables were covered in Example 1.9. Before defining
the covariance of a random vector, a review of covariance matrices for
coordinate random vectors in R” is in order.

¢ Example 2.2. In the notation of , consider a random
vector X in R" with coordinates X; = (¢;, X) where ¢,..., ¢, is the
standard basis for R” and (-, -) is the standard inner product.
Assume that 6X? < + o0, i = 1,..., n. Then cov(X;, X,) = o, ex-
ists for all i, j = 1,..., n. Let 2 be the n X n matrix with elements
o;;. Of course, o, is the variance of X, and o,; is the covariance
between X; and X;. The symmetric matrix 2 is called the covariance
matrix of X. Consider vectors x, y € R" with coordinates x; and y,,
i=1,...,n. Then

cov{(x, X), (y, X)) = cov{ inX,., Z)’,X,}
J

1

=2 inyjcov(xi’ X[) = E inyj"ij
i i

= (x,Zy).

Hence cov{(x, X), (y, X)} = (x, Zy). It is this property of = that is
used to define the covariance of a random vector. *

With the above example in mind, consider a random vector X in an inner
product space (V, (-, -)) and assume that &(x, X)? < oo for all x € V. Thus
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(x, X) has a finite variance and the covariance between (x, X) and (y, X)
is well defined for each x, y € V.

Proposition 2.4. For x, y € V, define f(x, y) by

f(x, y) = cov{(x, X), (y, X)).

Then f is a non-negative definite bilinear function on ¥ X V.

Proof. Clearly, f(x, y) = f(y, x) and f(x, x) = var{(x, X)} > 0, so it re-
mains to show that f is bilinear. Since f is symmetric, it suffices to verify that
flayx, + ayx,, ¥) = o, f(x,, ¥) + a, f(x,, ¥). This verification goes as fol-
lows:

flayx; + ayx,, y) = cov{(a,x; + ayx,, X), (y, X)}
= cov{ey(x,, X) + a,(x,, X), (», X))
= o, co{(x, X), (3, X)} + aycov{(x,, X), (¥, X))
= o, f(x;, ) + @y f(x2, »). o

By Proposition 1.26, there exists a unique non-negative definite linear
transformation Z such that f(x, y) = (x, 2y).

Definition 2.4. The unique non-negative definite linear transformation X
on V to V that satisfies

COV((X, X)’ (ys X)) = (x’ Ey)

is called the covariance of X and is denoted by Cov( X).

Implicit in the above definition is the assumption that &(x, X)* < + o0
for all x € V. Whenever we discuss covariances of random vectors, &(x, X)?
is always assumed finite.

It should be emphasized that the covariance of a random vector in
(V,(-,+)) depends on the given inner product. The next result shows how
the covariance changes as a function of the inner product.

Proposition 2.5. Consider a random vector X in (¥, (-, -)) and suppose
Cov(X) = Z. Let [+, -] be another inner product on V given by [x, y] =
(x, Ay) where A is positive definite on (V,(-, -)). Then the covariance of X
in the inner product space (V,[-, -]) is 2 4.
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Proof. To verify that ZA4 is the covariance for X in (V,[-, -]), we must
show that cov{[x, X], [y, X]} = [x, ZAy] for all x, y € V. To do this, use
the definition of [-, -] and compute:

cov{[x, X], [y, X]} = cov{(x, AX), (y, AX)} = cov{(4x, X), (4y, X))}
= (Ax, ZAy) = (x, AZAy) = [x, Z4y]. O
Two immediate consequences of are: (i) if Cov(X) exists in

one inner product, then it exists in all inner products, and (ii) if Cov(X) = =
in (V,(-,-)) and if 2 is positive definite, then the covariance of X in the
inner product [x, y] = (x, =~ !y) is the identity linear transformation. The
result below often simplifies a computation involving the derivation of a
covariance.

Proposition 2.6. Suppose Cov(X) = Z in (V,(-, -)). If Z, is a self-adjoint
linear transformation on (V, (-, -)) to (¥, (-, -)) that satisfies

(2.1) var{(x, X)} = (x,Z,x) forxeV,

then 2, = 2.

Proof. Equation implies that (x, 2,x) = (x, 2x), x € V. Since 2,
and 2 are self-adjoint, Proposition 1.16 yields the conclusion 2, = =. O

When Cov(X) = Z is singular, then the random vector X takes values in
the translate of a subspace of (V, (-, -)). To make this precise, let us consider
the following.

Proposition 2.7. Let X be a random vector in (V,(-,)) and suppose
Cov(X) = 2 exists. With u = &X and R (Z) denoting the range of =,
PXER(Z)+p)=1.

Proof. The set R(Z)+ p is the set of vectors of the form x + p for
x € R(2); that is R(Z) + p is the translate, by p, of the subspace R ().
The statement P{X € R (Z) + p} = 1 is equivalent to the statement P{ X —

€ R(2)) = 1. The random vector ¥ = X — pu has mean zero and, by
, Cov(Y) = Cov(X) = = since var{(x, X — u)) = var{(x, X))}
for x € V. Thus it must be shown that P{Y € } (2)) = 1. If = is nonsingu-
lar, then R (2) = V and there is nothing to show. Thus assume that the null

space of 2, IU(Z), has dimension k > 0 and let {x,,..., x,} be an orthonor-
mal basis for 9 (Z). Since R (2) and I (Z) are perpendicular and R () &
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9(Z)="V, a vector x is not in R () iff for some index i =1,..., k,
(x;, x) = 0. Thus

P{Y¢& R(Z)) = P{(x;,Y) = 0forsomei=1,..., k)

k
< Ele((xi, Y) = 0}.

But (x;,Y) has mean zero and var{(x;, Y)}= (x;, 2x;) = 0 since x; €
N (). Thus (x;,Y) is zero with probability one, so P{(x;,Y) = 0} = 0.
Therefore P{Y & R (Z)} = 0. O

describes how the mean vector changes under linear
transformations. The next result shows what happens to the covariance
under linear transformations.

Proposition 2.8. Suppose X is a random vector in (V, (-, -)) with Cov(X)
= 3. If A € B(V, W) where (W,[-, -]) is an inner product space, then

Cov(AX + wy) = A=A’

for all w, € W.

Proof. By it suffices to show that for each w € W,

var[w, AX + w,] = [w, AZA'w].
However,

var[w, AX + w,] = var([w, AX] + [w, w,]) = var[w, 4X]
= var(A'w, X) = (A'w,ZA'w) = [w, AZA'W].
Thus Cov(AX + w,) = AZA’. O

2.2. INDEPENDENCE OF RANDOM VECTORS
With the basic properties of mean vectors and covariances established, the
next topic of discussion is characteristic functions and independence of

random vectors. Let X be a random vector in (V, (-, -)) with distribution Q.

