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CONTINUITY OF ATTRACTORS
FOR NET-SHAPED THIN DOMAINS

THOMAS ELSKEN

ABSTRACT. Consider a reaction-diffusion equation uy = Au + f(u) on
a family of net-shaped thin domains . converging to a one dimensional
set as € | 0. With suitable growth and dissipativeness conditions on f these
equations define global semiflows which have attractors A.. In [4] it has
been shown that there is a limit problem which also defines a semiflow hav-
ing an attractor Ap, and the family of attractors is upper-semi-continuous
at € = 0. Here we show that under a stronger dissipativeness condition the
family of attractors A., € > 0, is actually continuous at € = 0.

1. Introduction

Consider domains (2. depending on a parameter € > 0. On (). we have
a reaction-diffusion equation with Neumann boundary condition

(1.1) ug = Au+ f(u) in Q, O,u=0 on 0.

This equation generates a dynamical system if we impose suitable growth and
dissipativeness conditions on the non linearity f. Then equation (1.1) induces
a semiflow 7. on some functional space, and this semiflow has an attractor A..
Many authors have asked and answered questions regarding the existence of
a limiting dynamical system, as ¢ — 0. E.g. if there is a equation which induces
a semiflow my with attractor Ag, such that the semiflows 7. and attractors A.
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converge in some sense. We are interested principally in the case that the do-
mains €2 are thin domains, that is they are squeezed in some sense as € — 0,
collapsing to a lower dimensional set. Among others, Hale and Raugel in [8]
and [9], Prizzi and Rybakowski in [14], Prizzi, Rinaldi and Rybakowski in [13]
and Elsken in [4] have shown for this type of singular perturbations that a limit-
ing semiflow 7 exists, it has an attractor Ag, m. converges to 7y in some sense,
and the family of attractors A, € > 0, is upper-semi-continuous at ¢ = 0. Un-
der the assumption that eigenvalues and eigenvectors converge, and some mild
geometrical condition, Arrieta and Carvalho show in [2] that the attractors are

even continuous.

We want to extend the results of [2] to the case of squeezed domains. That
is we will prove the continuity of the attractors A, at € = 0 for the case of thin
net-shaped domains. The results in [2] do not include the case where || — 0,
in particular they do not apply to the case of squeezed domains.

The fundamental idea we use is the same as in [2], but due to the singular
perturbation of collapsing domains there are additional difficulties which have to
be overcome. Roughly the argument is as follows. One knows that the attractors
are upper-semi-continuous, and shows that the same is true for all points of
equilibrium of the semiflows m.. We assume that there are only finitely many of
these points and that 0 is not in the spectrum of the linearization around each
point of equilibrium for the limit flow. Then the same holds for . for ¢ > 0
small, and the points of equilibrium are continuous at € = 0. Any point in Ay
which is not a point of equilibrium has to lie on a trajectory which is in the
unstable manifold of some point of equilibrium of 7y. Unlike in [2] we use fixed
points on spaces of functions with exponential growth to construct the unstable
manifolds (see e.g. Schneider [16], Fischer [5] and Rybakowski [15]). We show
that given a trajectory mo( -, ug) converging exponentially as t — —oo to a point
of equilibrium of 7g, for € > 0 small there are trajectories 7.(-,u.) converging
exponentially (as ¢ — —o0) to some point of equilibrium of 7., and the 7. (-, u.)
themselves converge (as ¢ — 0) in some sense to mo( -, ug). This then gives the
continuity of the attractors.

Our technique works also in the other cases of thin domains mentioned above.
We consider here only the case of net-shaped ones because this is the most general
case. Also it presents some features which give rise to technical difficulties which

are not present in the remaining cases.

The most important one is related to the weaker convergence we have for
this case: in [14] and other papers the semiflows converge with respect to the
family of norms ||A2/? - |12, that is the natural norms of fractional power spaces
induced by the abstract linear operator of equation (1.1). For net-shaped thin
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domains this is not true in general, and one has to introduce a second family of
norms (defined in (1.3)) for the convergence of the semiflows and attractors.
We will now state our main result. Unfortunately the exact definition of
net-shaped domains is rather lengthy, so we shall postpone it to the next section
and give only the essential features here.
We assume Q. € RM+1 ¢ > 0, M € N fixed, to be C?, bounded, and to
consist of K edges and Ky nodes:

Kg+Kn

Kg
QE = U QsJ' U U Qs,j,
j=1

j=Kg+1

Kg, Kn € N. All edges and nodes may have holes or multiple branches. Roughly
speaking the edges converge to curves and the nodes to points, as € — 0. Each
edge € ;, j = 1,...,Kg, is the transformation of a fixed bounded, Lipschitz
domain G; via a map V. ;. These maps ¥, ; have a special structure and satisfy
|det DU, ;| < CeM. For each node Q. g = Keg+1,...,Kg + Ky, there
are bounded G, ; and a bijection ¥, ;: G, ; — € ; such that DV, ; = eEpyq,
where the latter is the unit matrix. Also, each G, ; is transformed by bounded
diffeomorphisms onto a finite number of fixed domains.
We identify H'(.) and L?(€).) with spaces

Kg Keg+Kn

H.c [[E'G)x [ H'Y(G-)),
j=1 j=Kg+1
Kg Kp+Kn

L c [[r2@G) x J[ I*G-y).
j=1 j=Kp+1

respectively (see (2.2), (2.3) below).

The nonlinearity f: R — R is C2. We impose two conditions on it:

(H1) |f'(s)|<C(|s]?*+1) for all s € R, where C, 3; >0 are constants; if M > 1,

then additionally 8; < p*/2 — 1, where p* =2(M +1)/(M —1) > 2.

(H2) limsupj,_ f(s)/s]s|P? < =€, for some € > 0 and 32 > 0.
In this paper we will always impose condition (H1) on f. Condition (H2) will be
needed for our central result and in part of section three (see Proposition 3.3).
Throughout this paper we shall assume at least the following weaker version
of (H2) on f:

(H2) limsupyy o f(s)/s < —§, for some £ > 0.
It is well known that under these assumptions equation (1.1) can be written as
an abstract equation

(1.2) ug = —Aeu+ fe(u) t>0,
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where A.: D(A;) € L. — L. is a sectorial operator and f.: H. — L. is the
Nemitsky operator of f. (1.2) induces a semiflow 7. on H., and this semiflow
has a global attractor A. C H. (see e.g. [4]).

We need a few notations regarding the limit semiflow. Write (z,y), € R,
y € RM_ for a generic point of RM T and set H!(U) := {u € H'(U) : Dyu = 0},
L2(U) the closure of H(U) in L?(U), for a domain U C RM*1. Denote by f, and
D fy the Nemitsky operators of f and f’ on H;{:El H!(G;), respectively. Define
norms |- |.q4,€>0,0<d<1,on H, by

Kg
(13) |(u1,-- s urpirn)lZa = Z luill72q,) + 1D2uill2q)
j=1
1 Kp+Kn 1
+ EﬁHDijH%%Gj) te Z |\ujH%2(GE,j) + ;2||Duj||2L2(G5,j)-
j=Kg+1
For e = 0 set
Kg
(1, ... UKE)|(2),d = Z HujH%_Il(Gj)-
j=1

In [4] it is shown that there are linear spaces

KE KE
Hyc [[HNG)), Lo=]]L3G)),
j=1 j=1

a linear embedding <I>f: Hy — H. and a sectorial operator Ag: D(Ag) C Lo — Lo
such that

(1.4) up = —Aou + fo(u) fort >0

induces a semiflow 7y on Hy which has an attractor A9 C Hy. As e — 0, m,
converges to my with respect to the family of norms |-|. 4 for d < 1, and the family
of attractors A., € > 0, is upper-semicontinuous at € = 0 (see Theorem 2.2).

In this article we prove the continuity of these attractors. That is we show

THEOREM 1.1. Assume . satisfy the conditions of Section 2 and f (H1),
(H2) above. Assume also that the limit semiflow wo has only finitely many points

of equilibrium, say {ul, ... vu9\40} C Hy, and 0 is not in the spectrum of the linear
operators
(1.4) Ao — D fo(u)id: D(Ag) — Lo for all j =1,..., M.

Then the family of attractors A, € > 0, is continuous at e = 0, i.e. for0 <d <1

lin%) dist&d(.AE, Ap) =0,
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where for U C H., V C Hy we define

dist. ¢(U, V) := sup inf |u — ®7v|. 4+ sup inf |u — ®7v|. 4.
wel VeV veV u€U

In section three we prove the attractors A., € > 0, to be bounded uniformly
in L> (Proposition 3.3). Thus for v € Ay we have D fo(u): Ly — Lo and (1.5)
in the theorem above makes sense.

This paper is organized as follows. In section two we present our notations,
define net-shaped domains and state some results of [4]. In section three we
prove the boundedness of the attractors in L and some auxiliary results we
shall need in the next section. There we prove Theorem 1.1.

2. Notations and assumptions on (),

In this section we will present our notations and state the exact requirements
on the domains .. We will also bring some results of [4] we shall need.

In the rest of this paper ¢ will always — unless stated otherwise — denote
a number in |0, 1].

M € N is a fixed positive natural number. We will write (z,y) for a generic
point in R x RM = RM+1 Let U ¢ RM+! then proj,(U) is the projection onto
the first coordinate.

As in [14], [4] and other papers here also the set of functions on an open set
Q c RM+! which have derivative 0 in y-direction plays an important role. We
define

HNQ) == {ue H'(Q): Dyu=0}, L2(Q):=HILE®@Q).
L2(Q2) is a closed subset of L?(9), hence the orthogonal complement exists.
Denote it by L? (Q).

For n € N we denote by E,, € R"*™ the unit-matrix and for a vector z € R"
||| denotes the Euclidian norm.

Let V be a normed space, z € V and 6 > 0. Then Bjs(z) C V denotes the
open ball around z with radius d.

If U C R” then |U| is the Lebesgue-measure of U. The closure will be denoted
by U.

We will use the notation ugnt for semiflows m(t,ug) = wu(t), u solution of
some (abstract) differential equation with initial value ug.

In proofs we shall often substitute an index €,, by the simpler n. For example
A.., H'. and | - ||, .« will be A,, H', and | - |4 Also we shall assume
constants C1, Cy, ... to be independent of . If they depend on e we shall always
indicate this, writing C(g), or C(n) if € = &,,.

We will start defining the domain €2, which, as already mentioned, will be net
like and consists of Kg € N edges and K € N nodes. More in detail we assume
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Q. € RM+1 to be bounded, connected and C2. Q. = UszEl Q. ;U Ufj;;ijvl Qe 5,
where the €. ; are mutually disjoint and satisfy the following.

The edges Q. j, j =1,..., Kg, have a description

Q.5 =¥.,;(Gy),

where G; C R x RM is open, bounded, connected and Lipschitz. To facilitate
notation we assume proj,(G;) =10, 1[.

