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A SHARKOVSKII-TYPE THEOREM
FOR MINIMALLY FORCED INTERVAL MAPS

ROBERTA FABBRI — TOBIAS JAGER
RUSSEL JOHNSON — GERHARD KELLER

ABSTRACT. We state and prove a version of Sharkovskii’s theorem for
forced interval maps in which the forcing flow is minimal (Birkhoff re-
current). This setup includes quasiperiodically forced interval maps as a
special case. We find that it is natural to substitute the concept of “fixed
point” with that of “core strip.” Core strips are frequently of almost auto-
morphic type.

1. Introduction

A well-known theorem of Sharkovskil regarding continuous maps f:I — I
of an interval into itself states that, if f admits a periodic point = of minimal
period p, then f admits a periodic point of minimal period q if ¢ lies below p in
the Sharkovskii ordering of the natural numbers:

3>5>...>2n+1>...>6>10>...>2-(2n+1)
>...>2Mm.3>2".5>...>2" - 2n+1)> ... >2" > . > 2> 1.
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In particular, if f admits a periodic point of period 3, then it admits periodic
points of all integer periods.

This theorem can be proved by a simple-looking but subtle analysis of the
f-images of those subintervals of I whose endpoints are elements of the orbit of
the periodic point z; see ([7], [14], [4]). Our purpose in this note is to extend
the Sharkovskii theorem to the case of certain mappings of skew-product form
defined on a product space © x I. Precisely, let © be a compact metric space,
and let R:© — O be a minimal homeomorphism with the property that every
power R' (I = 1,2,...) is minimal. Let I C R be a compact interval, and let
T:0 x I — © x1I be a continuous map with the property that, if m:© xI — © is
the projection onto the first factor, then w(7T'(0,x)) = R(9) for all § € ©, = € I.
We propose to generalize the statement and the proof of the Sharkovskii theorem
in the context of such mappings 7T'.

We were motivated to study this question by recent work on “forced” interval
maps ([9]-[11], [13]). Many such maps are of the form we consider here. Numeri-
cal studies of such maps indicate that they often give rise to so-called non-chaotic
strange attractors. It has recently been emphasized that these attractors appear
to have a topological structure of almost automorphic type ([9], [10]). While we
do not address directly the properties of attractors for maps of the form 7', we do
find a strong connection between phenomena of Sharkovskii type and the pres-
ence of almost automorphic subsets of © x I which have periodicity properties
with respect to T.

The connection arises as follows. To realize a generalization of Sharkovskii’s
theorem, it is necessary to determine an appropriate analogue of the concept of
“periodic point” for a skew-product mapping of the form 7'. It turns out that the
notion of measurable section ¢: © — © x I of the trivial fiber bundle © x I — ©
does not provide a useful analogue of the concept of periodic point. We will see,
however, that a version of Sharkovskii’s theorem for skew-product maps T' can
be stated and proved in which periodic points are substituted by “periodic core
strips”. Here a strip is a certain type of compact subset A C © x I which covers
O in the sense that 7(A) = O, and a core strip satisfies further conditions to be
discussed in Section 3. A particular type of core strip is defined by a continuous
section ¢ if one sets A = Im ¢; however, in developing our theory, we will need
to consider core strips A which are not necessarily images of continuous sections.
Indeed we will be led in a natural way to core strips of almost automorphic
type. It should be noted that, even when each Ty: I — I:x — mT(0,x) is
strictly monotone, the map T may admit an invariant set which is of almost
automorphic type but is not a section (here m9: © x I — I is the projection onto
the second factor). For concrete examples illustrating this phenomenon see [17]
and [12].
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We were also motivated by the work of Andres and his collaborators ([1]-[3])
on Sharkovskii-type results for differential inclusions. These authors work with
points which are periodic in the sense of the theory of differential inclusions.

The paper is organized as follows. In Section 2 we give all definitions neces-
sary to state abridged versions of the main results. In Section 3 we first introduce
cores and strips and prove some of their basic properties, and at the end of that
section we give an example which discourages the consideration of measurable
sections in the context of a Sharkovskii-type theory for skew-product maps 7.
Section 4 contains a detailed analysis of strips and their semicontinuous bounding
sections. Finally, in Section 5 we state and prove our Sharkovskii-type theorem.

Acknowledgements. We would like to thank H. Fujisaki for his very careful
reading of this manuscript.

2. The main concepts and results

In this preliminary section, we let © and I be as above, and set Q = © x [I.
(In Section 3 we will sometimes impose weaker conditions on © and €2.) Let R
be a homomorphism of © onto itself, let 7: {2 — © be the natural projection,
and let T: 2 — Q be a continuous mapping such that 7(7'(6,x)) = R(0) for all
0,z) € Q.

As usual, we say that a subset G C © is residual if it contains the intersection
of a countable family of open dense subsets of ©. Let G be the family of all such
subsets of ©. We introduce the following notions:

Cores. A set M C Q is a core, if

M= () Mnx1(G).
Geg

(Solid) strips, pinched sets.

(a) A closed subset A C Q is called a strip, if {# € © : A% is an interval} is
residual. Here A? is the fiber {z € I'| (6,2) € Q}.

(b) A strip A is solid, if each fiber of A is an interval and if §(A) := inf{| A%] :
0 €0} >0.

(c) A closed subset A C Q is called pinched, if P4 := {6 € © : card A? = 1}
is dense in ©. (In this case, Py is residual; that is, each pinched set is
a strip.)

