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PERIODIC SOLUTIONS
OF A CLASS OF INTEGRAL EQUATIONS

SHUGUI KANG — GUANG ZHANG — SUI SUN CHENG

ABSTRACT. Based on the fixed point index theory for a Banach space,
nontrivial periodic solutions are found for a class of integral equation of the
form

o) = [ K(z,9)f (4, (y — 7)) dy, @ € 9,
[z, 24w]NQ

where  is a closed subset of RN with perioidc structure.

Nonlinear Hammerstein integral equations of the form

o) = /Q K(z,9)f(y,6(y)) dy

have been extensively studied under the assumptions that €2 is a bounded and

closed subset of RY with positive Lebesgue measure p(), see e.g. [4], [5].
There are situations, however, where 2 is not fixed but depends on x. For

instance, suppose we are concerned with the periodic solutions of the differential

equation

(1) ¢'(z) = —a(z)d(x) + f(4(z)), = €R.
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Under the conditions that a = a(x) is a positive continuous 2w-periodic function
defined on R, we may check that a 27-periodic solution of

r+2m
2) o(x) = / K(z.y)f(6(y)dy, =R,

where

exp [V a(t) dt
exp [ a(t)dt — 1’
is also a 2m-periodic solution of (1), see e.g. [2], [3]. Therefore, it is desirable to

K(z,y) =

z,y €R,

study the equation (2).

More generally, let RY be the N-dimensional Euclidean space endowed with
componentwise ordering <. For any u,v € RV, the “interval” [u,v] is the set
{x e RN :u <2 <w}. Let w= (wi,...,wy) € RY with positive components
and let e = (1,0,...,0),...,e®™) =(0,...,0,1) be the standard orthonormal
vectors in RV, Let Q be a closed subset of RY which has the following “periodic”
structure:

T+ wie(i) € Q) for each x € Q

and, for each pair y, z € Q,
w(ly,y +w]NQ) = u([z,2 + w]NQ) > 0.

A trivial example is Q2 = R with accompanying w = 27. As a nontrivial example,
Q2 may be taken as

(3) {(z,y) eR? i dnm <,y < 4dnm + 27, n=0,4+1,42,...}

with accompanying w = (4, 47).
We will be concerned with integral equations of the form

(4) b(x) = /[ o K@D @)z

where the functions K, f and 7 satisfy the following conditions:
e K € C(Q x QRY) and K(z + wie®,y + wie®) = K(x,y) for any
(,y) € xQandie{l,..., N},
e f€C(QxR,R) and f(x 4+ wie™, u) = f(x,u) fori € {1,...,N} and

r €,
e 7:Q — Q is continuous and 7(x + w;e”) = 7(z) for any x € Q and
ie{l,... ,N}L

As an example, let 2 be defined by (3) and let aq(t1) = |costi], az(t2) =
|costa|, 7(t) =0, f(z) = sinxy sin xa,

exp [, | cosa:1|dxy

Gi(t1,s1) =
exp fo% |coszy|dwy — 1
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and .
exp [, | cos xa| drs

Ga(ta, s2) =

exp fo% |cos@a| dzo — 1
Then the following equation

¢1(t1)p2(t2)
- // Gi(t1, $1)Galt2, 52) sin(u (s1)) sin(da(s2)) dsy dsz
[(t1,t2),(t1+4m,ta+4m)]NQ

is a special case of (4).

Our main concern will be the existence of periodic solutions of our equa-
tion (4). More precisely, we will look for solutions in the set of all real continuous
functions of the form ¢: Q — R such that ¢(x + w;e”) = ¢(z) for z € Q. This
set will be denoted by C(€2) in the sequel. Note that when endowed with the
usual linear and ordering structure as well as the norm

oIl = max [6(2)];

zE€ [z, x+w]NQ,zEN

C () is a normed ordered linear space with normal cone Py = {¢ € C(Q) :
¢(x) > 0, = € Q}. For the sake of convenience, we will use the norm ||(¢,¢)| =
max{||®||, |||} for the naturally ordered product space C(€2) x C(Q2). For the
same reason, we will also set

Ax) = [z,z+w] N Q.

Our proofs will involve the fixed point index, the basic properties of which
are listed in the following lemma. A proof of this lemma based on the Leray—
Schauder degree theory can be found in [1] and [4].

