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TRAVELLING WAVES
FOR REACTION-DIFFUSION-CONVECTION SYSTEMS

E. C. M. Crooks — J. F. TOLAND

1. Introduction

There is a considerable literature (e.g. [6], [14]) on the existence of travelling-
wave solutions of reaction-diffusion equations and systems in the form

(1) up = Atgy + f(u), ueRY 2 €R, tel0,0),

where A is a real, positive-definite, N x N matrix and f : RY — RN is a
continuously differentiable nonlinear function. The vector u may represent, for
example, the concentrations of chemicals or the population densities of inter-
acting species, the interactions between components of u being modelled by the
reaction term f(u) and their diffusion by Aug,. Travelling waves are solutions
u of (1) in the form

(2) u(z,t) = w(x — ct),

where w : R — RY is the profile of the wave which propagates through the one-
dimensional spatially homogeneous domain at the (a priori unknown) constant
velocity c.

This paper is concerned with an extension of the theory to systems with
nonlinear dependence on the gradient of u, such as arise in applications in which
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there is an underlying drift (chromatography, convection in chemical reactions or
wind effects in biology [9, pp. 292, 322 and 420]). Some work has been done on
scalar-valued gradient-dependent problems [14, p. 111]. Here we prove existence
theorems which extend that of [14] to gradient-dependent cases. Corresponding
stability results are under development and will be presented elsewhere. In
Sections 2—4 of this paper, we prove the existence of a monotone travelling-wave
solution for the reaction-diffusion-convection system

under the following hypotheses. (Standard notation is recalled at the end of
the Introduction.)
(a) A is a positive-definite diagonal matrix.
As in [14], f : RY — R¥ is a continuously differentiable function satisfying
(f1) f is locally monotone;
(f2) S and T are stable equilibria of f and S < T}
(f3) there is a (necessarily non-zero) finite number of equilibria E of f with
S < E < T and each such E is unstable.
(gl) G is a continuously differentiable, diagonal-matrix-valued function on
RY x RY and there exist continuous functions 3,7 : [0,00) — [0, 00)
such that for each u,v € R,

1G(w, 0) [ < ~(lul)(X + B(|v[])),

where (3 is increasing and G(p)/p — 0 as p — co. Suppose that [ is

such that 8(p)/p < Boo-
(g2) G(E,0) is positive-definite at each equilibrium E of f in [S, T].

Thus for some ¢ € R, we obtain a solution w of the system
(4) Aw" + cw' + G(w, v )w' + f(w) = 0.

Note that (g2) can be assumed without loss of generality in a problem where (f3)
holds. This is obvious because, by (3), dI + G(E,0) is positive-definite at each
of the finite number of equilibria E in [S, T] provided d is sufficiently large. Now
replace the unknown parameter ¢ with a new parameter ¢ = ¢ — d and replace
G with G = G + dI. The new system, (4) with ¢ instead of ¢ and G instead of
G satisfies (a), (f1)—(f3) and (gl), (g2).

The main result of this paper is in Section 5. There the existence of travelling
waves is established without assuming (gl) about the growth of G, provided that
G is known to be monotone in a certain weak sense. These results are deduced
using the theory of the preceding sections, and contain the previous existence
theorems as special cases.
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Following [14, Chapters 2 and 3|, we use degree theory for (S); mappings in
a weighted Sobolev space. Although the operators associated with (4) are not
(S)+ except when G = 0, that difficulty can be overcome by approximation. We
consider the modified system

(5)  AV(s) +cv'(s) + or(s)G(v(s),v'(5))v'(s) + f(v(s)) =0, s€ER,

where for R > 1, og € C(R,[0,1]) is supported in [—R, R], and og(s) — 1 as
R — oo for each s € R. The corresponding operators are shown to be (S) and
the existence of a monotone solution to (5) asymptotic to S and T is proved.
Solutions to (4) follow by taking the limit as R — oco. To keep the presentation
as short as possible, we refer to [14] when appropriate.

The following is key notation. An equilibrium E of f € C*(RN,R¥), a point
where f = 0, is said to be stable if all the eigenvalues of df[E] are in the open
left-half complex plane, and unstable if there is an eigenvalue in the open right-
half plane. When S, T € RY (the source and target) are equilibria of f with
S < T, system (1) is said to be bistable if both S and T are stable. In that
case there exist equilibria E € [S,T]\ {S,T}. (These are called intermediate
equilibria; see [4].)

Attention in this paper, as in [13], [14], is restricted to functions f which are
locally monotone: whenever u € RY is such that f;(u) = 0 for some i, 1 <i < N

(6) Bf,»/auj>0 fOYj#i,jZl,...,N,

where f; denotes the ith component function of f. This is a natural hypothesis
for mutualistic interactions in biology, and for certain kinds of chemical kinetics.
If wy € RY is such that 0f;/0u;j(wy) > 0 for i # j, i,j = 1,...,N, then the
off-diagonal elements of df [wg] are positive - that is, df [wp] is a Perron—Frobenius
matrix [10], [12].

2. Degree theory for the analysis of travelling waves

[13 2

Preliminaries. The notation “:=” means “is defined to equal”. For vectors
p,q € RN, p < q (p < q) means that pp < qr (pr < qi) for each k, 1 <k < N
and py denotes the kth coordinate of p. When ¢ < p, (¢,p) = {x € RV :
g < v <p}and[g,p]={x €RY :q < = < p}. A vector x € RV is positive
(non-negative) if > 0 (z > 0). The set of non-negative vectors in RY will
be denoted by Rf and the set of all real N x N matrices with strictly positive
off-diagonal elements by PNY*N . The real N x N matrices will be denoted by
MN*N where the ijth entry of M is M;;. If M € MN*N is diagonal, then
M; denotes the ith element on its diagonal. For functions f : RV — RV,
the Fréchet derivative of f at w € RY will be denoted by df[w] and, where
necessary, identified it with the Jacobian matrix of partial derivatives of f at w.
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For a set € in a metric space, the closure will be denoted by © and the boun-
dary by 0. The Euclidian inner product and norm on R" will be denoted by
(+,-),and || - || and ||z s := max{|z;| | 1 <i < N} for z € RY. For k € N and
Q C RN, C¥(Q,RY) is the Banach space consisting of functions f : Q — R for
which all derivatives of order at most k are bounded and uniformly continuous
on  with the usual supremum norm, Lo (€, RY) is the Hilbert space of square-
integrable measurable functions u : © — RY and W3(Q,RY) is the Sobolev
space of functions u € Lo(Q, RY) with square-integrable weak derivative. With
wu(s) =1+ s2 let
(7) w(s) :=/u(s) and v(s):=pu(s) " u'(s), s €R.

For an open subset Q of R, let Ly ,,(©2,RY) be the space of measurable functions

1/2

u: R — RY with ||UHL21“(Q’RN) = (u,u>L27M(Q7RN)

< 00, where

Q ()1 ) o= [ () (i) ds

Then the weighted Sobolev space Wy M(QJRN ) is the set of functions
u € Ly, (Q,RY) for which v’ € Ly ,(Q,RY),

with the inner product

9) (u, v)wy  (@rN) = (U, V)L, (2RN) T (W) L, rN)-

We state the following without proof.

