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REACTION-DIFFUSION EQUATIONS
ON UNBOUNDED THIN DOMAINS

FRANCESCA ANTOCI — MARTINO PRIZZI

ABSTRACT. We prove existence and upper semicontinuity of attractors for
a reaction-diffusion equation on a family of thin unbounded domains col-
lapsing onto a lower dimensional subspace.

1. Introduction

In their paper [7] J. Hale and G. Raugel posed the following problem. Con-
sider an evolution equation on a spatial domain 2 and assume that € is small
in some direction: to what extent is it possible to approximate the model by
mean of an equation on a lower dimensional spatial domain? Is it possible to
determine the approximant?

This problem is particularly interesting in the case of equations generating
dissipative dynamical systems. In fact, if such systems satisfy some additional
compactness properties, they possess compact global attractors, which retain
most of the dynamical information. It is then possible to express the concept of
closeness of two semiflows in terms of the Hausdorff distance of their attractors.

A typical example is given by reaction-diffusion equations of the form

w=Au—du+ f(u)+g¢g in ]0,00[ X Qe,
1) ou =0 in 0, co[ x 99,
ov.
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where (Q¢)es0 is a family of open bounded domains collapsing onto some lower
dimensional subspace. In [7], Hale and Raugel treated in detail the case of
domains of the form

(1.2) Q. ={(z,y) |z €wand 0 <y < eh(x)},

where w is an open bounded domain and h is a smooth positive function defined
on w. They identified a limit equation and proved convergence of the semiflows
and upper-semicontinuity of attractors. Also, if w is an interval in R, they
constructed a family of inertial manifolds for equations (1.1).

Domains of the form (1.2) are very special: in particular, they are not allowed
to exibit holes or other horizontal branches. A much more general class of thin

domains, namely domains of the form
(1.3) Q. = {(z,ey) e RV | (2,9) € O},

where 2 is an open bounded domain, was investigated by Prizzi and K. Ry-
bakowski in [13]. They developed an abstract framework for the analysis of such
problems, based on a property of strong spectral convergence (i.e. convergence
of eigenvalues and eigenfunctions) satisfied by the linear part of the equation.
In [14], under some additional conditions on €, they established also the ex-
istence and the persistence of large gaps in the spectra of the corresponding
linear operators and they used this property to construct inertial manifolds for
equation (1.1). Some applications of the Conley index to thin domain problems
are contained in the recent paper [4] of M. Carbinatto and K. Rybakowski. For
more references, the reader is referred to the Montecatini lecture notes [15] by
G. Raugel.

If the domains Q. are unbounded, the semiflows generated by (1.1) might
loose their compactness properties. Establishing the existence of compact global
attractors becomes then itself an interesting task. In [2] Babin and Vishik over-
came the difficulties arising from the lack of compactness by introducing weighted
Sobolev spaces. The choice of weighted spaces, however, imposes some severe
conditions on the forcing term g and on the initial data. Very recently, Wang
([18]) established the asymptotic L2-compactness of the semiflows and conse-
quently the existence of global (L? — L?) attractors for reaction-diffusion equa-
tions on RY (or, more generally, on unbounded subdomains of RY) avoiding
the use of weighted spaces. It is then natural to ask whether convergence results
similar to those in [7] and [13] hold also in the case of a family of unbounded thin
domains. However, since the techniques developed in [7] and [13] rely heavily
on the compactness of the resolvent operator of A, in order to deal with general
unbounded domains a different approach is needed. Spectral convergence has to
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be replaced by strong resolvent convergence, and a stronger version of Trotter-
Kato Theorem has to be established. Moreover, following Wang’s pattern, some
uniform asymptotic L2-compactness of the semiflows has to be proved. Finally,
asymptotic H'-compactness has to be recovered by a continuity argument similar
to that of [12].

In the present paper, we identify a limit equation for the family (1.1) when
Q, € > 0, are unbounded domains of the form (1.3). We prove convergence of
the semiflows and upper-semicontinuity of attractors in the H!-strong topology.
The limit problem turns out to be an abstract semilinear parabolic equation on
the subspace of H' consisting of the functions whose partial derivatives in the y
directions vanish. As in [13], under suitable conditions this abstract equation can
be characterized as a system of concrete reaction-diffusion equations in IV spatial
variables, coupled by compatibility and balance conditions at the boundaries. We
shall not treat here this aspect of the problem, and we refer the reader to [13]
for further details.

The paper is organized as follows. In Section 2 we introduce notations and
some necessary preliminaries. In Section 3 we deal with the linear problems asso-
ciated to (1.1): in particular we establish a stronger version of the Trotter—Kato
Theorem, which ensures convergence of the corresponding linear semigroups. In
Section 4 we study the nonlinear problems (1.1); we prove convergence of the cor-
responding semiflows and we establish the existence of absorbing sets for them.
In Section 5, we prove uniform asymptotic compactness of the semiflows, and
finally we deduce existence and upper-semicontinuity of attractors.