The transformation ¥, ;: G; — U, ;(G;) D Q. ; is a C'-diffeomorphism 7} ;
which is near to the identity, followed by a contraction S. in y-direction and
a C'-diffeomorphism T} which is independent of e:

Uej=Tjo0S: 0T

Here T. ;:Q1; D G; — T.;(G;) C Q2 is a C'-diffeomorphism, Q1 j,Q2; C
RMF1 fixed, open, bounded sets. S:(z,y) := (z,ey) and T;:Q; — T;(Q;) C

RM*1 is again a C'-diffeomorphism, Q; D Uy<.<; S=(T%;(G;)) open. Roughly
speaking T ; is there to give some liberty choosing the nodes, S, is the normal

squeezing, and T; moves an edge into the right position (i.e. to [0,1] x RM),
eventually scaling and deforming it in a way independent of &.

We want an edge to touch a node only at the sides corresponding to ({0} x
RM)N G, or ({1} x RM)N Gy, so we assume

0# T, 1, NQ,;) C {0} x RM,
if the edge (). ; begins at the node €, ;, or
Q] 74— \I/E,jil(Qsﬂ' N Qe,j) C {1} X R]\/I,

if the edge ). ; ends at the node € ;, for all possible 7, j.

We assume also that any edge may only begin or end at a given node, but
not both.

Each of the nodes €. ;, j = Kg +1,..., Kg + Ky, converges to a one point
set, say Qo ; = {20} € Tz(él) C RMF1 for all edges (). ; which either start or
end at the node Q. ;.

We assume the node €. ;, 7 = Kg +1,...,Kg + Ky, has a description
Q. ; =9, ;(Gej), where U, ;(2) =ez+ 2., 2e,j — 20, as € — 0.

Note that since all edges are open, each node is closed in .. It may even
have empty interior.

Throughout this article we put the following additional conditions (C1)—(C8)
on G, T; ;,T; and G ;, where always j = 1,...,Kg, 1 = Kg+1,..., Kg + Ky.

(C1) G;N ({0} x RM) or G; N ({1} x RM) has finitely many connected com-

ponents with positive M-dimensional measure, if the edge G'; begins or
ends at some node, respectively.
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(C5)
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There are at most countably many open, connected, pairwise disjoint
Uit c Gj, l € I;, such that each U7 has connected x-crossections and
E :={z € R: thereexists y € RM  (2,y) € G;\ Ulelj U’} has at
most finitely many points of accumulation.

T. i(x,y) — (z,y), € — 0, pointwise for all (z,y) € Gy, and if (1. ;)
denotes the z-component of T j, then (1. ;). — proje|g; uniformly
on Gj.

There is a C > 0 such that, for all ¢ < 1, v € RMHL_||o|| =1,

sup ||DT¢ ;(z,y)v], sup ||DT€,j*1(ac,y)v|| <C.

(z,9)€G; (z,y)€T:,; (G;)

Define 7. ;, 7', by

DTE»j(‘T’ y) = EM+1 - ,T(S,j(xay)a
(DT j(z,y) " = By + T5(2,y).

Denote the elements of these matrix-functions by 7: j,, and 777, ;,
I,k=0,...,M. We assume

1 1.
sup <|Te,j,o,z(x,y)l, |7;,j,o,l<z,y>|) < o0,
0<e<1,(z,y)€G; \& €

and there are maps 7; = (7, 1,...,7;,m):G; — RM such that
1 o1,
15%1 gTe,j,o,z(Ia y) = lslfg gTe,j,o,z(I’ y) = Tju(,y)

for all (z,y) € G;,1=1,..., M.

G.,; is bounded independent of €, i.e. there is a positive Rq such that
Ge,i C Bp,(0) for all 0 < e < 1.

Q. is nicely connected, that is 2. connects nicely at all edges.

We say (2. connects nicely at the node G, ; if the following is satisfied.
There are §,C > 0, and for all edges G, which begin or end at the node
G.,; there are open, connected, Lipschitz, pairwise disjoint G r; C G,
connected w; k1 C RM | |w; 12| > 6 for all @ € I; i, where I; , =10, 6[
if Gy, begins, I, , =]1 — 6, 1[ if it ends at G, ;, such that

Giks = | {2} X wikta

:EEIi,k
Lk

Gr N (Iip x RM) = U Gik,
=1

for all possible I, k. Set Sq := {(i,k,l):i=Kg+1,... , Kg+ Ky, l =
1,....,Lix, k=1,...,Kg, Gy begins or ends at G, ;}.
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If there are an €1 > 0, (i, km, ) € S, (Tm; Ym) € OG, i
such that U, j, (z1,y1) and Y, 1, (22,y2) belong to the same connected

mlm m = 1u 27
component of €, ., then there are an open, connected, bounded, Lip-
schitz U = Ui gy 1y kit € We,i 2(Qe), 7 > 0, both independent of &, and
open

Ue = Ue ikt = Brlzesikdn) CUNT 7 oW g (Gig,in);

mybm m

U p, LoW_,;(U.) C (]0,6C[ x RM)
if Gy,, begins, and
\Ile,k:m71 o \Ile,i(Us) - (]1 - EO, 1[ X RM)

if G}, ends at G, ;, for all e and m =1, 2.

(C8) One of the following holds:
(i) G, has empty interior for all € > 0.
(ii) There are G;1,...,Gin, C RM*1 open, bounded, connected, Lip-
schitz, C > 0, G;r C Qr C RM*! open, W, ;11 Qr — V., 1(Qr) C
RM+L C1_diffeomorphisms, V. ; x(Gix) C Ge .,

1
ol <|det DU, ; 1 (2)], [|1DPeir(2)v|,<C,

N;
‘Gs,i\ U Ve irn(Gik)| =0,

k=1

for all possible 2, k, e and v € RM*! |jv|| = 1. For all k € {1,..., N;}
exist I € {1,...,Kg}, open, bounded, connected, Lipschitz U;; C
\Dg’i_l(ﬂg’iUQg,l), r > 0, all independent of €, and open U, = U ; 1,1 =
By (zei k) C Ui sNWo ;71 (Qe ), such that [We ;1 (Ui e NVWe ;i 1(Gik))]
> ]./C, \Ileylilo\l/eyi(UE) C ]O,EC[XRM if Gy begins, \:[1571710\1/571'([]5) C
1 —eC, 1] x RM if it ends at G, for all €.

Proposition 3.1 in [4] states, that if (C1)—(C8) hold, then the following two

conditions hold too:
(C9) Define Hy as the set of all [u] = [ug,...,uk,] € H}(G1)x...x H}(Gk,)

such that there are a constant 3 > 0, a sequence &,, | 0 (both dependent
on [u]), and U, € H'((,) such that U,o0 ¥, , — uy weakly in H'(Gy),

k=1,... ,Kg,
Kg 1 Kp+Kn
> —I1Dy(@n 0 Ve, i)llz2(6r) + > enllino Ve, kliz ., .
k=1"" k=Kg+1

1 ~
+ D@0 0 Ve, 0)lIZ2c,, ) < B-
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We assume Hy is a closed subspace of HX(G1) x ... x H}(Gk,), and
for every € > 0 there is a linear map

@?IHO — Hl(Gl) X ... X Hl(GKE) X Hl(G87KE+1) X ... X Hl(Ge,KE+KN)

and a constant C' > 0, independent of ¢, such that for all [u] = [uq,... ,

uk,] we have (¥ [u])y = ug, k=1,...,Kg. Also

Kg
2.1) > llurline,)
k=1

Kp+Kn

1
> Y ell@fubrllia.,) + 1@ [kl 726 ) = 0,
k=Kg+1

as € — 0, and 4. defined by
U = (PP [u))p o Vo™ on Qup, k=1,...,Kg + Ky,

is a function in H'(Q) (i.e. ®7[u] comes from the H'-function 4. via
the transformations ¥, ).
(C10) If C > 0, &, — 0, [un] € H'c,, [unllc,1 < C and [[[ug][z>., =1 for
all n, then
Kg+KnN

En Z Hun7k||%2(csnyk) — 0, asn— oo.
k=Kg+1

To simplify notations we set ® :=id on Hy.

y(e)

2y

3560
0

FIGURE 1. An example for a net-shaped domain. It is an L-shaped one as
defined in [9] only that it has holes.

As has already been mentioned in the introduction, we want to identify
H(Q.) with a certain space

KE KE“’KN
H.c [TH'G)x ] H'(G-;)
j=1

j=Kg+1
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To do this define matrix functions A, ;: G; — RMFUXMHY 5 =1 Kp by
1

As,j(xay) = (DTs,j(xay))il

1/e
(DTj(SE o Ts,j(xv y)))il'

1/e
Note that the norms and determinants of all A, ; are bounded from 0 and infinity
uniformly in € and (z,y), and

L 7;(x,0)

Acsten = (o T

) DT;*(x,0)

pointwise as € — 0 (see [4, Lemma 2.3]).

We divide €. into the above mentioned Kg edges and Ky nodes, which
in turn get transformed by W, ; into G;, j = 1,... ,Kg, and G.;, j = Kg +
1,...,Kg + Kx. Thus we can identify L?(.), H'(Q.) with

(2.2) Le:={[u] = [u1,... ,urpiry] 1 uj € L*(G)), j=1,... ,Kg,
U; ELQ(GEJ), 1=Kg+1,... ,KE—I—KN},

Kg Kg+Kn
([u], [v)L, = Z/ ujvjdAe j + € Z / u;jv; dz,
j=17Gj J=Kgp+17Ce

(2.3) H.:={[ul€L.:uj € H(G}), j=1,... ,Kg,
u; € H'(Ge;), i=Kg+1,... ,Kg + Ky,
Jue H'(Q) oV, j=u;, j=1,... , Kp + Ky},
Kp+Kn

1
(0 b o= (b e+ S [ DugDvya:

j=Kg+1
& 1 1 r
+ Z/ <Dxuj7 Dyu]>A€,J(I7y)A§j(xa y) <D$U]3 Dy”]) dAE,_]v
j=1"Gj € €

and norms || - ||z, || - || &., respectively. Here we used measures on RM*+! defined
by

Aoy(A) = / |det DT ; ()| det DT;(S. o Tz ; (x, )| da dy,
A

Xo,;(A) ::/A|detDTj(Jc,O)|dxdy,
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for all Lebesgue measurable sets A C CTj, j=1,... ,Kg.

Note that |det DT ;(z,y)|| det DT;(S: o T; j(x,y))| is bounded from 0 and
infinity uniformly in (z,y) and ¢ (see [4, Lemma 2.1]). Also above expression
tends pointwise to | det DTj(z,0)| as € — 0.

Givenwuj, j=1,... ,Kgorj=1,... Kg+ Ky, we write [u] for [u1,...ux,]
and [u1, ... , UK+ Ky, Tespectively. It will be clear from the context which case
is meant.

The definition of L. and H, with the respective scalar products in (2.2) and
(2.3) is just a change of variables on each subset Q. ;, j =1,... ,Kg + Kx, the
measures A ; being the Jacobian of the respective transformations dropping the
common factor ™. Thus @ € L*(2.) if and only if [u] € L. and ||ﬂ\|%2(ﬂs) =
EMH[U]H%E; u € HY(Q.) if and only if [u] € H. and ”aHJQLIl(QE) = 5M||[u]||%15 Also,
if [u.] € H. is such that (]|[u]
bounded too.