(Strongly) T-invariant, minimal. A subset M C  is said to be T-
invariant if T(M) C M. Tt is said to be strongly T-invariant, if T(M) = M.
The set M C ) is said to be minimal if it is nonempty, T-invariant, closed, and
does not strictly contain any other non-empty, T-invariant, closed subset of (2.
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Almost automorphic. Let A be a core strip; say that A is T-almost au-
tomorphic if it is pinched and minimal with respect to T. (Our usage of this
notion is a bit more general than that in the literature, where it is also required
that the base homeomorphism R: © — © is almost periodic. See [15] for general
properties of almost automorphic dynamical systems.)

The following theorem, which is a corollary to Theorem 4.11, provides a
structure dichotomy for strongly invariant core strips.

THEOREM 2.1 (Structure dichotomy for core strips). Let R be a minimal
homeomorphism of ©, and let A be a strongly invariant core strip. Then A is
either almost automorphic, or it is solid.

To formulate our main result we need two more more definitions.

Ordered strips. Say that two strips A and B satisfy A < B if there is a
residual set G such that for all § € G, x € A%, and y € B? there holds = < y.
We say that the strips are ordered, if either A < B or B < A.

Periodic strips. Let p > 1 be an integer. A strip A C Q is called p-periodic
if TP(A) = A and if the image sets A, T(A),...,TP"1(A) are pairwise disjoint
and pairwise ordered.

Now we can state our main result, which is a corollary to Theorem 5.6.

THEOREM 2.2 (Sharkovskil for strips). Suppose that T admits a p-periodic
strip B and that p > q in the Sharkovskii ordering. Then T admits a q-periodic
core strip C. This strip C' is either TY-almost automorphic or solid. In the latter
case it is “bounded” above and below by a pair of T?-almost automorphic strips.

The difficulty of the proof is to replace the intermediate value theorem — the
only piece of real analysis in the proof of the classical Sharkovskii theorem, used
there to guarantee the existence of fixed points — by a (constructive) procedure
that provides, under suitable assumptions, invariant core strips. The combina-
torial part of the proof is — modulo certain details — essentially the same as for
the classical theorem.

3. Preliminaries on strips and cores

In this section we will collect some basic definitions and results, and give an
example which indicates that it is pointless to try to formulate an analogue of
the Sharkovskii theorem in which the concept of periodic point is substituted by
that of measurable section of the bundle ©® x I — ©.

We begin with some rather general considerations. Let © and €2 be complete
separable metric spaces, and let 7: 2 — © be a continuous surjective map. If
M C Q,let M? := MN7=1{6} the fiber of M over . Say that a subset G C © is
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residual if it contains the intersection of a countable family of open dense subsets
of ©. Let G be the family of all such subsets of ©.

DEFINITION 3.1 (Core). If M C Q, the core of M (relative to 7) is defined
to be

MC = ( MAr1(G).

If M = M€, then we say that M is a core.

LEMMA 3.2. For M C Q, define Gy :={G €G: M® = M Nn7—1(G)}.

(a) For each M C Q) there is a G € G such that M© = M N7—(G). That
18, G 1S not empty.

(b) If G € Gar and Go € G, then G N Gy € Gur. In particular Gy NGy # 0

if M and N are subsets of €.

If (M) = © and if M is compact, then 7(MC) = .

(d) If M C Q is closed and G € Gpr, then M N7~ 1(G) = M N7~ 1(G).

Let M, N C Q. If there exists G € G such that M N7~ 1(G) = N n

7 1(Q), then M = N€.

(f) If M,N C Q are closed, then M® = NC if and only if there eists
G € G such that M N7~ 1(G) = Nn7—1(QG).

— —~
@D e
~ ~

PRrROOF. (a) Let (Uj)jen be a basis for the topology of Q. If G € G, let
Jo ={j e N:UynMnn1(G) = 0}. Let J := UgegJo. Then M =
;e (©2\ Uj). Use the axiom of choice to choose, for each j € J, a set G; € G
such that j € Jg,. Then J = |J;2, Jg,, and for the residual set G := (;c; G;
one has M Na~HG) C e, M N7 Y Gj) C e, (Q\U;) = M€. Hence
MC = MnNrYG).

(b) The proof is quite simple.

(c) Let G € Gpr and 0 € ©. Choose sequences 6, € G and z,, € M such that
0, — 6 and 7(x,) = 0,. Let  be a limit point of (z,). Thenx € M N7~1(G) =
M€ and 7(x) = 6.

(d) Observe that M N7~ Y(G) € MNn—1(G) € M = M, from which it
follows that M N7~ Y(G) = M N1 (G)Nm Y G) = M® N7~ Q).

(e) Set Gi =GNGyNGN, Gy € Grr, Gy € Gy. Then Gy € Gy NGy so
that MC = M N7-1(Gy) = NN7-1(Gy) = NC.

(f) Let Gar € Guy, Gy € Gn, and set Go := Gy N Gy. Suppose first
that M® = N¢. Then using (d), one has M N7 1(Gy) = MC N7~ (Gy) =
NN 7= (Gy) = NN 1 (Gp). The reverse implication follows from (e). O

REMARK 3.3. Let A be a compact subset of 2 such that 7(A) = ©. Let d
be a metric on €, and let 2 be the family of nonempty compact subsets Y C €,
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endowed with the Hausdorff metric p:

p(Y,Z) = max{max IZI.,l:_lél d(y, 2), max min d(y,z)}.

