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MULTIPLICITY RESULTS OF AN ELLIPTIC EQUATION
WITH NON-HOMOGENEOUS BOUNDARY CONDITIONS

A. M. CANDELA — A. SALVATORE

1. Introduction

In this paper we study the nonlinear elliptic problem
{ Au + |uP72u=0 inQ,

1.1
(L) u=g on 092,

where  is an open smooth bounded subset of RV, N > 2, g: 9Q — R is a given
continuous function and p > 2 is fixed.

If ¢ = 0, it is well known that (1.1) has infinitely many distinct solutions
for 2 <p <2N/(N —2)if N >3 or p>2if N =2. Such results have been
proved by using variational methods also for more general odd nonlinearities at
the beginning of 70’s (see e.g. [2], [3], [6], [9], [11] and references therein). In all
these papers a fundamental role is played by the fact that the energy functional
is even in a Banach space, hence it is possible to use a modified version of
the classical Ljusternik—Schnirelman theory and the properties of the genus for
symmetric sets.

On the contrary, if g # 0 the more general boundary value problem (1.1) loses
its symmetry and the previous recalled arguments do not hold. In fact, it is well
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known that the solutions of (1.1) are critical points of the energy functional

(1.2) I*(u) = 1 /|Vu|2dac—1 /|u\pdm
2 Jo P Jo

in E={uec HY(Q) : u = g on §Q}, and I* is not invariant under a group
of symmetries in such a set.

However, we prove that it is possible to apply the perturbation results de-
veloped by Bahri and Berestycki (cf. [4]), Rabinowitz (cf. [10]), Struwe (cf. [13]);
then, for p > 2 but not too larger, the existence of infinitely many solutions
of (1.1) with higher and higher energy will be stated.

Indeed the following theorem holds:

THEOREM 1.1. If g is continuous in 0 and
(1.3) 2<p<2(N+1)/N,

then the elliptic problem (1.1) has infinitely many classical solutions (un)nen
such that

lim I*(uy) = 4o00.

n—oo

The idea of using perturbation methods for solving nonlinear boundary value
problems was introduced by Struwe (cf. [12]), while Ekeland, Ghoussoub and Te-
herani use perturbative methods in order to prove the existence of infinitely many
solutions of a second order Hamiltonian system joining two given points (cf. [8];
see also [5] for a generalization).

REMARK 1.2. The result in Theorem 1.1 holds for all N > 2 under the hy-
pothesis (1.3) which arises from the pertubative methods used in the proof. In
any case such condition seems a natural extension of the hypothesis 2 < p < 4
which is introduced in [8] for solving the problem corresponding to (1.1) in
the particular case N = 1.

2. Variational setting and perturbed functional

Let

1/2 1/p
||u||=( / Vqux) , u|p=( / |updx) and  [uls — sup [u(@)|
Q Q €N

be the standard norms of H}(Q2), respectively L?(9), C(Q).
Since our aim is to give a suitable variational approach to the problem (1.1),
we state the following results.
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PROPOSITION 2.1. For any continuous function g : 02 — R there exists
a unique function ¢ : Q — R such that ¢ € C?(Q) N C(Q) and

{A¢:0inQ

@1) p=yg on 0f.

PROOF. By a generalization of Weierstrass Theorem (see [13, Theorem 1.2])
the functional
L(u) = 1/ |Vul*dz, u€E,
2 Jo
attains its infimum at a point ¢ € F. Classical results imply that ¢ is the only
smooth solution of (2.1). O

From now on, fixed g € C(99), let ¢ be a smooth solution of the correspond-
ing problem (2.1). Tt is easy to see that the following lemma holds.

LEMMA 2.2. The following items are equivalent:

(i) the function u = u(x) is a classical solution of the problem (1.1),
(i) the function v = v(x) is a classical solution of the following Dirichlet
problem:

(2.2) { Av+ o+ @ 2(v+ ) =0 in,

v=0 on 012,

where it is u(x) = v(z) + ¢(x) for all x € Q.

