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WELL-POSEDNESS AND POROSITY
IN BEST APPROXIMATION PROBLEMS

SIMEON REICH — ALEXANDER J. ZASLAVSKI

ABSTRACT. Given a nonempty closed subset A of a Banach space X and
a point z € X, we consider the problem of finding a nearest point to =
in A. We define an appropriate complete metric space M of all pairs (A, z)
and construct a subset 2 of M which is the countable intersection of open
everywhere dense sets such that for each pair in € this problem is well-
posed. As a matter of fact, we show that the complement of €2 is not only
of the first category, but also sigma-porous.

Introduction

Given a nonempty closed subset A of a Banach space (X, || -||) and a point
x € X, we consider the minimization problem

(P) min{[|z —y|| : y € A}.

It is well-known that if A is convex and X is reflexive, then problem (P) always
has at least one solution. This solution is unique when X is strictly convex.

If A is merely closed but X is uniformly convex, then according to classical
results of Stechkin [15] and Edelstein [4] the set of all points in X having a unique
nearest point in A is Gy and dense in X. Since the sixties there has been a lot
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of activity in this direction. In particular, it is known [8], [9] that the following
properties are equivalent for any Banach space X:

(A) X is reflexive and has a Kadec—Klee norm.

(B) For each closed nonempty subset A of X, the set of points in X \ A with
nearest points in A is dense in X \ A.

(C) For each closed nonempty subset A of X, the set of points in X \ A with
nearest points in A is generic (that is, a dense G5 subset) in X \ A.

A more recent result of De Blasi, Myjak and Papini [3] establishes well-posedness
of problem (P) for a uniformly convex X, closed A and a generic z € X.

In this connection we recall that the minimization problem (P) is said to be
well-posed if it has a unique solution, say ag, and every minimizing sequence
of (P) converges to ag.

In the generic approach, instead of considering the existence of a solution to
problem (P) for a single point € X, one investigates it for the whole space X
and shows that solutions exist for most points in X. Such an approach is common
in global analysis and the theory of dynamical systems (see, for example, [2], [10],
[13], [14] and the references mentioned there). Recently it has also been used
in the study of the structure of extremals of variational and optimal control
problems [17], [18].

A more precise formulation of the De Blasi-Myjak—Papini result mentioned
above involves the notion of porosity which we now present [1], [3], [14], [16].

Let (Y, d) be a complete metric space. We denote by B(y,r) the closed ball
of center y € Y and radius r > 0. A subset E C Y is called porous (with respect
to the metric d) if there exist a € (0,1) and r > 0 such that for each r € (0, ro]
and each y € Y there exists z € Y for which

B(z,ar) C B(y,r) \ E.

A subset of the space Y is called o-porous (with respect to d) if it is a countable
union of porous subsets of Y.

Since porous sets are nowhere dense, all o-porous sets are of the first category.
If Y is a finite-dimensional Euclidean space, then o-porous sets are of Lebesgue
measure 0. In fact, the class of o-porous sets in such a space is much smaller
than the class of sets which have measure 0 and are of the first category. Also,
every Banach space contains a set of the first category which is not o-porous.

To point out the difference between porous and nowhere dense sets note that
if E C Y is nowhere dense, y € Y and r > 0, then there is a point z € ¥ and
a number s > 0 such that B(z,s) C B(y,r) \ E. If, however, E is also porous,
then for small enough r we can choose s = ar, where a € (0,1) is a constant
which depends only on E.
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Using this terminology and denoting by F' the set of all points such that
the minimization problem (P) is well-posed, we note that De Blasi, Myjak and
Papini [3] proved, in fact, that the complement X \ F' is o-porous in X.

However, the fundamental restriction in all these results is that they hold
only under certain assumptions on the space X. In view of the Lau-Konjagin
result mentioned above these assumptions cannot be removed. On the other
hand, many generic results in nonlinear functional analysis hold in any Banach
space. Therefore the following natural question arises: Can generic results for
best approximation problems be obtained in general Banach spaces? In the
present paper we answer this question in the affirmative.

To this end, we change our point of view and consider a new framework. The
main feature of this new framework is that the set A in problem (P) may also
vary. In our first result (Theorem 2.1) we fix 2 and consider the space S(X)
of all nonempty closed subsets of X equipped with an appropriate complete
metric, say h. We then show that the collection of all sets A € S(X) for which
problem (P) is well-posed has a o-porous complement.