It is well-known that the set G C © consisting of those points 6’ such that the
map 0 — A%: © — 29 is p-continuous at €’ is residual in ©.' It follows that A is
a core if and only if AN7—1(G) = A.

Suppose now that 7:Q — € is a continuous map, and that R:© — O is
a homeomorphism such that m o7 = R o 7. Since 7 is surjective we have

moT(n ' (U)) = RU for each U C ©.
It follows that T'(7~*(U)) € #~}(RU) and that
(31) TMna Y(RU)=T(M N7 Y (U)) whenever U C© and M C .

While the “O” inclusion is trivial, we show the other direction: For y € T(M) N
7 Y(R(U)) there exists z € M such that y = T'(z) and 7(y) € R(U). Hence
R(m(x)) = n(T(x)) = n(y) € R(U) so that 7(x) € U and thus x € M N7 (V).
LEMMA 3.4. Let M and N be subsets of ).
(a) If T(M) C N, then T(MC) C NC.
(b) If T(M) 2 N and if M€ is compact, then T(M®) D NC.
(c) If M€ is compact, then (T(M))¢ =T(M).

PrOOF. (a) Let Gy € Gy, Gn € Gy, and set G = Gy N R7Y(Gy).
Then G € Gy, R(G) € Gy, and T(M N~ YGQ)) € T(M) N T(= Y(G)) C
N N7 Y(R(G)) € N€. Therefore T(M®) = T(M Nn7=1(G)) C NC = N°.

(b) In a similar way, NN7~1(R(G)) C T(M)N7 Y (R(G)) € T(M®). Since
M€ is compact this implies that N¢ = NN7~1(RG) C T(M®) = T(M¢).

(c) This follows from (a) and (b) when applied to N = T M. O

COROLLARY 3.5. If M is a compact core, then T(M) is a compact core.
PROOF. It follows from Lemma 3.4(c) that (T'(M))¢ = T(M®) =T(M). O

DEFINITION 3.6 ((Strongly) T-invariant, minimal). A subset M C € is said
to be T-invariant if T(M) C M. It is said to be strongly T-invariant, if T(M) =
M. The set M C € is said to be minimal if it is nonempty, T-invariant, closed,
and does not strictly contain any other non-empty, T-invariant, closed subset
of Q.

It is easy to see that, if M C 2 is compact and minimal, then it is strongly in-
variant: if this were not so, then (), 7™ (M) would be a nonempty, 7-invariant,
compact subset of Q which is strictly contained in M.

1See e.g. [6, Theorem 7.10] and note that the same proof given there works for upper
semicontinuous functions as well as for lower semicontinuous ones.
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For later use we note some simple consequences of Lemmas 3.2 and 3.4.

COROLLARY 3.7. If A is a minimal compact T-invariant set, then either
AC = A or AC =).

PRrROOF. This follows from Lemma 3.4(c). O

COROLLARY 3.8. If M and N are cores and if T(M N7~ YG)) = N N
7 YR(Q)) for some G € G, then T(M) C N. If MY is also compact, then
T(M) = N.

PROOF. Observe first that T(M N7 ~1(G)) = T(M)N7~1(R(G)) by equation
(3.1). Without loss of generality we can assume that R(G) € Grn N Gn,
see Lemma 3.2. Hence the assumption implies that T(M)¢ = N¢. Therefore
T(M) = T(M®) C (T(M))® = N = N by Lemma 3.4, and if M = M is
compact the same lemma also yields the converse inclusion. O

GENERAL ASSUMPTION. From now on, let I C R be a compact interval, and
set 2 =0 x I. Let m:© x I — © be the natural projection.
DEFINITIONS 3.9 ((Solid) strip, pinched set).

(a) A closed subset A C Q is called a strip, if {# € © : A% is an interval} is
residual. (In particular there exists G' € Ga such that A’ is an interval
for all § € G.) We denote

GVA ={G€gGa: A? is an interval for all 0 € G}.

(Observe that m(A) = © if A is a strip.)
(b) A strip A is called solid, if each fiber of the strip is an interval and if

5(A) :=inf{|A% : 0 € ©} > 0.
(c) A closed subset A C  is called pinched, if P := {§ € © : card A? =1}

is dense in ©. (In this case, P4 € G; that is, each pinched set is a strip.)

LEMMA 3.10. Let A C ) be a strip.

(a) A is a strip.
(b) A minimal T-invariant strip is a core.

PROOF. (a) Since AY C A we have ANT~1(G) C A°N7~1G) C An7~1(G)
for G € G4 and therefore A is a strip. (b) The statement follows from part (a)
and Lemma 3.4. O

GENERAL ASSUMPTION. From now on we assume that © is a compact metric
space, so that Q2 = © x [ is compact as well.
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LEMMA 3.11. Every T-invariant strip contains at least one minimal T-
invariant core strip. Fach minimal T-invariant core strip is strongly invariant.

PROOF. We prove only the first statement; the second statement follows
from a remark made earlier.

Let A be a T-invariant strip, and let {A; : ¢ € I} be a nested family of
T-invariant strips contained in A — thus if 4,j € I then either A; C A; or
A; € A;. Let Ao = ;e; Ai- Then A, is compact, non-empty, T-invariant,
and 7(As) = ©. There is a countable directed subset iy < ... <ip < ... of [
such that A =2, A;,, and it follows that A is a strip.