By Lemma 2.2 we are interested in classical solutions of the Dirichlet prob-
lem (2.2), then, by standard regularity arguments, it is enough to prove the ex-
istence of infinitely many critical points of the functional

_ 1 2, 1
(2.3) I(v) = §/Q|Vv| dzx p/ﬂ\v-i—qﬂpdx

in the Sobolev space Hg ().

Since the functional (2.3) is not even, the classical Symmetric Mountain Pass
Theorem, or some of its generalizations, can not apply (see e.g. [11]). Hence,
arguing as in [8] or [10], it is necessary to introduce a modified functional whose
critical levels are related to those ones of (2.3).

Let ® € C*°(R,[0,1]) be a decreasing cut—function such that

2.9 5(s) 1 ifs<l,
. S) =
0 ifs>2,

and ®'(s) € |-2,0[ for all s € ]1,2[. Let A = A(p, ¢) > 0 be a suitable constant
(for more details, see Remark 2.11). Define the modified functional

(25) =5 [vekao—3 [ pde - [ oo - pop)as
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v € HY(Q), where it is

1
o V=00 ") = g [ o+ o e
Q(v) = 2pA(I*(v) +1)'/2.
It can be easily proved that J is a C1-functional in the Sobolev space HE ().
REMARK 2.3. By definition (2.4) it follows that
ve Hy(Q), Hv) <1 = J)=I{), J'(v)=1TI(v).
Before proving the propositions which justify the introduction of (2.5), let us

give the following technical lemma.

LEMMA 2.4. Let a, b > 0 be fized and consider ¢ > 1. Then for every e > 0
there exists 5(g) > 0 such that B(e) — +o0 if e — 0 and

(2.7 a?7 b < ea? + B(e)bl.

PROOF. Let ¢ > 0 be fixed. By the well known Young inequality there
results

b 1 b v
q—1p _ 1/p,q-1 me=1) o = 7
al™ b = (ep) *a BB <ea + » ((Eu)l/“> ;

for any u, v > 1 such that 1/u+ 1/v = 1. Then by choosing 1 = q/(q — 1) it is
v = q and (2.7) follows if we assume

(2.8) B(e) = 1(q 1>q1. O

qa\ &q

PROPOSITION 2.5. If the constant A is large enough, then every critical point
of I is also a critical point of the modified functional J.

PrOOF. By Remark 2.3 we have just to prove that, for A large enough, if v
is a critical point of I in H}(Q) then H(v) < 1/2, that is

/ [v+ ¢[Pda < pA(I(v) + 1)V/2.
Q

Let v € H}(Q) be such that I'(v) = 0. Taken any £ > 0, by Lemma 2.4 there
results

1(0) = I(0) = 5 I W)
_p—2 1 _
SE [opde =5 [ ool o+ opods

—2 1
z”—/ |v+¢|pd:c—f/ v+ ¢[P~11¢| da
2p Ja 2 Jq

222 [ orolrde = [ o oo = 30 [ o dn
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Choosing € = (p — 2)/2p, then the inequality

-2 1
102 22 [ opdo =5 66 [ jor da

implies
oo < 225 (1000 + 3ot
Setting
(29 0 =max {1, 35(E)0R ).
it is

4 42
/|v+¢|pdxg L oI@)+1) <p Y2 00(12 () + 1)V2.
Q p—2 p—2

Hence, the condition

2.10 A >
(2.10) -

concludes the proof. d

REMARK 2.6. By (2.8) and (2.9) Proposition 2.5 holds if A verifies (2.10)
with

1/ p—1\""!

PROPOSITION 2.7. If the constant A is large enough, then there exists My >0
such that if v € HE(Q) is a critical point of J and J(v) > My, then v is a critical
point of I and I(v) = J(v).

