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STABLE PERIODIC MOTION OF A DELAYED SPRING

HANS-OTTO WALTHER

Dedicated to Professor Klaus Kirchgdssner

ABSTRACT. It is shown that an autonomous delay differential system for
a damped spring with a delayed restoring force has a periodic solution
whose orbit is exponentially stable with asymptotic phase.

1. Introduction

The system
(1) w(t) =v(t), o) =—p(t) + f(x(t - 1))

stands for a spring where the action of the position-dependent force f: R — R is
delayed by one time unit. The friction coefficient p is assumed positive, and f
is taken from one of the sets F' = Fj3., # > 0 and 0 < € < a, formed by all odd,
bounded, continuous real functions f on R which satisfy

[f(€)l<ate forall¢ eR and [f(§)+al <e forall{>p.

The parameter a > 0 is fixed.
Notice that the condition for the force to be restoring with respect to the
position £ = 0, namely
§f(€) <0,
is required only for |¢] > 3; it will not be needed for 0 < |¢] < 3 in the sequel.
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The main result is that for p sufficiently large, 8 and e sufficiently small,
f Lipschitz continuous, not too steep in the interval (—/3, 5) and sufficiently flat
outside there exists a periodic solution with strong attraction properties. In
case f is continuously differentiable the periodic orbit is stable and hyperbolic.
The proof extends a method introduced in [8] for first order equations

#(t) = —pa(t) + f(a(t - 1)).

The first step is to find closed sets of initial data to which solutions return. This
is achieved in the next section (Corollary 2.1). In addition a sharp lower bound
for the return time is derived (Proposition 2.9). Section 3 deals with Lipschitz
estimates of the return time and return map. Under the conditions described
above the return map becomes a contraction (Theorem 3.1). Its fixed point
defines the desired periodic solution. In Section 4 it is shown how to obtain
hyperbolic stability of the periodic orbit.

A major difference to the result in [8] is that here a large friction coefficient
is essential. In [8] smallness of § and e together with conditions on f were
sufficient to guarantee attracting periodic orbits. The role of friction is not
surprising since the analogue of (1) without friction and delay is conservative.
A delay should destabilize the conservative system, at least for certain monotone
nonlinearities f, and exclude attracting periodic orbits.

Another aspect is that here the method comes considerably closer to its lim-
its. The need for the sharp lower estimate of the return time in Proposition 2.9,
which has no counterpart in [8], indicates this, as well as the need to introduce
the weight 1/2 in the norm on the state space below.

Other results based on the approach from [8] concern first order equations
with analytic and monotone nonlinearities which arise in applications [9], the in-
teraction of instantaneous growth and delayed feedback ([6]), and a system which
models automatic position control and involves a state-dependent delay ([10]).

Second order delay differential equations related to (1) were studied by other
methods in [1]-[3], [5], [7]. A difference to (1) is that in addition to the de-
layed feedback instantaneous position-dependent feedback is included and used.
In [1], [5], existence of periodic solutions is obtained for a rather large class of
nonlinearities. [2], [3], [7] study equations with discontinuous nonlinearities and
find, among others, stable periodic orbits. These papers also contain references
to a variety of applications.

An open problem is whether the approach developed here can be extended
to models for automatic position control similar to the system studied in [10],
but based on Newton’s law instead of a first order differential equation.

Preliminaries. A solution of (1) on [0,00) is defined to be a pair (x,v) of
a continuous function x: [—1, 00) — R and a differentiable function v: [0, 00) — R
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so that x is differentiable on (0, 00) and (1) holds for all ¢ > 0. Analogously one
has solutions on [tg,00) for each ¢y € R. Solutions on R are pairs (z,v) of
differentiable real functions defined on R which satisfy (1) for all ¢ € R.

Set C = C([-1,0],R). X = C x R serves as state space. The norms are
given by [|¢|| = max,c|_1 ¢ [¢(t)] for all ¢ € C' and

1@l = 56l + 1

for all (¢,u) € X.

Each (¢,u) € X uniquely determines a solution (z,v) = (z,v)®" of (1) on
[0,00) with x(t) = ¢(t) on [—1,0] and v(0) = u. This is most easily shown by
the method of steps: For (¢,u) € X given and ¢ € [0, 1], insert ¢ into the right
hand side of the second equation of (1) and solve the initial value problem given
by z(0) = ¢(0), v(0) = u for the resulting ordinary differential system. Repeat

n [1,2],[2,3],... Frequently the variation-of-constants formula

o(t) = e~ o (to) + / e=1(=5) f(2(s — 1)) ds

to
for the second component of a solution will be used.

The relations S, ¢ (L, (p,u)) = (4,v(1)), (z,v) = (z,0) W 2,(s) = z(t + 5)
define a continuous semiflow S, 5:[0,00) x X — X. In case f is continuously
differentiable the restriction of the semiflow to (1,00) x X is continuously differ-
entiable, too. To derive this from the analogous smoothness result in [4, Chap-
ter VII], for the semiflow guf generated by (1) on the space C = C(|—1,0], R?),
use the equation

Sup = (id e x (evg o pry)) © Sup o (ido.00) % (id X ),
with the embedding j:R > u +— u, € C, uc(t) = u for all ¢t € [-1,0], the
projection pry: C 3 (¢, %) — ¢ € C, and the evaluation evy: C' 3 ¢ — 1(0) € R.
Lipschitz constants of maps g: A — F, A C E, E and F Banach spaces, are
defined by

Lip (g) = sup 19&) = 9wl

< o0.
oty |l =yl

2. Recurrence

In this section sets of initial values are found to which solutions return after

an excursion into the ambient space.

PROPOSITION 2.1. For all (¢,u) € X with |u| < (a + ¢€)/p the solution
(z,v) = (z,v) Y satisfies

()] < 222

for allt > 0.
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ProOF. The variation-of-constants formula
v(t) = e My + /Ot e M=) f(x(s — 1)) ds
for all ¢ > 0 yields

1
ev(t) Eu+ (—a—e,a+e)=(eM —1),
W

hence
e oy )
K M H
cH—ae_w5 a+5_a+56_m:a+a. 0
K K K H

For 8 >0, e € (0,a), p > 0 and for the additional parameter r € (0,1) let
A = Agc,r denote the set of initial data (¢, u) € X which satisfy

_ a—e a+te
o)< —B on[-1,0, 6(0)= B, ue[r . ]

The aim is to find parameters 3, e, u, r with §, € small so that for ev-
ery f € Fs. and every (¢,u) € Ageur = A the solution (z,v) = (z,v)®w
of (1) reaches the set —A at some B = B(d,u, f,[,¢,,7) > 0 in the sense
of S(B,(¢,u)) € —A, S = 5,¢. Fixed points of the return map

A>3 ((,ZS,U)*—) 7S(B7(¢7u)) €A

will then define periodic solutions of (1). This follows easily from f being odd
which implies that for every solution (x,v) also (—x, —v) is a solution.