2. Notation and preliminaries

Let © C RN x Bgr(0,1) be a Lipschitz open, possibly unbounded, domain in
RY x RP, where Bgr(0,1) is the open ball of radius one centered at zero in RY.
We write the points of RY x RF as (x,%), with z € RN and y € R”. Through-
out the paper, V, and V, denote the gradient in RY and RP, respectively.
Analogously, A, and A, denote the Laplacian in RV and R”.

For 0 < & < 1, we define Q. := T.(Q), where T.: RN x R — R¥ x R is the
mapping (z,y) — (x,ey). We consider the family of reaction-diffusion Neumann
problems
(2.1) Ju
v,
where v, is the outward normal to 0€2.. We make the following assumptions:

ug = Au— A+ f(u) + g(x) in 0, 00[ x Q,
{ =0 in ]0, co[ x 99,

(2.2) A>0, ge L*RY),
(2.3) F(0)=0, f(s)s<0, f'(s)<C forallsceR,
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(2.4) 1£/(s)] < C(14s]®) forall s € R,

where C' is some positive constant and
0<p if (N+P)=2,
0<p<(2*/2)—1 if (N+P)>3,
where 2* = 2(N + P)/(N + P — 2). Rescaling the y variables by the factor 1/e,
we see that (2.1) is equivalent to the family of problems

(2.5)

1

up = Agu+ 5 Ayu — du+ f(u) +g(x) in ]0,00[ x €,

(2.6) 5 B
) U 1 Ou

—+5-—=0 in |0 o0

v, €20y, in J0, 00[ x 99,
on the fixed domain 2, where v = (v,,v,y) is the outward normal to 9Q. We
denote by H(Q) the Hilbert space H'(Q) endowed with the norm

wm5=(Aqum2mw

1 1/2
+?/ |Vyu(x,y)|2dxdy—|—/ u(z,y)? da:dy)
Q Q

and by a. the bilinear form
(27) aue) = [ Voula,y) Vaoo,y) dody
Q

1
+ 2 /Q Vyu(z,y) - Vyv(z,y) de dy,

defined for u,v € H'(Q). Besides, we denote by (-, -) the standard inner prod-
uct in L?(2). Finally, Ac: D(A.) C H'(Q) — L3() is the linear self-adjoint
operator associated to the bilinear form a., defined by

D(A.) := {u € H' | there exists w € L? such that
(2.8) for all v € H' : a.(u,v) = (w,v)},

Acu:=w, ué€ D(A,).
Notice that H'(Q) = D((A: + I)'/?) and

ac(u,v) + (u,v) = (Ae + DY 20, (A. + DY),  u,v € HY(Q).

Since the Nemitski operator fgenerated by f turns out to be a locally lipschitzian
map from H'(Q2) to L?(Q2) (see Proposition 4.1 below), equation (2.6) can be
formulated as the abstract equation

(2.9) i+ Acu+ Au = f(u) + g,

in the space L?(Q2). By classical results on abstract semilinear parabolic equa-
tions (see [9]), equation (2.9) defines a local semiflow m. in the phase space
HY(Q).
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As we are interested in the behaviour of the solutions of (2.9) as ¢ — 0, we
immediately observe that, for u € H'({), we have

{ /Q \Veu(z,y)?dedy if Vyu=0 ae.

(2.10) lim ac(u,u) =
0 .
00 otherwise.

£—

Thus we are lead to consider the closed subspace of H!(Q) consisting of all
functions u € H'(Q) such that V,u = 0. We denote this space by H!() and
we endow it with the norm

1/2
lull 1 2= (/ |V ou(z,y)|? dacdy—l—/u(w,y)dedy) .
Q Q

Moreover, we denote by ag the bilinear form
(2.11) agp(u,v) == / Veu(z,y) - Vyu(z,y) de dy,
Q

defined for u,v € H!(Q). We define L%(Q) to be the closure of H!(Q) in L?(1).
Finally, Ag: D(Ag) C HL(Q) — L2(R) is the linear self-adjoint operator associ-
ated to the bilinear form ag, defined by

D(Ap) := {u € H} | there exists w € L? such that
(2.12) for all v € H}, ag(u,v) = (w,v)},

Aou :=w, u€ D(Ay).
Again notice that H! () = D((Ag + I)*/?) and

ao(u,v) + (u,v) = ((Ag + 1) ?u, (Ao + 1)V/?0),  u,v € HX(Q).

As in the case of a bounded domain considered in [13], the natural candidate for
being a “limit” equation for the family (2.9) is the abstract semilinear parabolic
equation

(2.13) u+ Aou + Au = f(u) + g,

in the space L%(Q).