Note that by Lemma 2.7 in [4] there is a constant C' > 0, independent of ¢,
such that for all [u] € H, we have

le.1)e>0 is bounded, then (E_MHagHHl(QS))6>O is

(2.4) [u]ll#. < [[u]len < Cll[u]]lA.-

2l
C
We have already introduced the space Hp in (C9), let Ly be the closure of

Hy in L?(G1) x L?(G2) x L?>(G3). Then Ly = HJK:E1 L2(G;) (see [4, Lemma 2.5]).
We introduce inner products on them by

Kg
(2.5 (- B =3 [ wosdho,.
J= .
(2:6) (1l By = (0D + 3 [ Do Drvyra

Denote the respective norms by || - ||z, and || - ||z, -

We need to embed Hy in H. and Lg in L. in order to be able to compare
semiflows and attractors. We do this by the linear operator ® given in condition
(C9) in the case of the H'-spaces.

To embed the L2-spaces define ®L: Ly — L. by

(¢6[u])3 = Uj, fOI'j: 17 7KE7
(®L[u]); =0, forj=Kg+1,...,Kg+Kx.

€

Then the ®L: Ly — L., ®: Hy — H. are both linear and bounded, the bound
being independent of € > 0.
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We want to write equation (1.1) as an abstract equation. To do so define
bilinear forms a.: H. x H. — R, ¢ > 0, by

Kgp
1 1
27) ac(ful, ) =) /G (Dxuj,gDyuj)AE,jAgj(Dzvj,gDyvj)TdAm
J=17"d

Kp+Kn

1
+ — Z / DujDuv; dz,
Ggyj

j=Kg+1
Kg
(2.8) ag([u], [v]) :== Z/ Dxuijijl,O)DT]T(x,())|72d)\07j.
j=1"Gi

It is well known (see e.g. [4]) that for € > 0 these bilinear forms a. define linear
operators A.: D(A.) C L. — L.. D(A.) C L., D(A.) C H. densely and the
operators A. have compact resolvent, are selfadjoint and sectorial. There are
complete orthonormal systems (ONS) of L. consisting of eigenvectors of A..
Note that the fractional power space X[.} /2 belonging to A, is H..

If f.: H. — L. denote the Nemitsky operators of f for € > 0, i.e. f; is defined
by f-([u])(z) = f(u;(2)) for z € G or z € G, ; for all possible j, then equation
(1.1) and — in a certain sense — its limit can be written in an abstract form as

(2.9) [ue] = —Aclu] + fe([u]), t>0.

It is clear that it suffices to investigate the behavior of the semiflow generated
by equation (2.9) because a simple transformation changes it into the semiflow
generated by (1.1) (for € > 0).

Henceforth we shall only treat equation (2.9).

We cite now some results from [4] regarding the convergence of eigenvectors
and eigenvalues of A., of the existence of semiflows 7. generated by equation (2.9)
and their convergence, and finally of the existence of global attractors A. and
their upper-semicontinuity.

THEOREM 2.1 (cf. [4]). Denote by A, the eigenvalues of A., € > 0, and
assume them to be ordered 0 < A.1 < Ao < ... Denote by [uc;] € H. the
corresponding eigenvectors which form a complete ONS of L.. Let €, — 0.
Then A, 1 — Aoy, for alll € N. There is a subsequence, called €, too, and
a complete ONS ([w]); of Lo consisting of eigenvectors belonging to Ao such
that |[uc, 1] — @ [w]|c,.a — 0 asn — oo, for all 0 < d < 1.

THEOREM 2.2 (cf. [4]). Let &, | 0, [u,] € He,, [uo] € Ho and ||[u,] —
®L[ull|L. — 0, n — oo. Assume f satisfies (H1) and (H2’). Then equation
(2.9) generates a global semiflow, called w., on H., for ¢ > 0. If tg,t, > 0,
tn — to as n — 00, and SUP, e, g<t<at, |[Un]Te, tle,,1 < 00, then for 0 < d <1

[[un]me, tn — @gb([uo]ﬁotoﬂgmd — 0, asn — oo.
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For e > 0 the semiflows e have attractors A. C H. consisting of all full bounded
solutions on H. which attract every bounded set B C H.. The family of attractors
is upper-semi-continuous at € =0, i.e. for all0 < d < 1,

lim su inf |[u] — & [v]|. 4 = 0.
=0 [u]egs [v}eAUH | =@ [vllea

3. Boundedness in L*° and auxiliary results

We want the Nemitsky operators f. to be differentiable on the attractors.
On way to get this is to show the attractors to be bounded uniformly in L°°.
Then one can cut f without changing it on the attractor.

In this section we show the attractors to be bounded uniformly in L*°. For
this purpose we need the stronger dissipativeness condition (H2) on f, i.e. we
suppose 3 > 0, where in many other papers (e.g. [14], [4]) B2 = 0 is allowed.

We also provide some results we shall need later, among them a conver-
gence result for eigenvalues and eigenfunctions for the linear problem [u;] =
—A.[u] + V:[u], where V. are some potentials. Additionally we define a (the
usual) Liapunov-function for these semiflows.

For € > 0 we can apply Theorem 2.1 from [3]: with this theorem [u]7.t is in
L for t > 0, and all [u] € H.. In particular all A., € > 0, are bounded in L.
But we want a uniform bound on [u]7.¢ independent of ¢ and [u]. We cannot
apply the results of above paper to this case because 2. collapses to a lower
dimensional set, and on the fixed sets G; the coeflicients in the linear operator
tend to infinity. Also we do not have similar results for the limiting case since
the abstract theorems do not apply to it.

We shall use functions of the form ¢ +— ||[u]m.t| L» to show that after a certain
time (independent of €) [u]n.t is bounded in L™ by a bound independent of the
initial value [u] and e. Then the convergence of the semiflows 7. to my shows
a similar result for mg. Thus all attractors A., € > 0, are bounded uniformly
in L.

We need the spaces LP(£.), 1 < p < oo. Dividing 2. as before into edges and
nodes, and making the transformations via ¥, ;, each of these spaces corresponds

to an L? with norm || - ||.» defined by
L;g ::{[u] = [ul,... 7uKE+KN] Uy € Lp(Gj>, j=1...,Kg,
UZEL‘D(GEJ),ZZKE+1,...,KE+KN}, for € > 0,
Kg Kp+Kn 1/p
el e ::(2/ wilPdde, 423 / |uj|sz) , p<oc, >0,
j=17Gi j=Kg+17 G
[[u]llee := max(|lujl| Lo (s lwllze.y, 3=1,--., Kg,

l:KE—i-l,,KE—FKN), e >0,
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Lg ::{[u] = [’LL1,... ,’U,KE} LUy ELP(GJ‘), j=1,... 7KE},

Ke 1/p
el :—(Z / Uj|pd>\0,j> . p<oo,
j=17Gj

[[ulllge == max([|lu;llzee(c;), 5=1,...,KE).
We need a few technical lemmas.

LEMMA 3.1. Let y:[a,b] — Rx> be continuous and differentiable on |a, b[ with
Yy < Cp—Coy®?, where C; >0, Cy > 0, C3 > 1 are some given constants. Then

for t € [a,b] we have either
1/Cs
v <2(g)

Cy
. G 1-Cs ()~ 1/(Cs—1)
Y0 < (= @) Z(Co = 1) + 4 Co(a) D),

PROOF. If y(t) > (C1/C5)Y %, then y' < 0. Hence if y(a) < 2(Cy/Cq)"/ s
=: Cy, then y(t) < C4 for all t.

Now assume y(a) > Cy. Then as long as y(t) > C4 we have 1/2C,y%3 (t) > C;
and thus

tia </t —y'(s)ds _/W) dy </y<“> 2dy
~Ja Coy%s(s) — Gy gty C2y@ —C1 = Jyu Coy©s

- Gsay @ - W),
We get
) < (¢~ ) Z(Ca — 1)+ 5~ C(a)) /O, .

LEMMA 3.2. Assume f satisfies (H2). Let e > 0, 2 < p < o0, [ug] € He,
and set u(t) = [ug]met, t > 0. Then u(t) € L, fort > 0, and we can define
GepiRs — R by Gep(t) = [[u(t)l| 2"

(a) Gep is is differentiable on |0,00[. The derivative is
GL (1) = p(lu(®)P~u(t), deu(t))r. -
(b) There are constants C,T > 0, independent of p, €, [ug], such that
Gep(t) <CP forallt >T.
(c) If f satisfies only (H2'), C' > 0 is such that f(s)/s < —1/2¢, |s| > C,
and u(t) = [ug] is constant, then |[uo]||L= < C, for e > 0.

PrOOF. First note that condition (H2) implies there is a constant C; > 0,
such that f(s)/s|s|? < —1/2¢, for |s| > C;. The same holds if f only satisfies
(H2’) setting (2 = 0.

In this proof we will work with €. rather than the partition into G;, G ;.
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If [u] € L. and w € L*(f2.) are such that wo ®.; = u; for all j, then by
construction w € LP().) if and only if [u] € L?, and in this case ||w||’£p(ﬂi) =
M| 2".

For t > 0 set w(t) == u;(t) o ®.; Q. ; — R, j = 1,..., Kp+ K,
then w(t) is solution of equation (1.1) with initial value w(0) € H*(Q:). De-
fine ggyp(t) = ||Jw(t )||Lp Q)" If we show §W is differentiable with derivative
g;’p(t) = p(lw()|P~2w(t), wi(t)) r2(q.), then the first part of the lemma follows
immediately.

Let 0 < tg. Then w(ty) € L>®(£.), as has already been mentioned. For
to <t we can view w(t) as the solution of the abstract equation

Wy = _Avew + fé‘(w)7

where the linear operator A.: D(A.) C L2(€.) — L2(£).) is sectorial. It is well
known that the restriction ﬁg,p:D(ﬁgﬁp) C LP(Q2.) — LP(£.) is sectorial (see
e.g. [12, Theorem 3.1.3]). Hence there is 71 = Ti(w(to),&,p) > 0 such that
t— w(t) € LP(€) is continuous on [tg, T1[ and differentiable on |to, T1[. If T} is
maximal, then either Ty = oo or ||w(t)||zrq.) — o0, as t T T1.

The differentiability of ¢ — w(t) € LP(Q.) implies

GL (1) = p(Jw()[P 2w (t), we () L2 (0.

Hence if we knew 77 = oo, then the first part of the lemma would have been
shown.

To prove T1 = co and the second part, note that w(t) € L>(Q,) for 0 < t <
Ty. Thus |w(t)[P~2w(t) € HY(Q.) and O(|w(t)[P2w(t)) = (p— 1) |w(t)|[P~20w(t).
If @. denotes the bilinear form which generates ZE, we get for tg <t < T3

61, (1) = pe= (1 (), [wl0) (1) + (- (), b w(0)) 120,
-M / p— D]wt) P *Vw(t)Vuw(t) + f(w(t)w(t)|w(t)P~?) dz
< peM(mgwf—l (76 = €O,
< p5M<|QE|CQC{"1 - ;flﬁsl"”pllw(t)llitfi)),

where the constant Cs is independent of €, p, [ug], t. The conditions on the
transformations ®. ; imply the existence of a constant C'3 such that || < C3eM
Thus there are constants Cy, Cs > 0, also independent of €, p > s, [ug], ¢, such
that

(3.1) GL,(t) S pCyCL — pCsGPFPIr(), 1o <t < T.
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By Lemma 3.1 we have either
C 2
gs,t(t) < 2540{7 /(p+p2) < Cé?’
5

where Cg is independent of ¢, p, [ug], t, or

g t — tO 62 —Ba/p —P//Bz
en(t) < {5 pCs +0:; (to) .