LEMMA 2.1. Bounded linear operators M : W3 (Q,RY) — W3 (Q,RY) and
N : W217H(Q,RN) — WH(Q,RN), are defined by multiplication as follows:
Mu(s) =w ™ (s)u(s), ue Wy (Q,RY),

(10) and  Nu(s) =w(s)u(s), u € Wi#(Q,RN).

Also

A1) Nul)ll < llullwy , @rn)/Vils)  forue Wy, (R,RY) and s € RY.

Degree theory for (S); operators is developed in [1], [2], [11] and used
in [14, Chapter 2]. Let X denote a real, reflexive, separable Banach space,
and let W : X — X*. Then W is an (5)4 operator if, for {u,} C X,

(12)  up —woin X, limsup (W(un))(un — o) <0 = up —up in X.

Suppose also that W is bounded, demicontinuous (continuous from the strong
topology of X to the weak topology of X*) and 0 ¢ W(9Q) where Q C X
is bounded and open. Then deggy, (W,(2,0) denotes the integer-valued (S).-
degree, which has the usual properties. If degg,, (W,Q,0) # 0, then there exists
u € Q with W(u) = 0. The homotopy property has the following form. If
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Wi, Wy : X — X* are bounded demicontinuous (S); mappings, and there is a
bounded demicontinuous operator W : Q x [0,1] — X* such that

(13) 0¢ W02 x[0,1])
(14) W (u,0) = Wyi(u), W(u,1) =Wa(u) forallue€ Q,
and

For {un,t,} C Q2 x[0,1], wu, —ugin X, t, — to,
(15) and lim sup (W (up,t,))(un —ug) < 0= u, — ug in X,
n—oo
then W7 and W are said to be (S)-homotopic relative to Q, and they have
equal degree.
(S)+ operators for the approximate system.

DEFINITION 2.2. For R > 1, let og € C(R,[0,1]) be a function which
equals 1 on [-R+ 1, R — 1], equals 0 outside [—R, R], and is affine elsewhere.

We seek a constant ¢ and a function w € C%(R, RY) such that

(16) Aw"(s) + cw'(s) + or(s)G(w(s),w'(s))w'(s) + f(w(s)) =0, s€ER,
(17) w'(s) >0, seR,

(18) w(s) = S ass— —oo, w(s) =T ass— 0.

Let

(19) P(s) =Ta(s) +S(1—a(s)) and w(s) =u(s)+y(s),

where o € C*(R, [0, 1]) is a fixed monotone function with a(s) = 0 when s < —1
and a(s) = 1 when s > 1. Then w satisfies (16), (17) and (18) if and only if
u satisfies

(20) (" +¢") + (W' +9) + orGu+ 0" +4) (W +¢) + fu+¢) =0,
(21) w(s)+¢'(s) >0, s€R and wu(s)—0 ass— +oo.

Following [14, Chapter 2, pp. 123-124], we seek a solution u to (20) and (21)
in W3 ,(R,RY). Note that estimate (11) implies that u(s) — 0 as s — Fo0 every
u € W21 L (R, R™M). The fact that the constant c is not known a priori is overcome

by functionalising the parameter, an idea due to Krasnosel’skii. Let ¢ : R — R
be given by ¢(s) = e® if s < 0 and ¢(s) = 1 if s > 0. For u € W ,(R,RY), set

1/2
(22 plw) :=( / u<s>+w<s>—T2¢<s>ds) and  c(u) = log p(u),

where 1 is defined in (19). Define up(s) := u(s + h) + (s + h) —¥(s), s€ R
for each h € R. Then ¢(-) has the following properties, which are proved
in [14, Proposition 1.1, Chapter 2, pp. 134-135].
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LEMMA 2.3. The functional ¢ is Lipschitz continuous on bounded subsets of
W3 (R, RY) and, for u € W3 ,(R,RY), c(uy) is monotone in h, and c(uy) —
+oo as h — Foo.

We will define ¢(w) as
(23) c(w)=c(u) whenw=u+1¢, ue WQ’H(R, RY),
when there is no danger of ambiguity. Now consider the equation
(24) A" + ")+ c(u) (v + ") + orG(u+,u' + ") (' + ')+ f(u+1) = 0.

It is clear that if u € W3 ,(R,RY) satisfies (24), then u satisfies (20) with
¢ = c(u). Conversely, if a function u satisfies (20) with velocity ¢, then there
is some h € R with ¢(up) = ¢. Thus uy, satisfies (24) with og(-) replaced by
or(- 4+ h). Whence there is an equivalence between (24) and (20). Henceforth,
a solution of (24) and (21) will be sought in W3 ,(R,RY) .

The method is to consider the following continuous deformation of (24):

(25)  A(u” +¢") + c(u) (W' + ) + TorG(u+ ¢, u’ + ") (W' +¢)
+ flu+v)=0, 7€l0,1].

When 7 = 1, (25) becomes (24), whilst when 7 = 0, (25) corresponds to the sys-
tem treated in [14].

To invoke degree theory, an (S); operator associated with (24) is required,
together with a suitable (S); homotopy associated with (25). First define
Pr: [0,1] x Wi, (R,RY) — W} (R, RV)* by

(26)  Pr(r.u)(v) = / (Al (o)) ds — / (A" + c(u) (o + ), v)pds
- / (rorGlu + ool + )t + ')+ Flu+ ), v ds

for 7 €[0,1], u,v € W217M(R,]RN).

LEMMA 2.4.

(i) Pg is well-defined and maps each bounded subset of [0,1] x W3 , (R, RY)
into a bounded subset of W , (R, RY)*.
(ii) Pg is jointly continuous in T and u (from the strong topology of [0,1] x
W3 (R, RY) to the strong topology of Wiu(R,RN)*),
(i) Letu e W3 ,(R,RYN) and T € [0,1]. Then u is a solution of Pr(T,u) = 0
if and only if u € C?(R,RY) and u satisfies (25).

PRrROOF. The first statement is immediate from the Holder’s inequality, De-
finition 2.2, the continuity of f, (gl), Lemma 2.3, and Lemma 2.1 together
with observations that v is uniformly bounded and ¢’ and " have compact
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support. The second statement is a standard consequence of Krasnosel’skii’s
theorem [5, p. 77]. The third is the usual relation between weak and strong
solutions which, in this one-dimensional setting, is straightforward. O

Now we show that a construction in [14, Chapter 2, Section 2, pp. 128-134]
remains effective under our hypotheses.