Definition 2.5. The complex valued function on V defined by
o(v) = &' X =fei(°"‘)Q(dx)
v

is the characteristic function of X.
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In the above definition, e = cost + isin ¢ where i = Y—1 and ¢ € R.
Since e is a bounded continuous function of ¢, characteristic functions are
well defined for all distributions Q on (V, (-, -)). Forthcoming applications
of characteristic functions include the derivation of distributions of certain
functions of random vectors and a characterization of the independence of
two or more random vectors.

One basic property of characteristic functions is their uniqueness, that is,
if Q, and Q, are probability distributions on (V, (-, -)) with characteristic
functions ¢, and ¢,, and if ¢,(x) = ¢,(x) for all x € V, then Q, = Q,. A
proof of this is based on the multidimensional Fourier inversion formula,
which can be found in Cramér (1946). A consequence of this uniqueness is
that, if X; and X, are random vectors in (¥, (-, -)) such that £((x, X,)) =
L((x, X,)) for all x € V, then £(X,) = £(X,). This follows by observing
that £((x, X,)) = £((x, X,)) for all x implies the characteristic functions of
X, and X, are the same and hence their distributions are the same.

To define independence, consider a probability space (2, ¥, P,) and let
Xe V,(-,-)) and Y € (W,[-, -]) be two random vectors defined on £.

Definition 2.6. The random vectors X and Y are independent if for any
Borel sets B, € B(V) and B, € B(W),

P{X"'(B)) N Y™ '(B,)} = Po{ X '(B,)}Po{Y'(B,)).

In order to describe what independence means in terms of the induced
distributions of X € (V,(-,-)) and Y € (W,[-, ]), it is necessary to define
what is meant by the joint induced distribution of X and Y. The natural
vector space in which to have X and Y take values is the direct sum V & W
defined in Chapter 1. For {v,,w,} € V& W, i= 1,2, define the inner
product (-, -), by

((Ul’wl}’ (Uz’w2})1 = (Ulavz) + [wi,w,].

That (-, -), is an inner product on ¥ & W is routine to check. Thus (X, Y)
takes values in the inner product space ¥ & W. However, it must be shown
that (X, Y) is a Borel measurable function. Briefly, this argument goes as
follows. The space ¥V & W is a Cartesian product space—that is, V & W
consists of all pairs (v, w) with v € ¥ and w € W. Thus one way to get a
o-algebraon V' & W is to form the product ¢-algebra B (V) X B (W), which
is the smallest o-algebra containing all the product Borel sets B, X B, C V
® W where B, € B(V) and B, € B(W). It is not hard to verify that
inverse images, under { X, Y), of sets in B (V') X B(W) are in the o-algebra
%. But the product o-algebra B (V) X B (W) is just the o-algebra B(V & W)
defined earlier. Thus (X, Y} € ¥V @ W is a random vector and hence has an
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induced distribution Q defined on B(V & W). In addition, let Q, be the
induced distribution of X on % (V) and let Q, be the induced distribution of
Y on B(W). It is clear that Q,(B,) = Q(B, X W) for B, € B(V) and
0,(B,) = Q(V X B,) for B, € B(W). Also, the characteristic function of
(X,Y)e V@ Wis

¢({(v,w)) = expli({v,w), (X, Y)),] = &exp(i(v, X) + i[w, Y])
and the marginal characteristic functions of X and Y are

8:(0) = Bei )
and
o, (w) = Ge'l™ 71,

Proposition 2.9. Given random vectors X € (V,(-,-)) and Y € (W,[-, -]),
the following are equivalent:

(i) X and Y are independent.
(i) Q(B, X B,) = Q,(B,)Q,(B,) for all B, € B(V') and B, € B(W).
(iii)) ¢(v,w)) = ¢,(v)9,(w) forallv e Vandw € W.

Proof. By definition,
Q(B, X By) = P{{X,Y}€ B, X B} = P{X € B|,Y € B,}.

The equivalence of (i) and (ii) follows immediately from the above equation.
To show (ii) implies (iii), first note that, if f; and f, are integrable complex
valued functions on ¥ and W, then when (ii) holds,

[, Ji@)(n)Q(do, dw) = [ [ 1i(0)£2(w)Q1(d0) Qs (dw)

=fol(v)Q,(dv)fo2(w)Q2(dw)

by Fubini’s Theorem (see Chung, 1968). Taking f,(v) = e'*»*) for v,,
v € V, and f,(w) = /™" for w;,, w € W, we have

({0, w)) = fexp(i(vl, v) + i[wl,w])Q(dv, dw)

= J expli(or, 0)]Qu(dv) [ exp(ilwi, 1) Qs (aw)

= ¢,(v,) b, (w))-
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Thus (ii) implies (iii). For (iii) implies (ii), note that the product measure
0, X Q, has characteristic function ¢,;¢,. The uniqueness of characteristic
functions then implies that Q = Q, X Q,. O

Of course, all of the discussion above extends to the case of more than
two random vectors. For completeness, we briefly describe the situation.
Given a probability space (2, %, P,) and random vectors X, € (V,(-, ),
J=1,...,k, let Q; be the induced distribution of X; and let ¢; be the
characteristic function of X;. The random vectors X, ..., X, are independent
if for all B, € ®(V)),

k
P{X,€B,j=1,.. k)= IIIPO{)(jelij).
j=

To construct one random vector from Xj,..., X,, consider the direct sum
V, ® --- & V, with the inner product (-, -) = Z¥(-, -) ;- In other words, if
{(vy,..., vy and {w,,..., w,} are elements of V| & --- & V,, then the inner
product between these vectors is XX (vj, w;);- An argument analogous to that
given earlier shows that {X,,..., X} is a random vectorin V, & --- & V,
and the Borel o-algebra of V, & --- @ V} is just the product o-algebra
BV X -+ - X B(V,). If Q denotes the induced distribution of { X|,. .., X,),
then the independence of X|,..., X, is equivalent to the assertion that

k
Q(Bl X X Bk) = l—.[le(Bj)
j=
for all B; € B(V)),j = 1,..., k, and this is equivalent to
k k
6exp[i;(vj, Xj)j] = 1_[]¢j(vj).
j=

Of course, when X,..., X, are independent and ]; is an integrable real
valued function on V,j=1,...,k, then

5115(%) = [155(x).