Thus for ¢t T T1 Ge ,(t) is bounded, and T7 = oo follows.

Now if t > T := ((1/2)C5C5? B5) ™! + to, then in any case G. ,(t) < C? and
the the first two parts of the lemma have been proven.

To prove part (c) use again inequality (3.1), only that now 5 = 0. Since
G. ,(t) = 0 in this case, we have

Cy
I[uo]ll7e < FSC?

It is well known that if u: U — R, U C RM*1 open, then |lu| s < C if and only
if [|ul| o) < |U[PC for all p big enough (see e.g. [6, Problem 7.1]).

Thus ||[uo]||ze < Cy and the third part is true too. O
Now we can prove that the attractors A, are bounded uniformly in L°°.

PROPOSITION 3.3. Assume f satisfies condition (H2). There is a constant
C > 0 such that A. C Bc(0) C L for alle > 0.

PRrROOF. First let € > 0. Let T and C; be as in Lemma 3.2(b). If [u] €
A, then there is a [ug] € H. such that [ug]m:2T = [u]. Thus by Lemma 3.2
I[u]l|z < Cy for all 2 < p < oco.

Using the same characterization of L> we used in the proof of Lemma 3.2,
there is a Cy > 0 and |[|[u]||z=~ < C3. This proves the uniform bound on A, for
e > 0.

Now we bound Ag. Let [u] € Ag. Again there is a [ug] € Hp such that
[uo]mo2T = [u]. Let €, — 0. By Theorem 2.2 we have

(@ [uo))me2T); (2, y) — u;(x,y)

for a.a. (z,y) € Gj, and arguing as before we get |u;l|L~q;) < C2, for all
Jj=1...,Kg. |[[ullrg < C2 follows immediately. O

Now we bring a few lemmas we shall need in later sections. We start by
proving a sufficient condition for convergence in | - |¢ 4.
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LEMMA 3.4. Let e, — 0, 0 < d < 1, [u,] € D(Ae,), [uo] € Ho and
Iunlllm., s | Ae, [un]llz., < C, C >0 independent of n. Suppose
I[un] = ®Z, [uo]llL., — 0, asn — oo,
then
(3.2) nan;o ac, ([un], 2 [v]) = ao([uo], [v])  for all [v] € Ho.
If additionally a., ([un], [un]) — ao([uo], [uo]) as m — oo, then

[[wn] — <I>£L [uo]le,.da — 0, asn — oo.

PROOF. Assume the situation of the lemma. By Lemma 2.12 in [4] there is
a subsequence, called ¢, again, [vg] € Hy, u; € (L*(G;))M, j=1,...,Kg, such
that u, ; — vo; weakly in H'(G;) and strongly in L?(G;), (1/,)Dytin j — o,
weakly in L%(G;), j = 1,...,Kg, and an([u,], ®Z[v]) — ao([vo], [v]), for all
[v] € Hy, as n — c0. [vg] = [uo] and thus (3.2) follows.

Now assume additionally a, ([un], [un]) — ao([uo], [uo]), n — oo, then

0 — an([un], [un]) — ao([uo], [uo])

j=17C
—_2E1,1L,]'

—/G (Do )% (1, 0)DTT (2,0) % do,

J

1
+/ (’ (Dwumj,g Dyun,j)An,j(x,y)\ﬂ det DT, ;|| det DT}(S. o T. ;)]
G n

2
(Dzuo,j, Uo,5) ((1) Tjéi}y)) DT; ! (2,0)| dXo,,

2

::E2.n,j
2
- ‘(D;cuo,jaﬂo,j) (575 ) DT, (@,0)] | det Di}(x,on) dx dy
=:F3 ;

1 Kp+Kn
+— Z / |Duy, ;| dz .

En . G, ’

j=Kg+17-mJ
=:1E4,n>0

By Lemmas 2.3 and 2.6 in [4]
1T

0 EM)Dle(x,O) |det DTj(z,0)]

Es . — (Dguo,j, to,j) <

weakly in L2, thus for all j

n—oo

(3.3) lim inf/ (| By > — Es,;) dzdy > 0.
Gj
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Recall that the orthogonal complement of L?(G;) is L? (G;). Decompose 7,
Uo,5,, by setting T = T, ; + T j, Uoj = Us,0,j + UL,0,j, Where T j1,Us 0,51 €
LE(GJ), TL’J—J,ELOJ,Z S Li(Gj)7 7j=1,... ,Kg,l=1,... /M.

Note that by Proposition 2.1 in [4] for v € H}(G;) we have D,u € L%(Gy)
for all j, and by Lemma 2.12 of the same article

Us,0,5 = Dato,j(|(1,0) DT (2,0)|7%(1,0) DT} (z,0) DT} (2, 0)(0, Exr) ™ — T ).

Proceeding as in the proof of Lemma 2.13 in [4], we get

By = [ (Dao,PI0L0)DT] (2.0) o,

J

+ / ‘(0, DxuodTLj + ’(~Ll707j)DTj71(l‘, O)Pd/\od‘ .
G

J

:ZE5,]‘ZO

We find

Kg
0« Z E57j + / (|E27n7j|2 — Eg,j) dx dy + E4,n
j=1 Gj
and (3.3) implies

Esj= lim By, = lim [ (|E2n;l®— Esj)drdy =0
for all j. Thus Dyuy j — Dyuo j, (1/€n)Dyun j — to,; strongly in L2, which in
turn implies |[u,] — X [ug]|n.a — 0, n — oo, for all d < 1. O

We need the uniform boundedness of the attractors Ag in || - || .. Since this
is not included in [4], we prove it here. For this we use a Liapunov-function often
used for such equations.

Let £ > 0. Define F(z) := [ f(s)ds. Denote by F.: H. — L! the Ne-
mitsky operator of F'. It is well known that F. is well defined, maps bounded
sets of H. into bounded sets of L., and is Frechét-differentiable with derivative
DE([u])[v] = fe([u])[v]-

Define G, p: H. — R by

1

Gen([u]) := Sa([ul, [u]) = (Fe([ul), )z,

(here € > 0). It is well known that G, g is Frechét-differentiable, and if o.(t) is
a solution of equation (2.9), then (¢ — Ge g (0:(t))) = —||0ioc(t)||7.. Ge,r maps
bounded sets of H. into bounded sets of R. Since f satisfies condition (H2’),
there is a C; > 0 such that F(s) < —(1/4)¢s%+ C; for all s € R. Thus there are
C5,C3 > 0 such that

(3.4) ||[uH|%(E < C9(Ge,m([u]) +C3) forall [u] € He, € > 0.
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By Lemma 3.5 to come the sets of equilibrium points of 7. is bounded in H.,
and 7. is gradient like with respect to G g, € > 0.

LEMMA 3.5. For every 6 > 0 there is a C = C(8) > 0, independent of € > 0,
such that if [u] € D(A:), || = Aclu] + fe([u])[|o. < 0 implies ||[u]||ln. <C.

PRrROOF. Let [ug] € D(A:), € >0, § > 0 and assume
| = Acluo] + fe([uo])||z. < 0.
f satisfies (H2’) means there are constants Cy,Cy > 0 such that
([ul, fe([u])) L. < (C1 = Colllulllz)[u]l[z.  for all [u] € He, &> 0.
Now if ||[ug]||z. > max((2 4 4/C5)d,C1/Ca + 1/2), then for e > 0

—0[[uo]llz. <(=Acluo] + fe([uo)); [uo])z.

<~ min (1, 5Co ) (ax(lual [o]) + ol 2,

+ (- gCalluolle. )l

IN

1
- i (1, 32 )l < ~261fuolz. #
If ”[UO]HLE < maX((2 + 4/02)(5, Cl/CQ + 1/2), then

—0l[uo]llr. < (—Acluo] + f-([uo]), [uo])L.
—(ac([uo], [uo]) + lluo]lI7.) + Cs < —|l[uo] |7, + Cs.

IN

Hence || — Ac[uo] + fe([uo])l|z. < 0 implies [|[uo]||%, < Ca = Ca(d).

For ¢ = 0 we do no longer have ac([u], [u]) + [|[u]||7. = [/[u]l|}. but only
ao([u], [u]) +|[[u][|Z- < Cs||[u][|3;,. In this case we can adapt the argument above
using 6 = 6/Cs. O

LEMMA 3.6. Let C; > 0, Q C 10, 00[ xRM be open, bounded, Lipschitz. Then
there is a constant Cy = Co(C1) > 0 such that for all uw € H(Q) and ¢ > 0

1
gHUH%z({(z,y)eﬂ:oqgscl}) < CQHUH%H(Q)'

An analogous statement holds if 2 C oo, 1| x RM.
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PrOOF. Extend u € HY(Q) to u € H*(RMT1). We get

1
- / u? dz dy
€ J{(z,y)er0<a<eCy}
2 ~
S7/ |U(I,y)fu(0,y)|2dxdy
€ J{(z,y)en:0<z<eCr}
2 o~
+ */ w2 (0,y) dx dy
€ J{(z.y)e0<a<eCr}

2 [F _ N
< E/o [a(x, y) — @0, y)[|72(gary da 4+ 2C1 [@(0, -)[17 2 g@ary
< Cy 5 2 d Ca a2 <C )
,? ; £E||UHH1(]RM+1) x + 3Hu”H1(RM+1) < 4Hu”H1(Q),

where we used Theorem 6.2.29 in [7]. O
LEMMA 3.7. There is a constant C' > 0 such that for all [u] € H., € > 0,
and d > 1/2

Kgp+Kn

(3.5) > luiliee. ) < Cllull2.q

j=Kg+1

PrOOF. Fix jo € {Kg +1,... ,Kg+ Ky} and let [u] € H., 0 < e. If G j,
has empty interior, nothing has to be shown. If this is not the case, by (C8)
there are open, bounded, connected, Lipschitz G, » C RM+L 4o e {1,... ,KEg},
Ujok € Ve jo M Q% jo N Qeio), k =1,...,Nj,, r,C; > 0, all independent of ¢,
C*'-diffeomorphisms V. j x, zc.jo.x € RM*1 such that