THEOREM 2.5. There exists a bounded linear positive-definite self-adjoint
operator S, : Wiu(R,RN) — W, (R, RY) and a function 6 : W, (R, RY) x
W3, (R,RY) x [0,1], such that for T € [0,1] and u,uo € W3 ,(R,RY),

@0)  (Prlrw)(Sulu— o) > fu—uolldy g any + 010, 7).
and 0(un, uo, 7) — 0 uniformly for v € [0,1] as up, — ug in Wy (R, RM).
This result is significant because (27) can be rewritten as
(28) (S, Pr(T,u))(u —ug) > |lu— uOH%/Vz}’M(R,]RN) + 0(u, ug, 7).
Together with Lemma 2.4, this yields that the operator
SiPr:[0,1] x W3 ,(R,RY) — W3 ,(R,RY)

is an admissible (S)4 homotopy.
So if Q C W;}’H(R RY) is open, bounded and such that

then S Pr(0, ) and S;; Pg(1, -) are (S); homotopic relative to (2. Hence
(30) deg(s)+ (S;PR(l, . ), Q, 0) = deg(s)+ (S;PR(O, . ), Q, O)

Further, if 0 ¢ S} Pr(r, -)(02) and degg), (S;Pr(7, -),,0) # 0, then there
exists u € (2 such that S}, Pr(7,u) = 0. So by the last part of Lemma 2.4,
u € C%(R,RY) satisfies (25).

For f satistying (f1)—(f3), let the matrix B(s) be given by

(31) B(s) = ¢1(s)df[S] + ¢a2(s)df[T], s €R,

where ¢1, 92 € C®(R,[0,1]) are such that ¢1(s) + ¢2(s) = 1 for each s € R,
and ¢1(s) = 0 when s > 1, ¢2(s) = 0 when s < —1. The next result follows
from [14, Chapter 2, Section 2, pp. 128-134] because all the eigenvalues of df[S)]
and df[T] are in the left-half plane.
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LEMMA 2.6. There exists a bounded linear self-adjoint positive-definite ope-
rator S, : Wy ,(R,RY) — W3 (R, RY), such that for u € Wy ,(R,RY),

(32) (Lyu)(Spu) =2 HUHYZ/VQ’H(R,RN) + 6u(w),

where 0, : W3 ,(R,RN) — R is such that 0, (un) — 0 as u, — 0 in W3 ,(R,RY),
and for u € W3 ,(R,RY), Lyu € Wy ,(R,RN)™ is defined by

(33) (Lyu)(v) = /R[(AU/(S)W'(SD — (B(s)u(s), v(s))]p(s) ds
forve Wy (R,RN).

PROOF OF THEOREM 2.5. Let the sequence {u,}52; € W3 ,(R,RY) be
such that u, — ug in W217M(]R,}RN) as n — oo, and set v, = u,, — ug. Then for
each T € [0,1], (26) gives that

(34) Pr(7,u,)(Suvn) = /(Aun’, (S, vn) Y ds +/<Aun'7V(San)>u ds
R R
- /]R (A" + ctn) (un’ + ), Spvm) s
- /]R<f(un + ), Syvn)puds
- / T{(orG (U + Y,y + ) (uy" + '), Spvn)pds
R
where v is defined in (7). In [14] it is shown that
(39) [ (A (Syva) )i+ (Au v(S,00))n
R
- <A7f}” + C(un)(un, =+ ¢/)a Suvn>,u ds — /<f(un + ), S;t”n>ﬂ ds

R

= /(Avn’, (Suvn)') = (Bug, Syvp)puds + g(un,u)
R

where 6(u,,u) — 0 as n — oc.
Now hypothesis (g1) holds, |Tor| < 1 and o is supported in [—R, R]. There-
fore there is a constant 7o, depending only on {u,}, such that

(36) ‘/TUR(G(un+¢,un’+¢')(un’+¢'),5uvn>#d5
R
< 70/ {llun” + 9" + Bosllun” + 92} Suvnllds — 0 asn — oo
|s|<R

uniformly for 7 € [0, 1], because S,v, — 0 uniformly on [-R, R] as n — oo
and {uy,} is bounded in W3 , (R, RY). Thus there exists a functional § such that
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0(tn, uo,7) — 0 as u, = ug in Wy ,(R,RY) uniformly for 7 € [0, 1], and

(Pr(T,un))(Suvn) = /R[(Avn’(S), (Spvn)'(s)) = (B(s)vn(s), (Suvn(s))]u(s) ds
+ a(un, uo, T).
Therefore
(Pr(7,un))(Suvn) = (Lypvn)(Suvn) + 0(un, uo, )

> [Jun — “O||€V21M(R,RN) + 6, (vn) + 0(un, uo, 7).

Here L,, S, and 0, are as in Lemma 2.6. The result follows. O

3. A priori estimates for monotone approximations

The goal is to prove that the set of all solutions u of equation (65) is bounded,
independently of 7 € [0,1] and R > 0, in W3 ,(R,RY).
A priori estimates for a general system. We first consider solutions w of
Aw” + cw' + opTG(w, w w' + f(w) =0,
{ w=u+v, ue Wy, (RRY)NC*R,RY),

where f satisfies (f1)—(f3), G and og are given by Definition 2.2, and 7 € [0, 1].
In this section the velocity ¢ € R is regarded as a parameter, and not the func-

(37)

tional (22). The representation of ¢ as a functional will be re-introduced in
the next section to get a uniform a priori bound for monotone solutions. The
initial step is to obtain estimates for the absolute value of derivatives of solu-
tions of (37) that are independent of ¢ € R, 7 € [0,1] and R. Note that it is not
assumed yet that the solutions are monotone.

LEMMA 3.1. Let u € Wy ,(R,RY)NC?*(R,RY) satisfy (37) for some ¢ € R,
7€1[0,1] and R > 0. Then u, u', u” € Loo(R,RY), and there exists K > 0 such
that ||u'(s)]| < K/+/p(s) for each s € R and hence ||[u'(s)|| — 0 as n — oco.

PROOF. That u € Lo (R,RY) follows from estimate (11). Since u satis-
fies (37), Clearly —¢" — cA7 [/ + 9] € Ly, (R,RY). Since v’ is bounded
on [—R,R], TopG(u + ¢¥,u + ¢ )(u' + ') € Lo, (R,RY). Also f(u+v) €
Ly, (R,RY). Consequently v € Ly, (R,RY) and v’ € Wy ,(R,RY). The decay
estimate for v/ € Loo(R,RY) now follows from (11). That u” € L. (R,RY)
follows from (37), the boundedness of ¥, v, v and v’ and the continuity of f
and G. O

THEOREM 3.2. Let M > 0. Suppose that w satisfies (37) for somec € R, 7 €
[0,1] and R > 0, with ||w| 1, &g~y < M. Then there exist N1 (M), No(M) > 0,
independent of w, ¢ and R, such that

||w’||LOO(R,RN) < Nl(M) and Hw//HLm(R,RN) < NQ(M)
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PROOF. Define h : R — R by h(s) := (Aw'(s),w’'(s)),s € R. Then h is
continuously differentiable and h > min;—;  y{A;}|w’||?, since A is positive-
definite. Also, Lemma 3.1 implies that h(s) — 0 as |s|] — oo, since 9'(s) = 0
when |s| > 1. So h attains a maximum at a point sg € R where h'(sg) = 0.
Since A is symmetric, (Aw” (sp),w’(sp)) = 0. So taking the inner product of the
left-hand side of (37) with w’(sg) yields, by hypothesis (gl) and Definition 2.2,
that

(38) lelllw’(so)l|* < y(w(s0))(1+ B(llw' (s0) N w (s0)lI* + IL.f (w(s0)[[[[w’ (s0)I