It is convenient to introduce the function

2u
r(a—¢)

PROPOSITION 2.2. Let f € Fge, (¢,u) € Agepr, (z,0) = (7,0)®%W, A =
A(B.e,p, ).

(a) For0<t <1,

A:R x (—o0,a) x R x (0,1) 3 (B,¢, p, 1) — B eR.

1 1
ue M 4 ;(a —e)(1—e M) <o(t) <ue M + ;(a +e)(1 —e H)

and

— — 1
—ﬂ-l—alugt—k(u—aME>M(1—e_“t)<x(t)
1
<-p+ ey (u—a:E)u_e—ut).
7 7

In particular, ©(t) > 0.
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2) 26<a;€<1+(r—1)1_:_u>

then 8 < x(1), and there exists a unique b = b(¢,u, f,B,&,u,r) € (0,1)

so that x(b) = B. Moreover,

b<A and a(1+A)<—f+(1+a)%EE
i

PROOF. (a) The estimate of v(t) follows as in the proof of Proposition 2.1.

Integration and x(0) = —3 yield the estimate of x(t).

(b) Condition (2) is equivalent to

a—¢€ a—e a—¢e\1
8< -0+ + (7’ — )(1—6”).
Y Y M I

The last term is not larger than x(1), by part (a). Existence and uniqueness of b

follow by means of z(0) = —f and 0 < v(t) = &(¢t) for 0 < ¢t < 1. Moreover, by

part (a),
- —e\ 1
ﬂ:x(b)>—ﬂ+“b+<u—“ 6)(1—6—#1’)
jz H H
_ —_el1— —pb
2_5+a Eb—l—(r—l)a 876’
0 I
hence
_ _ _ p—ub _
a—¢ a—e . 1—e §2ﬁ+(1—r)a Eb,

b<28+(1—r b
(1=r= D

and thereby
4=y <98

r

which gives b < A. Finally, by Proposition 2.1,

:c(1+A):x(0)+/01+Av(t)dt< —5+(1+A)“:€.

Observe that in case (2) holds, x(t) > j for all ¢ € (b, 1].

PROPOSITION 2.3. Suppose

(3) w(uiﬁ?j)+“;5(1—(1—T)1_:_”)>5




6 H.-O. WALTHER

holds. Let f € Fp., (¢,u) € Agepr, (z,v) = (z,0) W A = A(B,e,pu,7). Then
x(t) > B for allt € (b,1+A], and there exists a smallest B = B(¢,u, f, B,&,u,7)
in (1+ A, o00) with x(B) = .

PROOF. Step 1. Observe that (3) implies (2), the hypothesis in part (b) of
Proposition 2.2. The estimate of (1) from below in part (a) of Proposition 2.2

yields

- B a—¢ uﬁafs l i

t a—+¢€ .
z(t) =z(1) + v(s)ds > z(1) — A (see Proposition 2.1)
1

o dera,
>ﬂ<1+i§2j2) +au€(1(1r)1:M) > 3.

Step 2. For every t, > 1+ A so that 8 < z(¢) for all t € [1 + A, t.] it follows
that x(t — 1) > 8 for all ¢ in the larger interval [1 + A, ¢, + 1], and thereby

et (o(t) + po(t)) = e f(x(t — 1)) € e*(—a — &, —a +¢).

Integration yields

ut _ ou(1+4A)
eMu(t) — eI A1+ A) € L(—a —&,—a+e),
o

or

<U(1 T A)+ T)e#(t(HA)) _ QTH < o(t)

< (v(l +A)+ a ; s)e—u(t—(uA)) — aT_‘f for t € (14 A, t.].

Step 3. Recall (1) > 8. Suppose z(t) > (3 for all ¢ > 1. Then the previous
part of the proof yields (t) = v(t) < —(a —¢)/2u < 0 for all ¢ sufficiently large,
which gives a contradiction to the assumption. O

It is convenient to state separately the result of part 2 of the previous proof,
and the integrated version of this inequality.
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PROPOSITION 2.4. Suppose (3) holds. Let f € Fp., (¢,u) € Agepr, (x,v) =
(z,0)® A = A(B,e,pu,7). Let t. > 1+ A be given with 8 < x(t) for all
te[l+A,te]. Then

<,U(1 + A+ 2 :: 5>e#(t(1+A)) _ GTH < o(t)

(o 804 25ty s
1 [t

and

a—+ée

(t—(1+A))+ (v(1+A)+ a : 5) %(1—6—%“(1%))) < a(t)—z(1+A)

a—¢&

<———(t-(1+A)+ (v(1+A)+ a;g)l(l—e_”(t_(HA)))

W
forallt € (1+ A, t.+1].

Proposition 2.3 implies that the component x5 € C of S(B, (¢, u)) satisfies
two of the conditions for S(B, (¢, u)) to be in —A. We also need

_a—i—fs <’U(B)<—7“a_€

I I

Before discussing for which 3, €, u, r the last inequality holds conditions which

imply the inequality 2 + A < B are studied. Consider the function

p:R X (—o00,a) x (0,00) x (0,1) x R—R

given by
3 - 1—e#
p(ﬂ7€7uvra8):_6_ (a+€)A+a 6(1—(1—7') © )
I I I
— 2 1
- a+€s+ ((7“ - 1)L€e_" + a>(1 —e 1)
/~L 1 w) p

with A = A(B, e, u,r).

PROPOSITION 2.5. If3>0,0<e<a, u>0,0<r <1 andif (3),

(4) B <p(B,e,p,r,0)
and

(5) B <p(B,e p,r,1)
hold then

2+A(ﬂ’87u7r)<B(¢7u’f’6’87l’é’r)
for all f € Fg. and all (¢,u) € Agepr.

PROOF. Step 1. Let A = A(B, ¢, u, ) in the sequel.
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Claim. For every solution (z,v) = (z,v)®% with (¢,u) € Ag.,, and for
every te > 1+ A with x(¢) > g for all t € [1 + A, t.],
x(t) > p(Bye,pu,rt — (1+A)) forallte[l+ At
Proof. For 1+ A <t < t., the last inequality in Proposition 2.4 gives

o) > a(1+A) = 2FE

(t—(1+A)+ <u(1 +A)+2 : 5) i(1 — emrt=(1+A)))

As in Step 1 of the proof of Proposition 2.3,
a—+e
1

2(14A) > z(1) — A.