LEMMA 1. Let Q be a retract of a Banach space E. For every open subset U
of Q and every completely continuous map A:U — Q which has no fized points
on the boundary OU of U, there exists an integer i(A,U, Q) satisfying:

(a) if A:U — U is a constant map, then i(A,U,Q) =1,

(b) if Uy and Uy are disjoint open subsets of U such that A has no fized
points on U \ (Uy U Us), then i(A,U,Q) = i(A, U1, Q) + i(A,Us, Q),
where i(A, Uy, Q) = i(A\ Uk, Uy, Q) for k=1,2,

(c) if I is a compact interval in R and h: I x U — Q is a continuous map
with relatively compact range such that h(\,x) # x for (A\,z) € I x 9U,
then i(h(\, -),U, Q) is well-defined and independent of A,

(d) if i(A,U,Q) #0, then A has at least one fized point in U,

(e) if Qq is a retract of Q and A(U) C Q1, then i(A,U,Q) = i(A,U N
Q1,Q1), where i(A,UNQ1,Q1) =i(A\UNQ1,UNQ1,Q1),

(f) if V is open in U and A has no fized points in U\V, then i(A,U,Q) =
i(AV,Q).
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THEOREM 2. Suppose

(H1) K(z,y) >m >0 forz,y € Qt) and t € Q,
(H2) f(z,u) = f1(z,u) — fo(x,u), where fi(x,u) is nonnegative and contin-
wous on Q@ x R and fi(z,0) =0 fori=1,2.

Suppose further that

m fl (.’17, u) _
(5) dm = =%
(6) lim sup fa(@,u) < 00,
|u|—0 |U|
M) lim %“) 0,
: fg(.]?, u) _

uniformly with respect to all x € Q. Then the integral equation (4) has at least
one nontrivial periodic solution in C(2).

PROOF. Note that M = sup, ,cq)eq K (2, y) < 0o. Thus, in view of (H1),
¢=m/M > 0. Furthermore, for any x,y, z € Q(t), we have

(9) K(z,y) > cK(z,y).

Let P ={¢p € C(Q) : ¢(x) > 0,¢(z) > ¢p(z), for all z,z € Q(t), t € Q}. Then
it is not difficult to check that P is a cone in C(£2) and P x P is also a cone in
C(Q2) x C(2). Let

Ao, 9)(x) = K(z,y) f1(y, oy — 7(v)) — ¥y — 7(y))) dy,

Q()

AQ(d)a 7/’)(95) = K(.’E, y)fZ(y, ¢(y - T(y)) - ¢(y - T(y))) dya

Q(x)

and A(p,¥)(x) = (A1(d, ) (x), Aa(d,¥)(x)). Then it is easily seen that A: P x
P — C(Q) x C(9) is completely continuous. Furthermore, for any x,z € Q(t)
where t € (Q,

Ai(o,9)(2) = o K(z,y)fily, o(y — 7(y) — ¢y — 7(y))) dy
<M o fily, oy — 7(y)) — ¥y — 7(y))) dy,
Ai(o, ) (x) = o) K(x,y)fily, oy — 7(y)) — vy — 7(y))) dy

>m fily, oy — 7(y)) — ¥y — 7(y))) dy

Q(=)
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=m fily, oy = 7(y)) —¥(y — 7(y))) dy

Q(z)

for i = 1,2. Thus A maps P x P into P x P. From (6), there exist 8 > 0 and
r1 > 0 such that when |u| < ry, we have

(10) fo(z,u) < Blul, z e

Let 0 < ¢ < min{1,¢/(2+2MBu(2(x)))}. Then when (¢,1) € Px P, ||(¢,¥)| =
r <rp and As(¢, 1) =1, we have

(1) (@) 2 min { (o). 517 |

where
Qo ={y € Qx):|o(y —7(y)) =Py —7(y))| = er}.
Indeed, if |¢(y — 7(y)) —(y — 7(y))| > er for any y € Q(z), then (11) is obvious.
If there exists x; € Q(z) such that |¢p(x; — 7(x1)) — ¥ (z1 — 7(x1))| < er, then
[l = P21 = 7(21)) > (21 — 7(21)) —er 2 €[] —er,

hence, ||| > (¢ — €)r. Suppose 9(xz2) = ||¢||. Then in view of the fact that
As (¢, 1) = 1 and (10), we have

(E—e)r <ip(xz) = K(z2,9) fa(y, oy — 7(y)) — ¥y — 7(y))) dy

Q(wz

<Mﬁ</90 /mmo)w —7(3) — ly — 7)) dy

< MpBr(p(€o) +ep((z2) \ Qo).

Hence, in view of the definition of € and by a simple computation, (o) >
¢/(2M ). Our assertion (11) thus holds.

Let @ = min{u(Q2(z)),¢/(2M3)}. Choose an « such that a > 1/mae. In
view of (5), there exists r < r; such that when |u| < r, we have

(12) fi(z,u) > alul, z €.

Let h(x) = [o(,) K(2,y) dy. Then h € P. Furthermore, for any (¢,%) in
(P x P), ={(¢,9) € Px P:|(¢,9)]| =},

we have

(13) (0,9) — A(¢,¥) #t(h,0), t=0.

Indeed, if there is (¢g, 1g) € I(Px P), and tg > 0 such that (¢o, o) —A(do, o) =
to(h, ), then

(14) ¢o — Ai(¢o,%0) = toh,
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(15) Yo — Aa(¢o, o) = 0.