To find a uniform bound for w’ there is no loss of generality in supposing that that
[lw(s0)|| > 1. Since [Jw||_(rr~y) < M and v and f are continuous, there exist
~0, &g > 0, depending only on M, such that y(w(s)) < vo, and || f(w(s))] < ao
for all s € R. Hence

(39) el <70(1 + B0 ||z &) + a0

Lemma 3.1 implies that w’ and w” are uniformly bounded on R. So Landau’s
inequality [8, Theorem 5.3.1, p. 167] and the fact that w satisfies (37) together
yield that

w7 mrvy < 4lwllp@es) AT I(cw’ + ormGw, w')w' + f(w))llL. @Ery)
< 4Hw||LOO(R,RN) HA_1||{(270(1 + 6(”w/||Loo(R,]RN)))||wl||Loo(]R,RN)
+ (1 + [[w'] oo @m,rN)) }-

Therefore

(40) 'l ®ryy < AMAT {2701 + B([w'|| 1 &&Y)) + 200},

since we have assumed that |[w'|;_(rr~)y > 1. This proves the existence of
N;(M) > 0 as in the statement of the theorem.

The corresponding bound for w” comes from the fact that, by inequality (38),
le[|lw'||L. (rg~y is bounded by a constant depending only on M. Therefore
the ith equation of (37) yields that for each s € R,

(41) |wf'(s)] < A7 (sup [ew(s)| + sup|rGi(w(s), w'(s))wi(s)| + sup [ f(w(s))]).
seR seR seR

The existence of No(M) > 0 as in the statement of the theorem follows from (39)

and (41). O

To obtain an a priori estimate for the speed of monotone solutions to (37),
we require some preliminary results on the signs of the component functions of f.
The first is proved in [13].
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LEMMA 3.3. Let f € CHRN,RY) satisfy (f1) and (2). Let p,q > 0 denote
Perron—Frobenius eigenvectors of df[S] and df [T] respectively. Then there exist
t,(,e > 0 such that for each i € {1,... N}, € < tp;,e < tg,,

zel; ={zecRY:S<az<S+tp, ;=8 +1tp},
N, - _ < _
y € RY with 12}%}(1\7‘% x| <e= fily) <0,

zeN ={zeRYN T —t¢q<z<T, z; =T —tq},
N wi — x| < ; .
y € R™ with 1gf}caSXNLyk zg| <e= fily) >0

This leads to bounds on the velocity ¢ of monotone solutions to (37), inde-
pendently of the choice of R.

THEOREM 3.4. There exists v > 0, depending only on f, G and A, such that
if w satisfies (37) for some ¢ € R, 7 € [0,1] and R > 0 and w'(s) > 0 for all
s € R, then |c| < 7.

PROOF. Let w be as in the statement of the theorem. The fact that w(s)
converges monotonically to S as s — —oo will yield a lower bound for ¢. The ex-
istence of an upper bound can be proved similarly, using the monotonic conver-
gence of w(s) to T as s — 0.

Since w(s) — S as s — —oo and w'(s) > 0 for each s, there exists so € R and
i €{1,..., N} such that w(sg) > S and w(sg) € I';, where I'; is defined in (3.3).
Now w(sp) € I'; = w;(so) = tp;, and tp; > € > 0, where € is as in Lemma 3.3.
Choose s; € R such that w;(sp) — w;(s1) = . Since w is increasing, s1 < Sp.
Integrating the ith equation of (37) from s; to so gives

(42)  As(wiso) — wi(s1)) + ce + /SD or(s)7Gi(w(s), w'(s))wi(s) ds

81 +f fi(w(s)) ds = 0.

Since w is a monotone solution between S and T', w1 rr~y < [|S]+[|T — S
Thus by Theorem 3.2, there exists N1 > 0, independent of w, ¢ and R, such that
||w’HLM(R)RN) < Ny, |4 (wi(so) — wi(s1))] < 2||A|| N1, and there exists y1 > 0
such that ||[7Gl| (v xry gy < 71 for each i € {1,...,N}. Hence

(43) < [ "t (s)] ds

S1

S0
:'yl/ w;(s) ds = e,

S1

/SO or(8)TGi(w(s), w'(s))w;(s) ds

S1

since w is monotone. We now observe from the monotonicity of w and Lemma 3.3
that

(44) filw(s)) <0 for 81 < s < sp.
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Therefore, ¢ > —v; — 2||A|| N1 /e, which gives a lower bound for the velocity ¢
as required. O

Our next result shows that the assumption of the local monotonicity of f
(condition (f1)) and the fact that G is diagonal, forces monotone solutions to be
strictly monotone.

LEMMA 3.5. For any ¢ € R, let w satisfy (37), when Tor is replaced by
any function o € C(R,[0,1]) and G is replaced with any continuously differ-
entiable, diagonal-matriz-valued function G. Suppose that for each s € R,
w'(s) > 0. Then either there exists E € RN such that

(45) w(s)=E foreachseR, or w'(s)>0 foreachsecR.

PROOF. Suppose that there exists sg € R for which w’(sg) has a zero com-
ponent; without loss of generality, say wj(so) = 0. Consider the first equa-
tion of (37),

(46)  Ajw(s) + cwi(s) + o(s)G1(w(s),w (s))wi(s) + fi(w(s)) =0, se€R.

If fi(w(so)) # 0, (46) implies that w{(sg) # 0, which says that w; has either
a maximum or a minimum at sg. Since this contradicts the monotonicity of w,
we conclude that fi(w(sp)) = 0, and that wY(sg) = 0. Now for s € R, there
exists 0(s) € (0,1) such that

(1) (006) = o)+ (o) +006){w(s) ~ s} u6) = wls)
Z O (50) + 0(5){w(5) — w(s0)})ws) — wi(s0))

since f1(w(sg)) = 0. Define v(s) = wi(s) — wi(sp),s € R. Then for s < s,
v(s) < wv(sg) = 0. Moreover, (46) and (47) yield that

(48) A" (8) +{c+ o(s)G1(w(s),w' (s))}v'(s)

+ gi[w(so) +0(s){w(s) —w(so) Hu(s)
W

Y Of,
Z Do, 1050+ 0(3){w0(s) = wls0)H (wi(5) = wilso)

It follows from the local monotonicity of f (condition (f1)) and the fact that

fi(w(so)) = 0 that %( (s0)) > 0 for i # 1. Thus since f € CH(RY,RY),
w
there exists a neighbourhood U of w(sp) such that

oh

(49) Dw;

(w(sg)) >0 foreachi=#1 andeach F e U.
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Let s1 < sp be such that w(s) € U for each s € R, 57 < s < sg. It follows
from (48), the monotonicity of w and the fact that v(sg) = 0 that

(50) A" (s) + {c+ o(s)G1(w(s), w'(s))}v'(s)
+ %[w(so) +0(s){w(s) — w(so)Hu(s) >0

for 51 < s < s59. Since G is continuous and f € C1(RY,RY), the coefficients of
v and of v are bounded independently of s. Hence the Hopf Boundary Point
Lemma [7] yields that either v'(sg) > 0, or v(s) = v(sg) = 0 for each s € (s1, s0).
By the choice of sg, v'(s9) = 0. So v(s) = v(sg) = 0 for each s € (s1, sp). In fact,
v(s) = 0 for each s, —00 < s < 9. For if §:=infs<s {v(t) =0 for s <t < 50}
were finite, then w}(8) = 0. The above argument then yields the existence of
a left-neighbourhood of 5 on which v = 0, which contradicts the definition of 3.
A similar argument shows that v(s) = 0 for each s, so < s < co. Hence

(51) wi(s) = wyi(sg) for each s € R.