In the second result (Theorem 2.2) we consider the space of pairs S(X) x X
with the metric h(A, B) + ||z —yl||, where A, B € S(X) and z,y € X. Once again
we show that the family of all pairs (A, x) € S(X) x X for which problem (P) is
well-posed has a o-porous complement.

In our final result (Theorem 2.3) we show that for any nonempty separable
closed subset X of X, there exists a subset F of (S(X),h) with a o-porous
complement such that any A € F has the following property:

There exists a dense G subset F of X such that for any = € F' the mini-
mization problem (P) is well-posed.

The precise statements of these three theorems can be found in Section 2.
Section 1 contains more information on porous sets and the class of hyperbolic
spaces. Two auxiliary results are presented in Section 3. The proofs of Theo-
rems 2.1-2.3 are given in Section 4.

1. Porous sets and hyperbolic spaces

In this section we provide more information on porous sets and the class of
hyperbolic spaces. Let (Y, p) be a metric space. We denote by B, (y, ) the closed
ball of center y € Y and radius r > 0.

The following simple observation was made in [19].

PROPOSITION 1.1. Let E be a subset of the metric space (Y, p). Assume that
there exist ro > 0 and 5 € (0,1) such that the following property holds:

(P1) For each x € Y and each r € (0,r¢] there exists z € Y \ E such that
p(z,z) <r and By(z,Br)NE = 0.
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Then E s porous with respect to p.

PRrROOF. Let z € Y and r € (0,79]. By property (P1) there exists z € Y\ E
such that
p(z,z) <r/2 and B,(z,0r/2)NE ={.
Hence B,(z,0r/2) C B,(x,r)\ E and Proposition 1.1 is proved. O

As a matter of fact property (P1) can be weakened.

PROPOSITION 1.2. Let E be a subset of the metric space (Y, p). Assume that
there exist ro > 0 and 5 € (0,1) such that the following property holds:

(P2) For each x € E and each r € (0,7¢] there exists z € Y \ E such that
p(z,2) <r and B,(z,Br)NE = 0.

Then E is porous with respect to p.

PROOF. We may assume that 3 < 1/2. Let z € Y and r € (0,79]. We will
show that there exists z € Y\ E such that

(1.1) p(z,z) <r and B,(z0r/2)NE = 0.

If B,(z,r/4)NE = 0, then (1.1) holds with z = z. Assume now that B,(z,r/4)N
E # (). Then there exists

(1.2) x1 € By(z,r/4)NE.
By property (P2) there exists z € Y\ E such that
(1.3) p(z1,2) <r/2 and B,(z,0r/2)NE =0.
The relations (1.2) and (1.3) imply that
pl, 2) < p(z, 1) + p(1,2) < 3r/4.

Thus there indeed exists z € Y\ E satisfying (1.1). Proposition 1.2 is now seen
to follow from Proposition 1.1. d

The following definition was introduced in [19].

Assume that a set Y is equipped with two metrics p; and ps such that
p(z,y) < pa(z,y) for all z,y € Y and that the metric spaces (Y, p1) and (Y, p2)
are complete.

We say that a set E C Y is porous with respect to the pair (p1, p2) if there
exist 7o > 0 and « € (0,1) such that for each = € F and each r € (0,r] there
exists z € Y \ E such that ps(z,2) <r and B, (z,ar)NE = 0.

Proposition 1.2 implies that if E is porous with respect to (p1, p2), then it is
porous with respect to both p; and ps.

A set E C Y is called o-porous with respect to (p1,p2) if it is a countable
union of sets which are porous with respect to (p1, p2).
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As a matter of fact it turns out that our results are true not only for Banach
spaces but also for all complete hyperbolic spaces [7], [12]. We now recall the
definition of this important class of spaces.

Let (X, p) be a metric space and let R' denote the real line. We say that
amapping ¢ : R — X is a metric embedding of R! into X if p(c(s), c(t)) = |s—1|
for all real s and t. The image of R' under a metric embedding will be called
a metric line. The image of a real interval [a,b] = {t € R' : a <t < b} under
such a mapping will be called a metric segment.