Nj()
Gejo \ | Pejor(Gjor)| =0,
k=1
Br (2 jo k) C Ujo.k N e jo ™ (Qeig),
-1
[Wesgo™ Wiok 0 Wejo s (Gio k)] 2 5
\ij7i0_1 © \I’E,jo(BT(ZE,jmk)) - ]07601[ x RM or
\Ij&ioil o We jo (Br(2e,jo,k)) CJ1—eCy,1[ x RM»
if the edge (). ;, begins at the node €, j,, or if £} ;, ends at () ;,, respectively.
Without loss of generality we assume (). ;, begins at €. j,. Define
Ujo k,U = Uj © ‘I’e,i_l oW, , on Gy, resp. Ge,
Ujo k= Uy © Ve jo k on Gk,

for all possible j, k. Then wj, v € H (Ujyx), ujo. e € H' (G, k). Note that
these functions may depend on €.
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Now, if V.C U c RM*! are given, U is open, bounded, connected, Lipschitz,
V] > Co > 0and v e HY(U), we set ¢, := [U]7!(v,1) 2y, w := v — ¢,,. Then
(w,1)r2y = 0 and by the generalized Poincaré-inequality (see e.g. [1, 5.15])
there is a C3 = C'3(U) such that

|w|lL2wy < Csl|Dwl|L2my = Cs]|[Dvl[L2(vy-

1 1
Cy Si Cy dZS— /’de+/ w dZ)
el <& [redde< g ([ wacs [ o

|U‘1/2
<
> 02
(36) [ollz2wy <[U[M?leo] + CslDol| 2wy < Calllv]l 2 vy + 1DV 2 ),

Also

(lvllz2cvy + Csl[Dv|| 2 ry),

with some constant Cy = Cy(|U|, C2). Apply this first for
U= GjoJﬂ V= V({—;) = qj67jo7k71(Ujo,k N \Ijé‘,jo,k(Gjo,k))?

then

||uj01k||L2(Gj0,k) < C5(H’U“joykHLz(‘lla,jo,k’l(Ujo,kﬁ‘lfa,jo,k(Gjo,k)))+||Duj07k |L2(Gj0,k:))'

Apply to this inequality the transformation ¥, j, x, then by (C8) there is a con-
stant Cg such that

B7) Mol 22, ig e o 1 (Gp00) < Collltgo e Ull 2w ) + 1PUG 2260 59 )-

Now apply inequality (3.6) a second time, with U = Ujyx, V = V() =
By(2¢ jo,k)- There is a C7 such that

[wjo k.0 | L2 ) < Crlllo kU | L2(Br (oe sy ) T 1DWo U | 2205, 1)

< Ca(e™ 2 luiy |l L2 ({(@,9) € Gy s0<weCr})

Kg
+ Z51/2||Dmui||L2(\115.i—1(\115,j0(Ujo,k)mﬂs,i))
=1

+ e 2Dyl 2w -1 (. U 0000200)
Kg+KnN
+ Y Dl -1 (e Uy 0)0020)
i=Kp+1
making the transformations onto G; and G ;, respectively, and using the bound-
edness of A, ;.
By Lemma 3.6 there is a Cy such that, for d > 1/2,

1o, k.Ul 22000 < Colllttio 11 (6 + [ldle, d) < Crol[ulle,a-
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Using inequality (3.7) and summing over all k, there is a C1; such that

lujollz2(G. ;) < Crallulle,a
which implies (3.5). O

LEMMA 3.8. There is a constant C > 0 such that A. C B (0) C He for all
e >0, i.e. the attractors are bounded uniformly in || - |, for e > 0.

PROOF. Let [uc]: R — H. be a full bounded solution of equation (2.9). Then
Ge 1 ([uc(t)]) is bounded, by say C;(g). There is a sequence t,, — —oo such that
(t = G u([ue(O))) li=r, = —ll0:[uc(t)]IIZ, — 0.

Let Cy = C(1) the constant of Lemma 3.5. For n big enough ||0;[ue (tn)]]| 2. <
1 and this lemma implies ||[ue(¢,)]]|m. < Co. Since G g ([ue(t)]) is non increas-
ing,

Ge,ri ([u(1)]) < Calluc(tn)|l7r. < CaCy

for t > t,, and thus for all ¢ € R. (3.4) now proves the lemma. O

LEMMA 3.9. Let &, — 0 and assume 0,:R — H__ are solutions of equa-
tion (2.9) with ||on(t)||m., < C for all n and t. Then there are a constant
Cy = C1(C) > 0 and a solution 0g:R — Hy of (2.9) with ||oo(t)||g, < Ci.
C1(C) — 0 as C — 0, and there is a subsequence, called €, too, such that
lon(t) — @2 o0(t)]c,.a — 0, asn — oo, for all0 < d <1, t€R.

Proor. Fix 0 < d < 1. For each k € N fixed, |0y (—k)| g, is bounded,
hence taking a subsequence, called ¢, again, (0,(—k)); converges weakly in
HY(G;), j =1,...,Kg. By conditions (C9) and (C10) there is a [ug ] € Ho
with ||, (k) — ®E[ug k]|, — 0, as n — co. We can apply Theorem 2.2 to get

(3.8) | (—k + 1) — ® [ug k] mot|na — 0 asn — oo,

for each ¢ > 0. Using the Cantor diagonal procedure there is a subsequence and
[uo,] € Hp such that (3.8) holds for all k € N, ¢ > 0.
Since for k >l and t >0

op(—l+1t)=on(~k+t+k—1)

we have [ug ;]mot = [ug,k]mo(t + k — 1) and we can define 0¢g: R — Hy, o¢(t) :=
[uo.p]mo(t + k) if t > —k. o9 is a solution of equation (2.9) (for ¢ = 0). (3.8)
implies |loo(t)||m, < Ci for all t € R, and Cy = C1(C) — 0 as C — 0. O

We want to prove the convergence of eigenvalues and eigenvectors if the
linear operator is A, plus a potential V.. We assume that the given potentials
Ve: L, — L., € > 0, satisfy the following conditions:

(V1) There is a constant C,, > 0, independent of € > 0, such that |V-[u]||r. <

Coll[u]|l L. for all [u] € L.
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(V2) For all € > 0 is V. symmetric.

(V3) If [ue] € Le, [ug] € Lo, ||[ue] — ®E[ug)||z. — 0, as € — 0, then ||V.[u.] —
OLVyug)l|lL. — 0, as e — 0.

Note that (V3) implies

(V3') If [ue], [we] € Le, [ugl, [wo] € Lo and lim. g ||[uc] — ®L[uo]||z. = 0 =
lim. o [|[w:] — @£ [wo][|z. then

(Velue),we)p, — (Voluo], [wo])L,, ase— 0.

For ¢ > 0 define a bilinear form b.: H.x H. — H. by b.([u], [v]) = ac([u], [v])+
(Velu], [v])r.. In the same way as a. this bilinear form b, defines an operator
B.:D(B.) C L. — L., B: is selfadjoint, sectorial, and has compact resolvent.
There is a complete ONS ([ugj])j of L. consisting of eigenvectors [ug’j] of B
with corresponding eigenvalues )\gyj. Without loss of generality we can assume
these eigenvalues to be ordered /\2)1 < )\272 <...

Note that B. = A. + V., D(B.) = D(A.), H. is still the fractional power
space X2/2, and dist(c(A.),0(B:)) < |Vello. < Cy, C, as in (V1) (for the
inequality see e.g. Theorem 4.10 in [11, Chapter V]).

LEMMA 3.10. Theorem 2.1 holds for Be. Le. ife,, — 0, then )‘ls)n,l — /\8,17 for
alll € N. There is a subsequence, called &, too, and a complete ONS ([ub]); of Lo
consisting of eigenvectors belonging to )\g’l such that |[ugnl] — ég [u!]|z,.a — O,

as n — oo, for all0 < d < 1.

PrOOF. Let ¢, — 0 and fix 0 < d < 1. Since A\,,; — Ag,, as n — oo, the
remark above implies that ()‘I:L,l)’ﬂ is bounded, for all [ € N. Thus for { fixed, we
can take a subsequence, called ¢,, again, such that )\Z;“l — .

We have

e s, = an(lun ], up o)) + Mg 12, < 1A+ Co + 1.

Thus (C10) (recall (2.4) to bound |- | 1) shows

Kep+Kn
€n Z ||[uz,l,j]||%2(Gn,j) — 0.
J=Kg+1
Also [ufhl,j] is bounded in || - [|g1(g,), for all j = 1,...,Kg. This in turn
implies — taking again a subsequence — there are u; ; € H'(G;) and w,;; —
w;; weakly in H! and strongly in L?. Thus [w] = [u1,...,u k] € Ho (see
condition (C9)), [|[u;, )] — @5 [w]llz, — 0, and 1 = [|[uy, ]Il — [[fw]]lL,-

Using Lemma 3.4 and (V3’) we find for all [u] € Hy, as n — o0

pu(f], [u))po = A o (lup o], @3 )z, = an([ug, ), @3 [u]) + (Vi )], @ [u))z,
— ao([w], [u]) + (Vo[wil; [u]) Ly = bo([w], [u])
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and (p, [u;]) is an eigenvalue, vector pair of By. Also

an ([t 1), [up 1) = bn([ur, ], fup o) = (Valug o), fun D) e, — = (Volwl, [un))
= bo([w], [w]) — (Vo[wi], [wi]) 2, = ao(fw], [wi])
and we can apply Lemma 3.4 getting \[ufw} — ®Hw]|pa — 0, as n — oc.

With the Cantor diagonal procedure there is a subsequence such that we
have above results not only for one [ but for all [ € N. That is we can assume

Jim ALy =, i [ug )] = @ [wlna =0, [l[u]]z, =1

and (p, [w]) is an eigenvector, value pair for By, for all [ € N.
If I # k, then as n — oo,

0= ([up 4], [ w2, — ([, [ur])
and ([w]); is an ONS of Ly. Assume it is not complete, then there is a 0 #
[u] € Lo such that ([w],[u])r, = 0 for all I. Since there is a complete ONS
of Ly consisting entirely of eigenvectors of By, we can without loss of generality
assume [u] to be such an eigenvector, and in particular [u] € Hp.
Write @ [u] = 3,5, anfun,] (recall that [u,,] is an eigenvector for the
eigenvalue A, of 4,,). Then for all [

an = (@3 [ul, [un))z, — ([ul, [w])r, =0, asn — oo,
and by (2.1) there is a constant Cy such that

> Anian; = an(@ [ul, @ [u]) < Cy.
>1

For every § > 0 there are ni,l; € N such that for n > nq,l > [; we have
Ang > 1/6. For n > ny we get

Z Oé%,l S Cl S 601

A
>0 nh

and thus, as n — oo

15t

Iulllz, < 1@ [ulll7, <> ol +Cid.
=1
~——

—0
Hence [u] = 0, which cannot be, and ([w;]); has to be complete.
The only thing we still have to show is )\Z,l — /\g,l for all [ for the original
sequence &,. For this it is sufficient to show u; = )‘8,1 for all [.
Assume this to be false. Then there is a I € N such that pu; = )\8’1, l =
Loooyly =1, u, # Ay, Now if p, < Aj,,, then py, = A}, for some | €
{1,...,l — 1} and [u,] is a linear combination of the first I3 — 1 eigenvectors
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of by, i.e. of [u1],...,[u;,—1], which contradicts the orthogonality of ([u;]);. If
iy > )\8712, then there is an eigenvector of By for the eigenvalue Ag;, which is
orthogonal to all [u;], which contradicts the completeness of ([u]);.

Hence the assumption is false and p; = A} ; for all 1. O

LEMMA 3.11. Assume 0 ¢ o(By). Then there are £9,C > 0 such that for
all 0 < e < g we have 0 ¢ o(B.) and ||B-" u]||n. < C||[u]|L., for all [u] € L.
Also, if [uc] € L., [ug] € Lo, lim._q ||[uc] — ®E[ug]||z. = 0, then as e — 0, for
al0<d<1,

|B. " ue] — @2 By~ ug)|c.a — 0.