J

This equality follows from the fact that

k
Q(B, X -+ X B,)= EI]Qj(Bj)

and Fubini’s Theorem.
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¢ Example 23. Consider the coordinate space R? with the usual
inner product and let Q, be a fixed distribution on R”. Suppose
Xi,..., X, are independent with each X; € R?, i=1,...,n, and
£(X;) = Q,. That is, there is a probability space (2, J, P,), each X,
is a random vector on £ with values in R?, and for Borel sets,

P{X,€B,i=1,...,ny=110,(B,).
1

Thus {X,,..., X,} is a random vector in the direct sum R? & --- &
R? with n terms in the sum. However, there are a variety of ways to
think about the above direct sum. One possibility is to form the
coordinate random vector

Y= € R"?

and simply consider Y as a random vector in R"? with the usual
inner product. A disadvantage of this representation is that the
independence of X|,..., X, becomes slightly camouflaged by the
notation. An alternative is to form the random matrix

Xi
X;
X= : er,,
X,
Thus X has rows X/, i = 1,..., n, which are independent and each

has distribution Q. The inner product on £ _n 15 just that inherited
from the standard inner products on R” and R?. Therefore X is a
random vector in the inner product space (Bp,n,< -, ). In the
sequel, we ordinarily represent X,..., X, by the random vector
X € £, . The advantages of this representation are far from clear
at this point, but the reader should be convinced by the end of this
book that such a choice is not unreasonable. The derivation of the
mean and covariance of X € £, | given in the next section should
provide some evidence that the above representation is useful. *
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2.3. SPECIAL COVARIANCE STRUCTURES

In this section, we derive the covariances of some special random vectors.
The orthogonally invariant probability distributions on a vector space are
shown to have covariances that are a constant times the identity transforma-
tion. In addition, the covariance of the random vector given in
is shown to be a Kronecker product. The final example provides an
expression for the covariance of an outer product of a random vector with
itself.

Suppose (V,(+, +)) is an inner product space and recall that O(V) is the
group of orthogonal transformations on ¥ to V.

Definition 2.7. A random vector X in (V, (-, -)) with distribution Q has an
orthogonally invariant distribution if £(X)= £(T'X) for all T € O(V), or
equivalently if Q(B) = Q(I'B) for all Borel sets B and I' € O(V).

Many properties of orthogonally invariant distributions follow from the
following proposition.

Proposition 2.10. Let x, € V with ||x,|| = 1. If £(X)=£(TX) for T €
O(V), then for x € V¥, £((x, X)) = 2(||x|[(xq, X))

Proof. The assertion is that the distribution of the real-valued random
variable (x, X) is the same as the distribution of ||x||(x,, X). Thus knowing
the distribution of (x, X) for one particular nonzero x € V gives us the
distribution of (x, X) for all x € V. If x = 0, the assertion of the proposi-
tion is trivial. For x = 0, choose I' € O(V') such that I'x, = x/||x||. This is
possible since x, and x/||x|| both have norm 1. Thus

e ((x. 20) = &Il 5. X)) = £ (T30, X)) = £(1(xg, T75)

= 2 (Jlxll(xo, X))
where the last equality follows from the assumption that £(X) = £(T'X) for
allT € O(V) and the fact that ' € O(V) implies I € O(V). O

Proposition 2.11.  Let x, € V with ||x,|| = 1. Suppose the distribution of X
is orthogonally invariant. Then:

() o(x)=6e' ™ = ¢(|x|Ix,).
(i) If &X exists, then &6X = 0.
(i) If Cov(X) exists, then Cov(X) = oI where 62 = var{(x,, X)), and
I is the identity linear transformation.
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Proof. Assertion (i) follows from [Proposition 2.1( and
Gl = Geilxlxo X) = &oillixlxo X) = ¢ (1x]1x, ).

For (ii), let p = &X. Since £(X) =L (TX), p=6X=6TX=T6X =Tu
for all T € O(V). The only vector  that satisfiesp = T forall T € O(V) is
p = 0. To prove (iii), we must show that 62/ satisfies the defining equation

for Cov(X). But by

var{(x, X)} = var{||x[|(xo, X)} = llx||* var{xo, X} = 0*(x, x) = (x, 0’Ix)

so Cov(X) = oI by [Proposition 2.6, ]
Assertion (i) of shows that the characteristic function ¢

of an orthogonally invariant distribution satisfies ¢(I'x) = ¢(x) for all
x € Vand T € O(V). Any function f defined on ¥ and taking values in
some set is called orthogonally invariant if f(x) = f(I'x) forallT € O(V). A
characterization of orthogonal invariant functions is given by the following
proposition.

Proposition 2.12. A function f defined on (V,(-, -)) is orthogonally in-
variant iff f(x) = f(||x||x,) where x, € V, ||x,|l = 1.

Proof. If f(x) = f(l|x|lx,), then f(I'x) = f(ITxlxo) = f(IxlIxo) = f(x) so
f is orthogonally invariant. Conversely, suppose f is orthogonally invariant
and x, € V with ||x,|| = 1. For x = 0, f(0) = f(||x||x,) since x|l = 0. If
x = 0,let I' € O(V) be such that I'x, = x/||x|. Then f(x) = f(T'||x||xy) =

Fixllxo)- O

If X has an orthogonally invariant distribution in (¥,(-,-)) and A is a
function on R to R, then

f(x) = &h((x, X))

clearly satisfies f(I'x) = f(x) for T € O(V). Thus f(x)= f(||xlx,) =
&h(||x|I(xq, X)), so to calculate f(x), one only needs to calculate f(ax,) for
a € (0, o). We have more to say about orthogonally invariant distributions
in later chapters.

A random vector X € V(-, -) is called orthogonally invariant about x, if
X — x, has an orthogonally invariant distribution. It is not difficult to
show, using characteristic functions, that if X is orthogonally invariant
about both x, and x,, then x, = x,. Further, if X is orthogonally invariant
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about x, and if &X exists, then &(X — x,) = 0 by Thus
x, = &X when & X exists.

It has been shown that if X has an orthogonally invariant distribution
and if Cov(X) exists, then Cov(X) = ¢*I for some a2 > 0. Of course there
are distributions other than orthogonally invariant distributions for which
the covariance is a constant times the identity. Such distributions arise in
the chapter on linear models.

Definition 2.8. If X € (V,(-, -)) and
Cov(X) = ¢*I for some o? > 0,

X has a weakly spherical distribution.

The justification for the above definition is provided by

Proposition 2.13. Suppose X is a random vector in (V, (-, -)) and Cov(X)
exists. The following are equivalent:

(i) Cov(X) = oI for some % > 0.
(i) Cov(X)= Cov(I'X) for all T € O(V).

Proof. That (i) implies (ii) follows from Eroposition 2.&. To show (ii)
implies (i), let = = Cov(X). From (ii) and [Proposition 2.8} the non-negative
definite linear transformation 2 must satisfy £ = I'SI” for all T € O(V).
Thus for all x € V, ||x|| = 1,

(x,2x) = (x, T=I"x) = (I'"x, =T'x).

But I'"x can be any vector in ¥ with length one since I'’ can be any element
of O(¥). Thus for all x, y, ||x|| =||ly|| = 1,

(x,2x) = (y,Zy).

