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THE EXISTENCE OF MINIMIZERS
OF THE ACTION FUNCTIONAL
WITHOUT CONVEXITY ASSUMPTION

ALEKSANDRA ORPEL

ABSTRACT. We shall prove the existence of minimizers of the following
functional f(u) = fOT L(z,u(z),u'(x)) dx without convexity assumption.
As a consequence of this result and the duality described in [10] we derive
the existence of solutions for the Dirichlet problem for a certain differen-
tial inclusion being a generalization of the Euler-Lagrange equation of the
functional f.

1. Introduction

We shall consider the following integral functional

(1) f(u) = / Lz, u(z), o' (z)) dx

defined on the set A(R™) of absolutely continuous functions w: [0,7] — R"™ sat-

isfying the below boundary condition
(2) u(T) =u(0) =0.
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180 A. ORPEL

We will prove the existence of a minimizer of (1) satisfying (2). Moreover, we will
derive a new result concerning the Dirichlet problem for the differential inclusion
i8wL(1: u(z),u’ (z))

dx ’ ’ ’

where 0y(—L(z,y,w)) and 9, L(x,y, w) denote subdifferentials of the functions
—L(z, -,w), w € R", € [0,T], and L(z,y, - ), y € R", x € [0,T], respectively.
The above inclusion is a natural generalization of the Euler-Lagrange equation
of (1).

The work has been intended as an attempt to extend the results presented in

(3) 0 € Oy(—L(z,u(x),u' (z))) +

[10] to the case when the action functional is not additive separated in u and u’.
Section 2 is devoted to the study of the problem concerning the existence of
an argument from A(R™), at which f attains its infimum. We shall derive an
interesting formula for this element and we will show that (2) holds for the
minimizer. The proof of these facts is similar in spirit to the one presented in [3]
where L has a special form: L(x,u,w) = —g(z,u)+h(z, w). Section 3 establishes
the relation between critical points of (1) and solutions of inclusion (3). We shall
also present some applications of this theory.

Now we repeat the relevant material from [3] and [6] without proofs. Let
F:[0,7] x R® — R. We will denote by F** the bipolar of the function w —
F(z,w) and by 0F (z,w) its subdifferential. Let us recall their properties, which
will be used later:

LEMMA 1 ([6]). Assume that F:[0,T] x R® — R satisfies the Caratheodory
condition and fOT F(z,v(z))dz < oo for a certain v € L>*(0,T,R). Suppose
additionally that there exist a € L*([0,T],R) and constants b >0 and 1 < k < oo
such that

a(z) + blw|* < F(z,w)
for allw € R™, a.e. x € [0, T]. Then
(i) for allw € R™ and z € [0,T] we have

n+1 n+1 n+1 }

F**(z,w) = min { Z ANF(x,6) Z AiGi = w, Z Ai=1, >0
i=1 i=1 i=1

(i) for every measurable function z:[0,T] — R"™ there exist measurable
v: [0, T] — R™ and p;:[0,T] — [0,1], ¢ = 1,... ,n+ 1, such that for

a.e. x € [0,T]
n+1
(4) > i) =1,
i=1
n+1

() Y pilz)vi() = =(a),
i=1
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n+1

(6) F**(z, z(x Zpz F(z,v;(x)).

LEMMA 2 ([3]). Let F:[0,T] x R™ — R satisfy the following conditions
(i) there exist b € L'(0,T,R), m € (1,00) and k > 0 such that
(7) F(e,w) < bul™ + b(z)
for allw € R™ and a.e. x € [0,T],
(ii) [0,T] 2 x — F(z,w) is measurable for every w € R,
(i) F is convex with respect to the second variable for a.e. x € [0,T).

Then for any continuous function u:[0,T] — R™ the set valued map z —
Ou(F(z,u(x)) admits a selection 6 € L'(0,T, R).

