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ABSTRACT. In this paper, we first establish a coincidence theorem under
the noncompact settings. Then we derive some fixed point theorems for a
family of functions. We apply our fixed point theorem to study nonempty
intersection problems for sets with convex sections and obtain a social
equilibrium existence theorem. We also introduce a concept of a quasi-
variational inequalities and prove an existence result for a solution to such
a system.

1. Introduction and preliminaries

In 1952, Debreu [7] introduced the concept of the generalized the Nash equi-
librium which extends the classical concept of Nash equilibrium for a noncoop-
erative game [18]. Since then, it is widely studied by using some kinds of fixed
point theorems, see for example [6], [9], [10], [12], [13], [16], [17], [20]-[23], and
references therein. The remaining part of this section deals with preliminaries.
In Section 2, we establish a coincidence theorem under the noncompact setting.
Then we derive some fixed point theorems for a family of functions which gen-
eralize earlier results of Lan and Webb [14]. In Section 3, we study nonempty
intersection problems for sets with convex sections. A social equilibrium exis-
tence theorem which is applied to results on saddle points, minimax theorems
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and Nash equilibria, is obtained in Section 4. In the last section, we introduce
a concept of a system of quasi-variational inequalities which includes the system
of variational inequalities studied in [1], [3], [5], [19], as a special case. We also
derive existence results for such a system of quasi-variational inequalities.

We shall use the following notation and definitions. Let A be a nonempty
set. We shall denote by 24 the family of all subsets of A. If A and B are two
nonempty subsets of a topological vector space X such that B C A, we shall
denote by int 4 B the interior of B in A. If A is a subset of a vector space, co A
denotes the convex hull of A.

Let X and Y be two topological vector spaces and ¢ : X — 2¥ be a multi-
valued map. Then ¢ is said to have a local intersection property [24] if for each
x € X with p(x) # 0, there exists an open neighbourhood N(z) of x such that
Nien #(2) # 0.

A multivalued map ¢ is said to be transfer open-valued [4] if for any x € X,
y € p(x) there exists a z € X such that y € inty ¢(2).

A graph of ¢, denoted by gr ¢, is

{(z,2) e X xY :z € X, z€ p(x)}.

An inverse of ¢, denoted by 1

© to X defined by

, i the multivalued map from the range of

x € p!(2) if and only if 2z € ().

We mention recent results of Ding [8] and Lin [15], Yu [25] and the well
known Berge’s theorem [2] which will be used in the sequel.

LEMMA 1.1 ([8], [15]). Let X and Y be two topological vector spaces and
0 X — 2Y be a multivalued map with nonempty values. Then the following
statements are equivalent:

(i) ¢~ is transfer open-valued,
ii has the local intersection property,
¥ Y
(iii) X = Uyeyintxcpfl(y).

LEMMA 1.2 ([25]). Let X and Y be two Hausdorff topological vector spaces
and 'Y be compact. Let f : X XY — R be a function such that

(i) f is upper semicontinuous on X XY, and
(i) for each firedy €Y, x — f(x,y) is lower semicontinuous on X.

Then the function ® : X — R defined by
O(x) = max flz,y) forallz e X
ue

s continuous on X.
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LeEMMA 1.3 ([2]). Let X and Y be topological vector spaces, f: X x Y — R
an extended real-valued function, o : X — 2¥ a multivalued map, and

o~

fl@)= sup f(x,y) forallxe X.
yEp(x)

(1) If f is upper semicontinuous and @ is upper semicontinuous with com-
pact values, then f is upper semicontinuous.
(il) If f is lower semicontinuous and ¢ is lower semicontinuous, then f is

lower semicontinuous.

2. Coincidence and fixed point theorems

Let I be an index set and for each ¢ € I, let E; be a Hausdorff topological
vector space. Let {K;}ier be a family of nonempty convex subsets with each K;

in B;. Let K = [[,c; K; and K' = [Ljer, jzi Kj and, Welwrite.K = K'x K;.
For each z € K, z; € K; denotes the ith coordinate and z* € X" the projection
of x on X% and we also write z = (2, 2;). We use this denotation throughout

our paper.

THEOREM 2.1. For eachi € I, let p; : K; — 25K and o + K' — 2% be two

multivalued maps. Assume that the following conditions hold:
(i) For eachi € I and each x* € K', ;* (¢i(z")) is nonempty and convex.