3. The linear problem

In this section we discuss some properties of the operators A. and Ay, defined
by (2.8) and (2.12), and of the corresponding linear semigroups e~“4<*, e=40t, In

—Aot | First, we recall

particular we prove some strong convergence of e 4t toe
that, since the operators A., € > 0, are self-adjoint and positive, there exist two

positive constants o and M such that, for v € L?(2) and for ¢ > 0,
e Aetu 2 < Me®||ul| 2, t>0,

3.1
(3:1) ||67A5tu||H£1 < Mtfl/QeO‘tHuHLz, t> 0.
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and, for u € L2,

_AotuHLg < Me“‘t||u|\Lg, t>0,

(3.2)
el 1 < Mt=2e* Jul| 2, > 0.

The constants a and M can be chosen independent of ¢; this is a straightforward
byproduct of the spectral representation of the semigroups (see e.g. [10]). The
family of quadratic forms (Q:)c>0, corresponding to the bilinear forms (ac)e>0,
is increasing and converges pointwise to the quadratic form

Qofu) = { ao(u,u) if ue HX(Q),

00 otherwise.

It is well known (see e.g. [5]) that this is enough to detect convergence of A, to
Ap in the strong resolvent sense in L?(Q2). However, for our purposes, we need a
more precise result:

LEMMA 3.1. Let (en)nen be a sequence of positive numbers, €, — 0 as
n — oo. Let (wn)nen be a sequence in L*(Q), let wy € L2() and assume
that w, — wq in the strong topology of L?(Q). Let

Up = (Ae, + I)_lwn, ug := (Ao + I)_lwo.
Then
|tn —wollzr — 0 asn — oo.

PRrROOF. For any v € H(f2), we have

1
(3.3) /vaun(x,y)‘vmv(%y) dwdy+;2/ﬂvyun(ﬂc,y)~Vyv(x,y)dxdy

n

4 /Q n (2, )0 (. ) da dy = /Q wn(, y)ola, y) da dy.

Choosing v = u,, in (3.4), we obtain that (u,)nen is bounded in H*(Q). It
follows that there exists u € H'(Q) such that, up to a subsequence, u,, — % in
the weak topology of H'(2). Moreover, V,u, — 0 in the strong topology of
(L%(Q2))M. Then V,u = 0, so u € H!(£2). Choosing v € H!() and passing to
the limit in (3.4), we obtain

(3.4) /vaﬂ(x,y) - Vyu(z,y) de dy

-|-/Qﬂ(x,y)v(x,y) dxdy:/ﬂw(a:,y)v(x,y)dzdy.
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Since v € H1(Q) is arbitrary, we have that uw = (Ag + I) " 'wg = ug. Finally, we
have

/IVzuo(w,y)Ideder/uo(xyy)2d:rdy
Q Q

n—0o0

< liminf (/ |V$un(m,y)\2daﬁ dy
Q
+ [yt oy + | un<w,y>2dxdy>
Q Q

< lim sup (/ Vaoun (2, y)|? dz dy
Q

n—oo

+ [yt Pdrdy + | un<x,y>2dxdy)
Q Q

n—oo

< lim ( [ Vatalaf? dray
Q
1
+7/ IVyun(m,y)Ideder/un(%y)dedy)
€n JO Q

= Jim | wal@ y)un(e,y) dody = / wo (2, y)uo(z, y) di dy
Q

n—oo Q
- / IV auo(e,y)[? de dy + / wo(e,y)? de dy.
Q Q

It follows that u, — wug in the strong topology of H'(Q). Moreover,
1

22
E'V’L

/ \Vyun(z,y)|?drdy — 0 asn — oo,
)

and hence [|u, —ugllg: — 0 as n — oo. O

In view of Lemma 3.1, Trotter—Kato Theorem implies that, whenever (&, ) nen
is a sequence of positive numbers, €, — 0 as n — oo, then for every ug € L2(),

—A

e Entuo —e 4

‘)tuo as n — oo
in the strong topology of L?(Q2). However, we need a stronger convergence result:

PROPOSITION 3.2. Let (e,)nen be a sequence of positive numbers, e, — 0
asn — 00. Let (un)nen be a sequence in L*(S2), let ug € L2(Q) and assume that
Un, — ug in the strong topology of L*(Y). Then

(3.5) e~ Aentu, — eiAotu()HHE; —0 asn—
uniformly on [t1,ts] for every [t1,t2] C 10, 00].
The proof of Proposition 3.2 follows essentially that of the classical Trotter—

Kato Theorem (see e.g. [17]). Therefore, we give only a sketch of the proof,
pointing out the necessary modifications.
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PROOF OF PROPOSITION 3.2. First of all, observe that

A

lle™en b, — =g
.

< ||6*Asntun — e*AantUOHHEln + ||e*Aantu0 — e*Aot’LLQHHEln

< MtV up — g 12 + e~ Aentug — e~ ug| 1 .