Assume that (X, p) contains a family M of metric lines such that for each
pair of distinct points z and y in X there is a unique metric line in M which
passes through x and y. This metric line determines a unique metric segment
joining x and y. We denote this segment by [z,y]. For each 0 <t <1 there is
a unique point z in [z,y] such that

p(x,z) =tp(z,y) and p(z,y) = (1 —t)p(z,y).

This point will be denoted by (1 —t)x®ty. We will say that X, or more precisely
(X, p, M), is a hyperbolic space if

1 1 1 1 1
} —r @y, —x®-z) <=
(1.4) p<2z®2y,2x@22> < 5Py, 2)
for all z,y and z in X. An equivalent requirement is that
1 1 1 1 1
1. = —y, = —z | <=
(1.5) p(2x@2y,2w@2z) < 5 (plz,w) + p(y, 2))

for all x,y, 2z and w in X.

It is clear that all normed linear spaces are hyperbolic. A discussion of more
examples of hyperbolic spaces and in particular of the Hilbert ball can be found,
for example, in [5]-[7], [11], [12] and in references therein.

2. Main results

Let (X, p, M) be a complete hyperbolic space. For each x € X and each
A C X set

p(xz, A) = inf{p(z,y) : y € A}

Denote by S(X) the family of all nonempty closed subsets of X. For each
A, B € 5(X) define
(1) H(AB) = max{sup{p(e, B) : v € A}, sup{p(y, 4) 1y € BY)
and

H(A,B) = H(A,B)(1+ H(A, B))~%.
Here we use the convention that co/oco = 1. It is easy to see that H is a metric
on S(X) and that the space (S(X), H) is complete.
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Fix 6 € X. For each natural number n and each A4, B € S(X) we set
(2.2) hn (A, B) = sup{|p(z, A) — p(z,B)| : x € X and p(z,0) < n}

and
oo

h(A,B) =Y _[27"hn(A, B)(1+ hn(A, B))™'].
n=1
Once again it is not difficult to see that h is a metric on S(X) and that the
metric space (S(X),h) is complete. Clearly

H(A,B) > h(A,B) forall A,B e S(X).

We equip the set S(X) with the pair of metrics H and h.
We now state our three main results. Their proofs will be given in Section 4.

THEOREM 2.1. Let (X, p, M) be a complete hyperbolic space and let T € X.
Then there exists a set Q C S(X) such that its complement S(X)\ Q is o-porous
with respect to the pair (h, H) and such that for each A € §2 the following property
holds:

(C1) There exists a unique y € A such that p(T,y) = p(T, A). Moreover, for
each ¢ > 0 there exists 6 > 0 such that if x € A salisfies p(T,x) <
p(Z, A) + 9, then p(x,y) <e.

To state our second result we endow the Cartesian product S(X) x X with
the pair of metrics d; and do defined by

dl((A7 SL’), (va)) = h(AvB) + p(m,y),
d2((A’ .CE), (B7y)) = H(A7B) +p(x,y),
for z,y € X, A, B € S(X).

THEOREM 2.2. Let (X, p, M) be a complete hyperbolic space. There exists
a set Q@ C S(X) x X such that its complement [S(X) x X]\ Q is o-porous
with respect to the pair (dy,ds) and such that for each (A,Z) € Q the following
property holds:

(C2) There exists a unique §j € A such that p(z,y) = p(T, A). Moreover, for
each € > 0 there exists § > 0 such that if z € X satisfies p(Z,2) < §, B €
S(X) satisfies h(A, B) < 4, and y € B satisfies p(y, z) < p(z,B) + 0,
then p(y,y) < e.

In classical generic results the set A was fixed and x varied in a dense Gy
subset of X. In our first two results the set A is also variable. However, in our
final result we show that if X is a nonempty closed separable subset of X, then
for every fixed A in a dense G5 subset of S(X) with a o-porous complement, the
set of all x € X for which problem (P) is well-posed contains a dense G5 subset
of Xo.
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THEOREM 2.3. Let (X, p, M) be a complete hyperbolic space. Assume that
Xo is a nonempty closed separable subset of X. Then there exists a set F C S(X)
such that S(X)\ F is o-porous with respect to the pair (h, H) and such that for
each A € F the following property holds:

(C3) There exists a set F' C X which is a countable intersection of open
everywhere dense subsets of Xo with the relative topology such that for
each T € F there exists a unique §y € A for which p(z,y) = p(T, A).
Moreover, if {y;}32, C A satisfies lim; o0 p(Z,y;) = p(T, A), then y; —

Y as i — oo.