(i) For eachi € I, K' = J{intgit;  (pi(2:)) : 2 € K;}.
(iii) If K* is not compact, assume that there exist a nonempty compact con-
vex subset B; of K; and a nonempty compact subset D' of K* such that
for each x* € K*\ D' there exists y; € B; such that x* € int g1, (0: (F:))-

Then there exists T € K such that 1;(T%) N ¢;(Ti) # 0, for each i € 1.

PRrROOF. Although it is based on one given in [1] for the fixed points of the
family of functions, we include it for the sake of completeness of the paper. For
each i € I, we define a multivalued map ¢; : K; — 25 by

bi(x;) = {z" € K : 2" g intgeap; (i(i))} = K\ int i), (04 (24))-
Then ¢; satisfies the following conditions:

(a) For each x; € K;, ¢;(w;) is closed in K*.
(b) For each i € I, then (), g ¢i(x;) is compact in K*.

Indeed, if K* i.s compact, ﬂ.xiGBi ¢i(wi) is compact since [, cp. ¢i(7i)

is closed in K* by (a). If K* is not compact,

M diz) = () 1o € Ki: o ¢ intgees (pu(w)} € D
z,€8; z,€B;

by (iii) and thus is compact.
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(c) Since for each i € I, K' = J{intg:¥; ' (pi(x;)) : #; € K;}, we have
Neex, @1(@3) = No,ere, 1K\ intithi (i(w:))} = 0, for each i € 1.

Now, we will show that there exist a;1,...,a, € K; such that
l;

(2.1) ( m ¢i($i)) N ( m ¢i(aik)> = 0.

x,€B; k=1
Suppose that (2.1) is not true, then for every finite set {y1,...,yn} C K;, we
have

(N e@)n(New) 2o
z,€B; j=1

Let x(y) = (Ny,ep, ¢i(xi))N(¢i(y)) for y € K;. Then the family {x(y) : y € Ki}

has the finite intersection property. Note that x(y) is compact in K for each

y € K; because (|, cp, di(w:) is compact and ¢;(y) is closed in K*. It follows

that (), cx, x(y) # 0 and thus (), ¢ k. #i(y) # @ which is a contradiction with (c).
By (2.1), we have

l;
(2.2) < U intKil/Ji_l(gai(xi))) U ( U intKiwl-_l(goi(aik))) = K"
z;,€EB; k=1
Let F; = co(B; | J{ai1,...,ay,}). Then F} is compact in K;. Let Fi=]]
then F' is a compact subset of K. By (2.2), we have

jerjzi Fis

l;

Fre (U e eto) ) U (U intieo (lon))

z, €B; k=1

Since F is compact, there exist b;1,. .. , by, € B; such that

ey ric( Qinmwﬁ«oi(bin)) o U e v (pitaa) ).

k=1

Let {Cih N 7Cini} = {aﬂ, PN ,aili,bil, N 7biti}- We rewrite (23) as follows

n;
Frc | intge;  (eilein)-
k=1
Let X; = co{ci1,...,Cin,} and X* = [Ljerjzi Xj- We denote by A; the
vector subspace of F; generated by X;. Then A; is a finite dimensional sub-
space. We note that X? is a compact set in Hjel‘#i Aj, and X' C F' C
UrZ, int g9, (pi(cix)). Therefore

X' c < U intKiwi_l(‘Pi(Cik))> nx*c U int i) (@i (can)) © X

k=1 k=1

and hence X = |Jp", intx:1; ' (pi(cik))-
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Since X° is compact, there exists a partition of unity {g1,... ,gin, } subor-
dinated to this finite subcovering such that:

(a) for each k =1,... ,n;, gy : X* — [0,1] is continuous,

(b) for each k =1,...,n;, gir(2') =0, for 2* & intx:9);  (pi(cir)),

(a) for each z* € X', >} gir(z") = 1.
For each i € I, we define a map f; : X* — X; by fi(z") = D"}, gie(a")cik, for
all z* € X*. Obviously, for each i € I, f; is continuous. For each ' € X and
each k with g;(2%) # 0, we have 2* € intx:1; *(pi(cir)) C ¥;  (pi(cir)) and so
that c;, € @; ' (i(2?)) for each i € I. Because f;(2') is a convex combination
of ¢i1, ... ,cik, and because @; *(1;(2%)) is convex by (i), we have for each i € I,
fi(@?) € ot (i(a?)), for all 2% € X7,

Define a map h : X — X by h(z) = (fi(x"))ies. Since for each z € X, we
have ' € X* and f;(2?) € X;, it follows that h is well-defined and continuous.
By Tychonoff’s fixed point theorem, h has a fixed point T = (f;(T"))ics € X.
This implies that Z; = f;(') for each i € I. Hence Z; = f;(T') € ¢; *(v:(T))
and therefore 1;(T') N ;(T;) # 0, for each i € I. O

When o(z;) = {z;}, we have the following result on fixed points for a family
of multivalued maps.