By Zorn’s lemma there exists a minimal T-invariant strip B C A. By
Lemma 3.10(b) B is a core. This completes the proof. O

Let us now recall that a homeomorphism R:©® — © of a compact metric
space © is called minimal if there is no proper nonempty closed subset ©; C ©
such that R(O;) C ©;. It is easy to see that R is minimal if and only if, for each
6 € O, the forward orbit of {R¥(#) : k = 1,2,...} is dense in ©. This condition
is equivalent to the seemingly less restrictive one that, for each 6 € ©, the full
orbit {R*(0) : k = 0,+1,42,...} is dense in ©. A homeomorphism R:© — ©
is called totally minimal if each power R': ® — © is minimal (I = 1,2,...).

As an example of a totally minimal homeomorphism, let © = R/Z be the
circle, and let R: © — O be the rotation 6 — © 4 where + is an irrational num-
ber. More generally, let © = R™/Z™ be the m-torus with angular coordinates
(61,...,0m) =6, and let R:© — ©, 0 — 0 + ~ where (71,...,7vm) is a vector of
real numbers with the property that the components 1, ..., 7, are independent
over the rational field Q.

LEMMA 3.12. Suppose that R is minimal. Then the intersection of two T -

invariant strips is either empty or is a T-invariant strip.

Proor. If A and B are two T-invariant strips such that A N B # (), then
m(A N B) is compact and non-empty. It is also R-invariant because A and
B are T-invariant. Since R is a minimal homeomorphism of © we must have
7(ANB) = O. Tt is now clear that, for a generic set of § € O, the fiber (AN B)?
is a compact non-empty subinterval of I. We conclude that, if AN B # (), then
AN B is a T-invariant strip. O

DEFINITION 3.13 (Ordered strips). Say that two strips A and B satisfy
A < B if there is a set G € G such that for all § € G, x € A?, and y € BY there
holds « < y. We say that the strips are ordered, if either A < B or B < A.

While two disjoint core strips need not be ordered even if © is connected and
locally connected, we do have the following



A SHARKOVSKII-TYPE THEOREM 171

LEMMA 3.14. Suppose that © is connected, and that A and B are disjoint
full strips, i.e. A’ and B are intervals for all € ©. Then either A > B or
B> A.

PROOF. Fix # € ©. Then either A’ > B? in the sense that 2 > y whenever
v € A% and y € BY, or B% > A% in the same sense. Let V = {# € © : A? > B}
sothat ©\V = {0 € ©: B > A%}. By the compactness of A and B, both these
sets are open in ©. So one of them is empty. 0

DEFINITION 3.15 (Periodic strip). Let p > 1 be an integer. A strip A C
is called p-periodic if TP(A) = A and if the image sets A, T(A),...,TP71(A) are
pairwise disjoint and pairwise ordered.

If A happens to be a full strip and if © is connected, then A is p-periodic
if and only if T?(A) = A and the image sets A, T(A),...,TP~1(A) are pairwise
disjoint (Lemma 3.14).

In Section 5 we will state and prove a generalization of the Sharkovskii the-
orem for skew-product maps, where the concept of periodic point is replaced
by that of periodic strip. We will see that periodic strips of almost automor-
phic type (i.e. those which are pinched cores) arise naturally in this context. We
finish this section by giving an example which clearly indicates that another pos-
sible analogue of “periodic point” — namely, the concept of measurable section
¢: 0 — O x I — cannot be fruitfully used to generalize the Sharkovskii theorem
for such maps.

EXAMPLE 3.16. Let © = T' = R/Z be the circle, and let R(0) = 6+~ where
v € R is irrational. Let I = [0,1], and let Ty : I — I be the full tent map for
each 0 € ©. Thus

Ty(z)=flx)=1—22—-1] (0<z<1).

The map T:© x I — © x I, (,z) — (0 +~,Ty(x)) = (6 + 7, f(x)) satisfies all
the conditions imposed so far.

Write Iy = [0,1/2], Iy = [1/2,1]. To each infinite sequence ag,as,... of
binary digits in {0,1} we associate the unique point * = z(ag,a1,...) € [0,1]
such that f"(x) € I,, for allm =0,1,.... Let B C [0, 1] be any measurable set,
and set

¢5(0) = 2(15(0), 15(R(0)), 15(R*(9)),...)
where 1p is the indicator function of B. Then ¢p defines a measurable section
of the trivial bundle © x I — © which is invariant in the sense that f(¢g(6)) =
¢p(R(0)) for all § € O©.

Next let B,C C [0,1] be measurable sets whose symmetric difference has
positive Lebesgue measure: |BAC| > 0. Then for Lebesgue-a.e. 6 the two
sequences (15(0),15(R(0)),15(R%*(9)),...) and (1¢(0),1c(RO), 1c(R?0),...)
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differ in infinitely many places. Fix such a 6; if it were true that z := ¢p(0) =
¢c(0), then the point f™(x) would be in Iy N I3 = {1/2} for infinitely many n,
which is impossible because f*(1/2) = 0 for k > 1. Thus ¢5(0) # ¢c(6) a.e.
and we must conclude that our map T admits uncountably many measurable

invariant sections.

The fact that this phenomenon occurs motivates our search for another ana-
logue of the concept of fixed point and for the concept of periodic point.

4. Results on strips and their bounding sections

In this section, we state and prove basic results concerning strips and core
strips. Throughout the section, © denotes a compact metric space; R : © — ©
is a homeomorphism of © onto itself; Q@ = © x I; and T: ) — ) is a continuous
map satisfying m o T'= R o w where 7: ) — O is the natural projection.