3. Auxiliary results

Let (X, p, M) be a complete hyperbolic space and let S(X) be the family of
all nonempty closed subsets of X.

LeMMA 3.1. Let A € S(X), z € X and let r,e € (0,1). Then there exists
T € X such that p(T, A) < r and for the set A= AU {z} the following properties
hold:
p(Z,T) = p(z, A),
ifz e A and p(Z,z) < p(T,A) 4+ er/4, then p(T,z) <e.

PROOF. If p(Z, A) < r, then the lemma holds with Z = Z and A = AU {Z}.
Therefore we may retrict ourselves to the case where

(3.1) p(Z, A) > r.
Choose zg € A such that
(3.2) p(x,x0) < p(T, A) +r/2.

There exists

(3.3) Te{v2® (1 —7v)zo:v€(0,1)}
such that
(3.4) p(T,x0) = r and p(Z,T) = p(T,x0) — 1.

Set A= AU {Z}. We have by (3.4) and (3.2),
p(@,7) = p(Z,x0) =7 < p(T,A) +1/2 =1 =p(x,A) — /2.

Therefore p(Z,T) = p(, A), and if z € A and p(Z,2) < p(Z, A) + r/2, then
x = T. This completes the proof of Lemma 3.1.
Before stating our next lemma we choose, for each € € (0, 1) and each natural

number n, a number

(3.5) ale,n) € (0,167 2%¢).
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LEMMA 3.2. Let A€ S(X), x € X and let r,e € (0,1). Suppose that n is
a natural number, let

(3.6a) a=ale,n)
and assume that
(3.6b) p(z,0) <n and {z€ X :p(x,0)<n}nA#0D.

Then there exists T € X such that p(T, A) < r and such that the set A = AU{Z}
has the following two properties:

(37) p(%v j) = p(%v g),
if
(3.8) yeX, p(y,z)<ar,

Be S(X), h(A B)<ar,

and

(3.10) z€ B, p(y,z2) <p(y,B)+er/l6,
then

(3.11) p(z,T) <e.

ProOOF. By Lemma 3.1 there exists * € X such that
(3.12) p(T,A)<r

and such that for the set A = AU {Z} the equality (3.7) is true and the following
property holds:

(3.13) If z € A and p(Z,z) < p(F, A) + er/8, then p(z,z) < £/2.

Assume that y € X satisfies (3.8) and B € S(X) satisfies (3.9). We will show
that

(3.14) p(7, B) < p(&, A) + 4ar16™.

By (3.8),

105, A) - p(@ A)| < ar.
Combined with (3.7) this implies that
The relations (3.7) and (3.6b) imply that

(3.16) p(,7) < p(z,A) <2n and p(T,0) < 3n.
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It follows from (2.2) and (3.9) that

han(A, B)(1 4 hun(A, B)) ™' < 2'"h(A, B) < 2""ar
and combined with (3.5) and (3.6a) this implies that
(3.17) han(A, B) < 2%ar(1 — 2*ar) ™t < 24" lar

Since T € A it now follows from (3.17), (3.16) and (2.2) that p(Z, B) < 24"+ ar
and there exists ¥ € X such that

(3.18) y€B and p(Z,7) < 2arl6™.

By (3.18), (3.8) and (3.7),

p(y, B) < p(y,9) < p(y,T) + p(T,Y)
< p(y,Z) + p(T,T) + 2ar16”™ < 2ar16" + ar + p(T, A)

This certainly implies (3.14), as claimed.
Assume now that z € B satisfies (3.10). It follows from (3.10), (3.14), (3.6a)
and (3.5) that

(3.19) p(¥,2) < p(7, B) +er/16 < p(F, A) + 4ar16™ + er/16 < p(F, A) + er/8.
The relations (3.19), (3.16) and (3.7) imply that
(3.20) p(T,2) < p(Z, A) +er/8 < 2n +1/8.
By (3.20), (3.8), (3.6a) and (3.6b),
(3:21) p(2,0) < p(2,9) + p(y.0) < 2n+7/8+ p(y,0)
<2n+r7r/8+p(y, %) + p(T,0) < 2n+7r/8+ar+n < 4n.
It follows from (3.17), (2.2), (3.10) and (3.21) that
p(z, A) = |p(z, A) = p(2, B)| < han(A, B) < 2ar16™.
Hence there exists z € X such that
(3.22) ZeA and p(z,3%) < 2arl6".
By (3.8), (3.22) and (3.10) we have