By Proposition 2.1,

8(t) = —pot) + flalt — 1)) > —p2E

—a—¢ forallt >0,

hence

v(1+A) > v(l) —2(a+e)A.
These lower estimates of x(1+ A) and v(1 + A) yield
a+e a+e

w(t) > (1) - A (- (14 4))
o(1) — 2(a ate\l | ut-ray
+(<w 2at+epa+ )Mu =)

By means of the lower estimates for (1) and v(1) from Proposition 2.2,

o) >~ B+t (u—“f)/iu—e—#)—“:’SA—“:%—(HA))

1
+ (ue—“ + =(a—e)(1—e") —2a+e)A+ ot E)
f 7
1
: ;(1 — M= (14A))y

By means of u > r(a —€)/u,

_ —el—eH
m(t)>—ﬁ+a—5+(r—1)a € e —a+€A—a+E(t—(1—|—A))
1 noop 1 p
— 1
—l—(ra Ee_“+(a—e)(l—e_ﬂ)—Q(a—i—a)A—i—a+€>
I 1 I
L1 — emntt-aray)
o
2 — —cl—eH
>—ﬂ—a+€A— (a+€)A+a 5+(r71)a € e
I I [ I [
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a—¢ 1 1 1
+{(r—1 e+ —(a—e)+— a—|—€> 1 — e~ #(t=(1+4))
(< ) L@+ (ate)) )
— _ o
:_5_3((1—&-5)A+a E(l—(l—r)l e )—a+€(t—(1+A))
H H [ I
+ ((r ST ey 2a> l(l e nlt-(1FA))y
Iz )

:p(ﬂaeaﬂvrvt - (1 + A))

Step 2. The function

- - 2
8’_)8517(5’87/1/)7458):_01 €+ ((T_l)a Ee_u“ra)@_us
7 [ 7

is strictly decreasing since

a—¢€ 2a
e 4 —.

0<(r—1) P

Recall (4) and (5). It follows that for all t € [1+A,2+A], 6 < p(B, &, u, 7, t—
(14 A)). Using Step 1 of the proof, one gets 3 < x(t) for these ¢, which implies
2+ A< B. O

The subsequent upper estimate for B is a digression which is not necessary
for solutions to reach —A but will be employed in Section 3 below.

PROPOSITION 2.6. If (3) holds then for every f € Fg. and for every (¢,u) €
Apepr the quantities B = B(p,u, f, 5,€, p1,7) and A = A(B, €, pu,r) satisfy

2
B<1+A+Q+EO+A+>
7

a—¢
PROOF. Let (z,v) = (x,v)®%). For every t, > 1+ A with z(t — 1) > f3 for
all t € [1 + A, t.] the inequality f(z(t — 1)) < —a + ¢ yields

t

v@)::awu_“+ADvO—FA)+:/‘ e 1E=3) (s — 1)) ds
1+A

< e nt=(+A)ITE L ET A —u(-(148))) _ mntt—(+a) 20 CZ€E
p 7 peooop

Recall that (3) implies (2). Integration and the last estimate of Proposition 2.2
yield

t

x(t) =x(14+A) + /1+A v(s)ds

a+¢e ¢

I I

u+m+/

1+A
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a—+e
<08+

(1+A) - a- E(t —(1+A)+ 27‘21(1 _ emHt=(1+A)))
H %

1 2
§—6+N((a+e)(l+A+N> C(a—)(t— (14 A)).
For t = B,

1 2
ﬂ—x(B)<ﬂ+u((a+s)(1+A+u> —(a—¢e)(B-(1+A))),

hence
2
(a—e)(B—(14+A)) < —2uB+ (a+5)(1+A+ N),
which implies the desired estimate. O

Next, conditions are given which guarantee v(B) < —r(a —¢)/p.

PROPOSITION 2.7. If >0,0<e<a,u>0,0<r<1andif (3)-(5) and

(6) r<l- ( 2a —|—2(a+5)Au>e“
a—c¢ a—e¢

with A = A(B,e,p,r) hold then for every f € Fg. and each (¢,u) € Agepr the
solution (z,v) = (z,v) % and B = B(é,u, f, B¢, u,7) satisfy
_a+te a—¢

<v(B) < —r
1 1

PRroOF. For the lower estimate of v(B), see Proposition 2.1. In order to de-
rive the upper estimate of v(B), note first that as in the proof of Proposition 2.5,

v(l4+A) <v(l)+2(a+e)A.

Proposition 2.4, the preceding estimate, and the upper estimate of v(1) from
Proposition 2.2 combined yield

o(B) < (v(l Tay+aE S)e—u<B—<1+A>> _acc
[ u

< <v(1) +2(a+e)A+ 1= 5)eMB(HA)) I
I [

1 _
< <ue“ +—(a+e)l—e™)+2(a+e)A+ H)e“(B(l+A))
n 1
a—¢
W

1 —
< (a tEn +—(a+e)1—e")+2(a+e)A+ H)e‘“(B_(HA))
[ p [
a—c¢
W

= <2a +2(a+ 5)A> en(B-(1+a) 2T E
! [
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By Proposition 2.5, 1 < B — (1 + A). Hence
a—¢
]
Multiplication of (6) by (a — €)/u and rearrangement of terms yield the upper

v(B) < (25 +2(a +5)A> e H —

estimate of the assertion. O

It has not yet been shown that (3)—(6) are compatible.

PROPOSITION 2.8. Let i > log2. Then there exist 5, > 0, ¢, € (0,a),
and an analytic function r,: (=B, Bu) X (—eu,eu) — (0,1) so that for every
B € (0,68,) and € € (0,e,) the parameters (3, €, p and r = r,(8,¢) satisfy
(3)-(6).

PRrROOF. Let u > log2. Fix R, = 1—2e™* € (0,1). Recall the definition
of A and observe that (6) is equivalent to

a—€ oy _ 2a  4late)p "
o< 22— - (3 T )

The function

¢u:(0,1) x R x (—00,a) 3 (r, B,¢)
ey 2a  Ala+e)p
AU C e

—

ﬁ) e eR

satisfies

a 2a a
qu(R,,0,0)=—(1—-R,)— —e *=—(1—-R, —2e7")=0.
(R, 0,0) u( ) . u( m )

Solve the equation ¢, (r, 3,e) = 0 for r. There exist 3,0 > 0, €40 € (0,a), and

an analytic real function 7,0: (—f8u0, Buo) X (—€p0,€u0) — (0,1) so that
ru0(0,0) = R, € (0,1)

and

qu(ruo(ﬁ>5),ﬁ>5) =0 forall (67 E) € (_ﬁu0>ﬁu0) X (_E;LO75;1,0)-
In particular, (6) holds as an equation for r = r,0(8,¢) and (5,¢) € (0, Buo) X
(0,{5“0).
It is obvious that (3) and (4) hold for 3 =0 = ¢, p, and r = R,,. (5) holds
as well since

a 1—e# a
p(0,0,u, R, 1 <1+R -1 >
( s Iy ) 1 ( w ) 7 "

a 2a\ 1
+((r —1e#+>1—e#
Q DS 2 L e
1—en
:% ; (Ry—1+2+ (R, —1)e™") > 0.
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It follows that there exist 3, € (0, 5u0), €4 € (0,€,0) so that the restriction 7,
of o to (=B, Bu) x (—eu,€,) has the asserted properties. O

The following result summarizes what has been achieved.

