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HARDY-SOBOLEV INEQUALITIES
WITH REMAINDER TERMS

VICENTIU RADULESCU — DIDIER SMETS — MICHEL WILLEM

Dedicated to Andrzej Granas

ABSTRACT. We prove two Hardy-Sobolev type inequalities in D':2(RN),
resp. in Hé (Q), where Q is a bounded domain in RY, N > 3. The frame-
work involves the singular potential |z|~%, with a € (0,1). Our paper
extends previous results established by Bianchi and Egnell ([2]), resp. by
Brezis and Lieb ([3]), corresponding to the case a = 0.

1. Introduction

Let DV2(RY) be the completion of D(RY) with respect to the norm ||Vul|s.
Consider the Hardy-Sobolev inequality on DY2(RY):

IVull = Sall 2]~ *ul|3 > 0,

where N >3,0<a<1andp=2N/(N —2+ 2a).
The minimizers of

|ulP -2/p
Sa:inf{/ VUZ(/ da:) u € DVA(RY), u;«éO}
RN R 2|

are given by

CU(z) = CAN =22y (Az),
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where C' € R, A > 0 and

o 2(N —2)(1 —a) N —2+42a
O U@ =k(+27 a==g—rm= =g

We choose kg such that ||Vu|2 = S, (see [4]). Hence the minimizers of S, consist
of a 2 dimensional manifold M C DV2(RY). The distance between u € D12(RY)
and M is defined by

d(u, M) = inf{||V(u — cUy)||2 : c € R, A > 0}.

We prove the following result.

THEOREM 1.1. For N > 3 and 0 < a < 1, there exists A = A(N,a) such
that, for every u € DM2(RY),

IVull3 = Sall l2|=*ully = Ad(u, M)?.

A similar result was proved by Bianchi and Egnell when a = 0 (see [2]).
The weak LP norm is defined by

o = sup 11277 [ (@)
S S

with S being a set of finite measure |S|. Let us recall that the conjugate exponent
p’ of p is defined by 1/p+1/p’ = 1.

We deduce from Theorem 1.1 the following result.

THEOREM 1.2. Let Q be a bounded domain of RN, N > 3. For0 < a < 1,
there exists B = B(Q,a) such that, for every u € H}(Q),

IVull3 = Sall l#]~*ully = Bllulliy)(v-2).0-

A similar result was proved by Brezis and Lieb when a = 0 (see [3]).

In Theorem 1.2 it is not possible to replace ||u|x/(nv—2),w by ulln/(n=2)- Tt
suffices to use the function U of (1) and a truncation argument.

It is interesting to compare Theorem 1.2 and the improved Hardy—Poincaré
inequality due to Vazquez and Zuazua ([7]).

THEOREM. Let Q be a bounded domain of RN, N > 3. For1 < q < 2, there
exists C = C(£2,q) such that, for every u € H}(Q),

IVull3 = Sull lz[ " ull = Cllullfy.aq)-

Let us recall that S; = ((N — 2)/2)? is not attained on D12(RY).
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2. Proof of Theorem 1.1
We follow the argument of [1]. Consider the eigenvalue problem
@) { —Av = \|z|~®PUP 2y,
v € DL2(RY).

LEMMA 2.1. The first two eigenvalues of (2) are given by Ay = S, and
A2 = Sa(p —1). The eigenspaces are spanned by U and %b\:lU}\, respectively.

PROOF. See [6]. O

LEMMA 2.2. For any sequence (u,) C DV2(RN)\ M such that inf,, |V, |2
>0 and d(uy, M) — 0 we have

o MVuRl3 = Sall |2 unll; A2
1 f P>1-
3) e d(tn, M)? Xs

PROOF. We first assume that, for any n € N, d(un, M) = ||V(u, — U)|2.
Since M is a smooth manifold, v, = u,, — U is orthogonal to the tangent space

0
=1

dx
)\3/Up 22 W gy 12— 2w, M),

d
T —
uvM = span {U |,

Therefore Lemma 2.1 yields

Moreover, we have that

Ur—ly, du =-S5 | AUv, dz = 0.
|z|oP ¢

Setting d,, = d(uy, M), we obtain
dx
+p/Up_1vn
|z|P
d

e
g = ) U e

and
“a A
[~ unllp <1+
Since || Vu,||3 = S, + d2, we obtain

—a A
IVl = Sallel > (1= 52 ) @2+ o(d2)

and (3) follows immediately.
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In the general case, for every n, there exist ¢, € R and A,, > 0 such that
d(up, M) = |[V(un — cUx,)||2- Setting wy,(z) = C,’Ll)\g_N)/Qun(ac/)\n), we
obtain ||V (u, — ¢, Ux,)|l2 = |cnl [|V(vn — U)ll2 = |en| d(vpn, M). By assumption,
|cn| is bounded away from 0 and

[V (v = U)ll2 = d(vi, M) = [cn| ™ d(ttn, M) — 0.
Using the first part of the proof and the invariance of the quotient in (3), it is
easy to conclude. O
Proor or THEOREM 1.1. If the theorem is false, there exists a sequence
(un) C DLH2(RYN) \ M such that
IVunll3 — Sall ||~ “unll}
d(ty, M)?
We can assume that |Vu,|l2 = 1 and d(u,, M) — L € [0,1]. It follows that
[| [#]~%un||2 — S;*. By Theorem 2.4 in [5], going if necessary to a subsequence,

— 0.

we can assume the existence of \,, > 0 such that )\E«LN%)/Qun()\nx) —VeMin
DL2(RY). This implies that L = 0. By Lemma 2.2, we have a contradiction. [J
3. Proof of Theorem 1.2

We deduce theorem 1.2 from Theorem 1.1 by adapting the argument of [2].
It suffices to prove the theorem when Q@ = B(0,1) and v = u*, where u*
denotes the Schwartz symmetrization of u. Indeed, we have that

IVulla > [[Vutllz, (2] ullp = [l ™ e {lp,  [Jelln/@v-2).0 = e/ -2) -

If Theorem 1.2 is false, there exists a sequence (u,,) C H}(Q) such that u, = u

and

(4)

[Vun3 — Sall 2] “unl;

[l (v—2),w

We can assume that | Vuy,||2 = 1. Since HunH?V/(NQ) is bounded by Sobolev’s

W
inequality, we must have || [z|™%u,[|2 — S;*.
By Theorem 1.1, there exists a sequence (¢, A,,) — (1,00) such that

d(tp, M) = ||V (un — cy Uy, )|]2 — 0, asn — oo.
It is clear that

A, M) zci/ VU2 da

Jz[>1

(o)
= k3NN 2200257 / (1+ Agre) 72072204 N =3 g,
1

oo
= Clci/ (1+ sa)*25*252a+N*3 ds > Czci)\ffN.

n
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Hence we obtain

()

llun | v/ (N=2)0 < lUn — cnUsx, |Q||N/(N—2),w + lenUn, N/ (v=2) 0
< Csllun — U, llany(v—2) + ca XE2 U || vy (8 —2) 0
< Cyd(un, M).

But (4) and (5) contradict Theorem 1.2.
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