ProOOF. Fix 0 < d < 1. 0 & o(B;) for 0 < ¢ < g, for some g9 > 0
follows directly from the convergence of the eigenvalues of B. to those of B
(Lemma 3.10).

For given [u] € L. we can use the ONS (u?;); to find [|B.7'[u]l|z. <
Cy||[u]|| L., where C1 = C1(go) is independent of e. Thus

1B~ ulllFr, = (AeBe""[ul, B~ [u]) 1, + || B~ W],
= ([ul, Be ' [u)z. — (VeB:""ul, Be 7 u])z. + | B [ul[lZ. < Calllullli..

where C5 is independent of € (see (V1)).

Assume the convergence of the resolvents is not true. Then there is a sequence
en — 0,01 >0, [u,] € L, [uo] € Lo such that | B, ™ u,] — X By~ [ug]n.a > 51
for all n and ||[u,] — ®L[uo]||z, — O.

Taking a subsequence, called ¢,, too, by Lemma 3.10 we can assume |[qu -
Qg[ug’lﬂn,d — 0, n — oo, for all [ € N.

Setting [wy,] = Bp tun], [wo] == Bo~tuo], we see ||[un]|lL, , |[wn]|lm, and
[|An[wn]|lz, are bounded. If [u,] = 2121 an,l[ui’hl], [ug] = 2121 ao,l[ugvl], then
Gy — o, for all I, as n — oo. Since for all C' > 0 there is a I; = [3(C) such
that \,; > C for alll > [;, n € N, we see as n — 00

Iy

Qip, | Qo |
lwn) = @ fwolllz, < || D2 S5t lut] - Spt @k lub
=1 "n,l 0,l L,
—0
Qnl Qo1
S DI TS L5 9k Hth [
Ln Ln

1> il 1>l 700

Swndllzn /A 4, <CsllfuolllLg /2§,
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l

1 042 . 012 .

by ([w], [wa]) = ([un], [wa])L,, = Z )\b’ + Z )\T
1=1 "nl 1>1; Tl

———

<NualllZ,, /X,

n,lq

=3 Y0 (ugl, ol = Bolfco]s fio]).

b
1>1 )‘OJ

By (V3)
(Valwn], [wa])z,, — (Vo[wol, [wo])Les — an([wn], [wn]) — ao([wn], [wn]),

as n — oo. We can apply Lemma 3.4 and get |[w,] — ®Z [wg]|,.a — 0. This is
a contradiction, and the proof is complete. O

4. Continuity

In this section we shall prove Theorem 1.1. That is we shall show that the
family of attractors A. is lower-semi-continuous at ¢ = 0. Theorem 2.2 then
implies the continuity, i.e. Theorem 1.1.

Assume f satisfies (H2). We know already that there is a C4 > 0 such that
I[ulllLe < Ca for all [u] € Ac and € > 0 (see Proposition 3.3). Eventually
increasing C'y we can assume

3
@ S _7£a ‘S‘ Z CA7
s 4
where £ is as in condition (H2).
There is a C?-function g:R — R which coincides with f on |s| < 2C4,
satisfies
9(s) o _
s
and ¢ still satisfies conditions (H1) and (H2’). Denote by g. the Nemitsky

operator of g on H., € > 0. The differential equations

¢ for|s|>Ca, ¢"(s)=0 for|s|>3Ca,

DN | =

(4.1) [ut] = = Ac[u] + ge([u]), ¢>0

define semiflows 7. on H, € > 0. Theorem 2.2 still holds, thus all 7. are global
semiflows and 7. converges to T in the sense of this theorem.

On the attractor A, the semiflows 7. and 7. coincide. Also, for all [u] € A.,
[v] € Le, we have Df.([u])[v] = Dg:([u])[v], € > 0. By Lemma 3.2(c) any [u]
which is a point of equilibrium of 7., ¢ > 0, satisfies [/[u]||r=~ < C4, that is
[u] € Ac. In Theorem 1.1 the condition on the spectrum of D f.([u]), [u] a point
of equilibrium for 7., becomes simply the following:

The semiflow 7o has only finitely many points of equilibrium {[@9], ... ,[a},, ]}
and 0 is not in the spectrum of the linear operators Ag —Dgo([ﬂg])id: D(Ag) — Lo
forall j=1,..., M.
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In this section we will consider equation (4.1) and assume the condition above
holds.
To simplify notation we will drop the tilde

W

in the notation of the semi-
flows and their points of equilibrium. That is we shall write 7. and [u? ] for 7.
and [a9].

As a first step we show that each [ul,] is the limit of a point of equilibrium
of m.. Before we do this, we need some technical lemmas.

LEMMA 4.1. Let p > 2, G C RM*! be open, bounded, and g the Ne-
mitsky operator of g on G. Let C1 > |G|. Then go:LP(G) — L*(G) is C!,
Dyga(u)v(z) = ¢'(u(z))v(z), z € G, and there are § >1>~ >0, Cy >0, 3, v,
Cy independent of G, Co = C3(Ch), such that for all u,v,w € LP(G)

(4.2) llgc(u+v) — g (u) — Dga(w)v]z2c) < Callvlf s

(4.3) llga(u+v) = ga(u+w) — Dgg(u)(v — w)||L2 ()

< Callv = wllzee (I0ll72(q) + wliZ2(e)s

(4.4) lgc(u+v) — ga(u)||r2() < Callvllz2e)  for all u,v € L*(G).

PROOF. Note that ¢”(s) = 0 for |s| big enough shows that ¢’ and ¢” are
bounded. Thus indeed gg: L*(G) — L?*(G) and (4.4) holds.
Let w,v,w € LP(G). Then

/G (ga(u+v) — ga(u+w) — Dgg(u)(v —w))? dz

(r—2)/p

<o w%p@( [t wr - g o dz)

(p—2)/p
< Gollo —wlZg ( JNEGEE +€|2dZ>

2(p—2
< Csllv — w7 (g llw + 5||L(2‘p(G>)/p’

where Cy, C3 depend only on g and p, £ = £(z) is between 0 and v(z) — w(z),
¢=¢(2):

Choose w = 0, then [|{]|r2(¢) < Jvllr2(e)- Thus go: LP(G) — L*(G) is
Frechét-differentiable and (4.2) holds with 8 =2 — 2/p.

If w is arbitrary, then [[w +€&[|72 () < [[0]72(q) + [wlZ2(q) and (4.3) holds.

Now

/G ((Dga(u + v) — Dy (u))w)? dz

(r—2)/p
< ||w||2Lp(G) (/G lg' (u + v) — ¢’ (u)|?P/(P=2) dz> )
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As [|v| r(ey) — 0, ¢'(u(2)+v(2))—g'(u(z)) — 0 for a.a. z € G. With the Lebesgue
dominated convergence the integral on the right-hand-side above tends to 0 and
Dgg: LP(G) x LP(G) — L?(G) is continuous. O

As a direct consequence of condition (C10) of the second section we have

LEMMA 4.2. If

Kp+Kn

€ i Kt 517 2 G
C(e) == sup( J Tl (Ge.g) 10 # [u] EHE>,

then C(e) — 0, as e — 0.

LEMMA 4.3, g.i H. — Lo is C1, Dg.([u])[o](2) = ¢/ (s ()5 (2) for 2 € G,
or z € G j, resp. and all possible j, € > 0. Also the following hold:

(a) Lete > 0. ge:Le — L. and Dg.: L. x L. — L. are well defined. For
each [u] € L. is Dg.([u]): Le — L. a symmetric operator. There is
a C1 > 0, independent of €, such that

I1Dge([u)W]llz. < Cilllolllz.  for all [u], [v] € Le,
19e([u] + [v]) = ge([uD)l[z. < Crll[o]llz.  for all [u], [v] € Le.

(b) Let 0 <d < 1. There are 8> 1, v, Co = Ca(d) > 0, all independent of
€ >0, and C3(e) > 0, C5(¢) — 0 as € — 0, C3(0) = 0, such that, for
all [u), o], [i] € H.,

g ([u] + [v]) = g ([u]) = Dge () [p]l|z. < Cal[v]|Z,; + Ca(e)[v]] .
19¢ ([u] + [v]) = ge([u] + [w]) — Dge([u])([v] = [w])] L.
< Co|[v] = [w]le.a(l[IIZ, + NlwllIZ.)” + Ca()l[v] = [w]]| ..
(¢) Let e >0. For all C > 0 there is a Cy(c) = Cy(e,C) > 0 such that
g (] + [v]) = g-([u] + [w]) = Dge([u)([v] = [w]llz. < Cl[v] = [w]]la.

for all [u], [v], [w] € He, |[[v]l|n., [[w]llg. < Cale).
(d) If [ue], [ve] € Le, [uo], [vo] € Lo and

tim 2] ~ ®fuo] . = lim fex] — @ fuo] 1. =0,
then

tiy - ([uc]) — @2 g0 (o)) .. = lim 1Dy ([uc])[ex] — @ Dol o] e 2. = 0.
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PROOF. Let 2 <p <p*=2(M+1)/(M —1). All G; and Q. are Lipschitz,
hence H'(G;) C LP(G;), H' () C LP(%2.).

Thus for € > 0 Lemma 4.1 implies directly g.: H, — L. is C'. For ¢ = 0 we
use the same argument for each G; separately to get the same conclusion.

The formula for Dg. obviously holds. The boundedness of ¢/, Q. and all G;
imply that g.: L. — L., Dg.: L. X L. — L. are well defined for all € > 0 and (a)
is true.

Now assume the situation in (d). For j € {1,... ,Kg} we have u. ; — ug ;,
vej — vo; in L*(G;). Hence with Lemma 4.1 follow

Kg
Z/ (9(ue ) = g(uo,z))*dAe ; — 0,
j=17Gj

KE KE
3 /G (9 (e 50y — (10,500,520 < Cs 3 N/ (10 ) (05 — v0.) 226
j=17Gi j=1

+ (9" (ue g) = 9" (w0,4))v0,5l72(c;) = O-

For j > Kg and £ > 0 we have (®L[u]); = 0 for all [u] € L.. Hence

Kp+Kn Kt low
lime >, sl =lme > I, =0
j=Kg+1 j=Kptl

and by inequality (4.4) there is a Cg such that

Kp+Kn
€ Z ||9(Us,j)||2L2(GE,,-)
j=Kg+1
Kp+Kn
<2 Y (Collueilize. ) + 19072, ;) = 0,
j=Kg+1
Kp+Kn Kgp+Kn
e > IDg(ue)velliza. ) <Cor Y lvejlliza..,) — 0,
j=Kg+1 j=Kg+1
as € — 0. This proves (d).
To prove (b) assume for a moment j € {1,... ,Kg}. By Lemma 4.1 there

are > 1, v, C7 > 0, all independent of ¢ > 0, such that for all [u], [v], [w] € H,
>0,

lg(u; +v5) = g(u;) = Dg(uj)vill72q,) < C?H“j”ii(gj)
< Csllvjll 7 q,) < Collv]|2
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Analogously

lg(w; +v;) = g(uj + w;) = Dg(u;)(v; — wi)|72(a,)
< Crol[v] = [w] 2 4(NNIF. + N[ulllZ.)?