COROLLARY 2.1. Let p > log2, 0 < 8 < B, 0 <e <e¢g,, r=r,be) €
(0,1), f € Fge. For every (¢p,u) € A = Agepr there exist positive reals b =
b(¢,u, f,B,¢,1,7) and B = B(¢,u, f, B,&,11,7) > b so that for A = A(B, e, p,7),

b<A, A+2<B,
and the solution (z,v) = (z,v)(® of (1) satisfies
z(b) =8, 8<ax(t) foralte (b,B), x(B)=p

and n
€ —€
2 < v(B) <2
1

1
In particular, (xp,v(B)) € —A.
For every fized point (¢,7) of the map

R = Roepryi AS (6,u) — —(2p,0(B)) € A

there exists a periodic solution (T,v) on R of (1) with (To,v(0)) = (¢,u). For
EZB(¢7ﬂ’f’ﬁ’€7M’T)7

Z(t+ B) = —Z(t), o(t + B) = —v(t) for allt € R,
and (Z,v) has minimal period 2B.

REMARK. It is easy to show that the return map R of the preceding corollary
is continuous and maps bounded sets into sets with compact closure. Therefore
Schauder’s theorem guarantees the existence of fixed points. This is not pursued
here as the objective are attracting fixed points and periodic orbits.

The following lower estimate of B which improves Proposition 2.5 will be
important in the sequel.

PROPOSITION 2.9. Let n € (0,1). Then there exists pu, > log2 so that
for each p > p, there are B, € (0,8,) and €., € (0,¢,) with the following
property: For all 3 € (0,By), € € (0,euy), for r =r,(B,¢), for all f € Fg. and
(6:1) € Apeyrs B = By, f, 5,2, ,7) and A = A(B, e, u,1) satisfy

B-2-As21
i

PRrOOF. Step 1. Let n € (0,1) be given. Choose g € (0,7). Recall from the

proof of Proposition 2.8 the equation

1— e
p(0,0, ,7,(0,0),1) = (2a a(—2e7*(1+e7*)+2)
1
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for 1 > log 2. It follows that there exists p, > log2 so that for all p > p,,
(2—m9)a

pro
Consider p > p,. Choose ﬁu € (0,8,) and g, € (0,e,) so small that for all

B € (0,3, and all € € (0,2,),

(0,0, u,7,(0,0),1) >

(2 —mo)a
pro
Step 2. Let B € (0,8,), € € (0,8,), v = ru(B,€), f € Fpe, ($,u) € Agepr,
A = A(B,e,u,1), B = B(o,u, f,8,¢,u,7). The second component of the so-
lution (z,v) = (x,v)®" of (1) is bounded by (a 4 €)/u. This bound and the
inequality B > 2+ A (Proposition 2.5) combined give

p(ﬂﬁ%ﬂaﬁb(ﬁﬁ% 1) >

B

ﬁ:x(B):x(2+A)+L+Av(t)dt>x(2+A)—

a—+e

(B— (24 A)).
Estimates as in the beginning of the proof of Proposition 2.5 yield
{E(2 + A) > p(ﬂv €, 1y Tu(ﬁ, 5)7 ]-)

The preceding inequalities combined with the choice of Bu and g, imply

5> Bt _t1Ep_ o)

which is equivalent to

s N (2—mo)a

B-2-A>-— .
a+e  (a+e)p

Now it becomes obvious that there exist 3, € (O’Bu) and €,, € (0,€,) such
that for all 5 € (0, 8uy), € € (0,euy), 7 =7,(B,€), [ € Fpe, and (¢, u) € Agepr,

9
B-2-A>=—1
I

fOI‘B:B(QZ),U,f,ﬁ,E,‘LL,T) andA:A(ﬂ’57/’L7r)' D
REMARK. The estimate

B—l—a+E—A<a+E(A+2)

I

a—¢ a—¢
of Proposition 2.6 implies that for certain sequences 3, — 0, ¢, — 0, u, — o0,

With T'n = lr”n (ﬁn’ 8”)7 An = Aﬁngnltnrn7 Fn = Fﬁnan7

lim sup sup B(¢,u, f, B ens insTn) < 2.
n—oo (p,u)€An,fEF,

This shows in which sense the lower estimate of the preceding proposition is
optimal.
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3. Contracting return maps

For pn > 1og2, 0 < B < fu, 0 < e < ey, r=ru(Be), f € Faey, A= Agepr
consider the return map R: A — A from Corollary 2.1. The first objective is to
find an upper estimate of Lip (R) in terms of (3, €, u, L = Lip (f) and

Lp = Lip (f [ [8,00)) = Lip (f | (=00, =f)).

Notice already here that necessarily L > (a — €)/8 becomes large for 5 small,
while on the other hand each set Fjg. contains functions f with Lg arbitrarily
small and zero.

Let A = A(B,e,pu,r). It is convenient to write R = ) o P as composition of
the map P = Pgepry = Sup(1+ A, -)|A with the map Q = Qgepry from P(A)
to —A given by Q(¢, w) = S, (T (¢, w), (¢, w)) where the map T' = T,y from
P(A) to (1,00) is defined by

T(Y,w) = B(g,u, f,B,e,u,7)—(14+A) for all (¢,u) € A with (¢,w) = P(¢,u).

(Observe that indeed all such B(¢,u, f, 8, ¢, p, ) coincide — the first argument
in [1+ A, 00) where x reaches the level 3 depends on z | [A, 14+ A] and v(14+ A)
but not on values at smaller arguments.)

The following estimates control the deviation of solutions from each other.

PROPOSITION 3.1. Let (x,v), (Z,0) be solutions of (1) on [0,00). For every
t €[0,1], the following estimates hold.

1 —eH
lv(t) = o(t)] < [0(0) —B(0)[e™" + LTH% — Tl

() — 7(t)] < [v(0) —a<o>|% + (1 +L;) o — Zoll-

In case § < xz(s), B < T(s) for all s € [—1,0] the analogues of the previous
estimates with Lg instead of L hold.
In case x(s) < =0, T(s) < =0 for all s € [-1,0] and z(0) = —F = T(0),

_ 1—eHt _
lv(t) —o(t)| < |v(0) — B(0)|e™ " + LﬁTHCEo — Zo||,

|l(t) — ()] < [0(0) — W(O)I% + Lﬂ%”% — Tol|.