DEFINITION 4.1 (Sections). Let ¢:© — © x I be a section (which a priori
need not even be measurable). If m: © x I — [ is the projection onto I, then
o 0 ¢ is a map from © to I which we also denote by ¢ and which we also call a
section.

(a) Let A C Q be compact with 7(A) = ©. The upper and lower bounding
sections of A are given by v4 () = sup A% and A\a(6) = inf A%, respec-
tively. Observe that v4 is upper semicontinuous (u.s.c.) and A4 lower
semicontinuous (l.s.c.).

(b) For a section ¢:© — © x I, let ® = {(6,¢(0)) : 0 € O} be the image of
¢, let ® be the topological closure of ® in © x I, and let ¢, resp. ¢~ be
the upper and lower bounding sections of ®. Instead of (¢7)~ we write
¢~ etc. If XA and v are sections we write A and T for their images, etc.
If ¢ is a section we set (T'¢)(R(0)) = To(4(6)).

(c) If ¢, are sections then ¢ < 1) has the natural meaning ¢(6) < () for
all f € O.

If ¢, are sections, then we will use the notation {¢ < ¢} for the set {6 €
© : $(0) < (0)} and analogously for other order relations.

REMARK 4.2. If ¢ < v are two sections and if v is u.s.c., then ¢™ < v. An
analogous remark is true for l.s.c. sections. We will use this remark repeatedly
without further comment.

LEMMA 4.3. Let ¢ be a semicontinuous section.

(a) @ is pinched.
(b) ¢ =3,
(c) If ¢ is w.s.c. then ¢~ = Ag = Agc; in particular, {¢p = ¢~} = P € G

(is residual in ©).
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(d) If ¢ is l.s.c. then ¢ = vg = vgc; in particular, {¢p = ¢p*} = Py €G.

PROOF. (a) Suppose that ¢ is u.s.c. We need only show that Pg is dense in ©.
For this let # € ©. There is a sequence 6, — 6 such that lim, . ¢(6,) = ¢~ ().
Since ¢~ is l.s.c., we also have liminf, .. ¢~ (0,) > ¢ (0). This shows that
limy, 00 [¢(61) — ¢~ (65,)] = 0. Since 0 is an arbitrary point of ©, we have that,
for each e > 0, the open set {¢p— ¢~ < e} isdense in ©. So Pg =, {¢p—¢~ <
k=1} is residual in ©. The proof is similar if ¢ is Ls.c.

(b) We now know that Pg is residual, so there exists G C Pz, G € Gg.
Since (6,¢(0)) € ®y we have &y = {(0,9(0))} = Py for all # € G. Hence
dNr Y G) = N7 Y(G). By (the proof of) Lemma 3.2(f) we have ®¢ = 3°.

(c) We have A\g < Agc because ¢ = 50 C ®. On the other hand, let
6 € © and G C Py, G € Gg. Since ¢ is u.s.c. there is a sequence ,, € G such
that 0, — 6 and A\g(0) = lim, o ¢(0,). Therefore (6, \z(0)) € ®° so that
A5 = Ao

(d) The proof is analogous to the previous one. O

LEMMA 4.4.
(a) If A is a pinched subset of 2, then AG = TG = AC.
b) If A is a pinched core, then Ay = Y 4 = A. In particular, N} = v and
A
U; = /\A-

PROOF. (a) Since A is pinched we have (A4)? = (Y 4)? = A? for a residual
set of §. Hence Ki = Ti = A% by Lemma 3.2(f). The statement now follows
from Lemma 4.3(b).

(b) If A is a pinched core, then A = AY = A§ C A4 C A. Arguing similarly
one proves Y4 = A. d

LEMMA 4.5. Let ¢ be a semicontinuous section.

(a) If ¢ is uw.s.c. then ¢~ = vgo.
(b) If ¢ is l.s.c. then ¢+~ = Agc.

PROOF. By Lemma 4.3(c) we have ¢~ = )\;fc. By Lemma 4.4(b) applied
to the pinched core ®¢ we have )\;fc = vgco. This proves part (a); part (b) is
proved in a similar way. O

LEMMA 4.6. Let A be a strip.
(a) v T =vg0 = Ure.

(b) )\z_ = Ao = )‘Ai'

PrOOF. It suffices to prove part (a). Let G € G4. In view of Lemma 4.3(c)
also G' := GN{va = v} € Ga. For each (0,z) € A, there is a sequence
(O, zn) € ANT™YHG') such that (0,,7,) — (0,2). As x, < va(b,) = v;(0,)
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we see that = lim, oo ¥, < v (). But this holds for each (¢,2) € A°,
whence v e < v 1. The identity v; " = vy¢ follows from Lemma 4.5(a), and
vyg Svhc follows from the observation that Y§ C A“. O

We have the following immediate corollary to this lemma:

COROLLARY 4.7. Let A be a core strip, and let v resp. Aa be the upper
resp. lower bounding section of A.

(a) va is also the upper bounding section of Y.
(b) Aa is also the lower bounding section of AS.

Combining Lemmas 4.3, 4.5, and Corollary 4.7 we obtain

+

PROPOSITION 4.8. Let A be a core strip. Then v, = va and )\17 = Aa.

In particular one has
(a) A% = [X§(0),v,(0)] for 6 in a residual G C ©.
(b) Aa=AG and T4 =79.