If j > Kg, € >0, let Cy1(e) — 0 be the constant from Lemma 4.2. Then

ellg(u; +v;) = g(u; +w;) — Dg(u;)(v; — w))ll72. )
< eCrallv; — wjll72(, ;) < Cui(e)Cralllv] — [w]|f3. -

Thus the second inequality in (b) holds, and choosing [w] = 0 the first one too.
Analogously, either using Lemma 4.1 directly for €., € > 0, or for each Gj;
separately (¢ = 0), one proves (c). O

Now we prove the continuity — in a certain sense — of the equilibrium points
of m.. Recall that {[uf], ..., [uf, ]} are the points of equilibrium of .

LEMMA 4.4. Fizm € {1,... ,Mp} and 0 < d < 1. There are €5,C > 0
and for all 0 < ¢ < &g there are [u;,] € D(Ac) such that |[ug,]lr= < C,

m —

Acl,) = ge([u5,]) and [[ug,] — BF[ud, et — 0, as € — 0.
PROOF. Recall that ®!' =id on Hy. For € > 0 set V. = V.(m): L. — L. by
Ve[u] := Dge (L [uy,])[u].

The potentials —V; satisfy conditions (V1)—(V3) of section three. In partic-
ular there is a linear operator B := A, — V.: D(A.) — L. which is selfadjoint,
sectorial, has compact resolvent, and there are complete ONS ([“Z,l])l of L. con-
sisting of eigenvectors with corresponding eigenvalues X ; < X < ...

By Lemma 3.10 the )\271 — )\871, e — 0, for all I, and by Lemma 3.11 the
assumption 0 & o(By) shows 0 ¢ o(B;), 0 < & < gq, for some g9 > 0.

For € > 0 define T, =1} ,,,: H. — H. by

T:lu] := Bs_l(gs([u]) — Velu]).
We shall show that T¢ has a fixed point, which will be [u].
Using Lemmas 3.11 and 4.3(b) there are constants C1,~y > 0, independent of
g, and Cy(g) — 0 = C3(0) such that for [v], [w] € L.
IT=[v] = Tl m. < Cilfo] = [w]lea(ll[v] — @[ )12, + | [w] — @ [up,]II7,)
+ Co(e)||[v] = [w]]| ..

Since there is a C3 such that || - ||z, < C3||c.a < (C3)?|| - ||x., there is a Cy such
that for [v], [w] € {[u] € H, : |[u] — ®H[ul ]|c.a < Cu}

|Te[v] = Te[wlleq < %I[v] — [wlle,a + Ca(e)Csl|[v] — [w]|| A,
(4.5)

1 Telo] = Te[wl]| . < %I[U] = [wlle.a + Ca(e)l[[v] = [w]] . -
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Recall that ®X: Hy — H. is a bounded operator, the bound being independent
of . Thus by Lemma 4.3(a) ||g-(®2[u%])||L. is bounded and by Lemma 3.11
there is a Cs > 4Cy such that || X [ul ]||m., | T @ [ul,]||a. < 1/2C5.

Eventually decreasing g9 > 0 so that Cy(e) < (1/4)min(1,C4/Cs), we get
for [v] as above

o]l .
4

T2 [o) || < 204 + %Cs + < 205 + iII[U]HHE-
Now Tp[ul,] = [u?,] and
9= (@2 ]) = Dge (@ [un, )@ [ ] — @2 (g0 ([up,]) — Dygo([up ) lup])llz. — 0

by Lemma 4.3(d), thus [T.®H [u0,] - ®H Ty [u?,]|c.a — 0 by Lemma 3.11, as e — 0.
Putting all together, and eventually decreasing 9 > 0 further, for 0 < e < ¢

Te:{[u] € He : |lullm, < Cs, |[u] = @F[up ]| < Ca}

= {[u] € He : Jullm. < Cs, |[u] = @ [upy]le.a < Ca}-

Ac has compact resolvent, hence D(A.) C H. compactly and T.: H. — H. is
completely continuous. By the Schauder fixed-point theorem 7. has a fixed-

point, say [ug,], and |[ug,] — @ [ul ]|..4 < C4. Since we can choose Cy arbitrarily

small (and decrease gg with Cy), we can assume |[u$,] —®HZ[ul ]| 4 — 0, as e — 0.

Obviously [uf,] € D(A.) and g([us,]) = A:[ug,]. By Lemma 3.2(c)
I[uz]llze < Cs. O
Now we can show that the points of equilibrium depend continuously on €
at e = 0.
LEMMA 4.5. The family of points of equilibrium
&= A{[u] € D(Ac) : Ac[u] = g-([u])}
is continuous at € =0, i.e. for0 <d < 1
lim dist. 4(&, &) = 0,
e—0
where dist. q is defined in Theorem 1.1.

ProoOF. Fix 0 < d < 1. We have to show

(4.6) lim sup inf |[u] — ®F[v]|.q = lim sup inf |[u] — @ [v]

=0.
e—0 [u]€€. WI€EED e—0 [v] €&, [U]EE. &d

Assume the first limit is not 0. Then there is a sequence e, — 0, § > 0, [u,] € &,
such that

inf |[u,] — ®H [v][n.a > for all n.
[’U}Ego
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By Lemma 3.8 A, are bounded in || - ||, uniformly in ¢, hence, taking a sub-
sequence, by (C9) there is a [ug] € Hy and by (C10) ||[un] — ®L[ug]|L, — O as
n — oo.

By Theorem 2.2, for all ¢t > 0,

[[un] — q)i[[UO]WOﬂn,d = |[un]mnt — (I)rFLI[UO]WOt‘n,d —0

as n — oo. Hence [ug] is a point of equilibrium for 7y, that is [ug] € &, and we
have a contradiction.

Assume now the second limit in (4.6) is not 0. Then there is a sequence
en — 0, [vy] € &), and § > 0 such that

inf |[u] — @f [n]ln.a >0
[ul€&n

for all n. By assumption & is finite, hence taking a subsequence we can without
loss of generality assume [v,] = [u!,] for all n.
By Lemma 4.4 for ¢ sufficiently small there are [uf,] € & and |[u$,] —

®H 0 ]|l.a — 0, as e — 0. This is a contradiction, and the lemma has been
proven. O

Now we prove that the family of attractors is lower semicontinuous at € = 0.
We do this by essentially proving the continuity of the unstable manifolds for the

£

points of equilibrium [ug,] of 7.. Since all the semiflows are gradient-like, any

[ug] € Ao \ & has to be in the unstable manifold of some [u2,] € [E]o. Thus the
convergence of the unstable manifolds allows to get [uc] € [A]. which converge
to the given [ug].

We look first at what happens around a given point of equilibrium [u!,] € &,
m € {1,...,My}. To simplify notations, we drop in what follows the index “m”.

Set [u°] := [u%] and let 0 < d < 1, &, — 0. By Lemma 4.5 there are
[w"] = [ul] € &, and |[u"] — @ [u]|., 4 — 0, as n — oo. Set B,:D(A.,) —
L., Bplu] :== A [u] — Dge, ([u™])[u]. Define By: D(Ag) — Lo by Bolu] :=
Ao[u] — Dgo([u®])[u]. (Note that B, is not the operator B. of the proof of
Lemma 4.4.)

We shall in what follows abuse notation and include the limit case ¢ = 0
by writing something is defined (or holds) for all n > 0. E.g. we would say
B, lu] := An[u] — Dgn([u™])[u], n > 0, to define the operators B,,, By above.

Set V,[u] := —Dgp([u"])[u] for n > 0. (Again note that V,, is not the V;
of the proof of Lemma 4.4.) Then by Lemma 4.3(d) the potentials V,, satisfy
conditions (V1)—(V3) of Section 3, and Lemmas 3.10 and 3.11 hold. In particular
the operators B,, have all the properties stated in Section 3.
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Thus, eventually taking a subsequence, we have eigenvalue, eigenvector pairs

(\b [ufll]) of B, Aoy < Aby <., ([uful])l is a complete ONS of L,,, and

n,l’
nhjgo |/\Z,l - >\8,5| = nhjgo |[U2,1] - ‘I’ii [Ug,l]\an,d =0,
forall0<d<1,l€eN.

Assume 7y has an unstable manifold at [u°]. Then by Lemma 3.11 there is

a Iy > 1 such that (eventually taking again a subsequence) A, < 0 < )\Z’ll_ﬂ,

n,ly
for all n > 0. Fix Cg > 0 such that

1
§Ab < —Cpg foralln>0.

n,l1

Define for n > 0

Iy
W, = {[u] €H,: [u= Zal[u27l], ap € ]R},
=1
Wit = {[u] € L, : ([u], [w])r, = 0 for all [w] € W,},
P,: L, — W, orthogonal projection , @, :=id— P,:L, — Wnl,
hp:Hy — Ly, hn([u]) = gn([u] + [unD - gn([unD - Dgn([un])[uL
Bin = Bnlw,:Wn = Wy, Bay = Bulpa,nwL: D(An) N Wy — W,

We shall need the space of functions on |—o0, 0] which decrease at least with

e“st as t — —oo. For 0:]—00,0] — H,, n > 0, define

lolla, = sup(e= = o (t)]|m,.),
¢<0
BH,, :={0:]—00,0] — Hy,| : ||o||m, < oo}.

BH,, with || - | g, is a Banach space for all n > 0.
Note that [u(t)] satisfies equation (4.1) (with e = &, or € = 0) if and only if
[v] = [v(¢)] := [u(t)] — [u"] satisfies

(4.7) [ve] = =Bn[v] + hn([v]).

We construct the unstable manifold via a contraction map on the space of
functions with exponential growth (as t — —oo; see e.g. [16], [5], [15]). For this
we need the following well known result we state without proof.

LEMMA 4.6. Let n > 0 and 0:]—00,0] — H,. o is a solution of equation
(4.7) and ||lo(t)||g, — 0 as t — —oo if and only if 0 € BH,, and

t
o'(t) :e*Bl,ntPna.(O)_i_/ eiBl’"(tis)Pnhn(O'(S)) ds
0

t
+ / e P20 (=9Q  h, (a(s)) ds.

— 00
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A list of some properties of h, follows, the proof is a simple application of
Lemma 4.3.

LEMMA 4.7.

(a) h,(0) = 0= Dh,(0) and h,, is C*.
(b) There is a constant Cy > 0, independent of n, such that

1o ([u] + [v]) = hn(lu)) 2., < Cilllolllz.,  for all [u],[v] € Le,, n > 0.

(c) For allC > 0 there are Cy = Cy(C) > 0, independent of n, and Cs(n) >
0, independent of C, C3(n) — 0 as n — oo, C3(0) = 0, such that for all
n =0, [u],[v] € He,,, [[ulle,.a, |[V]]e,.a < Co

1 ([] + [0]) = B ([uD) 2., < Cll0]le,a+ Ca(m)[[[V]]a,,
(d) If [un] € Le,,, [uo] € Lo, limy, o0 |[[un] — ®F [uo]||z., =0, then

hn([t]) = B ho([uo])1z, — 0 7 — oo.