ProOOF. The first estimate follows by means of the variation-of-constants
formula and using the Lipschitz constant L < oo of f in the integrand. The
second estimate follows from the first one using

x(O)—T(O)—F/O (v(s)—0(s)) ds| < ||900—To||+/0 [v(s)—o(s)| ds.

The remaining assertions are obtained similarly. U
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It is convenient to restrict the range of parameters from here on as follows.
Choose o > log2 so that for all u > uo,

1—e#

—u
e "+ 2

<1

For each p > 19 choose 8,0 € (0,8,), €0 € (0,€,,) so that

2u3

Bea—e

A(ﬁa&ﬂﬂ"u(ﬁﬁ)) =

for all 5 € (0, Bu0), € € (0,eu0)-
The next result contains an estimate of Lip (P).
PROPOSITION 3.2. Let > po, B € (0,8u0), € € (0,0), f € Fae, 7 =

T/J(Ba 5)7 A= Aﬁsum A= A(ﬁ,a,,u,r), P = Pﬂa/wj- Let (¢7U)7 (&; ﬂ) in A be
given. Then (x,v) = (x,v) % and (Z,7) = (x,v) ™ satisfy

2 LA L A? —
forea ~zusall < (2 + 22 Y- a4 22 (14 a (1425 ) o -3,

i
LA L LLg A? —
o+ 8) -+ a) < (e 4 E w4 (224 2250 Y.

In particular,

LA 1 LA L LA? 2Ls  2LLz A?
Lip(P)Se“+++2+ﬁ<1+A<1+>> Tl Al Sl
B 2p % 2 % w2

PRrOOF. Step 1. For 0 <t <1,
. _ . 1 — e Ht — _ i L —
o) =T < e fu =1+ Ly——l¢—dll <e ﬂt|u—u|+fu¢—¢u,

hence

j2(t) - T()] = ] B (=) +/Otv<s> ds — /Otms) as| < / jo(s) — 9(s)] ds

_ i L _ 1 B L _
<—(1—eu—al+Llp-ollt < ~lu—7a|+2)¢ -]
1% % H

==
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Step 2. For 1 <t <1+ A < 2 it follows that

[o(t) = (1) <e " D]u(1) —B(1)| + /1 e M| f(a(s — 1)) — f(@(s — 1)| ds

L _
<e My —a| +e D22 g G|
M

¢ 1 L —
s [ (L et a4 Lo -G - 1)) as
1 H K
—uty, 1, Ls - ! L sy —n-1)
<e Mu—al+—[¢ =l + [ Llu—a|-(e """ —e ") ds
K 1 K

Lg (t —1)?
2

+L— ¢ — ¢l
i

L 1
<e Mu—ul+ —|u—1l ((1 e i e 1)€_N(t_1)>
p I
L
S22 (125 Yol
By
l(l _ e—u(t—l)) —(t— 1)e—u(t—1) < 1(1 — e—u(t—l)) <t-—1,

I I
fort=14+A>1,

v(1+A)—v(1+A)|<(_“—i—LﬂA>|u—u—|—L (1+L >||¢ 9.

Step 3. Recall ||x14a — Tiqal = maxe_1 g |z(L+ A +1) —T(1+ A +1)].
For t € [-1,0] with 0 <1+ A+t <1, Step 1 yields

1 L —
21+ A+t) —T(t+A+1)| < ;|u—ﬂ|+7ﬁ|\o>—¢||.
Incase 1 <14+ A+t<14+A,
1+A+t
lz(1+A+t) —Z(1+A+1)| <|z(l) —Z(1)] +/ lv(s) —o(s)|ds.
1

The last estimate in Step 1 at ¢ = 1, the estimate of v(s) —T(s) for 1 <s < 1+A
in Step 2, and the inequality —e #(5=Y /i — (s —1)e~#(=1) < 0 combined imply

1 L _
Z(1+A+1)—F(1+A+1t)] < ;|u—ﬂ\+7’6||¢—¢||

1+A+t L L
1 M .

1 L — 1
< =|u—a| + luqb — |+ =(e7H — emHATAT Y g
1% %

H@+ DT+ (8+0 2 ( +L)||¢> al.
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By means of e # — e H(I+A+) < omn < ],

2 LA
|x(1+A+t)—$(1+A+t)|S<M+luz)|’u—u|

+Lj(1+A<1+LA >)|¢ ol

and the asserted estimate of ||x14a — T14a| follows. Consequently,
1
= §HLL‘1+A —Tipal + o1+ A) —o(1 + A)

1 LA LA Lg AT\NNL L
< sz te+— |u—u[+— 2
(B8 e PV a Lo (e a (10280 ) o3

2L OLLs A2

+(ﬁ+ 2LL, )||¢ )

7 7

which shows the asserted estimate of Lip (P). O

REMARK. It is the term LA/u in the estimate of Lip (P) which presents
most of the difficulties on the way to contracting return maps.

The next result prepares the proof of an estimate of Lip (T), which will be
needed for the derivation of an estimate of Lip (Q).

PROPOSITION 3.3. Let u > po, B € (0,8u0), € € (0,eu0), f € Fae, r =
ru(8,8), A= Agepr, A = A(ﬂ,&,u,r)i. Let (¢,u) and (¢,7) in X be given. Set
(z,v) = (z,0)®% and (z,7) = (z,v)®D.

(a) If B < ¢(t) and B < $(t) for all t € [~1,0] then
1805146 00) = S,y 1, Gl < (1+ 22 1(60) - B,
and, for every t € [0,1],
o0 - v0) < (14 22) 6.0 - G,

(b) Suppose (¢,u) € A, (,7) € A. Let (Y,w) = (z14a, v(1+A)), (¥, @) =
(fl+A7@(1+A))7B:B(¢’u,f7/8’€’/’ll77ﬂ)§§ (¢7u’f’/6’5’ﬂ,r)'
Then, fort € [1+ A, B,

315\ L @I+ A 42/ B
o) - v0] < (1+22) W)~ @)

and

9 3L\ Hla+e)/(a=)(14+A+2/u)
|x(t)—x(t)S(2+a+€(1+A+u>><(l+Mﬁ> )

a—¢&

x ||, w) = (&, D).
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PROOF. (a) By Proposition 3.1,
_ 1 _ _
Iz, 0(1)) = @1, v = Sz = Zall + (1) —T(1)]

l—e* 2L Lg\ 1 _
s( +e—“>u—u|+(5+1+5)||¢—¢||.
2 1 w2

By the choice of p,
1—e* 3L
€ tercl<1428
2p 1%
The asserted Lipschitz estimate of S, ¢(1, -) follows. Similarly one obtains the
estimate of |v(t) — o(t)].
(b) Recall Proposition 2.5 and consider the integer j > 1 given by 1+ A+j <
B <14+ A+ j+ 1. By Proposition 2.6,

2
j<a+€(1+A+>.
- f

a—¢&

Ifte[1+A,B] C[1+A,B]then f <z(t—1), 8 <Z(t —1). Therefore the first
estimate in part (a) of the proposition and induction yield

k
Lip (Syp(k, ) | Sup(1+ A, A) < (1 + 3?) for k=0,....].