2. The existence of the critical points of the action functional f

In this section we will be looking for the critical points of (1) defined on the
set A(R™). To this effect it is necessary to put some restrictions on L. It is
required that

HypoTHESIS. The map L:[0,7] x R" x R"® — R satisfies the following as-
sumptions:

(H1) L(x, -,w) is concave for a.e. z € [0,7] and all w € R™,

(H2) L(-,u,w) is measurable for all u,w € R”,
(H3) L(x, -, ) is continuous for a.e. x € [0, 77,
(H4) there exist m,p,s € (1,00), p < m, s > p’, where p’ = p/(p — 1), and

d € LY0,T,R), ky € L*(0,T,R,), constants [,k > 0 such that for
u,w € R™ and a.e. z € [0,7]

1 1
—d(z) + =" w|™ = Zk|ul? < Lz, u,w) < g(z,w) — (k1 (x),u),
m p

where ¢: [0,7] x R™ — R is measurable with respect to the first variable,
convex with respect to the second one and for a certain ball K (w,r) C
R™, centered at w of radius r, the function x — sup,, € K(w,r)g(z,w)
is summable on [0, T7,

(H5) in the case of p = m the following condition takes place

Ly 1T
Q:jk p—*/ lCCp pd$>0
p P Jo
Set A™ ={z€ AR™): 2" € L™(0,T,R™)}.
The above assumptions imply that the action functional f: A™ — R is well-
defined. The results presented in [10, Proposition 1 and Theorem 7] imply the
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existence of a minimizer u for f¢ described by the bipolar L***(z,u,w) of R™ 5
w — L(z,u,w) €R, z €[0,T], u € R in the following way

T
fo(u) = /0 LY (z,u(x),u'(x)) da.

Moreover, u satisfies the equalities u(T") = u(0) = 0.

Now we will consider the function [0,7] x R™ 5 (z,w) — L(z, u( ),w). By
hypothesis (H1)-(H5) we can use the second part of Lemma 1 for @' and obtain
that there exist measurable v;: [0,T] — R™ and p;:[0,T] — [0,1],4 = 1,... ,n+1,
such that 7! pi(x) = 1 and

n+1

(8) Zpi(ﬂf)vi(l‘) = (),

n+1

(9) LY (2,0 sz (z), vi(x)).

Let us denote by NXp the characteristic function of a set B C R".

LEMMA 3. Let (Kj)jen be a sequence of disjoint compact subsets of [0,T)
and let N C [0,T] be a set, whose measure is equal to zero, such that [0,T] =
NuU Ujoil K;. Then if (E;)i:Lm’nH is a measurable partition of K;with the
property that for every j € N

n+1 n+1

(10) / Zp, L(z,u(x),v;(x)) dz —/ ZNEl u(x), vi(x)) dx
K i=1 Kj i=1
then a function
oo n+1
2= 33 Ny (@) L, 7(a), vi(a))
j=1i=1
and a function
oo n+l
T — ZZNE(x)v x
j=1i=1

belong to L1 (0, T,R) and L™(0,T,R™), respectively.

PRrOOF. By (9) and hypothesis (H1)-(H5) we can assert that the map

n+1
x — Zpi(x)L(:E,ﬂ(x)mi(x))
i=1
is integrable on [0,7]. Set S, = Ujco Kjra=1,2,...
Let us consider the sequence of maps:

n+1

(11) Sq(x) =D ) Ry (@)[L(w,u(@), vi(x)) + v(@)],

j<q i=1
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where v(z) = d(z) + (1/p)k[u(z)|P. It is easily seen that the following equality
holds
n+1

/s dx—Z/ S R (@) L, 7). vy () +7(2)] da

i1<q K =1
Taking into account (10), (9) we can compute:

n+1

> [ 3 Ny @ u(o). o)) + ()] do

1<q K; =1
n+1

=2 / > @)L, (@), (@) + ()] de

7<q K i=1

—Z/ L™ (2, 1(2), T () + 1(2)) da

Ji<q

= [ N @ ), )+ )l

0
T
< /o [L** (z,u(x), @ (x)) + v(z)] dz < oco.

According to the assumptions concerning L we have that the sequence (11)
is nondecreasing. Thus the previous chain of relations gives

T oo n+l B T .
/0 ; ; Rpg: ()[L(z,u(z), vi(w)) + 7(2)] do = /0 Jlim S, (x) de
T T
= lim Sq(x)dx < /0 [LY** (2, u(x), u(z)) + ()] de.

a— Jo

We have proved the integrability of z — 377 Z”H Np: (x)L(z,u(x),v;(x))
on [0,T].

It can be noticed that almost every z from [0, T'] belongs to exactly one of E
which implies that for a.e. € [0,T] there exists iy € {1,...,n+ 1} such that
Py Znﬂ ( Yvi(z) = v, (x). Using this fact and hypothesis (H1)-(H5) we
obtain:

oo n+1 m oo n+1l
YN Rp@uil@)| <D Np(@)ui
j=1i=1 Jj=11=1

<

oo ntl
€D > Ry (@)L ), va() + ()

where ¢ = mi™~!. By the above chain of relations and the integrability of
0,7] 3z — > 12”“ (ac)[L(x,ﬂ(x),vz(x)) + v(x)] € R™, the function
0,752 — Y2, Yt NE}( z)vi(x) € R™ belongs to L™ (0, T, R™). O
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THEOREM 4. There exists u € A™ such that f(u) = infycam f(u).