Hence, it is sufficient to show that

|e=Aentuy — e_AOt'LLOHHEl —0 asn—o0
n

uniformly on [t1,t2] for every [t1,t2] C ]0,00[. A straightforward computation
shows that, if ug € L2(€2),

(Ae, + )7 (et —eAen)(Ag + 1) Mug
t
_ / e~ A (=9 (A9 + 1)L — (Ao, + )~ Ve 405 ds.
0

Applying to both sides the closed operator (A., + I)'/?

(3.1), we find that

and taking into account

I(Ae, + D)2 (As, + 1) e 0! — eent) (Ag + 1) Mg |2

t
< / Me* U I||(A, + DV (Ao + )" = (A, + 1) e 4% ug|| 2 ds.
0

By Lemma 3.1, the integrand converges to 0 uniformly on [0,¢1] for every ¢; > 0.
Hence, we obtain that for every yo € D(A4y),

(3.6) I(Ae, + I)l/Q(Agn + I)_l(e_A"t - eAEnt)yOHLz —0 asn— oo

uniformly on [0,¢1] for every ¢; > 0. By a standard density argument one can
easily show that (3.6) holds for yo € L2(9). Now, let ug € L%(2). We have

I(Ae,, + D)2 (e — e Aen?)(Ag + 1) g 2
<|[(Ae, + DY (e Aent(Ag + )7L — (Ac, + 1) te Aent)ugl| 12
+1(Ae, + D2 (Ac, + 1)~ e 0! — e AenYug| 2
+I(Ae, + DV((Ae, + D)7 lem 0t — e AN Ag + 1) Vug|| 2

By Lemma 3.1 and in view of (3.6) and (3.1) we obtain that, for every yy €
D(Ao),

(3.7 |(Ae, + I)2 (e A0t — e Aeatyygll 2 — 0 as n— oo

uniformly on [0, 1] for every t; > 0. In order to recover (3.7) for yo € L%(Q), we
use again a density argument. However, the situation here is more delicate than
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before, so we give the details. Let yo € L2(2). For every n > 0, there exists
2o € D(Ap) such that |lyo — 20l|r2 < 1. Now,

I(Ae, + D)2 (et —em Aoty 2 < |[(Ae, + D2 (e — e Aent)z] 2
+[1(Ae, + D)2 — et (yo — 20) | 2

The first summand in the right hand side tends to 0 as n — oo by (3.7), so we
just need to estimate the second summand.

[(Ae, + 1)H2 (e — emAent) (yg — 20)]| 2
< I(Ae, + D)V 2e Aent (yo — 20) |12 + I(Ae,, + 1) 2e™ % (yo — 20) | 12

By (3.1) we get
(3.8) II(Ae, + I)l/Qe_Agnt(yo —z20)|lz2 < Mt=1/2eoty,
on the other hand,

(A, +1)!2e™ " (yo — 20)1 7

—Aot( —Aot(

Yo — 20)|1 72 + ac, (e Yo — 20), € O (yo — 20))
= [le™" (yo — 20) |7 + ao(e™ " (yo — 20), e~ (3o — 20))

= [[(Ao + 1) /%e= " (yo — 20) |72
By (3.2) we get
(3.9) (A, +1)'2e™ 0 (yo — 20) | 2 < Mt~ 1/2e).
Since 7 is arbitrary, we finally obtain that
I(Ae, + D)2 (e — e Aent)ygll e =0 asn — oo
uniformly on [tg,t1] for every [to, t1] C |0, ool O

REMARK. In [13] the authors obtained a convergence result analogous to
that of Proposition 3.2, by first proving a spectral convergence result for the
family of operators (A. )~ and then using the representation of the linear semi-
groups on suitable bases of eigenfunctions. Here, since the operators A, and Ay
might not have compact resolvent, we used a different approach based on strong
convergence of the resolvents. This approach seems to be even simpler and of
course it could be applied as well to the problem considered in [13]. On the other
hand, spectral convergence retains much more information than simple resolvent
convergence. For example, in some cases, spectral convergence is very impor-
tant in establishing the persistence of large gaps in the spectrum of the linear
operators A.. This property was used in [14] to construct inertial manifolds for
equations (2.9) and (2.13).
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4. The nonlinear problem

In this section we consider the nonlinear equations (2.9) and (2.13). We
begin by establishing some regularity of the Nemitski operator generated by f.
Assume that (2.2)—(2.5) hold. The following result is well known; for a sketch of
the proof see [12].

LEMMA 4.1. The assignement u — f ou defines a map f HY(Q) — L3(),
which is Lipschitz continuous on every bounded set in H'(Q). Moreover, when-
ever u, u1, ug € HY(Q) and ||u1|| g1, [|uz|lg < R, the following estimates hold:

n 1
IFllze < Cr(llullze + ullf ™),
1f(ur) = Fluz)|lr2 < Ci(1+ RO)ur — uz g

Here C1 is a positive constant.

~

LEMMA 4.2. Let u € D(A¢). Then (f(u), Acu) < Cac(u,u), where C is the
constant of conditions (2.3), (2.4).