If to = 0, then (¢o,%0) is a fixed point of A. Thus, we suppose ty > 0. In view
of (15), for above ¢, (11) holds. From (14), we have ¢g > toh.
Note that t* = sup{t: ¢9 > th} >ty > 0. From (11), (12) and (14), we have

do(x) = toh(x) + A1(¢o,10) ()

= toh(x) + K(z,y)fi(y, oy — 7(y)) — Yoy — 7(v))) dy

> toh(x) + A K(z,y)fi(y, ¢o(y — 7(y)) — Yoy — 7(y)) dy
> toh(x) + a ; K(z,y)lo(y — 7(y)) — Yoy — 7(v))| dy

> toh(z) + maerp(Qo) > toh(x) + maaet™h(x) > (to + t*)h(z),
which is a contradiction. Thus (13) holds. Therefore (see e.g. [1], [4])
(16) i(A,(P x P),,P x P) = 0.
Next, we will prove that there is R > 0 such that when (¢, ) € (P x P)g,

(17) A(d, ) Z (9, 9).

Indeed, choose ¢ satisfying 0 < ¢ < ¢/(Mp(Q(x))). In view of (7) and (8), we
see that there exists Ry such that when v > Ry and |v| > Ry, we have

fi(z,u) <cu, fo(z,v) <cv| forall z e Q.

Let
TQ—ID&X{ sup fl(xau)7 sup fQ(I,’U)}.

0<u<Ro,z€Q2 0<|v|<Ro,z€Q
Then for any u > 0, v € R and z € €,

(18) fi(z,u) < cu+Tp,
(19) fao(z,v) < clv| +To.

Choose R > max{r, Ry, MTou(2(z))/(€ — cMu(2(x)))}. Then (17) will be sat-
isfied for (¢,9) € (P x P)g. Indeed, when ||(¢,v)] = R, if ¢(z) > ¥(z) for
any x € Q, then from (18), we have

Ar(g, ) (z) = K(z,y)fi(y, oy — 7(y)) — ¥y — 7(v))) dy

Q(=)

< o )K(w‘, Y)[e(oply — 7(y) — vy — 7(y))) + Tol dy

< MRep(Q(=)) + MTyu((x)) < R = 6]l
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Thus, A1(p,v) 2 ¢ and consequently A(p, ) Z (¢,). If there exists xg € Q
such that ¢(zg) < ¥(x0), then ||¢| > ¢R, and consequently from (19), we have

Aa(¢, ) () = K(z,y)fa(y, 6y — 7(v)) — ¥y — 7(y))) dy

Q(z

)
g/ K (2, 9)[clé(y — 7(1)) — ¥y — ()| + To] dy

< MRep(Q(x)) + mTop(2(z)) < R < |[¥]|.
Thus Ay(¢,1b) # 1 and consequently A(¢, ) ¥ (¢,1). From (17) we have
(20) i(A, (P x P)p,Px P)=1.
From (16) and (20), we have

i(A, (P x P)g\ (P x P),,P x P)=1.

Thus by Lemma 1(d), there exists (¢*,9*) € (P x P)r \ (P x P), such that
AP, %) = (67, 97), Le.

¢*(z) = K(z,y) f1(y, ¢"(y — 7(y)) — " (y — 7(y))) dy,

Q(z)

Vi (z) = o) K(z,y) f2(y, 0" (y — 7(y)) — ¢*(y — 7(y))) dy.

Finally, from the assumption that fi(z,0) = f2(z,0) = 0 for all x € £, we
know that ¢* # ¢*. (Indeed, if ¢* = ¥*, then ¢* = ¢* = 0, which is contrary
to the fact that (¢*,¢*) € (P x P)g \ (P x P),). This shows that ¢* —¢* is a
nontrivial periodic solution of (4) in C(€2). The proof is complete. O

As a nontrivial example, consider the first-order functional differential equa-

tion

(21) y'(t) = —a®)y(t) + h(t) f(y(t — (1))

where a = a(t), h = h(t) and 7 = 7(t) are continuous T-periodic functions. We
assume that T > 0, that h = h(t) are nonnegative, that fOT a(t)dt > 0 and
f = f(t) is continuous function satisfying f(0) = 0. Then it is easily checked
that any T-periodic function y(t) that satisfies the following integral equation

t+T
(22) mozl‘ G(t, $)h(s) f(y(s — (s))) ds

where
exp [, a(u)du

G t,S = )
(h9) exp fOT a(u)du —1

s,t € R.
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is also a T-periodic solution of (21). Note that

e *a(u) du
G(t,s) > min Xprt () =m>0, |[s—t|<T,
0=s:t<T exp [, a(u)du —1

and f(u) = fi(u) — fa(u) where f; and fo are nonnegative and continuous
functions satisfying f1(0) = f2(0) = 0. Thus by Theorem 2, we may assert
that if

h(w) = 00, lim sup A < 00,
lu|—0 |u| |u|—0 ‘Ul
lim M — O, lim f2(u) — 0’
u—0oo U lu| =00 U

then equation (21) has at least one nontrivial T-periodic solution.
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