ProoOF. Using the Lusin’s theorem we infer the existence of a sequence
(K;)jen of disjoint compact subsets of [0, 7] and a set N C [0, T], whose measure
is equal to zero, such that [0,T] = NUU;‘;l K and the following condition takes
place: for every j € N the restriction of the map z — Z?:Jrll L(z,u(x),vi(z)),
x € [0,T], to K is continuous. For i € {1,... ,n+ 1} we shall define the vector
measures 1J; as follows

(12) ﬁi(E):/Evi(:c)dx.

From an extension of the Liapunov’s theorem on the range of vector measures

for each K; there exists a measurable partition (E;)lzl .n+1 of K; such that

n+1 n+1

(13) > /K Ny (@) de = /K Do)z do.

Let us define the function @ : [0, T] — R™

oo n+1l

(14) T@) =33 Ry (i),

j=1i=1

It can be noticed that almost every x from [0,7] belongs to exactly one of
E!, which means: for a.e. x € [0,T] there exists i € {1,...,n+ 1} such that
T (2) = v;(x). It follows that

/ oo !
(15) L(z,u(x),u (z)) = L<x,u(x), Z Z Np: (x)vl(x))

oo n+1
= Z Z NE; () L(x,u(x),vi(x))

By (13) and the above consideration we obtain for every j € N

n+1 n+1

(16) Z Npi () Lz, u(z),v;(z)) de = Z pi(x)L(z,u(x),v;(x)) de.
° K. J ‘ K.

Now we may state that the assumptions of Lemma 3 are satisfied. It implies
that the function z — 3777, Sl RNp: (x)L(z,U(x), vi(x)) is integrable on [0,
and the map z — >°°%, St Np: (z)vi(z) belongs to L™(0,T,R"), so that,
@ e L™(0,T,R™).
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Set u(z) = [ W (s)ds, = € [0,T]. Of course %(0) = 0 and further, by (14),
(13) and (8)

T T oo n+l
u(T) :/0 T () dx = ZZNE](:C)%(QL‘) dx

We shall show now that
T 7 T
(17) / L(z,u(z),u (z))dx = / L (z,u(x), @ (z)) d.
0 0

From (9), (16), (15) and (14) we have

/

T
/ LY** (z,u(x), ' (z)) dx
0

oo n+1 T
= / L(x,u(x), Z N (m)v,(x)) dr = / L(z,u(z), T (z)) da.
j=17%; i1 0
Set
OuL(w,u, 7 (2)) = —0u(—L(z,u, 7 (x)))
for z € [0,T], u € R™, where d,(—L(z,u,@ (z))) is the subdifferential of the
function u — —L(z,u, @ (z)). Applying hypothesis (H1)-(H5) and Lemma 2 we
obtain the existence of an integrable selection ¢ of the set-valued map [0,7] >
& — 8, L(x,u(z), @ (z)). Let

B(x) :/ 0(s) ds,
0
for z € [0,7]. By (13) and the definition of (E;)Zzl n+1 we obtain for every
jeN
n+1

19 X [ @), BT - B)de

n+1
= ; /Kj pi(x){v;(x), B(T) — B(z)) dz.
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The description of 4(-) and the properties of subdifferential give that for a.e.
xz € 10,7

where y € R”, and further that
L(x,ﬂ(x),ﬁ/(:c)) > L(x,ﬁ(x),il(x)) + (6(x),u(x) — u(x)).

Now we claim that

T
/ (0(z),u(r) —u(z)) de = 0.
0
Indeed, recalling the definition of B and denoting by u; the I-th component of a
vector u, we can compute

/OT<6(x),u(x) )) dx = / Z o (x u(z)) dw

_Z/ oz (/ ()ds—/wl()ds>dx

—;/O (w1 (s) = (s /5l ) dz ds
S

=3 [ ) - TN D) - Bl as

T —
_ / (@ (s) — T (s), B(T) — B(s)) ds

0
n+1

—Z [ 30109 = Ny ()06 B < B s =0

Jz 1

The last equality follows from (18). By the above relation we obtain that

T T
(19) /O L(z,u(x),u (z)) do > /0 Lz, u(z), W (z)) dz.