ProoF. For n € N, choose a function h,, € C*(R), with 0 < &/, (s) <1 for
all s € R, such that
s if —n <s<n,
ho(s) =< n+1 if 2n <'s,
—(n+1) ifs<—2n.

Define f, := f o h,. By (2.3), it follows that f,(0) = 0, |f},(s)| is bounded
on R and f/(s) < C for all s € R. By Proposition IX.5 in [3], it follows that
fnou€ HY Q) and V(f, ou) = (f, ou) - Vu. Then, for all n € N, we have

<ﬁl(u)7 As“) = as(ﬁl(“)?”)
= /Qfé(u(x,y)) <qu($7y)|2 + ;VyU(x,y)F) dz dy

1
<0 [ (IVauto) + 519,060,001 dody = Caclu,u)
Q

The proof will be complete if we show that f, ou — fowu in L?(2) as n — oo.
This is true since f,,(u(z,y)) — f(u(z,y)) almost everywhere in Q as n — oo
and the estimates

| fulu(z,y))| < C(lulz,y)| + [ulz,y)| "),
|f(u(z,y))| < C(lulz,y)| + [u(z, y)| )

hold. The conclusion follows from the Lebesgue dominated convergence theo-
rem. g

By the same argument one can also prove the following
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LEMMA 4.2. If u € HY(Q), then f(u) € L3(Q). Moreover, if u € D(Ay),

~

then (f(u), Agu) < Cag(u, u).

Let € > 0, let w. € H*(2) and let us consider the Cauchy problem

{@+A€v+m=f(v)+g,

4.1
“.1) v(0) = ..

Moreover, let g € H!(Q2) and let us consider the Cauchy problem

{@+on+Av=f<v>+g,

4.2) v(0) = .

By classical results on abstract semilinear parabolic equations (see [9]), equations
(4.1) and (4.2) define local semiflows 7. and 7 in the phase spaces H'(f) and
HL(Q), respectively. We have the following

LEMMA 4.4. Let u.:[0,T[— HY(Q) be the maximal solution of the Cauchy
problem (4.1). If |[uc||L2 < R, then, fort € [0,T],

2
el < e m2 4 100
PrOOF. For t €]0,T], we have
d1 ) .
(Dl = (ue0), (1)
= (ue(t), —Acuc(t) — Aus(t) + f(u:(t) + 9)

By (2.3) we get

%§Ilus(t)|liz + e (ue (), us () + Alue (1)1 22

It follows that

d 2 2 ”9”%2
Zplue@llze + Mlue @)z < ==
Multiplication by e* and integration yields
_ lgllZ
(4.3) luc(®)[72 < e M uc(0)[|7 + )\2L2’
and the conclusion follows. O

An analogous result holds for the H!-norm of the solutions:
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LEMMA 4.5. Let u.:[0,T[— HY(Q) be the maximal solution of the Cauchy
problem (4.1). There exist two positive constants K1 = K1(C, \), Ko = Ko(C, \),
such that, if |[uc||zy < R, then, for t € [0,T7,

lue ()1 < KiR?e™ + Ks|g]|7-.
ProoF. For t €]0,T[ we have

d1 .
ﬁiaa(us(t)a UE(t)) = <A5u8(t),ug(t)> )
= (Acuc(t), —Acuc(t) — Auc(t) + fuc(t)) +g)
- ||A5u5(t)||2L2 — Aae(ue(t), ue(t) + (Acuc(?), A(us(t)» + (Aeue(t), g).

By Lemma 4.2 and by Young inequality we obtain

e (1), (1) <~ s (02 — 200 O (s (), 0. () + g3

Let v > 0 and let v € D(A.). We have

(4.4)

v 1
a=(v,v) < S Avllze + 5 [vlIZe,

whence
2 1
(4.5) —lAcvlZe < —Zae(v,0) + llela.

By (4.4) and (4.5), choosing v := (A + |A — C|)~, we obtain
4
dt

By (4.3)

4
dt

ac (ue (1), uc(t)) < =2Xac(uc(t), ue(t)) + %Ilus(t)lliz +llgllz.

[@ell7: - 1
ac(ue(t), ue(t)) + 2Xac (uc(t), uc(t)) < TLS My 1+ 22 HgH%ﬁ

Multiplication by €2 and integration yields

= |2
_ _ U _ 1 1
as(us(t), Ue(t)) S e 2>\ta€(u€7u6) + %6 At + ﬁ <]— + W) ||g||%2
and the conclusion follows. O
As a consequence, we have the following result:

PROPOSITION 4.6. Let u.:[0,T][ — HY(Q) be the mazimal solution of the
Cauchy problem (4.1). Then
(1) T =0,
(2) if l[Tcl|zr < R, then, for everyt > 0, ||u5(t)H%,El < K1 R? + Ky g3,
with Ky and Ky independent of €,
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(3) there exists a positive constant K and for every R > 0 there exists
T =T(R) > 0 such that, whenever |[uc| g1 < R, |Juc(t)|z: < K for all
t > T(R). Both K and T'(R) are independent of €.