LEMMA 4.9. Let A be a core strip, and denote A= {(6,z) : Aa(0) <z <
va(0)} the corresponding “filled in” strip. Then A = AC.

ProoF. A? is an interval for 6 in a residual G C ©. Hence A% = [\(6),
va(0)] = A? for § € G. Now Lemma 3.2(f) implies A = A = A®. O

Before stating the next result we introduce some terminology.

DEFINITION 4.10 (Almost automorphic). Let A be a core strip; say that A
is T-almost automorphic if it is pinched and minimal with respect to T. (Our
usage of this notion is a bit more general than that in the literature, where it
is also required that the base homeomorphism R:© — O is almost periodic.
See [15] for general properties of almost automorphic dynamical systems.)

THEOREM 4.11. Let R be a minimal homeomorphism of ©, and let A be
a strongly invariant core strip. Define © 4 := {6 € © : X} (0) < v;(0)}. Then
O 4 is open and either

(a) ©4 is empty and A is almost automorphic, or
(b) ©4 is dense in © and A is solid.

Proor. The set © 4 is open because v — )\jg is lower semicontinuous.

Suppose first that © 4 # ©. Then v < )\fg on some open set U C ©\O 4. By
Proposition 4.8, vy = ’U;‘Jr < )\jg < vy on U. Using Proposition 4.8 again, one
has that A% = [v4(6),v ()] consists of exactly one point for a residual subset
of # € U. In particular, the pinching set P4 is non-empty. Since A is strongly
invariant, we have R(P4) C P4 and so, by minimality of R, P4 is dense in ©;
that is A is pinched. Since © 4 is open and P4 N ©4 = ) we must have © 4 = (.
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We must still show that A is minimal invariant if ©4 = . Let B C A
be a closed invariant set. Then Ay < vp < wvg4, hence )\Z < wvp < wva. By
Lemma 4.4(a) one has vy = )\jg, hence vg = v4. Therefore A="4 =Yg C B,
where we have used Lemma 4.4(b).

Let us now consider the case where ©4 = ©. We claim that A% = [\4(0),
va(0)] for each § € ©4. To see this, let G € Ga. Let 0 € ©4, and choose
a sequence (0,,z,) in AN 7 1(G) which converges to (6,v4(6)). Then the
interval [Aa(0,),z,] C A% for each n, and limsup,,_, ., Aa(0,) < A% (0). Hence
A1(0),v4(0)] € AY. In a similar way one proves that [Aa(6),v;(0)] C A°.
Since 6 € ©4, these two intervals overlap, and therefore [Aa(0),v4(0)] C A°.
The reverse inclusion is trivial, so indeed A% = [A4(0),vA(0)] if @ € ©4. This
shows that the set ©’ of those # for which A? is an interval contains the open set
O 4. As A is strongly invariant under T, thet set ©’ is forward invariant under R.
Now the minimality of R~ implies that ©' = ©, i.e. all A? are intervals.

Observe now that © 4 = [J;—, ©% where ©% 1= {# € ©4 : A\ (0) < v, (0) —
1/k} are open sets. As ©4 # (), there is some k such that ©% # (). Because R
is minimal (and © compact), there is some N > 0 such that © = ngo ROk,
and in view of the uniform continuity of T there is for each n some ¢ = ¢(k,n) > 0
such that R™"0% C {0 € © : As(0) < va(f) —e}. It follows that A is a solid
strip. O

REMARK 4.12. With reference to the preceeding proof: if A is a solid strip
then ©4 = O. If A§ and Y§ are T-invariant, we can say more: Suppose that
AGNTYG, which is also a T-invariant set, is nonempty. Then 7(AGNTS) is a non-
empty, closed R-invariant set. Therefore 7(AG N Y) = © by minimality of the
homeomorphism R. In view of Lemma 4.3(c) and (d) this implies A} (6) > v ()
for all § € © which contradicts the assumption © 4 = O.

It follows that, if AG and Y§ both are invariant, then )\X < vy everywhere.
Thus the sets Ag and Tg have strictly positive distance; i.e. they are “separated
by an open tube.” By Proposition 4.8 the same is true for A4 and T 4.

In the next theorem we will see that the same conclusion holds also if A§
and TG are not invariant provided T satisfies some nondegeneracy condition.

THEOREM 4.13. Suppose that in the situation of Theorem 4.11 the map T
has the following additional property: For each 0 € © and each nondegenerate
interval J C I the interval TyJ is nondegenerate. Suppose that A is a solid
invariant core strip. Then the sets AG and Y§ have strictly positive distance
and are separated by an open “tube.” By Proposition 4.8 the same holds for A4
and Y 4.

PROOF. Since A is solid the open set © 4 is nonempty. Hence we find a
compact set K C © with nonempty interior and a nondegenerate interval [a, b] C
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I such that W := K X [a,b] € A. Let N > 0 be such that UZ«LV:o R™"(int K) = ©.
In view of the skew product structure of T' each T™(W) is a compact set with
w(T™(W)) = R"K and fibers which are nondegenerate intervals. We will show
below that Ay and vpn (yy are continuous functions from R™(K) to I. Given
this fact it follows that each 6 € © has a neighbourhood on which the sets A§
and Tg have strictly positive distance, and the compactness of © concludes the
argument.