Combining (17) with (19) we have
/O C Lo (o, 1), 7 (2))
:/OTL(x,u(x),u’(x))dxz/OTL(x,u(x),u’(x))dx
r r
> /O L (2, (), T () da > /0 L (2, (), T () d

The above chain of inequalities and the duality principle from [10, Theorem 6]
give

f@) = fe@) = inf f(u)= inf f(u). O

ucA™ u€A™
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3. Necessary conditions and regularity

Now we will take up an existence of solutions of the differential inclusion
(3) with the boundary condition (2). In the following section we shall apply
the results presented in the paper [10]. We will assume that the conditions of
hypothesis (H1)—(H5) are satisfied.

Let B™ =R"® L™(0,T,R™). We use the fact that the space A™ can be iden-
tified with B™ = R" @ L™ (0, T, R"™) normed by |[ul[am = [u(0)|+[|v'|| zm (0,7,r")-
The dual (A™)* of A™ will be identified with B™ = R™ & L™ (0,T,R"),
1/m+1/m’ =1, under the pairing

T
(2, (d,v)) = (2(0),d) +/ (¢ (2),v(2)) dw,
0
where z € (A™)*, (d,v) € B™.
For u € A™ we shall define the perturbation f,: B> — R of
T
f@) = [ Ll u(e). ol (@) do +10(u(0) + o(u(T))

by
T
(20)  fula,h) = —lo(u(0) + a) — lo(w(T)) */O L(z,u(z) + h(z),u/(z)) dz,

where B? = R" @ LP(0,T,R"), R = RU {00} and [p:R" — R

(@) 0 fora=0,
a) =
0 oo for a #0.

It can be noticed that for all u € A™ we have f,(0,0) = —f(u).
Let A” = {z € A(R") : 2/ € L*' (0, T,R™)}. We will consider the functional
f#: A" - R, where u € A™, defined in the following way

ffw)= sup ){/OTW(»T),h(x))dx/OT L(:v,u(:n)Jrh(x),u’(x))dx}

heL?(0,T,R"
+lo(u(T)) + inf {{a,0(0)) + Io(u(0) + o)}

Let G(z,y, w) = sup,cpn{(y, w) + L(z,u,w)} for a.e. z € [0,7] and all y, w € R™.
Using hypothesis (H1)—-(H5) and the description of G we obtain a simpler form
of the previous assertion

(21) ﬁﬁw=é Gl (@), (2)) di
T
_|_

/ (v(x), ! (2)) da + —(u(T),v(T)) + lo(u(T))-

0
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Put
H(SC,’Z,L,’U) = Sup {(’U,’LU> fL(x,u,w)}, LD(‘T7U7y) = sup {<y7u> *H(I,U,U)},
weR™ uER"

where x € [0,T] and u,y,v € R™.
Now we shall define the functional fp: A" — R, dual to f, by

T
(22) Fo(v) = / Loz, v(z), —v'(z)) da.
0
It can be shown that the definition of Lp is equivalent to the following one
LD(x,v,y) = - Suﬂg {(v,w) - G(xﬂva)}v
weR™

for all y,v € R™ and a.e. z € [0,T] (see [7]).

The conditions (H1)~(H5) imply that fp: A — R is well-defined. Moreover,
for v € AP" we get ([10])
(23) sup {~f (-v)} = —fp(v).

u€A™
THEOREM 5. There exists 1 € AP, 5(x) = 5(0) + Jo V' (s)ds for a.e. x €
[0,7], —v" € 8f=(0,0), (where df=(0,0) is the subdifferential of LP(0,T,R™) >

g — [5(0,9) at zero) such that fp(v) = inf, ¢ o gy SUPy(0)ern f(v). More-
over,

(24) £5(0,0) + fZ(~v) = 0.

PROOF. The definitions of @, f= and hypothesis (H1)-(H5) imply that the
function g — fz(0, g) is lower semicontinuous, convex and finite on L?(0,T,R™),
hence continuous. That is why 0f=(0,0) is not empty. It means there exists —7,
which belongs to 9f(0,0). Thus we have, for all g € LP(0,T,R"),

fﬁ(oag) > fi(ovo) + <g’ _5/>’

Tg(x), =7 (z)) dz. Since f£,(0,0) = —f(u), we get

where (g, =7") = [;

@) > —J=(0,9) + / (9(z), —7'(2)) dz

for all g € LP(0,T,R™) and further, for d € R",
B T
@z s | oo v@) - 0.0 = T,
gerLr(0,7,r™) L Jo
where Tg(z) = d + [, v'(s)ds. Hence for all d € R™ the following chain of

relations holds

—f@) < —fZ(=va) < sup {~f¥#(~va)} = —fp(Ta).