The second estimate in part (a) of the proposition shows that for every k €
{0,...,jtand t € 1+ A+ k1 +A+Ek+1],

1Sy (K, (,w)) = Sy (ks (0, )|

1, w) = (b, W)]].

The estimate of
o(t) ~ 20)] < fo(1+ ) =71+ A) + [ Jo(s) ~(s) s
1+A

— 10 =T+ [ Jos) ~ o(s)] ds

1+A

follows from the estimate of the integrand combined with

2
t—(1+A)§B—(1+A)§a+E(1+A+)
a—c¢ W

and

[¥(0) = (0)] < 2/|(v,w) — (v, W)]|- O
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It is convenient to introduce

1+[(ate)/(a—e)](1+A+2/p)
a+5<1+A+2) <1+3)‘>

1 7
for pn > po, 18] < Buo, le| < epo, ¥ =ru(B,€), A = A(B, e, pu,r) and A € [0,00).

Clearly, ¢ > 3 and

c=c(B,e,u,A) =2+

a— &

(7) lim ¢(0,0, u,0) = 3.
=00

PROPOSITION 3.4. Let u > po, B € (0,8u0), € € (0,e0), f € Fae, r =
ru(B,€). If

(8)
holds then

: u
Lip (Tgeprf) < m—m——m—
i ﬁs#f)_|e—”2a—a+€|

PRrROOF. Step 1. Let A = A(B,e,u,r), (Y,w) = S,r(1 + A, (¢,u)) and

(¥, @) = S5 (1+A, (¢, 7)), with (¢, u) and (@, @) in Agep,y. Set (z,v) = (x,v)*W)

and (f’i) = (m’v)(¢7ﬂ)’ B = B(¢7 u’ f7 6’ 67 /”L’ T)7 E = B(a7ﬂ7 f7 /67 67 /“’L’ 7")' Then

Tgfl““f (1/}’ w) - Tﬂsurf (E, @) =B - B.

C(ﬂ,E,,U,,Lﬁ).

Step 2. Recall

B
w(o)+/1 o(t)dt = 2(B) = 3 = 7(B) :$(0)+/ B(t) dt.

+A
In case B > B it follows that
[ = > [1(0) = (0)] =
B B
> ‘/B o(t) dt' — /1+A [T(t) — v(t)|dt.

An application of Proposition 3.3 to the last integrand yields

[ =] + (B = (1+A4))

31,5\ @) (@048 12/ B 5
-(1+) Iw) - Gl > | | v(t)dt].
B
Proposition 2.6 gives
— a-+¢e 2
6 =B+ (1+A+)
a—¢ W
3LB 1+[(a+e)/(a—e)](1+A+2/ 1) . B
(1+22) Iw) - @l = | [ wto)ae]
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Step 3. Estimate of the last integrand: By Proposition 2.5, 2+ A <t < B
for B <t < B, hence Z(s — 1)) > 3 for all s € [1 + A,¢t], and therefore
f(@(s — 1)) < —a+¢e. By Proposition 2.1,

a+e
m§+.

I

It follows that

t
B(t) = e=t=(+0)g5 4 / e=1(=9) £(3(s — 1)) ds

1+A
< emnlt=+aATE (1 mne-ara))
- [ I
As 2+ A<,
a+e 1 1
o(t) <e H —(a—e)—(1—e™)=—(e"2a—a+¢e).
(t) . ( )M( ) u( )

By hypothesis, the last term is negative.
Step 4. It follows that

B B B )
‘/ o(t) dt‘ :/ [o(t)|dt > (B — B)—le "2a — a +¢|.
B B I

Finally, the estimate of Lip (Tj3c,rs) becomes obvious from the preceding esti-
mate in combination with the results of Steps 1 and 2 and

[ =¥l < 2ll(s, w) — (&, D). m

The proof of an estimate of Lip (Q) begins with upper estimates of [v(B +
s) —v(B +s)|, s € [-1,0], in terms of [v(1 + A) —v(1 + A)|, [|(, ) — (¥, w)]|,

PROPOSITION 3.5. Let > po, B € (0,8u0), € € (0,eu0), f € Fae, r =
ru(8,€), A= Agepr, A = A(B,e,p,7). Let (p,u) € A, (6,1) € A, (z,0) =
(x,v)(¢’“), (z,v) = (xvv)@ﬂ)' Set (P, w) = (T14a,v(1 + A)), @7@) = (T14a,
7(1+ A)). Suppose

B = B(¢,u, f,B,e,p,7) < B = B(¢,7, [, B,€, ju, 7).
Then, for every s € [—1,0],
[T(B +s) —v(B +s)| <e#BTs=0FA) 51 4 A) —o(1 + A)|
+ 2B 200 L) 5,7) = (0, 0)]

_ 2 _
+ 2B - B|+ ?a(e—#(B+s—(1+A)) — e~ HBHs=(1+A),
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PRrROOF. Step 1. Recall B+ s > 1+ A (Proposition 2.5). Observe

[0(B +5) —v(B + 5)] <e *EHmUFAI (1 4+ A) — (1 + A)

+ (1 + A)(e—u(§+s—(1+A)) — e MBs=(1+2)))

E-‘rs o
- / e PBTs=0) f(z(t — 1)) dt
1+A

B+s
— / e HBHs=) £(p(t — 1)) dt’.
1

+A

Step 2. The last term is majorized by

B+s
[ et - ) - st - )
1+A
_ B+s _
T(L+A) (e HBra=(48)) _ omn(Bra(1+8))) 1 / e BT f((t—1)) dt
B+s

+

B+s o
- / (e H(BHs=t) _ o=n(Brs=t)) f(z(¢ — 1)) dt’.
1+A

All arguments of f in the last integrands belong to [3, c0).
Step 3. Tt follows that

’ B /1B+Se_u(B+s—t)(f($(t ) - f@ (- 1)) dt‘

+A
B+s

< L,@/ e=nB+=0) 54 1)) — T(t — 1)) dt
1+A

L
< ZB(1 — e nBHs=(HA))  pax |a(t) — T(t)].
7 te[A,B—1]