0(7,7) < p(E,5) + p(F 2) + pl2,7)
< ar+ p(y,z) + 2ar16™ < ar + 2ar16™ + p(y, B) + er/16.
It follows from this inequality, (3.14), (3.6a) and (3.5) that

p(%,2) < ar + 2ar16" + er/16 + p(T, A) + 4ar16™
< p(Z, A) + 8ar16™ +er/16 < p(T, A) +er/8.
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Thus

p(F,2) < p(T, A) +er/8.
Using this inequality, (3.22) and (3.13) we see that p(7,z) < ¢/2. Combining
this fact with (3.22), (3.6a) and (3.5) we conclude that

(2, %) < p(2,2) + p(Z,T) < 2arl6™ +¢/2 < e.

Thus (3.11) holds and Lemma 3.2 is proved.

4. Proofs of Theorems 2.1-2.3

PROOF OF THEOREM 2.1. For each integer k£ > 1 denote by € the set of
all A € S(X) which have the following property:

(P3) There exist 24 € X and d4 > 0 such that if € A satisfies p(z,7) <
p(T, A) + b4, then p(x,z4) < 1/k.
Clearly Q41 C Qk, k=1,2,... Set

Q:ﬂQk.

k=1

First we will show that S(X)\ € is o-porous with respect to the pair (h, H). To
meet this goal it is sufficient to show that S(X) \ € is o-porous with respect to
(h, H ) for all sufficiently large integers k.

There exists a natural number kg such that p(0,%) < ko. Let k > ko be an
integer. We will show that the set S(X)\ Q is o-porous with respect to (h, H).
For each integer n > kg set

Eu={AeS(X)\ QU :{z€ X :p(2,0) <n}NnA#0}.

By Lemma 3.2 the set FE,j is porous with respect to (h,f[) for all integers
n > ko. Since S(X)\ Q = U,_, Enr we conclude that S(X)\ ©y, is o-porous
with respect to (h, H). Therefore S(X)\ € is also o-porous with respect to
(h, H).

Let A € Q. We will show that A has property (C1). By the definition of
and property (P3), for each integer k > 1 there exist z; € X and §; > 0 such

that the following property holds:
(P4) If € A satisfies p(z,T) < p(Z, A) + 6k, then p(z,xx) < 1/k.
Let {#}2,; C A be such that

(4.1) lim p(Z, z;) = p(T, A).
Fix an integer k > 1. It follows from property (P4) that for all large enough
natural numbers ¢,

p(T,zi) < p(T, A) + 0 and  p(z;, x5) < 1/k.
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Since k is an arbitrary natural number we conclude that {z}°, is a Cauchy
sequence which converges to some y € A. Clearly p(z,y) = p(Z, A). If the mini-
mizer y were not unique we would be able to construct nonconvergent minimizing
sequence {z;}5°,. Thus ¥ is the unique solution to problem (P) (with x = )
and any sequence {z;}52, C A satisfying (4.1) converges to y. This completes
the proof of Theorem 2.1. O

PrROOF OF THEOREM 2.2. For each integer k > 1 denote by )i the set of
all (A,7) € S(X) x X which have the following property:
(P5) There exist Z € X and & > 0 such that if z € X satisfies p(x,7) < 9,

B € S(X) satisfies h(A, B) < 6, and y € B satisfies p(y, x) < p(z, B)+9,
then p(y,Z) < 1/k.

Clearly Q11 C Qk, k=1,2,... Set

Q= ﬁ Q.
k=1

First we will show that [S(X)x X]\Q is o-porous with respect to the pair (di, dz).
For each pair of natural numbers n and k set

Enr ={(A4,2) € [S(X) x X]\ Qi : p(z,0) <n, B,(0,n) NA#0D}.

By Lemma 3.2 the set E,j is porous with respect to (di,ds) for all natural
numbers n and k. Since

1500 x X1\ 2 = U500 x X1\ 20 = U U B
k=1

k=1n=1

the set [S(X) x X]\ Q is o-porous with respect to (di,ds), by definition.