“ ucA™
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This implies that supepn fp(Ta) < f(@).

Using the assumptions made in hypothesis (H1)—(H5) we may state that
the functional R® 5 d — fOT —Lp(z,v4(x),v'(2)) dz is convex, lower semicon-
tinuous and coercive. Thus, its infimum is attained at some d. This leads to
Supgern f0(Wa) = fp(V), where (x) = d+ foz v'(s)ds. Theorem 6 from [10] and
the last equality yield fp(v) = inf,, ¢ (o 7 rn) SUPy(0)ern fD (V)

From the definitions of f= and fi# we have that the conjugate of LP(0,T, R™) >
9 — f=(0,9) at —v' is equal to fZ(-v). Thus, by 7' € 9f5(0,0) and the
properties of subdifferential ([6]), we have assertion (24). O

Let us define the functional f.: A™ x A7 — R
T
(25) ) = [ 1 @).u(e) + Gla—' (@), (@)

THEOREM 6. For @ € A™ from Theorem 4 and T € AP from Theorem 5,
the following equality holds

(26) fo(@) = f(@) = fe(u,v)

= inf{f,(u,v) 1 u € A™, u(0) =u(T) =0, ve A"},
Moreover, there exists di such that vy (z) = dy + [ V'(s)ds, for a.e. x € [0,T],
satisfies (26) and the inclusion:
(27) (u(x),v1(z)) € 0G(z, —v'(x), W (x))
for a.e. x €10,T].

PROOF. It can be noticed that the first assertion of (26) is a consequence of

descriptions of ¥ and u. On the other hand, by (24), we obtain
T ) T ) T
|t i@ d@yde = [ G -v@.T @) o+ [ @e). v @)

0 0 0

and further f(@) = f.(G,7). By (25), we get that for u € A™, v € A? the
following chain of relations takes place

T T
fe(u,v) :/0 <v’(x),u(x)>dx+/0 G(x, —v'(z),u (x)) dz

> / (e, u(x), ' (z)) de = f(u) > f(T)

which implies f.(u,v) > f(u) = fe(u,v). This gives (26).
By hypothesis (H1)—(H5) we can state that the functional

T
R" 5 d—>/ H(z,u(x),d+vo(x))dx,
0
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where g(z) = [’

there exists dy such that:

(s) ds, is convex, lower semicontinuous and coercive. Thus,

T - T ~
/ H(z,u(x),d; +To(z))de = inf / H(z,u(x),d+ vo(x)) dz.
0

dern

Using the fact that for u,v € R™ and a.e. z € [0, 7]

H(z,u,v) = sup  {((y,w) | (u,v)) = G(z,y,w)},

yeR™, weR™

where ((y,w) | (u,v)) = (y,u) + (w,v), y,w € R™ and the above equality we
have (see [2])

/OTH(x,u(x),vl(x))dx: sup  sup {/OT@(@,_U/(:U»(M

u/eLm ’
v eLl

+ /OT[<vl(a:),u'(x)> — G(x, =0 (x),u'(z))] dw}’

where U1 (z) = dy + [y ¥'(2)dx, L = {z € LP(0,T,R") : fo s)ds = 0}.
Now basing ourselves on the ideas of the proof of Theorem 8 from [10] we
can show the following assertion

T T
(28) /0 H(z, (), 71(2)) dz = /0 @i(x), 7' (2)) do
T T
Jr/o (1(x), 7 (x)) dxf/o G(z,—7'(x),u (x)) dz,

which leads to (27):
((z),v1(x)) € OG(z, —v'(2),T (z))

for a.e. z € [0,7]. Combining (25) with the equality (28) gives f.(u,v) =
fC(i7 E1)

Now we claim, that f.(u,v1) = fp(v1). Using the definitions of fp and f,
we get

fp(W1) < sup fp(d+7o) = fp(v) = fe(@,v1).
deR™

Substituting (25) into (28) we obtain
T
fe(w,v1) / (z)) — H(z,u(z),v1(z))] dz
0

T
/0 Lp(z,71(x), —0(x))dz = fp(v1).