From the spectral theorem, write 2 = 2A,x,0x; and choose x = x; and
y = x,. Then we have

A= (x,2x;) = (%, 2x,) = A
for all j, k. Setting 6% = A,,
3 =3Mo?x,0x; = 02Z'x,0x, = o2I.

That 62 > 0 follows from the positive semidefiniteness of 3. O
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Orthogonally invariant distributions are sometimes called spherical distri-
butions. The term weakly spherical results from weakening the assumption
that the entire distribution is orthogonally invariant to the assumption that
just the covariance structure is orthogonally invariant (condition (ii) of
. A slight generalization of given in its

algebraic context, is needed for use later in this chapter.

Proposition 2.14. Suppose f is a bilinear function on ¥V X ¥V where (V, (-, -))
is an inner product space. If f[I'x,, I'x,] = f[x,, x,] for all x,, x, € V and
I' € O(V), then f[x,, x,] = ¢(x,, x,) where c is some real constant. If 4 is a
linear transformation on V to V that satisfies I'AT = A for all T € O(V),
then 4 = cI for some real c.

Proof. Every bilinear function on ¥ X V has the form (x,, Ax,) for some
linear transformation 4 on ¥ to V. The assertion that f[I'x,, I'x,] = f[x,, x,]
is clearly equivalent to the assertion that IVAT' = 4 for all T € (V). Thus
it suffices to verify the assertion concerning the linear transformation A.
Suppose VAT = A for all T € O(V). Then for x,, x, € V,

(x,, Ax,) = (x,, ["ATx,) = (Tx,, ATx,).

By Proposition 1.20, there exists a I' such that

X, X X, X
el llxall” [Peall 14l
when x, and x, are not zero. Thus for x; and x, not zero,
(x1, Ax,) = (Txy, ATx,) = (x5, Ax,) = (4xy, x3).
However, this relationship clearly holds if either x, or x, is zero. Thus for all
Xy, X, €V, (x,, Ax,) = (Ax|, x,), so A must be self-adjoint. Now, using

the spectral theorem, we can argue as in the proof of Proposition 2.13| to
conclude that A = cI for some real number c. O

¢ Example 24. Consider coordinate space R” with the usual inner
product. Let f be a function on [0, o) to [0, o) so that

[Py ax = 1.

Thus £(|x||?) is a density on R". If the coordinate random vector
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X € R" has f(||x||*) as its density, then for T € 0, (the group of
n X n orthogonal matrices), the density of I'X is again f(||x||?). This
follows since ||I'x|| = ||x|| and the Jacobian of the linear transforma-
tion determined by I is equal to one. Hence the distribution
determined by the density is O, invariant. One particular choice for f
is f(u) = (2m)~"/%~ /2% and the density for X is then

n

F(Ix1?) = (7)™ exp[ - 4Xix?] = [T (27) ™ exp[ - 3x2].

i=1
Each of the factors in the above product is a density on R
(corresponding to a normal distribution with mean zero and vari-
ance one). Therefore, the coordinates of X are independent and
each has the same distribution. An example of a distribution on R”
that is weakly spherical, but not spherical, is provided by the
density (with respect to Lebesgue measure)

p(x) = 27" exp[ - Z|x,

where x € R", x’ = (x,, X5,-.., X,). More generally, if the random
variables X,..., X, are independent with the same distribution on
R, and o? = var(X,), then the random vector X with coordinates
X,;-.., X, is easily shown to satisfy Cov(X) = 02I, where I, is the
n X n identity matrix. ¢

The next topic in this section concerns the covariance between two
random vectors. Suppose X; € (V,(-, -);) for i = 1,2 where X, and X, are
defined on the same probability space. Then the random vector { X|, X,}
takes values in the direct sum V; @ V,. Let [-, -] denote the usual inner
product on ¥V, & V, inherited from (-,-);,, i = 1,2. Assume that 3, =
Cov(X;), i = 1,2, both exist. Then, let

f(xp, x3) = cov{(xy, X)y, (x25 X3),)
and note that the Cauchy—Schwarz Inequality (Example 1.9) shows that
£ (s 2212 < (x4, Z40%1)1(x25 25X,

Further, it is routine to check that f(-, -) is a bilinear function on ¥, X V,
so there exists a linear transformation =, € £(¥,, ¥;) such that

f(xl’ x,) = (xl’ 212"2)1-



86 RANDOM VECTORS

The next proposition relates Z,,, 2,,, and 2, to the covariance of { X;, X;}
in the vector space (V, & V,, [, - ).

Proposition 2.15. Let = = Cow{ X,, X,}. Define a linear transformation 4
onV,® V,toV, ® V, by

A{xy, ) ={Z11x; + Z15%,, 2x; + 2px,)

where 2, is the adjoint of X,,. Then 4 = =.

Proof. 1t is routine to check that
[A(xl’ X3}, (X3, x4)] = [{x1, %2}, A{x3, x,)]
so A is self-adjoint. To show 4 = Z, it is sufficient to verify
[{x1, x2), A{x1, x)] = [{x1, %2}, 2{x1, x,)]
by Proposition 1.16. However,
[{x1, 223, 20y, x)] = var[(x,, x5}, (X, Xp)]
= var{(x,, X;), + (x,, X;),}
= var(x,, X,), + var(x,, X,),
+2cov{(xy, X)y, (x5, X;),)
= (x1, 22 + (x5, 25%,), + 2(x4, Z45x5),
= (x), Zpx)y + (32, 2%3),
+(xp, 2pxy)y + (Zaxy, X2);
= [{x1, %20, (Z0xy + Zppxg, Zioxy + Bppx,)]
= [{x), x5}, A{x,, x,}]. a

It is customary to write the linear transformation A4 in partitioned form as

(211 212

s ){xl’ X0 = A{Znx; + 2%y, Zipxy + 2, )
12 %n
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With this notation,

Definition 2.9. The random vectors X, and X, are uncorrelated if 2,, = 0.

In the above definition, it is assumed that Cov( X;) exists for i = 1,2. Itis
clear that X, and X, are uncorrelated iff
cov{(x;, X})» (x5, X5),) =0  forallx, € V,,i=1,2.

14

Also, if X, and X, are uncorrelated in the two given inner products, then
they are uncorrelated in all inner products on ¥V, and V,. This follows from
the fact that any two inner products are related by a positive definite linear
transformation.

Given X, € (V, (-, -);) for i = 1,2, suppose

Cov{ X, X,} = (2“ E"Z)
2 2;2 222

We want to show that there is a linear transformation B € £(V,, V) such
that X, + BX, and X, are uncorrelated random vectors. However, before
this can be established, some preliminary technical results are needed.