It remains to show that Apn(yy and vpn () are continuous functions from
R"(K) to I. We carry out the argument for Apn(yw), that for vpnyy is the
same. Since T"(W) is compact, Apn ) is Ls.c. Now we fix R"(0) € R"(K) and
consider any sequence §; € K that converges to 6. Let (6,x) € W be a preimage
of (R™(0), Apn(wy(R™(0))) under T™. Because of the product structure of W all
(0;,x) are in W so that

(B(0), Adrnqw) (R (0))) =T"(0, 2) = lim T"(6;, 2)
= (R"(9), lim (1" (65, 2)))-

It follows that
limsup Agn ) (B™(05)) < Apn(w) (R"(9)).

Jj—00
Since (R™(6,)); is an arbitrary sequence converging to R™(6), this proves the

upper semicontinuity of Apn (w. O

Now we turn to the construction of invariant core strips in a situation which
will arise in Section 5.

DEFINITION 4.14 (Strips mapped over another). Let Ay and A be core

strips.

(a) We say that T maps A upward over Agy if
(4.1) T(Aa) < /\'Af(J and T(va) > vy, .

In this case we write A 2% Ay, or A =% Ay with respect to (w.r.t.) T.
(b) We say that 7" maps A downward over Ay if

(4.2) T(Aa) > vy, and T(va) <A .

In this case we write A <% Ag, or A do, Ag with respect to (w.r.t.) T.
(¢) We say that T maps A over Ay if either A 2% Agor A do, Agwrt. T.
In this case we write A —> Ag or A =5 Ay w.r.t. T.
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LEMMA 4.15. Let A and Ag be core strips. If A == Ay, then T(A) D A,p.
Thus the terminology “mapped over” is justified.)

PROOF. Let G € G4. For all § € G the set Ty(A?) is an interval. Also, by
Proposition 4.8, (4)? = [)\XO (0),v4,(0)] for a residual subset of Go C R(G).
Hence Ay N7~ 1(Gy) C T(A), and so Ay = A§ C T(A) = T(A). O

In Definition 3.13 we introduced a strict order relation A < B between strips.
With the notation introduced in this section we can characterize that relation
as follows:

A< B if{va<Ap}eg.

This motivates the following definition.

DEFINITION 4.16 (Weakly ordered strips). Let A and B be strips. Then
A=< Bif{v; <A} €G,and A = Bif {\}| > v} €G. Wesay that A and B
are weakly ordered.

(If A is a core strip, then A < A if and only if A is pinched.)
A closer look at this definition reveals that the weak order (in contrast to
the strict order) is not really a notion depending on the residual subsets of ©.

LEMMA 4.17. If A < B, then v;(0) < X5(0) for all 6 € ©.

PROOF. The set {v, < )\E} is closed because of the semicontinuity proper-
ties of v, and )\E. At the same time it is residual because A < B. Hence it is
all of ©. O

Obviously, A < B implies A < B. Here is a kind of reverse implication:
LEMMA 4.18. If A and B are disjoint strips and if A < B, then A < B.

PROOF. As A and B are disjoint strips, the set {va < Ap}U{vp < Aa}is
residual. By Lemma 4.17, {vp < Aa} C {\5 < v} = 0. Hence {v4 < Ap} is
residual, i.e. A < B. O

We now formulate and prove a key result.

LEMMA 4.19. Suppose that the core strip A is mapped upwards (downwards)
over the core strip Ag.

(a) There is a core strip Ay C A with T(Ay) = Aoy which is mapped up-
wards (downwards) over Ag. If Ay X% Ay, then T(AS,) C AG, and
T(YS,) € Y, ; if. on the other hand, A L0 Ao, then T(AG) € TS,
and T(YTG) C AG, .

(b) Let A be another core strip and suppose that A is mapped upwards
(downwards) over Ay and A§. If Ag and Af are weakly ordered, then
the core strips A1 and A} which are mapped over Ag and A§ as in (a) can
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be chosen weakly ordered as well. More precisely, if Ag < A§ (A5 < Ao),
then A1 < A){ (AT < Al)

PROOF. Assume first that A =% Ay. By Lemma 4.15, we have Tgo C Ay C
T(A). Therefore m(ANT~HYG )) = ©. Set

¢(0) =inf(ANTH(YG))".

As the lower bounding section of a compact set, ¢ is l.s.c.

Let A:= {(f,z) e A:x <)} and A" := A°. A’ is a core by definition,
and we show now that it is a strip. To this end let G € G4 N G 7 be such that
A% = N§(0),v,(0)] for all & € G, see Proposition 4.8. It suffices to show that
A = [Aa(0),v4:(0)] for 8 € G. As A = AC C A® = A, the inclusion “C” is
obvious. For the other direction we must show that each z with A4(0) < z <
v4+(0) belongs to A’ Now z < wva (0) implies that there are 6,, € G converging
to 0 with & < ¢(0,) < va(0,) = v;(0,). As Aa(0) = X;(0) for 0 € G, the
inequality = > A4 (f) implies that = > A} (0,,) for sufficiently large n. Hence
(0, 2) € A for large n, and it follows that (6, z) € AN7—1G = AC = A,

Let us show that

(4.3) VA = UVpc = Q5+

First of all, ¢ C A’ by definition of ¢ and /Nl, hence vge < vy, On the
other hand, let (0,z) € A’. There is a sequence (0, z,) in A with =, < ¢(6,)
such that (6,,x,) — (6,z). Hence < limsup,,_,., ¢(0,) < ¢ (0). Therefore
var < ¢T(0). By Lemma 4.3(d) we have ¢T = vge, which finishes the proof
of (4.3).