For the proof of Proposition 2.7 the following lemmas need.
LEMMA 2.8. There exist two positive constants ¢y and co such that

\/<|v+¢>|p— (o]?) da
Q

< e[ I(0)| P~ D/P £ ¢y for all v € supp¥.

Proor. By Lagrange Theorem and some simple inequalities for any v €
H}(Q) there exists 6 € [0, 1] such that

] [ o ol = iy da
Q

_ p’ / v+ 06P~2(v + 06)p do
Q

<p / v+ 0671 || dx
Q

<22 / v+ 8P| da + 272 / 6P da
Q Q

(p—1)/p
< 2p—2p|¢|p (/ |v + ¢|P dm) + Qp—2p|¢\g.
Q
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If v € supp¥, that is H(v) < 2, then
(2.12) /Q v+ ¢|P do < 4pA(IP(v) + 1)"/2 < 4pA(|I(v)| + 1);
moreover, it is
([I(v)] + 1)P=D/P < op=D/p(|[(y)|(P=D/P 4 1),
Hence the conclusion follows by the previous inequalities. O

LEMMA 2.9. There exist M1 > 0 and p > 0 such that for any M > M there
results

v € supp¥, J(v) > M = I(v)> pM.

PRrROOF. Let v € supp¥. By

(2.13) J(v) =I(U)+1(1—‘1/(v))/(\v+¢|p— [0]") du
b Q
and 0 < ¥(v) < 1, Lemma 2.8 implies

I(v) = J(v) = %(1 —¥(v)) /Q(Iv + 07 = [v]?) dz

> () - \ o+ 6P = 0Py ds| 2 70) - a7 — s

Hence
(2.14) I(W) + 1 [I()|P~V/P > J(v) — ¢o.

Moreover, as co > 0 is fixed, there exists M7 > 0 such that if M > M; and
J(v) > M it is

(2.15) J(v) —cog > M/2.
Then (2.14) and (2.15) imply
(2.16) I(v) + e1|I(v)|P~V/P > M2
If I(v) < 0 then (2.16) gives
e[ L) PP > M2 + |1 (0)];

on the other hand, by Young inequality there results

e1|I(0)|P=D/P < 4 4 p;|1(v)|'
1 = P p 9

whence

(2.17) & — pM/2 > |I(v)].
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Since we can choose M so large that ¢f — pM;/2 < 0, then (2.17) is impossible
and it is I(v) > 0, hence (2.16) becomes

(2.18) I(v) + e, IP~Y/P(v) > M/2.
By (2.18) it follows that

M M
- 7e=D/ppy > 7 .
2(1+ 1) o (v) = 21+ ¢1)’

so if M7 > 1 there results

I(v) >

1 p/p—1
I(v) = pM, p= (2(1+C1)> : O

In order to study the critical points of J we examine the expression of J'(v).
By definitions (2.5), (2.6) and simple calculations it follows

J'(v)[o]:/Q|Vv|2dx7/ﬂ|v|pdx

apa L)

_M v P=2(y, vdx v P _ |plP) dx
Go2 [ ool dode [ o op —lor)d

I'(0)] /Q (o + 67 — [u]?) de

W) / (v + 6172(0 + B)v — ol

Assuming
PRI [
Ty (0) = 4p A2 R [ (o4 g — ol da,
_YHOD [0y Lo — o) de + T (0
Ta(0) = =g [ (v +0F = lol?) do + Ty(0)
by

re)] = [ (9oPdo— [ ot ol o+ oo da

there results
"()[v] = (v v]?dr — (1 — ¥(v v|P dx
(219) SO <1+T<>>/Q|v 2de — (10 >>/Q| Pd
(D) +‘~I/(v))/ 0+ $P~2(v0 + ¢)v da.
Q

LEMMA 2.10. If v € H}(Q) is such that J(v) > M and M — +oco then
Ty (v) and Tz(v) go to 0, that is for every § > 0 there exists M > 0 large enough
such that

ve Hy(Q), Jw)>M = |Ti(v)] <9, [Ta(v)] < 6.
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PROOF. Let M be as in Lemma 2.9. Let v € H{ () be such that J(v) > M
and M > M. If v ¢ suppV¥, the proof is trivial.