The estimate |2(t) — Z()| < ||v — ¥|| < 2||(v,w) — (¥, W) for all t € [A, 1+ A],
the last estimate in Proposition 3.3, and the inequality 2 < ¢(8,¢,p1,Lg) = ¢

combined imply

B+s
‘ —/1 e MBT (f(a(t — 1)) = f(@(t - 1)) di| < %C\\(i/),w) — (@, )|

+A

Step 4. Consider the second term of the sum in Step 2. Due to Proposi-

tion 2.1,
w1+ A) < 2
1
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and —a —e < f(F(t—1)) < —a+c¢c for 1 + A <t < B+ s. Therefore a lower
bound for

I=o(1+ A)(efu(§+sf(1+A)) — e H(Bs=(144)))

§+s o
+ / =1 (B+=0) {3 (¢ — 1)) dt
B+s

B+s .
_/ (e—;L(B-&-s—t) _ 6_#(B+S_t))f(f(t _ 1)) dt
1+4
is
A (mn(Bro—(148)) _ gmu(Brs=(48))y _ O E(G _ —u(B-B))
jz I

+ a— E(eu(BJrS) _ eu(1+A))(e—u(B+8) _ e—u(§+5))

_a+t 5(67#(§+57(1+A)) e n(Bs—(14A))y _ a JLS(l — ¢ H(B-B))

o H
4 ETE ) B =(148)) _ =n(B-B) | o~u(Bta-(14+4)
I
_ %‘(e—mms—(um) _ emn(Bra—(148))y _ %(1 — en(B-B))
> 2j(e—u(§+s—(1+A)) — e HBHs=(+2)y _9-(B - B).

1
Similarly one finds the upper bound

[ < — CEE (o nBrs(14a) _ p(Brs—(1+8)) _ C7Eq _ —u(B-B))

1 p
4 OEE (n(Bs) _ n(148)y (o mn(B+s) _ o= n(Bs))
7
_ O (o n(Brs (1) _ n(Brs(148)) BT E (g —u(B-B))
1 p
I a+ 5(1 _ e B+s—(1+2)) _ —u(B-B) | e—u(§+s—(1+A)))
7

_ 2e
W
It follows that

(1- e—M(E—B)).

1] < 26[B — B| + 2% (e~n(B+s-(1+2)) _ g=n(B+s-(1+4)))
I

Step 5. Steps 1-4 combined imply the desired estimate. O

COROLLARY 3.1. Suppose the hypotheses of Proposition 3.5 are satisfied
and (8) holds. Then @, v, B, B, 1, ¢, W, w from Proposition 3.5 satisfy

5(B) — v(B)| < (w T e(fre,m L) (Lj (2 + 2ae“>|ew2a’ia+g|)>
@) - (W, w)ll-
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PRrROOF. Apply Proposition 3.5 for s = 0 and use the estimate B — B <
Lip (Teprf)|| (¥, W) — (¥, w) ||, Proposition 3.4, the inequality

e~ H(B=(1+A4)) _ o—p(B—(1+4))

e~ MB=(1+A)) _ —pu(B-(1+4)) B-B) _
u(B — B)

= (B —

< u(B — B)e MB=(+A) " (since B > B)
<u(B—-B)e ™" (since B—(1+A)>1),
and
[o(1+A) =o(1 + A)| < ||(4, @) — (¥, w)]. L

Next ||[Zg—x || is estimated in terms of |[v(1+A)—T(14+A)|, |Z14a —z14al
and B—2—-A>0.

PROPOSITION 3.6. Suppose the hypotheses of Proposition 3.5 are satisfied
and (8) holds. Then T, x, B, B, ¢, v, W, w from Proposition 3.5 satisfy
_ 1
75 — 2Bl < p(l + Lgc(B, e, p, Lg))

2ep 2ae~HMB-2-4)
L
+elBem, ﬂ)<|e—“2a—a+5| le="2a — a + €|

NI, @) = (Y, w)-

PRrROOF. For every t € [—1,0],

B B
() — 25(t)| = [F(B+1) — 2(B+1)] = ‘5—ﬁ—/3+tv(s)ds+/ o(s) ds

B+t

:‘/to(v(B—l-s)—v(B—&—s))ds g/t0|v(B+s)—v(B+s)|ds.

Proposition 3.5 is applied to the last integrand. Then integration gives
1
[B5(6) — 2(B)] < (e HEH-IHAN _ B 511 A) — o1+ A))
I
L — _
+ —relBye s Lo)|(6,) = (,w) | +2¢B - Bl
" 27‘;(67#(B+t7(1+A)) _ o u(BHi—(1+4))

— (e~ r(B-(+4)) _ o=u(B=(1+4))))

The inequalities (see Proposition 2.5) e #(B+t=(1+A)) _ g=n(B=(1+4)) < 1 and
(since B > B) e #MB-(1+4)) _ o=n(B=(1+4)) > () show that the last term is
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majorized by

5@(1 +A)—v(1+A)| + %cm,u,Lﬁ)n@w) — (@w)]

. 201 — —u(B+t—(14A4)) _ ,—u(B+t—(1+A))
+2|B - B|+ == uB - B|* -
o ulB — Bl

The last quotient is bounded from above by e #(BHt=(1+4)) < o—u(B-2-4)
It follows that

[Z5(t) —25(t)| <

The equation
B = Bl = |Tpeprs (¥, W) = Theprs (v, w),
Proposition 3.4 and the inequality
[T+ A) = o1+ A)] < [[(&,@) - (¢, w)]|
combined yield the desired estimate. O

For Lipschitz constants of R which become small for p large and 3, ¢ small
it is necessary to control the term B — 2 — A in the estimate of Proposition 3.6.

COROLLARY 3.2. Let n € (0,1) be given. Then there exists p, > po such
that for every (> ., there are B, € (0, 8u0), €un € (0,eu0) with the following
property. For 0 < 8 < By, 0 <e <euy, f € Fge,

. - Lg - 1
n -2 [ P
Lip @) <6+ clBreun La) (224 (2 200y )
1/1
+ 5 (20 Lact.eom L)
2ep 2ae=2TM
L :
+elBesp, 'B)(|e—“2a—a—|—£| * |e—l‘2a—a+5|>)

PROOF. Proposition 2.9 guarantees the existence of u, > o such that for
every i > [, there are (3, € (0, 8u0), €un € (0,€,0) With
2-1n

B(¢7uafa Baev,u7ru(ﬁv‘€)) —-2- A(ﬂ,s,u,m(ﬂ,e)) > T

for all 8 € (0, Bun); € € (0,6un); (d;u) € Agepr,(3,), | € Fpe. Clearly ¢, can
be chosen so small that (8) holds for € € (0,¢,,), too.