The fixed points of the maps ¥,, we define in the following lemma define the
unstable manifold near to a point of equilibrium [u™].

LEMMA 4.8. Recall that Iy is the index of the last negative eigenvalue of B,,.
For ¢ e R", 0 € BH,, t <0 define

15t t
W (60)(0) e Pt Sl [ e IR (o) d
1=1 0

t
+ / e—B2,n(t_S)th/n(O-(s))ds'

— 00

Then V,.:RY" x BH,, — BH,, is continuous and V,,(¢, -): BH,, — BH,, is com-
pletely continuous for each &€ € R, n > 0.

PROOF. Set

lollz, = sup(e” " o (t)||L,),
t<0

BL,, :={0:]—00,0] = L, : ||0]

L, < OO}
By Lemma 4.7(b) for ¢ € BL,, and s <0

Ihn(@()z, < Cillo(s)llz, < Cre“*|lo],
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for some constant Cy > 0. There is a Cy > 0 such that [|[u][|7; < bu([u], [u]) +
Coll[u]]|Z, . We get for t <0

(4.8) e W, (& 0)(0)lar, < Ca(llEll+ llollL,)
¢ —Cnt o(s
iy o (o())

—(\ 4y 41C2) /2 2(t - s)

Ln

ds

t=(A1,41+C2) 71 /2 . ‘
“f Ny + ) 2™t (o (s)) 1, ds

— 00

< Ca(ll¢N + llo]

L)

Hence ¥, (&, -): BL,, — BH,, maps bounded sets into bounded sets. In a com-
pletely analogous way one shows that if || - ||, is the norm of the fractional
power space X2 of B, 1/2 < a < 1, then

(4.9) e W& ) B)llawm < Cs(lEN+ llollz,)-

¥, is obviously continuous with respect to &. To prove continuity in o let
0,01 € BHy, t <0 and assume ||oy|/z, — 0. Then

0 b
[Wn (& 0+ 01)(t) = Vn(& o))z, < C6</ e MmO gy ||y ds
t

t ech t b
“ Tl s [ b oy, d5>
t=(\b 1 +C2)7/2 t—s o

< Cre“!o1||m, — 0

and ¥, is indeed continuous.
If we show {¥,,(§,0) : ||o||m, < C} is compact for all C' > 0, then ¥, (¢, )

is completely continuous.

So let 0; € BH,, be a sequence for which sup,<o(e”?*||o;||m,) < C. Let
U;s1ti = QN ]—00,0]. For each i fixed, (¥, (&, 0;)(t;)); is in a compact set by
(4.23)7 hence taking a subsequence, called o; too,

(4.10) 1Wn (& 05)(t:) — u(ti) |z, — 0,

as j — oo, for some pu(t;) € H,. With the Cantor diagonal procedure there is a
subsequence, called o; again, such that for all ¢ (4.10) holds.

t— U, (& 0)(t) € Hy is continuous: by Lemma 4.6 it is a solution of equation
(4.7), as such it is continuous (see e.g. [10, Theorem 3.5.2]). But we need more,
namely bounds independent of j. To get them let 0 € Bo(0)C BH,, 11 < 72 <0,
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To — 71 < 1. Arguing as in (4.8)
10 (&,0)(11) = Un(E,0)(72) | m,

5
< (e Brnmmm) —id)em B Y g fub |
=1

|1,
0
+ [ |[(e7Brrm=m) —id)e B =P h, (0(s)) ||, ds
T2

T2
+/|wﬁﬂwwmmw®mmm

T1

+/ He_BQ’n(TQ_S)thn(U(S))HHn ds

1

T1
[ e i) B 9Q, h (0(5)) |, s

— 00

0
< CS (”5”(7_2 . 7_1) + ((T2 _ 7_1)/ e—kz,ll(Tz—S)-i-CBs ds
T2

)

where the constants Cg, Cy are independent of 71, 72, and 0 < & < 1/2. Thus for
01> 0,4, i, [t; — t| < min(L, (81 /4(([[¢]| + C)Cy))/%), there is a j = (51,1, 1),
such that

+(ra—m)+ VR — 71+ (12— 71)%)|o]

< Co(ra =) (l€]l + lloll..),

l(ts) = p(@) |, < Nlplti) — Wnls 05) ()l m,,
F V(& 05)(Ei) = V(& 05 ()|, + [19n (€, 05) () — p(E)| a2, < 01

Hence we can define p(t) for all ¢ < 0 by continuously extending p(t;). Then for
t <0 and t; € Q near to t

e W (€, 05)(8) = u(®)llm, < eI (E, 05)(2) = Vnl€, 05)() | 1,
1R (&, 05)(t:) = plti)llm, + i) — (@) 2,)

shows ||V, (¢,05) — pllm, — 0 as j — oo. lLe. we have found a convergent
subsequence, and {¥,,(§,0) : ||o||g, < C} is indeed compact in BH,,. O

LEMMA 4.9. There is a subsequence, called €,, too, constants C1,Cy,Cs5 > 0,
maps o: Be, (0) C Rh — BH,,, such that

1 t
T (&)(t) =e Bty gl ] +/ e B9 P (a7(6)(s)) ds
1=1 0

t
+/ e P2 Qhn (07 (8)(5)) ds,

— o0
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forallt <0,n>0. ax(&)(-) can be extended to a function on R in such a way
that it is a solution of equation (4.7). It is the only solution o in {oc € BH,, :
lolla, < Caq, |o|lu, < Cs} with P,o(0) = 251:1 & [“8,1]- Moreover,

|o7(E)(t) — @2 5(&)(B)]e,0 — O
as n — oo, for all ¢ € Be, (0) C RY, t € R.

PRrROOF. Let ¥, be as in Lemma 4.8. We know already that for each fixed
£ cRh is W, (¢, -): BH,, — BH, a completely continuous map. We claim that,
with some restrictions on £ and o, this map is a contraction.

Given C' > 0, by Lemma 4.7(c) there are C; = C1(C) > 0, Cy(n) > 0,
C3(n) — 0 as n — oo, C2(0) = 0, such that

(o (s) +01(5)) = hu(0 ()2, < Clor(s)ln,a + Ca(n)llo1(s)llm,,

whenever |0(8)|n.d, |01(8)|n,a < Ci. Thus, if

|0ln.d = sup(e™“#*|o (t)|n,a)
t<0
we find for ‘O'|n,d7 |(71|n,d S Cl, t S 0

(4.11) e Y Wn (& 0+ 01)(t) = Vn(E, 0)(D)]m,
< C3(Clotlna + Ca(n)lollm,) < Cs(CaC + Co(n)) o |a,,
where C3, Cy do not depend on C, and Cy is such that |- In.g < Cu|l - ||m, for all
n > 0.
Let Cs denote the constant in (4.8). Choose C < 1/(4C5Cy), Cg = Cg(é)
C1/Cy, Cr = C7(C) < Cs/(2C5) and, taking a subsequence, assume Co(n)
1/(4Cs5). Then inequalities (4.8) and (4.11) show

(4.12) 19 (&0)lm, <Pa(€ o) = Y& 0)m, + |V 0)m,
< (C3C4C + C3C2(n))lo||a, + Csl[€]l < Co,
|\I/n(§70-)|n,d S CVélcfﬁ S Cla

<
<

for all n > 0, |[¢|| < C7, |lolla, < Cs, |0|n,a < C1. If additionally |o1]n,q < C1

we get

1
(4.13) I¥n (& 0 +01) = ¥nl& o), < ;lloullm,-

Thus, for these &,
(&, -):{o € BHy : ||o|lu, < C2, |o|n, < Cs}
— {0 € BH, : ||o]

H <C'27 ‘0’

n —

H <03}

n =

is contracting. Hence for each ¢ € B, (0) C Rl there is a unique o7 (¢) in above
set with 0% (&) = ¥,,(§,0%(£)). By Lemma 4.6 the map t — o (£)(¢t) is a solution
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of equation (4.7) for all n > 0. Since this equation is just the original (4.1) under
the substitution [u(t)] — [u(t)] + [u"], and the semiflows 7. are global ones, all
o (€)(t) can be extended to full solutions o7 (£): R — H,, of (4.7).

Note that o} (£)(t) € A, for allt € R, n > 0.

The only thing we have not shown already is the convergence |0} (&) —
OHar(&)|n.a — 0, as n — oo.

The solutions ¢ (£)(t) 4 [u"] are in the respective attractors, thus by Lemma
3.8 there is a constant Cg such that

lon(€)() + [u*]llm, < Cs,

forallm > 0,t € R and £. But then Lemma 3.9 shows the existence of a solution
o*(&)(t) + [u®] with |lo*(&)(t) + [u°]|| , < Co, some constant Cy > 0, and, taking
again a subsequence,

ok (6)(t) — PH o™ (€)(t)[n.a — 0, asn — oo, for all t € R.

We have
Iy 1
Po(0™(€)(0)) — Pulo5()(0)) = > &lub ;] = Y &lub;] asn — oco.
I=1 =1

If ||¢]] is small, we can choose C7 and Cg small, and by Lemma 3.9 ||o* ()| m,
is small too. By Lemma 4.6 c*(§) = ¥o(&,0*(€)) and the uniqueness of ¢ on

Be, (0) € BHy yields o*(€) = o(€). Thus

|7 (€)(t) = 5 5 (€) (t) . — O,
as n — 00, for each t € R fixed. O

Now we can prove our main theorem:

Proor OoF THEOREM 1.1. Fix 0 < d < 1. We shall show that for given
d >0, [ug] € Ag there is a 0 < g, and for all 0 < € < g¢ there are [u.] € A, such
that |[uc] — ®X[ug]|c,a < 6. Together with Theorem 2.2 this proves Theorem 1.1.

Assume that these [uc] do not exist, then there are [ug] € Ao, &, — 0,5 >0
such that for all n € N

inf — &gl > 6.
] = 2 o >

There is a full solution gg: R — Hy of (4.1) such that [ug] = 0¢(0). By Lemma

4.5 [up] is no point of equilibrium. We have already shown in Section 3 that

is gradient like, thus oo(t) — [u%,], as t — —oo, for some m € {1,..., My}. This
implies [u?,] has an unstable manifold and we can use Lemma 4.9.
Let C1, C be as in this lemma. Note that oo(t + to) — [u2,] € BHy for all

to, and |loo(- +to) — [ul,]|l#, < C3e“Et by Lemma 4.6.
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Setting o () := oo (t +to) — [ul,] and choosing ¢y < 0 small enough, we have

m

log ], < C2 and if £ is defined by

5
Poog(0) = > &luf ],
=1

then also [|£]| < C1/2. of solves (4.7), and Lemma 4.9 shows o (t) = o§(£)(t),
o4 (&) as in this lemma.
Now o7 (€)(—to) + [u?] € A, and since |[ul,] — ®H [ul]],.a — 0

|0 (€)(—t0) + [up] — @y [uo]ln.a < 107,(€)(~t0) — 7/ 95(€) (~t0)In.a
+ W3 (05.(6) (=t0) — [uo] + [up])|n.a + |[up,] — @3 [ugn]ln,a — 0,

as n — oo. This contradicts our assumption, and the proof is complete. O
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