Consider an inner product space (¥, (-, -)) and suppose 4 € £(V,V) is
self-adjoint of rank k. Then, by the spectral theorem, 4 = T¥A,x,0 x, where
A, =0,i=1,..., k, and {x,,..., x,} is an orthonormal set that is a basis
for R (A). The linear transformation

A= E{‘%x,ﬂ X;

is called the generalized inverse of A. If A is nonsingular, then it is clear that
A~ is the inverse of 4. Also, 4~ is self-adjoint and A4 ~= A~ A4 = =kx,0x,,
which is just the orthogonal projection onto ¢.(A4). A routine computation
shows that A”AA"= A~ and AA~ A4 = A.

In the notation established previously (see Proposition 2.15), suppose
{X,, X,} € V; ® V, has a covariance

2y 2y
2 =Cov{X;, X,} = s |

Proposition 2.16.  For the covariance above, 9 (Z,,) € N(Z,,) and =, =
2 12 2 2_2E 22
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Proof. For x, € N(Z,,), it must be shown that =,x, = 0. Consider
x, € ¥, and a € R. Then 2,,(ax,) = 0 and since Z is positive semidefi-
nite,

0 < [{xy, axy}, 2{xy, axy}] = [{x), ax,), {Z)1x; + aZp5x,, 2i5x,)]
= (%, 2%, + alx), 2px,), + alx,, 2hx)),
= (%, 21x)) + 2a(x), Z)5x,);.

As this inequality holds for all a« € R, for each x, € V, (x,, 2,,x,), = 0.
Hence Z,,x, =0 and the first claim is proved. To verify that 3,, =
2,25,2,,, it suffices to establish the identity 2,,(I — £5,2,,) = 0. How-
ever, I — 25,2, is the orthogonal projection onto 9U(Z,,). Since I(Z,,)
C N(Z),), it follows that 2,(I — 23,2,,) = 0. ml

We are now in a position to show that X, — 2,25, X, and X, are
uncorrelated.

Proposition 2.17. Suppose { X|, X,} € V|, & V, has a covariance

211 E12
2 =Cov{X,, X,} = s =)

Then X; — 2,25, X, and X, are uncorrelated, and Cov(X; — 2,2, X)) =
2y = 2 2p2,, where 2y = 2,

Proof. For x; € V,,i = 1,2, it must be verified that
cov{(x), X, — 223 X,)), (x5, X3),) = 0.
This calculation goes as follows:
cov{(x), X, — 2p25X,),, (X2, X3),)
= cov{(x1, X)), (x2, X3),)
—cov{(2320, %, X;),, (x5, X5),)
= (x1, Z2%,); — (22215 2x3),
= (x1, Zppxz)y = (x4, 2pEnZpx,),

= (xl’(zlz - 21222—2222))‘72)1 =0.
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The last equality follows from since 2, = 2,35,2,,. To

verify the second assertion, we need to establish the identity
var(xy, X; = 2,25 X,), = (%1, (2 = 2p252) %),
But
var(x;, X; — 2,25 X,), = var(x;, X), + var(x;, 2,25 X;),
—2cov{(x1, X,)p, (%1, 2,25 X,)1)
= (0, 2y + (%1, 225202530,
=2(xy, 225 2x),
= (x), () = 22530 X)),
In the above, the identity 25,2,,27, = 23, has been used. O

We now return to the situation considered in [Example 2.4. Consider

independent coordinate random vectors X|,..., X, with each X; € R”, and
suppose that &X; = p € R?, and Cov(X,) = = for i = 1,..., n. Form the
random matrix X € £ with rows Xj,..., X;. Our purpose is to describe
the mean vector and covariance of X in terms of = and p. The inner product
onf, ,, (-, is that inherited from the standard inner products on the
coordinate spaces R? and R". Recall that, for matrices A, B € pr w

(A,BY) =trAB’ = tr B’A = tr A’'B = tr BA'.
Let e denote the vector in R” whose coordinates are all equal to 1.
Proposition 2.18. In the above notation,

(1) &X=ep.
(i) Cov(X)=1I,83.

Here I, is the n X n identity matrix and ® denotes the Kronecker product.

Proof. The matrix ep’ has each row equal to u’ and, since each row of X
has mean p’, the first assertion is fairly obvious. To verify (i) formally, it
must be shown that, for 4 € Bp, w

b(A, X)=(A,ep).
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Let ai,..., a,, a; € R?, be the rows of A. Then

b(A, X) =btrAX = 6L/ X, = Lja[6X, = Lia/p = tr Ape’ = (A4, ep’).
Thus (i) holds. To verify (ii) it suffices to establish the identity

var(4, X) = (A4,(I ® 2)4)
for 4 € £, . In the notation above,

var(4, X) = var(Lia;X;) = Livar(a;X;) + }_ cov{a;X,, a;X;} = L}aZa,

i*j
=trA’AZ = trAZA’ = trA(AZ) = (A4,(I, ® =) A4).

The third equality follows from var(a;X) = a;Za; and, for i = j, a’ X, and
a; X; are uncorrelated. O

The assumption of the independence of X,..., X, was not used to its
full extent in the proof of In fact the above proof shows
that, if X),..., X, are random variables in R? with X, =p,i=1,..., n,
then &6X = ep'. Further, if X,,..., X, in R? are uncorrelated with Cov( X))
=32,i=1,...,n, then Cov(X) = I, ® Z. One application of this formula
for Cov(X) describes how Cov(X) transforms under Kronecker products.
For example, if 4 € B and Bef, , then (4® B)X=AXB'is a

random vector in £, . | shows that
Cov((4 ® B)X) = (A ® B)Cov(X)(A4 ® B)'.
In particular, if Cov(X) = I, ® 2, then
Cov((A® B)X)=(A®B)(1,® 2)(A®B) =(44") ® (BZB’).

Since 4 ® B = (4 ® 1,)(1, ® B), the interpretation of the above covari-
ance formula reduces to an interpretation for 4 ® I, and I, ® B. First,

(I, ® B)X is a random matrix with rows X/B’ = (BX,), i = 1,. , 1 If
Cov(X;) = Z, then Cov(BX,) = BZB’. Thus it is clear from [P
- that Cov((Z, X B)X) = I, ® (BZB’). Second, (4 ® 1,) applied to X is
the same as applying the hnear transformation 4 to each column of X.

When Cov(X) = I, ® Z, the rows of X are uncorrelated and, if 4 is an

n X n orthogonal matrix, then

Cov((4 ®I,)X)=1,8 = = Cov( X).
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Thus the absence of correlation between the rows is preserved by an
orthogonal transformation of the columns of X.

A converse to the observation that Cov((4 ® I,)X) =1, ® 2 for all
A € 0(n) is valid for random linear transformations. To be more precise,
we have the following proposition.

Proposition 2.19. Suppose (V,,(-,-);), i = 1,2, are inner product spaces
and X is a random vector in (£(V}, V,), { -, -)). The following are equiva-
lent:

(i) Cov(X)=1,®3Z.
(i) Cov((T ® I,)X) = Cov(X) for all T € O(V,).