Let v € supp¥. Then 0 < H(v) < 2 and |®'(H(v))| < 2; moreover, by
Lemma 2.9, it is I(v) > 0. Lemma 2.8 and (2.6) imply

2 | (H(0) [H(0)I(v) bl e
|T1(v)| =4pA Q2(0) Q(Iv+<z5\ [v[?) d
2 1(v) p—1)/p _ 4I(v) p—1)/p
< 16pA QQ(U) (Cl I( ) (U) + 02) - p (12(’0) + 1) (Cl I( ) (U) + 02)'
Hence
(2.20) Ty (v)] < 4(cy TP (0) + cal 71 (v)).

In a similar way there results

SO [ o oeras] « Lo (o e
2y PO ok op— opyas| < Lt 1700+l ),

Thus Lemma 2.9, (2.20) and (2.21) imply the proof. O

PROOF OF PROPOSITION 2.7. Let v € HJ(Q2) be such that J'(v) = 0.
By (2.19) and simple calculations it is

B T )]
10 =10) = 3057, 1))

:—7/|v+¢‘17dx+ STT 3 /|U|Pd33

Ta (v
W/| v+ P (v + g)vda

11\ D ) T1
=l -——-—Z dx — pd
(5-5) 5w [ o e

T3(v) + ¥(v) p—2(,, .
—m/ﬂ|v+¢| (v+¢)pd

n ;(W—1>/(|v+¢lp—lv|p)dm
- <; - ;) (T21(+ i (v )/ lof? .

By Lagrange Theorem there exists 6 € [0, 1] such that

(1 Ta(v » T (v / P
)= (5-3) 2R [ o opar - FOZBE [ opa

To(v v) .
W/ v+ ¢|P (v + ¢)¢ du
(

(v)
+ (1(+)T12P)U - 1> /Q v+ 08|P (v + 0¢)p du
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() [

+p(;—;> (T21(+);ZEII —1>/|v+9¢|P 2(v + 00)¢ da

:(—)/| +¢|pd—T11+T1 /||pdx

Ta(v
2<1+T/' vt ¢P (v + d)g da
T: U (v
2<21<+>;( _1>/|v+9¢>|P *(v + 00)¢ da.

By Lemma 2.10 there exists My > M; such that if J(v) > My then

Ta(v) + ¥ (v)
1 + T1 (’U)

To(v) + ¥(v)

-1 <2.
1+T1(’U) -

f— 9

Moreover, p > 2 implies
v+ 00~ <272 (ju+ P+ [P, P < 2PN (ju + o + [glP).

Therefore, by Lemma 2.4, for any € > 0 there results

T1 (’U) — TQ(’U)
2(1+ T1(v))

- / v+ P |6| da — p2r~2 / (o + BP~ + |pP~Y)\¢| de
Q

_ 17;2_ _o| Th(v) —
_( 2p z 1+T1 )/|U+¢pdx
) / |v+¢|p*1|¢|d:c
Ty (v
-2 ( 1+T >/|¢|de
(5 ez for

) / (elo + 87 + BE)ISP) da

—2
10) 222 [ o+ o do— 27!
2p Jo

Q(Iv + 9" +9l") da

1—|—T1

p— Tl(’l)) — TQ(U) p
-2 2( 1+ 11 (v) +p>¢|P
Tl(’U) —TQ(U)

—e(1 —|—p2p2)> v+ ¢|P dz
Q

Tl(v) — TQ(U) p
S )

- (p_ 2 _gp2
2p 14 Ti(v)