In particular, for every e > 0, the set {u € H'(Q) | ||lullg: < K} is an absorbing
set for the global semiflow ..

Analogous results hold also for the solutions of (4.2). In particular, we have:

PROPOSITION 4.7. Let ug: [0, T[— H(Q) be the mazimal solution of the
Cauchy problem (4.2). Then
(1) T =0,
(2) if |[@ollgr < R, then, for everyt > 0, ||u0(t)|@[§ < K1R? + Ks||g|3.,
(3) there exists a positive constant K and for every R > 0 there exists
T =T(R) > 0 such that, whenever |[uo|| g1 < R, [[uo(t)|m: < K for all
t>T(R).
In particular the set {u € HL(Q) | ||lul|g: < K} is an absorbing set for the global
semiflow mg. O

We remark that the estimates in Propositions 4.6 and 4.7 are uniform with
respect to e. We are now in a position to state our first important continuous-
dependence result:

THEOREM 4.8. Let (e5)nen be a sequence of non-negative numbers, let g >
0, and assume that €, — €o. Let (up)nen be a sequence in HY(Q) (u, € HX(Q)
if en, = 0) converging in the norm of L*(Q) to some ug € H*(Q) (ug € H(Q) if
g0 = 0). Assume also that there exists a positive constant R such that |[u,|[g: <
R foralln € N ([lup|lgr < Rife, =0). Letb € ]0,00[. Then, for everyt € ]6,1)]

and every sequence (tn)nen in ]0,b] converging to t,

e, (tn, un) = e (8, uo) |2, — 0 as n — oo.

PRroOF. In the case g9 = 0, Theorem 4.8 can be proved exactly like Theo-
rem 5.1 in [13]. In fact, the proof relies only on the convergence of the linear
semigroups (Proposition 3.2), on the Lipschitz continuity of f and on the well
known singular Gronwall Lemma due to D. Henry ([9, Lemma 7.1.1]). The case
g0 > 0 is even easier, since it is a regular perturbation problem (for a sketch of
the proof, see also [12]). O

5. Existence and upper semicontinuity of attractors

In the last section we have seen that the semiflows 7., € > 0, possess absorb-
ing sets in the H'-topology. In order to prove existence and upper semicontinuity
of attractors, we need to establish some compactness of the semiflows .. Since
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the domain 2 is unbounded, the nonlinear map n.(¢, -) might not be compact.
However, as we shall see, it is asymptotically compact, that is, whenever (u,)nen
is a bounded sequence in H1(2) and t,, — oo, the set {m.(tn,u,) | n € N} is
precompact in H!(£2). The following crucial lemma is essentially due to B. Wang
(see [18]). Wang’s result deals with a single equation on a fixed unbounded do-
main. Here we present a slightly modified version of it, which gives estimates,
independent of ¢, for the entire family of problems (4.1).

LEMMA 5.1. Let uc: Ry — HY(Q) be the solution of the Cauchy problem
(4.1), with [[Tc| g2 < R. Then, for everyn > 0, there exist two positive constants
k and T such that for everyt > T and k > k,

/ |ue (t, 2, y)* do dy < 1.
Qn{|z|>k}

The constants k and T depend only on R and n and are independent of €.

PROOF. Let 6 : R; — R be a smooth function such that 0 < 6(s) < 1 for
s€Ry, 0(s)=0for 0<s<1and0(s)=1"fors>2. Let D:=supy,p, |0'(s)]-
For k € N, let us define the multiplication operator

Or: H(Q) — HY(Q), (Oru)(x,y) = 9( i ) (z,y).
We have

kQ
d1 |z[? 2
dtQ/QQ( )|Us(t z,y)|” dx dy

= & S (Opet) ue()) = (Oue(1), i (1)

)
= (O (t), —Acuc (t) — Mu(t) + f(u(t)) + g)
= — ac(Opus(t), ue(t)) — MOrue(t), us(t))
+ (Okuc(t), Flue (1)) + (Oruc(t), 9).
By (2.3) we get

d

2 (Ontie (t), ue (t)) + 2X(Okuc (1), ue (1))

< —2a.(Oguc(t), uc(t)) + 2(Oruc(t), ).

Since

oc(@ra(t) () = [ e('x'g)w ue(t, ) de dy

2
2
/9/<k|2 )ug(t x y)]€ z - Vyue(t,x,y) de dy

L |QU|2 2
—|— |Vyue(t, z,y)|" dz dy,
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it follows that

_aa(ekuef(t))us(t)) S _/Qel ()us(t,x,y);x : kus(t7m7y) d.f dy

<2 et 2, ) [V e 0 )] i dy
on{k<|z|<vik} K

2v/2D

ko Jongr<izi<van

22D
= s ()] 22| Ve ()] 22

S |u6(t7x7y)||v$u5(t71‘7y)‘dl‘dy

<

So, by Proposition (4.6), for ¢t > T'(R), we have

2V/2DK?