Both inequalities give the required condition. We have just shown, that (@,v;)
satisfies (26).
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COROLLARY 7. For (W,v) from Theorem 6 there exists dy such that v, (z) =
dy+ [y U'(s)ds for a.e. x € [0,T), satisfies (26) and

(29) —v'(x) € 0y[~L(=,u(x),
(30) Ty (z) € By L(z,T(x),T (z
for a.e. x €10,T].

PROOF Theorem 6 implies the existence of d; such that 7, () = di +
Jo U'(s)ds, x € [0,T], satisfies (26) and (27). Combining (27) with (24) we
obtam, for a.e. z € [0,T],

H(z,U(x),01(2)) + Lz, (@), T (z)) = (01(x), 7 (2)).
This gives the second assertion. Applying the description of @ and (24) yields
—f@+Z(-v)=0

and further

T
/O (G (a, ) (2),7 (2)) - L(z,0(x), ¥ (x)) + (@} (x), U())] dw = 0.

So we conclude that (29) holds. O

4. Applications

Now we shall apply this theory to derive the existence results for solutions of
the Dirichlet problem for a certain class of the second order ordinary differential

equations.

PROPOSITION 8. Let T > 0 and let a: [0,T] — R be a differentiable function.
Assume that the function G:[0,T] x R™ — R satisfies the Caratheodory condi-
tion, G is concave and Gateauz differentiable with respect to the second variable.
Suppose additionally that there exist k,ky € Ry 1y € L'(0,T,R,) such that

—d(@) = SHuf < Gl ) < ~Shalul? — (1 (2), )

for allu € R™ and a.e. x € [0,T]. Then there exists a solution U of the Dirichlet
problem for the following differential equation

(31) %[\U’(w)\%’(x) +a(@)u(z)] —u"(z) = a(z)u'(x) + Gu(z, u(z)).

Moreover, 1 is the minimizer of the functional f given by

@) s = [ [f @ - @ + ) @), o) + Gl )| de
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PROOF. Let us define L: [0,7] x R™ x R™ — R as follows
1 1
(33) L(z,u,w) = Z|w\4 - §|w\2 + a(z){w,u) + G(z,u).

From the above assumptions L satisfies the conditions of hypothesis (H1)-(H5).
Applying Theorem 4 we obtain the existence of a minimizer & of (32). By
Corollary 7 we infer that @ is the solution of the Dirichlet problem for (31). O

Now we present the example of the referee, which shows that we can not
omit assumption (H4).

REMARK. Let us consider the following functional

flu) = /O (' () = 1)*(w/ () + 1)* — 2 (x)u(x)] do

defined on the set A(R™) of absolutely continuous functions w: [0,7] — R"™ sat-
isfying the below boundary condition w(7) = u(0) = 0. This minimization
problem has no solution. We prove that in this case Theorem 4 can not be
applied.

PrOOF. Indeed, we shall show that the assumption (H4) (the growth con-
dition) is not satisfied by the given functional. Suppose, contrary to our claim,
that there exist m,p,s € (1,00), p < m, s > p’, where p’ = p/(p—1), and
d € LY(0,1,R), ky € L*(0,1,R,), constants [,k > 0 such that for u,w € R and
a.e. ¢ € [0,1]

1 1
() 1 ] = Hul? < w4 (= 17 (w4 1) < gl w) — (@)

where ¢:[0, 7] x R — R is measurable with respect to the first variable, convex
with respect to the second one and for a certain ball K (w,r) C R, centered at
w of radius 7, the function £ — sup,¢ k() 9(7, w) is summable on [0, 77.

Let k1be in the equivalence class of k. From the assumption there exists a
measurable set A C [0, 1] such that |[0,1] \ A] = 0 and for all x € A, u,w € R
the following condition holds

(34) —zuw + (w — 1)} (w + 1)? < g(z,w) — k1 (z)u.

In particular, (34) is satisfied for a certain g € A\ {0} and all u,w € R. If
k1(x0) > zo then for w = 1 we get, by (34),

g(x(]v 1)

(35) < —=———""— forallueR.
(k1(z0) — o)
When ki (z0) < xo we obtain for w =1
1
(36) 9@ 1) gl eR

= (k1(z0) — o)
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In the case ki(zg) = o we can choose w = 1/2. Then from (34) we derive

1 9 2
< — | ——]— forall R.
(37) u < (g(xo, 2) 16) - or all u €

Each of assertions (35)—(37) contradicts the unboundedness of R.
Summarizing: assumption (H4) is violated by the lagrangean function

L(z,u,w) = —zuw + (w — 1)*(w + 1)?

and, in consequence, Theorem 4 can not be applied in this case. O
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