Suppose now that there exists j € {2,..., N} such that w; # w;(so). It
follows from the above argument that w’(sg) > 0. Hence for s in a neighbourhood
of sg, w;(s) # wj(so). Now by (51), v(s) = 0 for each s € R, where v(s) :=
w1 (s) — w1(sg). Thus (48) gives that

L af

(52)
i—2 Ow;

[w(s0) +6(s){w(s) — w(so)}(wi(s) — wi(s0)) =0

for each s € R. Let s < s be sufficiently close to sg that
of1
8wi
for each ¢ € {2,...,N} and w;(s) # w;j(sp). Then the monotonicity of w
contradicts (52). So w(s) = w(sp), and hence (45) holds with E := w(sg). The
result follows. O

[w(s0) + 0(s){w(s) — w(s0)}] >0

The next result shows that monotone solutions of (37) satisfy uniform expo-
nential estimates in neighbourhoods of S and T. Note that these exponential
estimates, and the neighbourhoods in which they are valid, are independent of
the velocity ¢ (because ¢ is a priori bounded), 7 € [0, 1] and the choice of R.

THEOREM 3.6. There exists k,a, 3 and 6 > 0 such that if w satisfies (37)
for some c € R, 7 €[0,1] and R > 0, and w'(s) > 0 for all s € R, then

(53) lw(s) = S| < ke*E=0)lw! ()] < ke,
where so € R is the unique point such that ||w(sg)—S|| = ¢ and s < sg. Moreover,

(54) lw(s) = T|| < we 7100w (s)]| < me= P10,
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where tg € R is the unique point such that |w(ty) — T|| = 6 and s > to. In
addition, for E € RN,

(55) 0<|E—S|<d= f(E)£0, and 0<||E—T| <= f(E)#0.

Proor. It will suffice to prove (53) (the proof of (54) is similar). We be-
gin by considering the equation (37) linearised at w = S, when op is replaced
by 1. We will show that solutions A of the corresponding characteristic equa-
tion DetN (A, ¢, 7) = 0 are uniformly bounded away from the imaginary axis,
independently of |¢| < «y, where v is as in Theorem 3.4, and 7 € [0, 1]. Here

N\ ¢, 7) = A2A + M + A\rG(S,0) + df[S].

Suppose that A = ip satisfies Det N(\, ¢, 7) = 0. Then —icu is an imaginary
eigenvalue of —u2A + df[S] + iuTG(S,0). However by f(2) the Perron—Frobenius
eigenvalue of df [S] is negative and hence all the eigenvalues of the matrix —u? A+
df[9] are in the left half plane (decreasing the elements of a matrix M € PN*¥
decreases the Perron—Frobenius eigenvalue ppp(M)). The same is therefore
true of the eigenvalues of —u?A + df[S] + iurG(S,0). (See [14, Lemma 4.1,
p. 234].) This is a contradiction. Therefore, since solutions A of Det N (A, ¢, 7) =0
depend continuously on ¢ and 7, the set of solutions for (¢, 7) in the compact set
[—7,7] % [0, 1], is bounded away from the imaginary axis.

With this observation in hand, the proof of [3, Chapter 13, Theorem 4.1]
shows that there exist positive numbers J, k, o and § (independent of (¢, 7) €
[—7,7] % [0,1]) such that if w satisfies equation (37) when op is replaced by 1,
then the conclusions of this theorem hold. (Note that taking 7 = 0 is the same as
replacing o by a function which is identically zero, so that case also is covered.)

Finally, for any (¢, 7) € [—v,7] x [0, 1], suppose that w is a monotone solution
of equation (37) joining S to T. Let ||w(sg) — S|| = 6. Note that sy may be
anywhere on the real line so the precise value of og(so) € [0, 1] is unknown. How-
ever, |lw(s) — S| < § for all s < 59, by the monotonicity of w, and consequently
we have established uniform exponential decay of w(s) to S as s — —oo is on
the set (—o0, s9)\Y, where Y := (=R, —R+1)U(R—1, R)) is the set upon which
or ¢ {0,1}. Since the decay estimates already established are uniform and since
Y has length at most 2 (independently of R), the required result is immediate.(]

The following theorem gives the relation between the asymptotic behaviour
of certain solutions of an ordinary differential equation and the eigenvectors of

a nonlinear-in-A linear eigenvalue problem.

THEOREM 3.7. Let f € CYRN,RY) and E € RY be such that f(E) = 0,
df[wo] € PN*N and ppp(dffwe]) # 0. Let A € MN*N be a positive-definite
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diagonal matriz, G be continuously differentiable, and the constant o be either 0
or 1. Suppose that w € C?*(R,RYN) satisfies

(56) Aw" + cw' + o7G(w,w' )w’' + f(w) =0, s€ER,

for some ¢ € R and T € [0,1]. Further, suppose that

(57) w(s)ZE and w(s) = F as s — o0 (§ > —0)

and there exists so € R and M > 0 such that

(58) s>50 (s<so)=w(s) <E (w(s)>E) and |u'(s)]| <M.
Then there exist A < 0 (A > 0) and a vector ¢ € RY such that ¢ > 0, and
(59) (A2 A 4 Xl + Aot G (wo, 0) + df [wo])gq = 0;

that is, there is a stable (unstable) monotone eigenvalue of the travelling-wave

problem linearized at E.

ProoOF. Consider the case when s — oo, and without loss of generality
assume F = (. For the proof in the case of the linear equation

(60) Aw" + (¢ + D)w' + Bw = 0,

where D is a diagonal matrix, we refer the reader to the argument in the proof
of [14, Lemma 2.4, p. 161]. To treat the nonlinear problem, consider translates
wy, of the solution w such that [Jw,(0)]| = sup,sq [|wn(s)|| = n=" and let v, (s) :=
n~tw,(s) for s > 0. Then

R(wy,
Av," + v + 0G(wy, wy v, + Buy, + &7 5> 0,
[[wn (0)]]

where B := df[0] and |R(y)||/|lyll — 0 as y — oo. The a priori bounds of
Theorem 3.2 enable the use of the Arzela—Ascoli theorem to prove the existence
of a non-trivial monotone solution v of the linear problem (60) with D := G(0, 0).
The result follows. O

The importance of the above theorem for the gradient-dependent travelling-
wave problem lies in the following application.