—a=(Ouc(t), uc(t) < =

Let n > 0 and choose k = k(n) such that
2V2DK?
— <
k
Then for ¢t > T(R) and k > k(n), we obtain

%(@kug(t), ue (1)) + 2M(Opuc(t), uc (1)) < 2n+ 2(Okuc(t), g).

By Young inequality we have

(Oruc(t), 9) < = (Oruc(t), u(t)) + 21)\/99(|z|2>g(x,y)2 dx dy.

Since g € L?(f2), there exists k¥’ = k’(n) such that, if k > k/(n),

1 ‘CL’|2 2
B3N Qe el g(z,y)" drdy <.

So we obtain that for ¢ > T(R) and for k& > max{k(n), k" (n)},

%(@kug(t), ue (1)) + MOpuc(t), uc(t)) < 3n.

t

Multiplication by e* and integration yields

M (Opuc(t), uc(t)) — T (Opus (T(R)), ue (T(R))) < 4%76/\1‘/

for t > T(R). It follows that for t > T'(R)

(©e(0) e (1) < e T (@ (T(R)), ue(T(R))) + 5

< AT 2 4;\7
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Finally, for t > T(R) + A~ log(n~!) and for k > max{k(n), k' (n)}, we get
jz/? 4

/ luz(t, 2,y)|? do dy < / 9( 2 )lus(tx,y)2dwdy < (K2 + )n,
Qn{|z|>v2k} o \k A

and the proof is complete. O
Similarly, one can prove

LEMMA 5.2. Let up:Ry — HL(Q) be the solution of the Cauchy problem
(4.2), with [[To||g: < R. Then, for everyn > 0, there exist two positive constants
k and T such that for everyt > T and k > k,

/ luo(t, z,y)[* do dy <.
QN{|z|>k}

The constants k and T depend only on R and 7.
Now we are able to state and prove our first compactness result:

THEOREM 5.3. Let (e5)nen be a sequence of non-negative numbers, let g >
0, and assume that €, — €o. Let (un)nen be a sequence in H* () (u,, € HL(Q) if
en = 0). Assume also that there exists a positive constant R such that ||u, /g1 <
R for alln € N (lupllm: < R ifen = 0). Let (tn)nen be a sequence of posﬁz’ve
numbers tending to co. Then there exists ug € H'(Q) (ug € HX(Q) if g0 = 0)
such that, up to a subsequence,

e, (tnytn) — ug  in L*(Q) as n — oo.

In particular, choosing €, = eo for all n, we obtain that the semiflow m., is
asymptotically L?-compact.

Proor. By Propositions 4.6 and 4.7, there exist two positive constants K
and K5 such that

|ue(t)]|3: < K1R* 4 Kal|g||3.  for all t > 0 and for all n.
It follows that there exists ug in H!() such that, up to a subsequence,
e, (tn,un) — ug  in H'(Q) as n — oo.

Moreover,

IVyTe, (tn,un)H%? =0 if e, =0,
1 .
IVyTe, (ny un) 72 < g(Kle + Ko|gll72) ifen >0,
n
soup € HX(Q) if &g = 0. In order to recover strong L?-convergence, we just need
to show that the set

{me, (tn,un) | n € N}
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is precompact in L?(Q2). To this end, we apply Propositions 5.1 and 5.2. Let
n > 0 and choose k > max{k(n), k' (n)} like in the proof of Proposition 5.1.
Moreover, take 7 such that ¢, > T(R) + A~!log(n~!) for all n > n. Then, for
n>mn,

(5.1) {me, (tn,un) | n € N}
=A{Owme, (tn, un) + (I — Op)7e, (tn, un) | n € N}
C {Okme, (tnyun) | n € N} + {(I — Op)me, (tn,un) | n € N}
C By(0) +{(I — Ok)me,, (tn, un) [ n € N},
where B,,(0) is the ball of radius 7 centered at 0 in L?(£2). The set
{(I = ©r)me, (tn, un) [ n € N}

consists of functions of H'(Q2) which are equal to zero outside the ball B s, (0)
in R¥+*FP. On the other hand, the H'(2) norm of these functions is bounded
by the constant (K1R? + K»|\g||2.)*/2. Then, by Rellich Theorem, we deduce
that the set {(I — Oy)me, (tn,u,) | n € N} is precompact in L?(Q2). Hence we
can cover it by a finite number of balls of radius 1 in L?(€2). This observation,
together with (5.1), implies that the set {7, (t,,un) | n € N} is totally bounded
and hence precompact in L?(2). O

REMARK. In the case g > 0, Theorem 5.3 is due to B. Wang (see [18]).
Indeed, he considers a single fixed concrete reaction-diffusion equation and his
proof is based on energy estimates and weak continuity of solutions with respect
to initial data. However, his technique seems not to apply to the singular problem
we are dealing with. Our proof is simpler and the singular behaviour of the
problem does not introduce any further difficulties. On the other hand, the
advantage of Wang’s technique is that it applies as well to different classes of
problems, like Navier-Stokes equations and damped wave equations.