Let (A,7) € Q. We will show that (A, Z) has property (C2).

By the definition of Q) and property (P5), for each integer k > 1 there exist
xr € X and 6 > 0 with the following property:

(P6) If x € X satisfies p(z,Z) < dx, B € S(X) satisfies h(A, B) < dj, and

y € B satisfies p(y, z) < p(z, B) + 0, then p(y,x) < 1/k.
Let {2;}2; C A be such that

(4.2) lim p(Z, z;) = p(T, A).

11— 00
Fix an integer k > 1. It follows from property (P6) that for all large enough
natural numbers ¢,

p(‘%a zl) < p(%?A) +6k7 and p(ziaxkt) < l/k

Since k is an arbitrary natural number we conclude that {z;}$2; is a Cauchy
sequence which converges to some y € A. Clearly p(z,y) = p(z, A). It is not



406 S. REICH A. J. ZASLAVSKI

difficult to see that ¥ is the unique solution to the minimization problem (P)

with z = z.
Let € > 0. Choose a natural number k > 4/ min{1,e}. By property (P6),
(43) oG, 7x) < 1/k.

Assume that z € X satisfies p(z,7) < o, B € S(X) satisfies h(A, B) < §;, and
y € B satisfies p(y,2) < p(z, B) + 0. Then it follows from property (P6) that
ply,z) < 1/k. Combined with (4.3) this implies that p(y,y) < 2/k < e. This
completes the proof of Theorem 2.2. O

PROOF OF THEOREM 2.3. Let {z;}32; C X, be an everywhere dense subset
of Xy. For each natural number p there exists a set F, C S(X) such that
Theorem 2.1 holds with & = z;, and Q@ = F,. Set F = (2, Fp. Clearly
S(X) \ F is o-porous with respect to the pair (h, H).

Let A € F and let p > 1 be an integer. By Theorem 2.1, which holds with
Z = x, and Q = F,, there exists a unique 7, € A such that

(4.4) p(@p, Tp) = p(zp, A)
and the following property holds:
(P7) For each integer k > 1 there exists d(p, k) > 0 such that if z € A satisfies
p(x,zp) < p(zp, A) + 46(p, k), then p(z,T,) < 1/k.

For each pair of natural numbers p and k set
Vip, k) ={z € Xo:p(z,z,) <d(p,k)}.

It follows from property (P7) that for each pair of integers p, k > 1 the following
property holds:
(P8) If x € A, z € Xy, p(z,2p) < 0(p, k) and p(z,x) < p(z, A) +6(p, k), then
pla.T,) < 1/k.
Set

F=) [U{V(p,k);p=1,2,...} .
k=1

Clearly F' is a countable intersection of open everywhere dense subsets of Xj.
Let « € F. Consider a sequence {x;}°, C A such that

(4.5) Jim pa, zi) = p(z, A).

Let ¢ > 0. Choose a natural number k > 8!/ min{1,e}. There exists an integer
p > 1 such that # € V(p, k). By the definition of V(p,k), p(z,x,) < d(p, k).
It follows from this inequality and property (P8) that for all sufficiently large
integers 1, p(x,x;) < p(z, A) + 6(p, k) and p(z;,%p) < 1/k < /2. Since ¢ is an
arbitrary positive number we conclude that {z;}$2; is a Cauchy sequence which
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converges to y € A. Clearly ¥ is the unique minimizer of the minimization prob-
lem z — p(z, z), z € A. Note that we have shown that any sequence {z;}2, C A
satisfying (4.5) converges to y. This completes the proof of Theorem 2.3. d

REMARK. As a matter of fact, Theorems 2.1-2.3 hold for a wider class of
complete metric spaces. This is because the inequality (1.4) (equivalently, (1.5))
was not used in their proofs. We emphasize, however, that all our results are
new even in Banach spaces.

Note added in the proof. It has recently come to our attention that
F. S. De Blasi and J. Myjak used the product space approach to obtain genericity
results pertaining to best approximation problems in Banach spaces. See their
papers On the minimum distance theorem to a closed convex set in Banach space,
Bull. Acad. Polon. Sci. 29 (1981), 373-376, and On almost well posed problems
in the theory of best approximation, Bull. Math. Soc. Sci. Math. R. S. Roum
28 (1984), 109-117.
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