- ((1 + p2P72)B(e) + 2?’—2(
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Let e* = (p—2)/8p(1+p2P~2). By Lemma 2.10 there exists M3 > My such that

it J(v) > Mg then

T1(v) = To(v)
1+ Ty (v)

p—2

op—2
8p ’

hence

p—2 —2 % p—2 —2
I<v>>4p/9v+¢|pdx—(<1+p2p ) + 22 g )¢|§

which implies

[t orans 22 [uv) n ((1 T p22)3(er) + L2 +p2p-2) w]
Q p—2 D

8
Whence, if
-2
(2.22) 71 = max {1, ((1 + p2P~2)B(e*) + p@ +p2p—2) |¢g},
it is

/Q v+ 0P de <p iv2 n (I (v) + 1)1

p—2
So, if A satisfies

(2.23) A B2

= p_2’715

it follows that if v is such that J'(v) = 0 and J(v) > Ms, then H(v) < 1/2
and therefore v is a critical point of I. O

REMARK 2.11. By (2.8) and (2.12) it is

~v1 = max< 1 1 8 i ! p71(1 +p2p72)p + p—2 2 + p2r—2 lo|P
' "\p\ p-2 8p s
Since by (2.11) there results 1 > 7o, it follows that (2.23) implies (2.10), then
from now on the constant A introduced in (2.6) is choosen such to satisfy (2.23).

REMARK 2.12. The choice of the homogeneous term |v|P~2v needs only in
the proof of Proposition 2.7. On the contrary it can be proved that all the other
results hold also for more general odd superlinear functions.

3. Proof of Theorem 1.1

In order to find infinitely many critical levels of the not-even functional J,
for several times we will apply a non-symmetric variational principle which was
introduced by Rabinowitz in [10]. For completeness here we recall this theorem
in the version due to Struwe (see [13, Ch. II, Theorem 7.1]).
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THEOREM 3.1. Let H be a Hilbert space endowed with the norm || - ||. Sup-
pose J € CY(H) satisfies the Palais—Smale condition, that is any sequence
(Un)nen C H such that (J(vn))nen s bounded and J'(v,) — 0 has a converging
subsequence. Let V C H be a finite-dimensional subspace of H and v* € H\V;
moreover, define

V*=V@span{v*}, Vi={v+t*:veV, t>0}

Suppose
1. J(0) <0,
2. there exists R > 0 such that for any v € V, ||v|| > R implies J(v) <
J(0),
3. there exists R* > R such that for any v € V*, |[v|| > R* implies
J(v) < J(0),
and let

'={heC(H,H): his odd, h(v) =v if max{J(v),J(—v)} <O0}.

Then, if

o = inf sup J(h(v)) > a = inf sup J(h(v)) > 0,
e (h(v)) inf sup J(h(v))

the functional J possesses a critical value greater than o*.

Since we have to prove that J satisfies the Palais-Smale condition (at least
at high levels) and the geometrical hypotheses of Theorem 3.1 are satisfied, we
state the following lemmas.

LEMMA 3.2. There exist two positive constants ¢, and ¢o such that

\/(v+¢|ﬁ— o]?) da
Q

<z |J)|P VP 42  for all v € supp¥.

(pl)/p)

PROOF. By (2.13) and simple inequalities it is

|[(v)|(p71)/p < o(p—1)/p (|J(U)|(p1)/p + ‘ / (Jv + @|P — |v]?) da
Q

hence by Lemma 2.8 it follows

‘/(v + P — |v|P) da| <2P~D/Pey | J(v)|P1/P
Q

(p—1)/p

+ 2=1/pe, ey

/ (o + P — [o]?) da
Q

By a suitable version of Lemma 2.4 for ¢ = 1/2 there exists a constant ¢z > 0
such that

(p—1)/p
2(P=1)/p e, + c3,

Lorar=roya] <3l [ oo - i) as

then the conclusion holds. O
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LEMMA 3.3. There exists ¢* > 0 such that

|J(v) = J(=v)| < & (|J()|P~V/P £1)  for all v € supp¥.