THEOREM 2.2. For each i € I, let ¢; : K* — 2% be a multivalued map.
Assume that the following conditions hold:

(i) For each i € I and each x* € K*, 1;(2") is nonempty and conver.
(i) For eachic I, K'=|J{intg:v; (i) : x; € K;}.
(iii) If K* is not compact, assume that there exist a nonempty compact con-
vex subset B; of K; and a nonempty compact subset D' of K* such that
for each x* € K\ D' there eists y; € B; such that ' € intg:v; " (¥;).

Then there exists T € K such that T; € 1;(T"), for each i € I.

REMARK 2.3.

(a) Theorems 2.1 and 2.2 are non-compact version of Theorems 3 and 4
in [10], respectively.

(b) If for each x; € K;, 9; *(2;) is open in K*, then by assumption (i)
in Theorem 2.2, K* = |J{intx:%; *(2;) : ; € K;}. Hence Theorem 2.2
contains Theorem 2.1 in [14].

(¢) In view of Lemma 1.1, assumption (ii) in Theorem 2.2 can be replaced
by any one of the following conditions:

(i)’ for each i e I, 9 ! is transfer open-valued,
(ii)” for each 7 € I, v; has the local intersection property.

The following result is a consequence of Theorem 2.2 and generalizes Theo-
rem 2.2 in [14].
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THEOREM 2.4. For each i € I, let ¢; : K — 25 be a multivalued map.
Assume that the following conditions hold:
(i) For eachi € I and each x* € K*, ¢;(z*) is nonempty.
(ii) For each i€ I, K= J{intg:id; ' (2;) : v; € K;}.
(iii) If K* is not compact, assume that there exist a nonempty compact con-
vex subset B; of K; and a nonempty compact subset D of K' such that
for each x* € K*\ D' there exists J; € B; such that x* € intgico ¢y ' (7).
Then there exists T € K such that T; € co ¢;(T*), for eachi € I.

PRrROOF. For each i € I, we define a multivalued map 1; : K* — 2K by
i(x') = cog;(x?). Then it is easy to verify that for each i € I, v; satisfies all
the conditions of Theorem 2.2. ]

3. Intersection theorems for sets with convex sections

Let Y be a topological space. A family {A;};c; of subsets in Y is said
to be open transfer complete (respectively, closed transfer complete) if y € A;
(respectively, y ¢ A;), there exists j € I such that y € inty A; (respectively,
y ¢ cly Aj), where cly A denotes the closure of A in Y for any subset A of Y.

For A C K, 2 € K' and z; € K;, we define A[z;] = {z' € K" : (2%, 2;) € A}
and Alz'] = {x; € K; : (2*,x;) € A}.

Now we extend Lemma 2.1 in [4] as follows:

LEMMA 3.1. Let {A;}ier be a family of subsets of K. Then the following
conditions hold:
(i) for each i € I, the family {A;[x%] : ' € K'} is closed transfer complete
if and only if
m A2t = ﬂ clg, A;[2"],
rieK? rieK?
(ii) for each i € I, the family {A;[x%] : x* € K} is open transfer complete
if and only if
U Ailr'] = U int e, A [2"],
e K zieE K
(iii) if for each i € I, A;[z'] is nonempty and the family {A;[x;] : x; € K;}
is open transfer complete, then K* = Us,ex, intri Ai[z].

Since the proof of this lemma is similar to the proof of Lemma 2.1 in [4], we
omit it.
From Theorem 2.4, we obtain the following results on sets with convex sec-

tions:
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THEOREM 3.2. Let {A;}ier be a family of subsets of K. Assume that the
following conditions hold:
(i) for each i € I and each 2* € K*, A;[x"] is nonempty,
(il) for each i€ I, K' =, ck, intxi Aslzi],
(iii) if K* is not compact, assume that there exist a nonempty compact convex
subset B; of K; and a nonempty compact subset D' of K* such that for
each x* € K*\ D' there exists §; € B; such that x* € intgico A;[y;].
Then there exists T € K such that T; € co A;[T'], for each i € I.
PROOF. For each i € I, we define a multivalued map ¢; : K* — 2% by
oi(z') = Ag[x], for all 2¥ € K.