LEMMA 3.8. Suppose that £(1)—£(3) and (g2) hold and that E € (S,T) is
such that f(E) = 0. Then, for fived ¢ € R and 7 € [0,1], there cannot exist
two functions wi,wy € C?(R,RY) such that wi and wy satisfy (56) with o = 1
and 0, respectively and

(61) wi(s) — E ass— —oo, wi(s) >0 for sufficiently large — s,
(62) wo(s) = FE ass— o0, wy(s)>0 for sufficiently large s.
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Further, for fized ¢ € R and 7 € [0,1], there cannot exist two such functions
wi,wy € C?(R,RN) both of which satisfy (56) with o0 = 1, or both of which
satisfy (56) with o = 0.

PROOF. Suppose that there is ¢ € R such that functions wy, wy as in the first
statement of the lemma exist. Then it follows from Theorem 3.7 that there are
real numbers A\; > 0, Ay < 0 and vectors q1, g2 > 0, such that

(63) (A2A + \iel + \7G(E,0) 4 df[E])q1 = 0,
and
(64) (A3A + Xacl + df[E])g2 = 0.

Now (63) says that the Perron—Frobenius eigenvalue of A2 A+ cI+ A\ 7G(E,0)+
df[E] is zero. Also, when A\ = 0 the Perron-Frobenius eigenvalue of \2A4 +
Ael + ATG(E,0) + df|E] is positive, by hypothesis £(3). But it is shown in [4]
that for ¢ fixed, the Perron—Frobenius eigenvalue is a strictly convex function
of A. Therefore, since A\; > 0 and A is positive-definite, the Perron—Frobenius
eigenvalue of \2A + AcI + ATG(E,0) + df[E] is positive for all negative A. In
particular, this is the case when A = Xy. However, since G(E,0) is positive
definite by (g2), it follows that the Perron—Frobenius eigenvalue of (A3 A+ Aacl +
df[E)) is positive. This contradicts (64). The first part is proven.

For the proof of the second part, recall that the Perron—Frobenius eigen-
value of (A\2A + Ael + AtoG(E,0) + df[E]) is a convex function of A which, by
the hypothesis of the theorem, is positive at A = 0. But, by Theorem 3.7 and
the present hypotheses, there exists A\; > 0 > Ay such that the Perron-Frobenius
eigenvalue of N A + \;el + \;7oG(E,0) + df[E] for i = 1, 2 is zero. This is a
contradiction. The proof is now complete. O

Estimates for the approximate system that are independent of R.

Consider now the system

(65) { A(w") + c(w)w" + TorG(w, w")(w') + f(w) =0,

w=u+1vp, ue W, (R,RY)NC*R,RY),

where R > 0 and og is as in Section 2, (a), (f1)—(£3), (g1) and (g2) hold, and
c(w) is defined in (23). We will prove a priori lower bounds on wi(s), i €
{1,..., N}, when w(s) is outside the §-neighbourhoods of S and T constructed
in Theorem 3.6. The following lemma is the key.

LEMMA 3.9. Suppose w is a monotone solution of (65) for some R > 0
and 7 € [0,1]. Let 6 be defined as in Theorem 3.6. Then the set {t € R |
|lw(t) — T|| = 6} is bounded independently of R, T and w.
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PrROOF. From the definition of c(w), it is immediate that the set {t € R |
|lw(t) = T|| = 6} is bounded above independently of 7 and R, for otherwise
the set of all possible ¢(w) for monotone w would be unbounded, contrary to
the assertion in Theorem 3.4. Also, because of (54) and the definition of ¢(w),
the set {7 € R| [Jw(t) —T|| = 0} is bounded below independently of 7 and R, for
otherwise ¢(w), w monotone, would be unbounded. This completes the proof.]

THEOREM 3.10. Let w satisfy (65) for some 7 € [0,1] and R > 0, and sup-
pose that w'(s) > 0 for all s € R. Then there exists x > 0, independent of u, T
and R, such that

(66) wi(s) >x, i=1,...,N,
when ||w(s) — S| > 0 and ||w(s) —T|| > 06, where § is as in Theorem 3.6.

PROOF. Suppose that the result is false. Then there exist sequences {w*},
{7}, {Ri} and {s;} and ig € {1,..., N} such that w* satisfies (65) with 7 = 7,
and R = Ry,

(67) Hwk(sk) -S| >0, ||wk(sk) —T|| >4, and 0< (wfo)’(sk) < kL

Since Theorem 3.4 gives that {c(wg)} is bounded, there no loss of generality in
assuming that io = 1, 7, — 70 and c(wg) — ¢ as k — oo.

We consider first the possibility that R, — oo as k — oo. Let {tx} C R be
defined by ||w¥(t) — T|| = 6. Lemma 3.9 ensures that {t;} is bounded. Let
(68) cr = c(wy), vF(s)=wF(s+1ty), and o"(s) =op, (s +tr),
so that [[v*(0) — T'|| = & and
69) AWM + e (0F) + o G WF, (WF)) (WP + f(0F) =0, seR.

Also, (w¥)!(s1,) — 0 as k — oo, and
(70) [0 (sk — ti) = SI 26, |[v*(sx —tn) = T 2 6.
k

Since w* is a monotone solution connecting S and T, {||w*| ;& r~)} is bounded
and, by Theorem 3.2, there exist N1, Ny > 0,

(71) (W) (s)]] < N1, [|(v*)"(s)|| < Np for all s € R.

Note that since {t;} is bounded, and Ry — oo, 0¥ — 1 as k — oo uniformly
on compact intervals. Since G and f are continuous, an Arzela—Ascoli argument
means that there is no loss of generality in further assuming that there exists
v € O?(R,RY) such that v* — v in C2([—r,7],RY) for each r > 0. Passing to
the limit in (69) yields that

(72)  AV"(s) + cov'(s) + 10G(v(s),v'(s))v'(s) + f(v(s)) =0, s€ER,
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where

(73) lv(©) =T| =6 S<w(s)<T, s€R and v'(s)>0, seR.
Clearly there exist p,q € RV, with S < p < ¢ < T such that

(74) v(s) = p ass— —oco and wv(s) —>¢q ass— 0.

Moreover, since |[v”(s)|| < Nz by (71), Landau’s inequality gives that v’(s) — 0
as |s|] — oco. Hence by (74) and (72), v"(s) — 0 as |s| — oco. So using (74),
we find that f(p) = f(¢) = 0. It thus follows from (73) that ¢ = T, because &
satisfies (55).

Next suppose, for contradiction, that p = S. By (70), (74) and the fact
that v* — v pointwise, {sp — t;} is a bounded sequence, so has a convergent
subsequence, say s, — tx — w9 € R. Now v} (xg) = 0, since (v§) (sx — tx) — O.
But this contradicts Lemma 3.5 since v satisfies (72) and (73) holds. So p # S.

Recall (f3) that there are only a finite number of zeros E of f with S < E < T
and therefore, by local monotonicity, € can be chosen so that

(75) f(E)=0, |wy, —pi] <e forsomeic{l,..., N} = FE=np.