Proor. Taken v € suppV¥, by Lagrange Theorem and some calculations it
follows

] [ o=l =iy
Q

szpﬁp/|v+d”H¢wx+2%*p/Ww%m7
Q Q

then, by (2.12) and working as in the proofs of Lemmas 2.8 and 3.2, there exist
¢3, ¢4 > 0 such that

<% |J(U)|(p71)/p + @4

(3.1) \A}w—mp—wmdm

Hence the proof follows by the inequality
Y(v)

[ J(v) = J(=v)| <

n U (—v)
p

/uv+¢w—wwnm
Q

[o= o = oyas).
Q
Lemma 3.2 and (3.1). O

PROPOSITION 3.4. There exists n > 0 such that J satisfies the Palais—Smale
condition in J~1([n, oo[).

PROOF. Let M; > 0 be as in Lemma 2.9 and take n > M;. Let (v,)nen be
such that

(3.2) n<J(v,) <k foreveryn €N, lim J'(v,) =0,

n—oo

for some k > 7. Let us assume that, up to subsequences, it is v, € supp¥ for
every n € N (otherwise it is J(v,) = I*(vy), J'(vn) = (I*) (v,), where I* is
defined in (1.2), and I* satisfies the Palais—Smale condition). First of all let us
remark that (3.2) implies that there exists k1 > 0 such that

(3.3) I(v,) <k; forallneN.

In fact, taken n € N by (2.13) and Lemma 3.2 it follows

I(v,) < J(vn) +

[ (w0 = o) da
Q

< J(n) 4+ 1| J(0)| PP 42 <k +7 KPP 45
On the other hand (3.2) and Lemma 2.9 imply

(3.4) I(v,) > pn for allm € N.
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By (2.19) and some calculations it follows

(o) — ' (vn)[om] = (12’ - Tl(vn)) /Q Vo |2 dz + T (vn) /Q (o + |7 da

— (Ty(vn) + \I/(vn))/ﬂ lm + B2 (v + )0 de,

while by (2.3) it is

(3.5) [t oo =2 [ 902 do - pi(o,),
Q 2 Ja
hence there results
pJ(vn) — J,(Un)[vn]

p p 2
_ (2 =Ty + 5 Tg(vn)> /Q Vo |2 da
— (To(vn) + T(v2)) /Q [0+ GP (10 + 8)6 d — pT (1)1 (1)
> <§ —1-Ti(v,) + ng(vn)> /Q |V, |? d

— [T (vn) + ¥ (vn)|[¢]oo /Q |vn, + ¢|p71 dz — pTa(vn)I(vn).

By (3.4), (3.5) and simple calculations there exist some positive constants ¢y, 5
and cg such that

(r=1)/p (r=1)/p
/ v, + [Pt da < 04(/ v, + @|P dx) < 05(/ |V, |? dm) + cs;
Q Q Q

whence

P (vn) — J' (00)[vn] > (’23 —1—Ti(vn) + g Tg(vn)> ) (V|2 dz

(p—1)/p
c5|T2<vn>+w<vn>||¢m< /Q vm?dx)
— ol Ta(vn) + () 16oe — pITa(00) I(00).

By Lemma 2.10, choosen § > 0 such that § < (p — 2)/(p + 2) and taken 7 large
enough, for all n € N there results

(86) M)l <6 |To(wa)| <6, er=p/2—1—(1+p/2)5>0.

Moreover, by (3.3) it is p|T2(vn)|I(vn) < pdky, then there exist cg, cg > 0 such
that

(37) pJ(vn) - J'(vn)[vn] > C7HUTL||2 — CSH'Un”z(pil)/p — ¢9.