Here, I, is identity linear transformation on V,, i=1,2, and £ is a
non-negative definite linear transformation on ¥, to V;.

Proof. Let ¥ = Cov(X) so ¥ is a positive semidefinite linear transforma-
tion on £(V,, ¥,) to £(V},¥,) and V¥ is characterized by the equation

cov{(4, X), (B, X)) = (4,¥B)
for all 4, B € £(V,,V,). If (i) holds, then we have
Cov((T'® I,)X) = (I' ® I,)Cov(X)(T ® I,)’
=(I'e I)(I,® Z)(I"® I,) = (TL,I") ® (I,21,)

=1,® 2 = Cov(X),

so (ii) holds.

Now, assume (ii) holds. Since outer products form a basis for £(V}, V,), it
is sufficient to show there exists a positive semidefinite 3 on ¥V to ¥; such
that, for x;, x, € ¥, and y,, y, € V,,

(NOx, ¥ (30x,)) = (»0x, (L, ® 2)(y,0x,)).

Define H by

H(xy, x5, y1, y,) = cov{{y,0x,, X), (3,0x,, X))

for x,, x, € V| and y,, y, € V,. From assumption (ii), we know that ¥
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satisfies ¥ = (I' ® I,)¥(T' ® I,) for all T € O(¥,). Thus

H(xy, x5, 1, 12) = {n0x,, ¥(3,0x,))
= (n0Ox, (T e L)¥(T & 1,)(»0x,))
=((T® L,)(»0x),¥(T®1,)(y0x,))
= ((T'y)Ox;, ¥(T'y,) O x,) = H(xy, x5, Ty, T'yy)

for all ' € O(¥,). It is clear that H is a linear function of each of its four
arguments when the other three are held fixed. Therefore, for x, and x,

fixed, G is a bilinear function on ¥, X ¥, and this bilinear function satisfies
the assumption of |Proposition 2.14{ Thus there is a constant, which depends
on x, and x,, say c[x,, x,], and

H(xl’ X5 V1s )’2) = C[xl’ xz](}’l’ J’2)2-

However, for y, =y, = 0, H, as a function of x, and x,, is bilinear and
non-negative definite on ¥; X V. In other words, c[x,, x,] is a non-nega-
tive definite bilinear function on ¥, X ¥, so

clxy, x,1 = (%, 2x,),
for some non-negative definite 2. Thus
H(xy, X5, y15 12) = (%1, 2x,),(1, 1), = (010 %1, (1, ® 2)(,0x,)),
so¥=1,®2. i

The next topic of consideration in the section concerns the calculation of
means and covariances for outer products of random vectors. These results
are used throughout the sequel to simplify proofs and provide convenient
formulas. Suppose X; is a random vector in (V, (-, -);) for i = 1,2 and let
p;, = &6X, and =, = Cov(X,) for i = 1,2. Thus {X}; X,} takes values in
V, ® V, and

2:ll 212
Cov{X,, X} = s s,

where Z,, is characterized by

cov{(x,, Xl)l’ (x5, X3)) = (x1, Zppx,),
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for x; € V,, i = 1,2. Of course, Cow{X,, X,} is expressed relative to the
natural inner product on V| @ V, inherited from (¥}, (-, -),) and (¥, (-, -),).

Proposition 2.20. For X, € (V,,(-, ")), i = 1,2, as above,
6X,0X, =2, + pOp,.
Proof. The random vector X, O X, takes values in the inner product space
BV, ), (-5 +)). To verify the above formula, it must be shown that
6(A4, X,0X,) =(4,Z,) + (4,1, 0p,)

for A € £(V,,V,). However, it is sufficient to verify this equation for
A = x,0 x, since both sides of the equation are linear in 4 and every 4 is a
linear combination of elements in £(¥,, V) of the form x,0x,, x; € V,,
i=1,2. For x,0x, € £(V,, 1)),

&(x;0x,, X,0X,) = &(x), X,)1(x,, X,),
= cov{(x, X))y, (x2, X3)5) + 6(xy, X1),6(x3, X5),
= (xp, %)y + (xp )i(x2, 1),
= (X 0xp, Z5) + (x 0 xp, p O piy).
]

A couple of interesting applications of [Proposition 2.20| are given in the

following proposition.

Proposition 2.21. For X, X, in (V,(-, ")), let p, = &X,, =, = Cov(X,) for
i = 1,2. Also, let Z,, be the unique linear transformation satisfying

cov{(xy, X1), (x2, X,)) = (x,, Zp5x,)
for all x,, x, € V. Then:
() 6x,0X, =2, +p,0Op,

1) &(X,, X5) = (L, Z);) + (B, 1y).
(iii) 5(X1’ X)) = <I, En> + (B> 1)

Here 1 € £(V, V) is the identity linear transformation and ( -, -) is the
inner product on £(¥, V) inherited from (V,(-,")).
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Proof. For (i), take X, = X, and (V,,(-, *),) = (V2,(+,*)2) = (V,(:, -)) in
To verify (i), first note that

6X,0X, =2, + 1y Op,
by the previous proposition. Thus for I € £(V, V),
61, X,0X,) =1, Z,) + (1, 1, O py).

However, (I, X,0 X,) = (X,, X,) and {I, p, O p,) = (@, u,) so (ii) holds.
Assertion (iii) follows from (ii) by taking X, = X,. O

One application of the preceding result concerns the affine prediction of
one random vector by another random vector. By an affine function on a
vector space V to W, we mean a function f given by f(v) = Av + w, where
A € £(V,W) and w, is a fixed vector in W. The term linear transformation
is reserved for those affine functions that map zero into zero. In the

notation of Proposition 2.21} consider X, € (V,,(,-), fori = 1,2, let p, =
&X,,i=1,2, and suppose

3, =
EECov(Xl,X2}=(” ‘2)

’
12 222

exists. An affine predictor of X, based on X, is any function of the form
AX, + x, where A € £(V,,V,) and x, is a fixed vector in V. If we assume
that pu,, u,, and 2 are known, then 4 and x, are allowed to depend on these
known quantities. The statistical interpretation is that we observe X, but
not X,, and X, is to be predicted by AX; + x,. One intuitively reasonable
criterion for selecting A and x, is to ask that the choice of 4 and x,
minimize
611X, — (AX, + xo)l3-

Here, the expectation is over the joint distribution of X, and X, and || - ||, is
the norm in the vector space (¥,,(-, -),). The quantity &|| X, — (4X; +
xo)ll3 is the average distance of X, — (4X, + x,) from 0. Since AX; + x, is
supposed to predict X, it is reasonable that A4 and x, be chosen to minimize
this average distance. A solution to this minimization problem is given in