Let ¥ := (g,...,¢) and for n € N, choose z, € R such that p < v(z,) <
p+ ¥/4n/N. Since v*(x,) — v(z,) as k — oo, we can choose ky, (> k,_1)
such that p < v* (x,) < p+ £/2nV/N. Since v*7(s) — S monotonically as
s — —oo , there exists unique oy, € R such that [[v*»(ay,) — p| = ¢ and
||vF (s)—p|| > € for s < ay, . Foreachn € N, define v (s) = v*» (s+ay, ), s € R.
Then [[o%7(0) — p|| = ¢ for each n, and S < ¥%(0) < p + X/n. Arguing as
in the construction of the function v above, we obtain the existence of v €
C%*(R,RM) and 5 € C*(R, [0, 1]) such that (for a subsequence) 7% — ¥ uniformly
on compact subsets of R,

(76) [9(0) =pll =¢, S<9(0)<p, V'(s)>0, seR,
and
(77) AV + ot + 1oa G(0,0" )0 + f(0) =0,

where here & = 0 or 1 for s sufficiently large. (We do not know a priori that
the sequence {a,, } is bounded, hence the ambiguity about the limit of 7 in
this case.) As before, there exist p’,¢ € RY such that S < p’ < ¢ < T, and
v(s) — p' as s — —oo and ¥(s) — ¢’ as s — 0.

Now by condition (f3), pupr(df[E]) > 0 for every E, S < E < T with
f(E) = 0. Theorem 2.4 of [4] implies the existence of a zero E of f such that
wpr(df[E]) < 0in the order interval between two zeros whose Fréchet derivatives
have positive Perron—Frobenius eigenvalues. Hence there is no zero E of f such
that S < E < porp < E < T. Thus p’ = S since ||[v(0) — p|| = e. Also,
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(75) yields that ¢’ € {p,T}. If ¢ = T, then as earlier in this proof, the points

Sk, —tk, —o, at which (vlf" )’ tends to zero are contained in a finite interval in R.

So there exists zg € R such that (v1)'(29) = 0, which contradicts Lemma 3.5 since
(76) and (77) hold. Hence ¢’ = p.

Thus we have v satisfying (77), where & is either 0 or 1, with v(s) < p,s € R,
v(s) — p as s — oo, and v satisfying (72) with v(s) > p,s € R, v(s) — p as
s — —oo. But since ppp(df[p]) > 0, this contradicts Lemma 3.8. The result
follows for the case Ry — oc.

If {Ry} is bounded, or, — og (or a subsequence) uniformly on compact
intervals, as k — oo, for some finite R. If {sx} is bounded, a standard Ascoli—
Arzela argument yields a solution of equation (37) which violates Lemma 3.5. If
{5} is unbounded then a subsequence converges to —oco, by Lemma 3.9. The
argument for the case Ry — oo may be repeated to find two solutions of equation
(56) with o = 0, contradicting the last part of Lemma 3.8. This completes the
proof. O

Let W denote the set of all monotone functions w € C%(R, RY) satisfying (65)
for some and R > 1 and 7 € [0, 1].

THEOREM 3.11. There exists constant C' > 0 such that if w € W,
(78) [|w — T/J”WQ{M(R,RN) = ”uHWZlM(R,RN) <C.

PrOOF. By Lemma 3.9 and Theorem 3.10, it is immediate that if w € W
and 0 is defined as in Theorem 3.6, then the set {s € R : ||w(s) — S| = 0}
is bounded independently of R, 7 and w. The result is now immediate from
Theorems 3.2 and 3.6. 0

4. Existence of monotone solutions

In [14, Chapters 2 and 3, Theorem 1.1, p. 153] it is shown that for G = 0,
there exists ¢ € R for which there is a heteroclinic orbit from S to T of (4),
the components of which are monotone. We first show that for each R > 0,
there exists u € W ,(R,RY) N C*(R,RY) such that u'(s) 4+ ¢'(s) > 0 for each
s € R, u satisfies (20), and u(s) + ¢ (s) — 5,1 as s — —o0, +00.

Existence of monotone solutions of the approximate system. Fix
R > 0. With the aim of constructing a set Q C W3 ,(R,RY) satisfying (29),
the first theorem gives that non-monotone solutions wy = uy + % (N for non-
monotone) of (24) are bounded away from monotone solutions wy; = upr + ¥
(M for monotone in W3 ,(R,R™)). In the following, write up = wys — 1) when
wh(s) > 0 for each s € R and uny = wy — 1P when there exists so € R and ¢ such
that (wp;, ) (so) < 0. Since the proof of this result is a minor modification of the
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proof of the corresponding result in [14, Proposition 1.2, Chapter 3, pp. 167-169],

we omit it.

THEOREM 4.1. Let R > 0. Then there exists rg > 0 such that if upr,uny €
Wy, (R, RY)NC2(R,RY) satisfy (25) with corresponding T = Ty, v € [0, 1] for
this R, and wy; = up; + 9 and wy = uy + ¥ are monotone and non-monotone
respectively, then

(79) HUM — uN”Wiﬂ(]R,RN) > TR.

Now define Q@ ¢ Wy ,(R,RY) by

Q = U {'U S W21,;L(R7RN) : ||’U,R — IU”WZI,;L(R’RN) < TR/27
R>0
for some monotone up satisfying (25)}.

Clearly €2 is open, and bounded by Theorem 3.11. Moreover,
Syt Wi (RBY) — W1, (R.RY)
constructed in Theorem 2.5, and Pg, defined for R > 0 by (26), satisfy (29):
0 ¢ S, Pr([0,1] x 09Q).

To see this note that if u € Wy ,(R,RY) N C?(R,RY) is non-monotone and sat-
isfies (25) then Theorem 4.1 yields that u ¢ . On the other hand, if w is
monotone, then u € Q° (the interior of €2).

Hence (30) holds:

deg(s)+ (S;PR(L : )797 0) = deg(5)+ (S;PR(Ov : )7970)

Now when 7 = 0, (25) reduces to the system studied by the Vol'perts [14,
Chapter 3], and it is implicit in their proof that deggy, () Pr(1, -),,0) = 1.
(This follows by first simplifying slightly the argument for existence in [14, pp.
169-170] by constructing Q analogous to {2 above, and pursuing their homotopy
argument. )

The following is then immediate from the existence property of degree, (29),
and the fact that there are no non-monotone solutions of (25) in Q.

THEOREM 4.2. Let R > 0 be given. Then there exists u € W (R, RM) N
C?(R,RY) such that u/(s) +'(s) > 0 for each s € R, and

A" + ") + e(w)’ + ) + oRGu+ 1, + )W + ) + 1) = 0.

Moreover, estimate (78) in Theorem 3.11 is valid for the same constant C.
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Monotone solutions of the autonomous system. Here we combine
the uniform a priori estimates for monotone solutions of Section 3 with the exis-
tence of monotone solutions for the approximate system proved above. (Since
(g2) can be assumed without loss of generality, we do not cite it in the hypothesis
of this theorem.)

THEOREM 4.3. Let (a), (f1)—(f3) and (gl) hold. Then there exists
we C*R,RY) and c € R such that w'(s) >0 for each s € R,
w(s) — S, T as s — +00, and u(x,t) = w(x — ct) is a solution of
U = Agy + G(u, ug)ug + f(u).

Moreover, estimate (78) in Theorem 3.11 is valid for the same constant C.