Whence (3.2) and (3.7) imply that (v,,)nen has to be bounded in H}(Q). Since
by (1.3) it follows p < 2N/(N — 2) if N > 3, then a well known embedding
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theorem implies that there exists v € H}(Q) such that, up to a subsequence,
vn, — T weakly in H}(Q) and v,, — v strongly in LP(Q). Moreover, by

J (v,) = — (1 4+ T1(v,)Avy — (1 = U () |0n]P " 20p
— (Ta(vn) + qj(vn)”vn + ¢|p72(vn + ),

(3.2), (3.6) and standard compacteness arguments imply that v, — T strongly
in H1(Q). O

Now, suitable finite-dimensional subspaces of H}(Q) have to be introduced.
Let A\i, be the kth eigenvalue (counting multiplicities) of the linear operator —A :
H} () — H=Y(Q). Let (¢r)k>1 denote an orthonormalized set of eigenfunctions
of H}(Q) such that ¢y, is associated with \;, that is —Agr = Ak

Let us recall that by the formula of the asymptotic behaviour of A\ it is

(3.8) Mo ~ CEN as bk — oo
(see [1] or [7]). For any m > 1, define
Vi =span{@1,...,om}, Vil ={v+tomi1:v €V, t >0}
Let T' be as in Theorem 3.1, that is
I'={heC(H;Q),HyN): hisodd,h(v) =v if max{J(v),J(—v)} <0}.

LEMMA 3.5. For every m € N there exists R(m) > 0 such that for any
v € Vi, with ||v]| > R(m) it results J(v) < J(0) < 0.

PrOOF. Let v € V,,. By definition (2.5), Lagrange Theorem and some
calculations it follows

1 1
I < Gl = ol + 2 [ (ol ol da +2 2ol
2 P Q
then, applying Lemma 2.4, for any € > 0 it is
1 1 _ _
ﬂw<mW—<p—apﬁwﬁ+%2ww+mwm

By choosing & = 1/p2P~! and since in V,,, there exists d = d(m) > 0 such that
[v], > d||v]|, there results

I(w) < 30l = o llP + 27 2(8(E) + Vol

which implies that J(v) — —oc0 as v € Vyy,, ||v]| — +00. -

REMARK 3.6. Since V,,, C V41 it is possible to choose R(m) < R(m + 1).

Arguing as in [14], the following result can be proved.
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PROPOSITION 3.7. Let k1 > 0 be given and assume
1 _
K(v) = 7/ |Vo|? do — k1/ lv[P dz, v € Hy(Q).
2 Ja Q
If N > 3 there exists Cy > 0 such that

inf sup K(h(v)) > Cy m[P/(:D—Q)][Q/N])
hel VEVm

while if N =2 for every o > 0 there exists Cy, > 0 such that

inf K(h > Cos p/(p—2)—0
érérvseu‘% (h(v)) > Coom

PROOF OF THEOREM 1.1. For any m € N, m > 1, define

(3.9) Oy = irél% vseu‘% J(h(v)), af = hlreli Useli% J(h(v)).

Since Proposition 3.4, Lemma 3.5 and Remark 3.6 hold, in order to apply The-
orem 3.1 we have just to prove that for some m it is

(3.10) oy, > oy >,

where 7 is as in Proposition 3.4. Let us remark that by Lagrange Theorem
and Lemma 2.4 there exist two positive constants k; and ks such that

(3.11) J(v) > %/Q |Vol? do — Fy /Q [o|P dz — ko, v € HJ(Q).

Then (3.11) and Proposition 3.7 imply that, if N > 3, there exist Cy > 0
and mg € N such that

(3.12) Qm > Co mP/P=2IR2/NL > - for all m > my,

while if N = 2 for every o > 0 there exists Cpr > 0 and mg, € N such that
(3.13) Qm > CogmP/P=2)=0 > n for all m > mg,.

Now, let N > 3 and fix m > mg. Obviously V,, C V. implies a;f, > ayp,
then (3.10) holds if o}, # . Assume

(3.14) al = am.

By (3.9) and (3.14) for any € > 0 there exists he € I' such that

(3.15) sup J(he(v)) < am + €.

veV,t

By Lemma 3.5, the Weierstrass Theorem implies that there exists v, | € Viq1
such that [[v5, ]| < R(m + 1) and

J(he(vpi1)) = sup J(he(v)).