Proposition 2.22. For X, and X, as above,
61X, — (AX, + xo)I3 = (I, 2 — Z(,215,)

with equality for 4 = 2{,2; and xy = p, — SH37 6
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Proof. The proof is a calculation. It essentially consists of completing the
square and applying (ii) of Proposition 2.21. Let Y =X, —p, fori=1,2
Then
6llX, — (4X, + x0)||§ =6||Y, — AY, + p, — Apy — x0||% = 6|1, - AY]"%
+26(Y, — AY,, p, — Ap, — xo)z +llpy — Apy — xo”%
= 6|IY, — AY|I5 + [Ip2 — Apy — xolI3-
The last equality holds since &(Y, — AY,) = 0. Thus for each 4 € £(V}, V,),
611X, — (4X, + xp)ll3 = 6||Y, — 4Y)|3

with equality for x, = u, — Ap,. For notational convenience let 3,, = Z{,.
Then

6IlY, — AY\|3 = 6|IY, — 2,27, + (2,25 - A)Yl3
= 6|y, - EZIZI_IYIH% + 6”(22121—1 - A)Y1|I§
+26(Y, = 232, (2,2 — 4)Y)),
= 6|IY, — 2120113 + 6I(2 25 — 4T3

> 6|V, — 2,213

The last equality holds since &(¥, — 2,,2.,Y;)=0 and Y, — 2,2 Y, is
uncorrelated with Y, (Proposition 2.1 Zh and hence is uncorrelated with
(2,21, — 4A)Y,. By (ii) of [Proposition 2.21, we see that &(Y, —
2, 21Y,(2,,2] — A)Y,), = 0. Therefore, for each 4 € £(V}, V,),

6||IY, — AY |3 > &Y, — 2, 2nYl3

with equality for 4 =2, 3. However, Cov(¥, — 2, 3Y))=Z2,, —
252112, and &(Y, — 2,,2Z1Y;) = 0 so (iii) of [Proposition 2.21| shows that

61V, — 2520V = (L, 25 — 25,212),).
Therefore,

61X, — (AX, + x)lI} = (L, 25 — 2 202y,)

with equality for 4 = 2, 21 and x, = p, — 2,27, a
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The last topic in this section concerns the covariance of XO X when X is
a random vector in (¥, (-, -)). The random vector XO X is an element of the
vector space (2(V,V),{-,-)). However, XO X is a self-adjoint linear
transformation so X0O X is also a random vector in (M,, { -, -)) where M,
is the linear subspace of self-adjoint transformations in £(¥, V). In what
follows, we regard X0 X as a random vector in (M, { -,-)). Thus the
covariance of XO X is a positive semidefinite linear transformation on (M,
{ +, ). In general, this covariance is quite complicated and we make some
simplifying assumptions concerning the distribution of X.

Proposition 2.23. Suppose X has an orthogonally invariant distribution in
(V, (-, -)) where &||X||* < + . Let v, and v, be fixed vectors in V with
lodl=1, i=1,2, and (v,,v,)=0. Set ¢, = var{(v;, X)*} and c, =
COV{(Ul, X)2’ (027 X)z) Then

Cov(XOX) = (¢, —¢,)I ® I + ¢,T,,

where T is the linear transformation on M, given by T,(A4) = (I, A)I. In
other words, for 4, B € M,

cov{(4, XO X), (B, X0 X)) = (4,((¢c; — ¢;) I ® I + ¢,T,)B)

= (¢; — ¢,){A4, B) + ¢,{I, AX{I, B).

Proof. Since (¢, — ¢,)I ® I + ¢,T, is self-adjoint on (M,, { -, ")),
shows that it suffices to verify the equation
var(A4, XO X) = (¢; — ¢;){4, A) + ¢,{I, A)*
for A € M, in order to prove that
Cov(XOX) = (c;, —¢,)I ® I + ¢,T,.

First note that, for x € V,

2
var(xOx, XO X) = var(x, X)* = 1|x||4var(ﬁﬁ, X) = ||x||*var(v,, X)™.

This last equality follows from as the distribution of X is
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orthogonally invariant. Also, for x,, x, € V with (x,, x,) = 0,

COV{(XU X)%, (x5, X)2> = ”x1“2||x2||2cov{(i X)z’ (L X)z}

Ak EAK
= Iyl l1x, )12 cov{(vy, X)?, (v,, X)7).

Again, the last equality follows since £(X) = £(¥X) for ¥ € O(V) so

cov{(“i—in, X)z, (”iﬁ X)z} - cov{(‘l'”);—llll, x)z, (\Ir“;ﬁ X)z}

and ¥ can be chosen so that

Vo, i=1,2.
[l

For A € M_, apply the spectral theorem and write 4 = ¥[a,x;0 x; where
Xi,- .-, X, is an orthonormal basis for (V, (-, -)). Then

var(A, XO X) = var{(Za,;x;0x,;,, XO X)
= Za?var(x;,0x;, XO X)

+2 Y a,a;,cov{(x,0x;, XO XY, (x,0x,, XO X))

i=j

= Sa?var(x;, X)* + Zzaiajcov{(xi, x), (x;, X)z}

i*j

=c,2a} + ¢, ), Eaiaj =(c,— ) Xa’+ ) Zaiaj
i i

i=j

= (c; = ¢ )(A4, A) + c,){I, A)*. m]
When X has an orthogonally invariant normal distribution, then the con-
stant ¢, =0 so Cov(XO X) = ¢,I ® I. The following result provides a
slight generalization of

Proposition 2.24. Let X, v,, and v, be as in For C e

E(V,V), let Z = CC’ and suppose Y is a random vector in (V, (-, -)) with
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£(Y) = £(CX). Then

Cov(YOY)=(c;—¢,)Z® 2+ ¢,T,
where T,(A) = (4,2)Z for 4 € M,.

Proof. We apply and the calculational rules for Kronecker
products. Since (CX)O(CX) = (C ® C)(XO X),

Cov(YOY) = Cov((CXOCX)) = Cov((C ® C)(XO X))
=(C® C)Cov(XOX)(C®C)
=(C®C)(c;, =) I® I+ c,T})(C"® C')
=(c;—,)(C®C)IRI)C'®C)
+e,(C® C)T,(C’' ® C)
=(c;,—)E® 2 +¢,(C8 C)T,(C"® C).
It remains to show that (C ® C)T\(C' ® C')=T,. For4 € M,,
(C®C)T\(C"® C')(A)=C® C(I,(C"® C)AN)
=((C® C)I, 4)(C ® C)(I) = (CC’, A)CC’

=(Z, A2 =T,(A). O

PROBLEMS
1. If x,,..., x, is a basis for (V,(-, -)) and if (x;, X) has finite expecta-
tion for i = 1,..., n, show that (x, X) has finite expectation for all

x € V. Also, show that if (x;, X)? has finite expectation fori = 1,...,
n, then Cov( X) exists.