It is easy to verify that for each i € I, ¢; satisfies all the conditions of Theo-

rem 2.4. Hence there exists T € K such that T; € co A;[z'], foreachi € I. O

THEOREM 3.3. Let {A;}icr and {Ei}ig be two families of subsets of K.
Assume that the following conditions hold:
(i) for each i € I and each z* € K, A;[z'] is nonempty,
(ii) for each x € K, there exists a subset I(x) C I such that for i € I(z),
co A;[z] C A;[21),
(i) for eachi e I, K' =, cf, intgiAilai],
(iv) if K* is not compact, assume that there exist a nonempty compact convex
subset B; of K; and a nonempty compact subset D' of K* such that for
each z* € K*\ D' there exists §; € B; such that x* € intgico A;[y;].
Then there exists T € K such that (;c; A; £ 0.

PROOF. By Theorem 3.2, there exists T € K such that T; € co A;[7'], for
each i € I. From assumption (ii), we have T; € A;[7"] for i € I(Z). This implies
that T € A,, for each i € I(T). O

REMARK 3.4. Theorems 3.2 and 3.3 generalize Theorems 2.3 and 2.4, re-
spectively, in [14].

In view of Lemma 3.1, we have the following

REMARK 3.5. The assumption (ii) in Theorem 3.2 and the assumption (iii)

in Theorem 3.3 can be replaced by the following condition:

(0) For each i € I, the family {A;[x;] : x; € K;} is open transfer complete.

4. Equilibrium existence theorems

For S C K, x' € K" and x; € K;, let S(2°) = {y; € K, : (z*,y;) € S}.
From Theorem 2.2, we obtain the following social equilibrium existence the-
orem (cf. [7]):
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THEOREM 4.1. Let {K;};cr be a family of nonempty compact convex subsets
with each K; in E;. Foreachi €I, let S; : K¢ — 25 be an upper semicontinuous
multivalued map with nonempty compact convexr values such that S; 1(:171) s open
in K, for all x; € K;. For each i € I, let f; : K — R satisfy the following

conditions:

(i) for each i € I, f; is upper semicontinuous on gr.S;,
ii) for each i € I, fi(z?) = max,cg, (z) fi(z}, 2) is a lower semicontinuous
ii hiel ¢ €S, () ¢ l t
function,
11) jor each 1 € ana for eac Tea Y; € is zt - i x', i) 1s lower
hi € I and h d y K;, x* vy l
semicontinuous on K¢,
iv) for eachi € I and for each fized x* € K, y; — fi(z*,y;) is quasi-concave
i hie€ I and h fixedz' € K*, y vy
on K1
Then there exists an equilibrium point T € gr S; for eachi € I; that is, T; € S;(T")
and fi(T) = max,, cg, =) fi(@, x;), for each i€ I.

PROOF. For each i € I and each n =1,2,..., we define a multivalued map
Plimy : K — 25 by

Vim (@) = {x; € Si(2") : fila®, z;) > Erga(xl fi(z',2) —1/n}, for all z* € K".

Since Sj(x') is compact and f; is upper semicontinuous, we have t; (") is
nonempty for each i € I and 2* € K*. By the assumption (iv), for each i € T
and ' € K*, 9(; »)(2") is convex.
Now for each i € I and z; € S;(z), we have
djaln)(xl) ={2' € K':x; € Si(z") and f;(2",2;) > rga(x )fl(x ,2) —1/n}
) zZE v
= 57w Nt € KU A m) > fi(+,2) — Un),

ZESZ

By our assumptions and Lemma 1.3, the set

{x" € K": fi(2',2;) > max fl(x z) —1/n}
z€S;(x?

is open in K*. Since S;l(xi) is open in K for any x; € K, 1/1(;1@ (x;) is open in
K', for all z; € K;. Since for each i € I, ¥; )(2") is nonempty and 1/1(;.171) (x;) is
open in K?, we have
r,€K; z, €K,
By Theorem 2.2, there exists 7, = (E(i’") z, n)) € K such that T ) €
b, n)( ), for each i € I and, for each n = 1,2, ..., that is,

iz\(i’n) (S Si(/x\(i’n)) : fi(f(i’"),ff(i’n)) > zeSI-rE%(}E'r”) fi(fc\(i’n), Z) — 1/7%
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for each n = 1,2,.... Since K; is compact, without loss of generality, we may
assume that Z,, — T € K, that is, 20" — 7' € K* and T(in) — Ti € K. Since
for each i € I, S; is compact-valued and upper semicontinuous, the graph of S;

is closed and therefore T; € S;(T*). By assumptions (i) and (ii), we have

L@, ) > Tm f;(5, 26m) > Tm [ max  f(25,2) — 1/n]

n— oo n—o0 ze S, (z(m))
> lim max (@™, 2) —1/n] > max  fi(T, 2).
—n?oo[zesi<a<i=n>>f( ) =1/ ]_zes,-@i)f( )
Hence fi(Z',T;) = max,cg,zi) fi(T', 2). O
REMARK 4.2.