VEVim 41
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Hence there results

(3.16) a1 < J(he(v5,41)),

moreover, Vi,q1 = Vi U (=V,F) implies v, € V;} or —vf, € VI
If v, €V} by (3.15) and (3.16) it follows

(3.17) U1 < Qp + €.

On the contrary, if —v$,, € VI, (3.15) implies

(318)  J(he(vp11)) < sup J(he(v)) + | (he(vmng1)) = J(he(=vim 1))l
eV,

<apm+e+ |J(h6(v7€n+1)) - ‘](ha(_vfn-&-l)”'

We claim that there exist m; > mo and two positive constants ¢j and c3 such
that for all m > my and € > 0 there results

(319) | J(he(v51)) = I (he (=05, )| < €1 (he(=v50))| 07D/ 4 5.

The proof of (3.19) is trivial if both h.(vf,, ) and he(—v5,, ) are not in suppWV.
On the contrary it follows by h.(v,,;) = —he(—v;,,;) and Lemma 3.3 if
he(—v5,,1) € supp¥. Let

(3.20) he(=v;, 1) ¢ supp¥ and  h.(v;, ;) € suppV.
By Lemma 3.3 it follows
(3.21) | (he (V5 41)) = T (he(=v5 g ))] < (1T (he (v5,1.0))[ P77 + 1),

Obviously (3.21) implies (3.19) if we prove that there exist m; > mg and ¢, ¢ >
0 such that

(3.22) |J(he(vs, 1 1))| < 5] (he(—v5, 1)) + ¢4 for all m > my,e > 0.

By (2.5), (3.20) and Lemma 3.2 it follows

J(he (V1)) < T (he(=v541)) + /Q(lhf(vfn+1) + 01" = [he(v5,10) ") de
< T(he(~G0s1)) + 21l (he(f )| PP 4 2,
then there results
(3.23) J(he(05,41)) = @l (he (v, )PP < T (he (=05, 41)) + .

By (3.12) and (3.16) it follows that there exists m; > myg such that for all
m >my and € > 0 it is &1J 7 /P(he(v5, 1)) < 1/2; hence

(3.24) J(he (Ursn+1))/2 < J(hg(vfn_,_l)) - 61J(p_l)/p(ha(Ufn-i-l))~
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Whence (3.22) follows by (3.23) and (3.24). Now, we prove that there exists
mso > my such that

(3.25) J(he(=vy, 1)) >0 for all m > mg,e > 0.
Indeed, by (3.19) it is
T (he(=0541)) + €11 (he (=05 )PP 2 T (e (v5,41)) — ¢5;

then (3.12) and (3.16) imply (3.25).
Let m > mo. By (3.15), (3.18), (3.19) and (3.25) it follows that the inequal-
ities

(»—1)/p
J(he(v5,11)) <am+6+c*{( sup J(ha(v))) +c

'UEV11—

<+ e+ (apy, +6)PD/P L6
hold for all € > 0; whence by (3.16) there results
(3.26) U1 < o + EaP™V/P ek

Obviously by (3.17) this inequality holds even if v5,; € V,I. Then there exist
ms > mg and ¢ > 0 such that by (3.12) and (3.26) it follows

+

(3.27) m>ms, am =), implies i1 < am + ciaPTV/P

At last, we are ready to prove that for all @ > mg there exists m > m such that
it is ay, # ot am > Mo (My as in Proposition 2.7). Arguing by contradiction,
there exists m > mg such that for all m > 7 (3.27) holds, then by [4, Lemma 5.3]
there exists ¢j > 0 such that

(3.28) QO < gmP for all m > 1.

Hence the contradiction follows by (1.3), (3.12) and (3.28).

Let us remark that if N = 2 the same arguments hold; moreover, (1.3) means
2 < p < 3. Then there exists ¢ > 0 such that p < p/(p —2) — o, whence (3.13)
and (3.28) imply the proof. O
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