2. Verify the claim that if X,(X,) with values in V{(¥,) are uncorrelated
for one pair of inner products on ¥; and V,, then they are uncorrelated
no matter what the inner products are on ¥, and V,.

3. Suppose X; € V,, i = 1,2 are uncorrelated. If f; is a linear function on
V;, i = 1,2, show that

(22) cov{ f1(X,), o(X;)} = 0.

Conversely, if holds for all linear functions f, and f,, then X, and
X, are uncorrrelated (assuming the relevant expectations exist).
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X = ()f )
X
with X € R” and suppose X has an orthogonally invariant distribution.
Show that X has an orthogonally invariant distribution on R’. Argue

that the conditional distribution of X given X has an orthogonally
invariant distribution.

4. For X € R", partition X as

5. Suppose X,..., X, in (V, (-, -)) are pairwise uncorrelated. Prove that
Cov(ZkX,) = £¥ Cov( X)).
6. InR* lete,,..., ¢ denote the standard basis vectors. Define a random

vector U in R* by specifying that U takes on the value ¢ with
probability p, where 0 < p, < 1 and X¥p, = 1. (U represents one of k
mutually exclusive and exhaustive events that can occur). Let p € R¥
have coordinates p;,..., p;. Show that &U = p, Cov(U) = D, — pp’
where D, is a diagonal matrix with diagonal entries p,,..., p,. When
0 < p; < 1, show that Cov(U) has rank k — 1 and identify the null
space of Cov(U). Now, let X,..., X, be i.i.d. each with the distribu-
tion of U. The random vector Y = ¥ X, has a multinomial distribution
(prove this) with parameters k£ (the number of cells), the vector of
probabilities p, and the number of trials n. Show that &Y = np,
Cov(Y) = n(D, — pp".

7. Fix a vector x in R" and let = denote a permutation of 1,2,..., n (there
are n! such permutations). Define the permuted vector 7x to be the
vector whose ith coordinate is x(7~'(i)) where x(j) denotes the jth
coordinate of x. (This choice is justified in Chapter 7.) Let X be a
random vector such that P{X = wx} = 1/n! for each possible permu-
tation #. Find &X and Cov( X).

8. Consider a random vector X € R” and suppose £(X) = £(DX) for
each diagonal matrix D with diagonal elementsd;; = +1,i = 1,..., n.
If &|| X||*> < + oo, show that &X = 0 and Cov(X) is a diagonal matrix
(the coordinates of X are uncorrelated).

9. Given X € (V,(-, -)) with Cov(X) = 2, let 4, be a linear transforma-
tion on (V, (-, *)) to (W,,[-,-];),i = 1,2. Form Y = {4, X, 4, X} with
values in the direct sum W, ® W,. Show

AZA] AZA
COV(Y) - ( 1 1 1 2)

A4, A,3A4,

in W, & W, with its usual inner product.
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11.

12.
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14.
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For X in (V,-,:)) with p=&X and 3 = Cov(X), show that
b(X, AX) = (A4,2Z) + (p, Ap) for any 4 € £(V, V).

In (Bp, » {5 )), suppose the n X p random matrix X has the covari-
ance I, ® = for some p X p positive semidefinite . Show that the
rows of X are uncorrelated. If p = &X and A4 is an n X n matrix, show
that 5X'AX = (tr A)Z + p'Ap.

The usual inner product on the space of p X p symmetric matrices,
denoted by §,, is (-, "), given by (4, B) = tr AB’. (This is the
natural inner product inherited from (£, »» > )) by regarding Ep as
a subspace of £, ) Let S be a random matrix with values in §, and
suppose that £(IST") = £(S) forallT € (‘)p. (For example, if X € R?
has an orthogonally invariant distribution and S = XX, then £(I'ST")
= £(S).) Show that &S = cI, where c is constant.

Given a random vector X in (E(V, W), { -, -)), suppose that £(X) =

L(T®y)X)forallT € O(W) and ¢y € O(V).

(1) If X has a covariance, show &X = 0 and Cov(X) = I, ® I,
where ¢ > 0.

(i) If Y € £(V, W) has a density (with respect to Lebesgue measure)

given by f(y)=p(», »)), y € E(V,W), show that £(Y) =
LT ® ¢)Y) forT € O(W) and ¢ € O(V).

Let X,..., X, be uncorrelated random vectors in R? with Cov(X;) =

2,i=1,..., n. Form the n X p random matrix X with rows X],..., X,

and values in (£, ,, ( -, -)). Thus Cov(X) = I, ® 2.

(i) Form X in the coordinate space R"” with the coordinate inner
product where

X
X =
Xn
In the space R"? show that
S 0 ee 0
. o =2 -+ 0
Cov(X) =

0 o0 pX

where each block is p X p.
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(ii)) Now, form X in the space R"? where

Zl
x=|:|; zer
Z,
and Z, has coordinates X;,..., X,; fori = 1,..., p. Show that
olIIn OIZIn e olpIn
z opl, onpl, - Uszn
Cov(X) =
onl, 0,1, - 0,1,

where each block is n X n, 2 = {g;;}.

15. The unit sphere in R” is the set {x|x € R",||x|| = 1} = X. A random
vector X with values in %X has a uniform distribution on X if £(X) =
£(TX) for all T € O,. (There is one and only one uniform distribution
on X—this is discussed in detail in Chapters 6 and 7.)

(i) Show that 6X = 0 and Cov(X) = (1/n)I,.

(ii) Let X, be the first coordinate of X and let X € R"~! be the
remaining n — 1 coordinates. What is the best affine predictor of
X, based on X? How would you predict X, on the basis of X?

16. Show that the linear transformation 7, in is 202

where O denotes the outer product of the vector space (M,, { -, -)).
Here, ( -, -) is the natural inner product on £(V, V).

17. Suppose X € R? has coordinates X, and X, that are independent with
a standard normal distribution. Let S = XX’ and denote the elements
of S by s,,, 55, and s, = s5,,.

(i) What is the covariance matrix of

S
S12
S22

(i) Regard S as a random vector in (S,, ( -, -)) (see Problem 12}.
What is Cov(S) in the space (S,, ( -, -))?

(iii) How do you reconcile your answers to (i) and (ii)?

€ R*?
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NOTES AND REFERENCES

1. In the first two sections of this chapter, we have simply translated well
known coordinate space results into their inner product space versions.
The coordinate space results can be found in Billingsley (1979). The
inner product space versions were used by Kruskal (1961) in his work
on missing and extra values in analysis of variance problems.

2. In the third section, topics with multivariate flavor emerge. The reader
may find it helpful to formulate coordinate versions of each proposi-
tion. If nothing else, this exercise will soon explain my acquired
preference for vector space, as opposed to coordinate, methods and
notation.

3. is a special case of Schur’s Lemma—a basic result in
group representation theory. The book by Serre (1977) is an excellent
place to begin a study of group representations.
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