(a) In the proof of Theorem 4.1 we used in fact the nets (the sets K; need
not be metrizable).

(b) We notice that Theorem 5.2 in [16] is not correct in the present form.
We need one more assumption that for each i = 1,... ,n, G;l(z) is
open in K, where G; is defined as in Theorem 5.2 in [16]. Theorem 4.1
corrects and generalizes this theorem in the sense that the index set
need not be finite.

(c) Similar results to Theorem 4.1 were obtained by Idzik [10] (see Theo-
rem 7) and Idzik and Park [12] (see Theorem 3.2) with the inequalities
for equilibrium points instead the equalities.

From Theorem 4.1, we have the following saddle point and minimax theo-

rems:

THEOREM 4.3. Let X and Y be two compact conver subset of a Hausdorff
topological vector space E. Let f : X xY — R be an upper semicontinuous
function on X XY such that

(i) for each fixed y € Y, x — f(x,y) is lower semicontinuous and quasi-
convex on X, and

(ii) for each fixed x € X, y — f(x,y) is quasi-concave on'Y .
Then f has a saddle point (T,7) € X x Y, that is

Ing}I/lf(f, y) = f(f’y) = gg?éf(x»y)

PROOF. It is similar to the proof of Theorem 3.3 in [12]. O

THEOREM 4.4. Under the hypothesis of Theorem 4.3, we have the following

minimaz inequality

max min flzy) = min max fz,y).

PROOF. It is similar to the proof of Theorem 3.4 in [12]. O
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REMARK 4.5. In Theorems 4.3 and 4.4, we have neither assumed that X
and Y are convexly totally bounded (see [11] for the definition) nor f is con-
tinuous on X x Y as it is assumed in Theorems 3.3 and 3.4 in [12] and hence
Theorems 4.3 and 4.4 generalize Theorems 3.3 and 3.4, respectively, in [12].

When S;(z') = K; for each 2° € K*, we obtain the following generalization
of the Nash equilibrium theorem (the condition (ii) of Theorem 4.1 is fulfilled by
Lemma 1.2:

THEOREM 4.6. Let {K;}icr be a family of nonempty compact convexr subset
with each K; in E;. For each i € I, let f; : K — R satisfy the following
conditions:

(i) for each i € 1, f; is upper semicontinuous,

(i) for each i € I and for each fized y; € K;, x* — fi(x',y;) is lower

semicontinuous on K¢,

(iii) for eachi € I and for each fized x* € K*, y; — fi(z*, ;) is quasi-concave

on K;.
Then there exists a point T € K such that, for each i € I,

fi(T) = Jnea% (@ ys).

REMARK 4.7. Theorem 4.6 is an infinite version of Theorem 3.2 in [25] and
it generalizes Theorem 5 in [21] in the following ways:

(a) K need not be convexly totally bounded [11],
(b) for each i € I, f; need not be continuous.

5. The system of quasi-variational inequalities

For each ¢ € I, let E; be a locally convex Hausdorff topological vector space
with its dual Ef. For each i € I, let §; : K* — E} be an operator and o; :
K? — 2Ki be a multivalued map. We consider the system of quasi-variational
inequalities (in short, SQVI) which is to find T € K such that for each i € I,

T; € 0i(TY) : 0;(T)), T —y;) <0 for all y; € 04(T°),

where (-, -) denotes the pairing between E} and F;.
In the case each i € I and 2 € K', o;(2') = K;, we have the system of
variational inequalities (SVI), that is, to find T € K such that for each i € I,

0:;(F"), T —y;) <0 forall y; € K.

SVI was considered by Pang [19] with applications in equilibrium problems.
Later, it has also been studied by Ansari and Yao [1], Bianchi [3] and Cohen and
Chaplais [5].

Now from Theorem 4.1, we derive the following existence result for the SQVI:
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THEOREM 11. Let {K;}ier be a family of nonempty compact convex subsets
with each K; in E;. For eachi € I, let o; : K' — 2% be an upper semicontinuous
multivalued map with nonempty compact convex values such that 0;1 (x;) is open
in K*, for all z; € K;. Let 0; : K* — E} be a continuous operator on K*. Then
there exists a solution to the SQVI.

PROOF. Taking fi(z%,vy;) = (0i(x"),z; — y;) in Theorem 4.1, we obtain the
result. 0
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