Use Corollary 3.1, the estimate from Proposition 3.6 multiplied by the weight
1/2, and the last inequality to deduce the asserted Lipschitz estimate. O
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Notice that for every p > 1 and A > 0 each set Fg. contains functions f

satisfying
a—¢€

B

THEOREM 3.1. Let p € (1,e2/6) be given. Then there exists u, > po so that,
for every p > p,, there are A, > 0, B, € (0,80), and €, € (0,€,0) with the
following property. For every B € (0,8,,), € € (0,€up), f € Fge with

L<p and Lg <.

Lip (f) < p‘% and Lip (f | [8,50)) < A,

and for r =1r,(8,¢), Lip (Rgepry) < 1.

PROOF. Choose 7 € (0,1) so that pe” < e2/6, or equivalently,
(9) 6e 2 p < 1.

Choose 1, > po according to Corollary 3.2. For u > u, choose 3,, > 0
and €., > 0 according to Corollary 3.2. For p > iy, 0 < 8 < By, 0 <€ < ey
and A > 0 set

A K
— A ey
CQ(6753M) )‘) € +C(ﬁagvﬂa)‘)(ﬂ +(25+2ae )|6H2aa+5>

1

1
_|_ 5 (Iu(l + )\6(5,5,/147>\))

2 9 —2+n
+c(ﬁ,a,m)< r ))

le=#2a —a+e¢e|  |e H2a —a+ €]

An application of Corollary 3.2 shows that for g > p,, A > 0, 8 € (0, .y),
€ € (0,euy), r = ru(B,e) and, for all f € Fa., with Lip (f | [5,00)) < A the
estimate Lip (Qgepury) < cq(B, €, 1, A) holds.

Recall Proposition 3.2. For pp > py, 0 < 8 < By, 0 <€ < €y, and X > 0,
set
2p 1 p

n(B:e) T n e (B.e)

*:(”m(ﬁ,géa—e)ﬂ(“”a;;(m(afﬁa—e)ﬁf))

LR a_“( 2 ﬁ)2
p w8 2\rBoe-9")

An application of Proposition 3.2 and the definition of A show that for p > puy,
A>0,0€(0,08u), € €(0,eu), m=r,(8,¢) and for all f € Fp. with

cp(Bie, i, A) =e H +

Lip () < p%g and  Lip (f | [8,00)) < A
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the estimate Lip (Pgeprf) < cp(f8, €, 1, A) holds. Consequently,

Llp (Rﬁilﬂ‘f) S CQ(ﬁ? Ea ,U/7 )\)Cp(ﬂ, 57 Ma )‘)

Dividing by § the function cp is extended to arguments (0,0, x1, 0) with g > p,.
Clearly lim,, .. cp (0,0, 1,0) = 2p.

Recall (7). It follows that lim, . cg(0,0,,0) = 3=, (9) permits to
find p, > py so that, for each p > p,,

¢ (0,0, 1, 0)ep (0,0, 1,0) < 1.

For each p > p, there are A\, > 0, B, € (0, 8uy), €up € (0,€,,) so that,
for all B € (0,8,,) and € € (0,e,,), co(B,¢, 1, \p)ep(B,e, 10, Ay) < 1, which
completes the proof. O

COROLLARY 3.3. For u, 83, ¢, f and r = r,(8,¢) as in Theorem 3.1 there
exists a periodic solution (T,7):R — R of (1) with (To,v(0)) equal to the fized
point (¢,7) of the contraction Rgeyrs. For B = B(¢,, f, B, &, u,r),

(#,0)(t+ B) = —(Z,0)(t) for allt € R,

and 2B is the minimal period of (T,v).

4. Differentiable nonlinearities

Consider p, 8, €, f and r = r,(,€) as in Theorem 3.1 and assume in addition
that f is continuously differentiable. (The existence of such f in Fj. is obvious.)
The present section shows that for such f the orbit

{(7,v(t)) € X : t e R}

of the periodic solution (Z,7) from Corollary 3.3 is stable and hyperbolic. This
means that for some associated Poincaré return map I with fixed point (¢, %)
the spectrum of DII(¢,%) is contained in the open unit circle of the complex
plane, compare e.g. Chapter XIV in [4].

Consider the closed hyperplane Y = {(¢,u) € X : ¢(0) = 0} and the affine
subspace Y3 = {(¢,u) € X : ¢(0) = —p5} of X. All tangent spaces of the
C'-submanifolds Y3 and —Yj coincide with Y, and A = Ag.,,, is a subset of Y.
Let S = Sur, A = A(B,¢,u,7), and write B(¢,u) = B(¢,u, f,5,e, p,r) for all
(¢,u) € A.

PROPOSITION 4.1. There are a bounded open neighbourhood U of (¢,7) in X

and a continuously differentiable map 7:U — (1,00) so that for all (¢,u) € U,
S(r(¢,u), (d,u)) € —A, and, for all (p,u) € UN A, 7(¢,u) = B(¢,u).

PRrROOF. Let pr; denote the projection from X onto the first factor C', and
recall the evaluation evy: C' — R from Section 1. Set B = B(¢,u). The inequality



DELAYED SPRING 27
v(B) < 0 (Corollary 2.1) implies
DlS(Ev (gaa))l ¢ T—($,ﬂ)(_yﬁ) =Y

since D1S(B, (¢,u))1 = T (see [4]) and 75(0) = z(B) = v(B) # 0. An ap-
plication of the Implicit Function Theorem as e.g. in Chapter XIV of [4] yields
an open neighbourhood V of (¢,%) in X and a continuously differentiable map
70: V — (1,00) with 70(¢, W) = B and S(10(¢, u), (¢,u)) € =Y for all (¢,u) € V,
ie., z(ro(p,u)) = B for (z,v) = (w,v)®W. Corollary 2.1 permits to find
9 € (0,1) so that

Z(t) >3 for A<t<B-6, 8>%(B+34),

and

v(t) € < aJrE,rag) for B—6 <t<B+06.
0 I
The continuity of S implies that there exists an open neighbourhood U C V' of

(6,7) in X so that for every solution (z,v) = (z,v)®%) with (¢,u) € U,

2(t)>pB for A<t<B-6, >z(B+9),

(2(t) =) v(t) € (_a+57_74a—5> for B—§<t<B+3§,
[ u

and
A+ 1< 7_0(¢5u) € (§757§+5)
Set 7 =179 | U. Let (¢,u) € U, (z,v) = (x,v)®%. It follows that

z(1(o,u)) =06, B<z(t) for A<t<7(0,u),

v(T(p,u)) € (— a+€,—ra_€), A+1<7(0,u).
7 u
Consequently, S(7(¢,u), (¢,u)) € —A. In case (¢,u) € UN A the definition of B
(Proposition 2.3) yields 7(¢, u) = B(¢,u). O

From here the proof of hyperbolic stability is completed exactly as in Sec-
tion 4 of [8].
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