PROOF. For each n € N, let u,, € Wy (R, RM) N C%(R,RY) be such that
(81) ul(s)+¢'(s) >0 for each s € R,
and
(82) A(uy +9") +c(un) g+ ]+ 00 G (un +, up +9) (ug, +0') + f (un+9) = 0.

By Lemma 3.9 and Theorem 3.10, there is a bounded interval J (independent
of n) of the real line with the property that if s ¢ J then wy,(s) lies in the J-
neighbourhood of S or T described in Theorem 3.6. Since w,, is monotone for
each n, {w,} has a subsequence which converges everywhere on R, to a function
w say. By the Arzela—Ascoli theorem (see Theorem 3.2) the convergence and
that of derivatives is uniform on compact intervals — in particular, on J. A sim-
ple limiting argument now gives that the limiting function is a solution of the
travelling-wave equation with ¢ = ¢(w). Since w is monotone and contained in
[S,T], it converges to S as s — —oo and to T as s — oo because the convergence
of the {w;} is uniform on J and ¢ satisfies (55). The final estimate follows from
Theorem 4.2 and Fatou’s lemma. This completes the proof. O

5. The general case

Here we indicate how the results of the preceding theory lead to an existence
theory under the following hypothesis, which may be regarded as an extension
of (gl). This generalisation takes account of possible monotonicity of the com-
ponent functions of G.

(G) G is a continuously differentiable, diagonal-matrix-valued function on
RY x R™ and there are continuous non-decreasing functions 3, v :
[0,00) — [0,00) such that for all i € {1,... ,N}, a, b € RV with
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llall, Ib]] < M and p,q in RY with 0 < ¢ < ||pllecl where 1 =
(1,1,...1) € RV,

Gi(a,q) — Gi(b,p) < y(M)(1+ B([|pll))

where G(p)/p — 0 as p — oo, and (o is such that 3(p)/p < Beo-
Clearly if G satisfies (gl), it satisfies (G), but not vice-versa.

REMARK. An existence theory for bistable systems involving G satisfying
(G) immediately yields an equivalent existence result for bistable systems for
which —G satisfies (G). This is a consequence of the following observation. Sup-
pose that for some ¢ € R, u € C?(R,RY) is a monotone solution of system (4)
with f satisfying (f1)—(f3), such that u(s) — S as s — —oo and u(s) — T as
s — o0. Let w(s) =S + T — u(—s) for each s € R. Then

(83) Av" + e —GS+T —w,w")w — f(S+T —w) =0,

where ¢ = —¢, w is monotone, and w(s) — S,T as s — —o00, 00 respectively.
Furthermore, —f(S + T — -) satisfies (f1)—(f3). We are grateful to H. Matano
for pointing out the significance of this change of variables for our problem. In
particular, it leads to a theory of existence of travelling waves whenever G; is
a monotonic function of w; alone, since we can take § = =0 in (G) when G;
is an increasing function of w;.

Our approach to the problem under the hypothesis (G) is to introduce a trun-
cation Gk of the mapping G, where Gk satisfies (gl) for each K € N. We will
prove the existence of a monotone travelling-wave solution of equation (4) via
the known existence of such solutions when G is replaced by Gk together with
a uniform-in-K a priori bound on the derivative of these solutions.

For each K > 0, let ¥ € C*(R,R) be a monotone function with bounded
range, for which i () = a for all & € R with |a| < K and |[¢x(a)| < |a] for all
a € R. Define yx : RY — RY by (xk); (p) = ¥x(pi), pe RN, i€ {1,... ,N}.
Let Gk (u,v) = G(u,xx(v)). Note that for all i € {1,...,N}, a,b € RV with
lall, b1l < M and p, ¢ in RY with 0 < g < [[pfll in RY,

(84) (Gk)ila,q) — (Gk)i(b,p) = Gi(a, xk (q)) — Gi(b,xk (p))
(85) <A(M)(A + B(lIxx (P)lloc)) < (M) (L + B(pll))-
So Gk satisfies hypothesis (G), uniformly in K.

Then, since G is continuous, G satisfies (gl) for a function 8 that is inde-
pendent of K. The existence, for some ¢ € R, of a monotone solution w = wg of

Aw” 4+ cw' + Gg (w,w)w' + f(w) =0,
(36) w=u+, ue Wi, (REY)NCHR,RY),
w’ > 0,
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for each K € N is therefore guaranteed by Theorem 4.3.

THEOREM 5.1. Suppose that wi satisfies (86) for some ¢ € R and K € N.
Then there exists Ny > 0, independent of K and c, such that

lwe' || L. rgy)y < N1

PrOOF. To prove the existence of Nj, suppose without loss of generality
that for a given K the first component of wg has the property that

(87) (wi)'(s0) = max (w)r/(s) = | _max | max(wg)i(s) = (wi)r'(s0) > 0,

where sg € R is chosen such that
(88) (w1l = (wr)1"(50)-

For convenience in what follows, let v denote (wg); and let (Gg)i(wk,wk")
be denoted by g(wk,wg’). Then v' > 0 and v satisfies the equation

A" + v’ + glwg, wi" W' + fi(wg) =0

on R. Since v/ has its maximum at sg,

f1(wk (s0))

¢ = —g(wk(s0), wk'(s0)) — v'(s0)

and therefore for s € R

A0 (s) + {g(wk (5), wi'(s)) = g(wi (s0), wi' (s0)) }v'(s)

fi(wie(s)) — “W(‘%))v%s)'

v'(s0)

for some constant M, since wg € [S,T] and since 0 < v/(s)/v'(sg) < 1, by (88).

AAli1 SMa

Hence, since v is an increasing function, for s € R

(89) —v"(s) <A1 Hg(wk (s), wr'(s)) — g(wi (so), wi'(s0)) }v'(s) + M
<Ay Myo(1+ B (s0)' (5) + M,

for some constant vy, by (87), (88) and (G). Let m = ||S|| + ||S — T'||. Then
|v(s)] < m and since v is twice continuously differentiable, integration by parts
gives that for all s € R

v(is+1)=wv(s)+v'(s) + /0 (1 —t)w" (s +t)dt,
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from which it follows that

1
(90) 0 <v(s0) =v(so+1) — v(s0) —/O (1= )" (50 + 1) dt

1
§2m+A1—1~yo(1+5(v’(so))/ (1 —t)v'(so +t)dt + M/2
0
<2m + 2mA; (1 + BV (s0)) + M/2.

From the fact that 3(p)/p — 0 as p — oo, it follows that v'(sg) is bounded
independently of ¢ and K. The existence of Ny as required then follows from
(87) and (88). This completes the proof. O

THEOREM 5.2. Let (a), (f1)—(f3) and (G) hold. Then there exists w €
C?*(R,RY) and ¢ € R such that w'(s) > 0 for each s € R, w(s) — S,T as
s — £00, and u(z,t) = w(x — ct) is a solution of

PrOOF. Theorem 5.1 and the definition of Gk together show that for K
sufficiently large and wg a solution of (86), Gk (wgk, W) = G(wgk, w ). Whence
wy satisfies (4). The result follows. O
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