Now, thanks to Theorems 4.6 and 5.3, one could easily prove the existence
of compact global (L? — L?)-attractors for the semiflows 7., ¢ > 0 (see [18]).
However, since our phase space is H', we are mostly interested in the existence
of (H! — H%Y)-attractors. To this end, we need to establish the asymptotic H*-
compactness of the semiflows m.. We argue like in [12]. In fact, Theorems 5.3
and 4.8 together imply the following stronger compactness result:

THEOREM 5.4. Under the same assumptions of Theorem 5.3, there exists
up € HY(Q) (up € HX(Q) if 0 = 0) such that, up to a subsequence,

[7e,, (tns Un) — U0||H51n —0 asn— oo.

In particular, choosing €, = eo for all n, we obtain that the semiflow m., is
asymptotically H'-compact.
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Proor. Let ¢ > 0, s, := t, — t; then s, — oo and by Theorem 5.3 there
exists vg € HL(Q) such that, up to a subsequence,

e, (Snyun) — vg  in L*(Q) as n — oo.
Let ug := mo(f,v0). Then uy € HL()) and, by Theorem 4.8,

e (b 1) = wollzzz, = [, (E -+ 5, ) — To(E,v0) 111,

= [|I7e,, (8, e, (s, un)) — mo (2, UO)HH;n —0
as n — oo. O

Now we are able to prove existence of the global attractors for the semiflows
e, € 2> 0.

THEOREM 5.5. For every e > 0, the semiflow 7w has a global attractor A, in
HY(Q) (in HX(Q) if e = 0). The set A. is H'-compact, connected, and consists
of all the full bounded solutions of equation (4.1) (of equation (4.2) if € = 0).

PROOF. By Proposition 4.6 (Proposition 4.7 if ¢ = 0), the global semiflow
7. has an absorbing set in H'(Q). Moreover, by Theorem 5.4, the semiflow 7.
is asymptotically H'-compact. The conclusion follows from the classical results
of [6], [11], [16] and [1]. O

Finally, we can prove the upper-semicontinuity result announced in the In-
troduction:

THEOREM 5.6. For e > 0, let A. be the attractor of the semiflow .. Then
for every § > 0 there exists € > 0 such that if 0 < e <&

dp1(Ae, Ag) = max dg(u, Ag) < 9.

ucAe

PRrROOF. If the theorem is not true, there exist 6 > 0, a sequence (&, )nen of
positive numbers, &,, — 0, and a sequence (uy,)nen, Un € A, for all n € N, such
that

dp1 (un, Ag) > 6 forallneN.
Since u,, € A.,, for every n € N there exists a full bounded solution o, (t) of

equation (4.1), with € = ¢,,, passing through w,,. This means that

(i) the function t — o, (¢) is a bounded solution of equation (4.1), with
€ =¢p,
(i) on(t) = me, (t,uy) for t > 0.
Moreover, by Proposition 4.6, there exists K > 0, independent of n, such that
(iii) ||an(t)|\H51n < K for t € R.
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Let k be a positive integer and let (h,)nen be a sequence of positive numbers,
h,, — o0; by (iii) and by Proposition 5.4, there exists u € H!(£2) such that, up
to a subsequence,

|on(—k) _ﬂk”Hgn = ||7e, (hn, on(=k — hy)) _ﬂk”Hgn —0 asn— oo
By a Cantor diagonal procedure, we can assume that

lon(—=k) —tkllgr — 0 asn — oo
for every positive integer k. By Theorem 4.8, for every ¢ > 0,
(5.2) [|7e,, (£, on(=k)) — mo(t,uk)|[zx — 0 asn — oo.
Choosing t = k we get
lwn — mo(k, )| 2 — 0 asn — oo.

Notice that mo(k, ) is independent of k, so we can define ug := mo(k,uy). The
proof will be complete if we show that ug € Ag. To this end, let us define
oo(t) :=mo(t + k,ux), t > —k. By (5.2) and Theorem 4.8, for every ¢t > —k

lon(t) = mo(t + &, )|z, = llme, (E+ k,0(=k)) — mo(t + k,uk)) [z, — 0

as n — oo. It follows that mo(t + k, %) is independent of k£ and therefore og(t)
is unambiguously defined for every ¢t € R. Moreover, oo(t) is a solution of (4.2)
and [|oo(t)||g1 < K for every t € R. Thus there is a full bounded solution of
equation (4.2) through wug. This finally implies that ug € Ap. O
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