Next, Lemma 4.4(a) implies that TG, = Y. = @®°, hence T(YG) =
T(®°) € TG, where we have observed that T® C Y§ by the definition of
¢. By Corollary 4.7(a) we have T4 C Y§,, hence T'(vas) > )\ng = vy,,- In
order to see that also T'(Aa/) =T(A\a) < )\XO we show

(4.4) Aa = Aar.

As A’ C A® = A by definition, Ay < A4 is obvious. For the converse inequality
observe first that Ag4 C A by definition. So Ag C A, and it follows from
Corollary 4.7(b) that Ay = Aye = Aar.

We now apply the above procedure to the “lower boundary” of A’ rather
than to the “upper boundary” of Ag. Specifically, define

»(0) = sup(A'NT~H(AG)) -

Then 1 is u.s.c. and 9 < vy4r. Set A = {(0,z) € A’ : 2 > ¢(0)} and Ay = g‘f
As in the first part of the proof one checks that A; is a core strip, that T(Agl) C
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AG,, that T(A4,) < X} , and that
(4.5) Aa, = Age =Y.
As in (4.4) one shows
(4.6) VA, =VAr.

This is all one needs to check that A; has all the properties required in
Lemma 4.19(a) in the case A =% Ay, except for the property T(A;) = A.

In order to prove this we observe that the above construction (and fur-
ther choices as in Proposition 4.8 furnish a set G € G such that (A;)? =
Dty (0), 0.4, (O], Ao (R(O)) = X, (R(8)) and v, (R(8)) = v, (R(6)) for all
6 € G. Hence T(A1)? DO (Ag)%® for each # € G in such a way that the
endpoints of (A4;)? are mapped onto the corresponding endpoints of (Ag)%(®).
Without loss of generality we can also assume that ¢(0) = ¢*(0) for § € G
(see Lemma 4.3(d)), so that indeed ¢(0) = v 4/(0) in view of equation (4.3). But
this excludes the possibility that there is z € A'® for which Tyz > v 4, (R(6)).
With an analoguous argument on the “lower boundaries” one finally shows that
indeed T(AY) = (A9)"® for all # € G. Now T(A;) = Ay follows from Corol-
lary 3.8.

There remains to reduce the “downward over” case to the

“upward over”

one. Suppose without loss of generality that I is symmetric about = 0, and let
7(z) = —x be the symmetry. Set Ay := 7(Ap) and T := 7o T. Then A =% A,
w.r.t. i so there exists a core strip 4; C A with f(Al) = Ap and A; 2% A,
w.r.t. T. But then T(A;) = Ay and A; 49 Ay w.rt. T. The other properties
required in Lemma 4.19(a) can be checked immediately.

We turn to the proof of the second part of Lemma 4.19. We denote the
auxiliary objects in the above construction applied to A§ by ¢*,%*, etc. Then
TU* C Agé by definition of ¢*. Hence, observing (4.5) and Lemma 3.4(a),
TAu; CT(U*Y) C Ags. Now, by assumption, vy < )\XS. As A} is a core strip,
this implies Aay = A} > v, , see Proposition 4.8. Hence TA}. > v} so that
{/\+I > ¢} € G by definition of ¢. (Observe that generically A? is an interval and
M (RO) < vy (RO), see Proposition 4.8.) Hence )\XI > ¢t =va =va, 2 vy,
see also (4.3) and (4.4). This finishes the proof of Lemma 4.19. O

REMARK 4.20. Let A and Ag be core strips such that either
(a) A% Ay wrt. T, T(AG) C Ago, and T(Y§) C Tio; or
(b) A %% Ag wart. T, T(AG) € TS and T(YS) C A

Then we write A - Ay, or A - Ag w.r.t. T. Note that — is a transitive
relation: if A - Ag w.r.t. T and Ag - Ay w.r.t. T7, then A - A; wart. Ty oT.



180 R. FABBRI T. JAGER R. Jounson G. KELLER

We note also that one can replace the inclusions in (a) and (b) above by
equalities without changing anything. This follows from Corollary 3.8. (For
the first inclusion, for example, apply this corollary to the residual set G =
PA% mRilpAgO.)

Now we state and prove the main result of this section.

THEOREM 4.21. Let R be a homeomorphism of ©. Suppose that the core
strip A is mapped upwards (downwards) over itself by T. Then there is a core
strip Aso € A with T(Ax) = As which is mapped upwards (downwards) over
itself. In fact, Ase — Ao w.r.t. T.

PROOF. In view of the fact that A - A, we can apply Lemma 4.19 to
find a core strip A1 C A with Ay - A w.r.t. 7. In particular, A7 — A;.
Applying Lemma 4.19 to A; we find a core strip As C A; such that Ay — Aj,
and inductively we construct a sequence of core strips A = Ag D A1 DO ... such
that 4; — A;_ wrt. T (i=0,1,...). Let Ay := MNieo Ai, and set Ao := /IOCO
Then T(As) = Aso and hence T(As) = Aso by Lemma 3.4(c). As a countable
decreasing intersection of strips, the set A is a strip, hence A, is a core strip
by Lemma 3.10(a).

Let us show that, if A %% A, then T(T(;;OC) C Tgx and that T(Agw) -
Agoc. Observe first that, for each 6 € ©,

(T(07))(6) = Jim (T(04,))(6) > limsupuy,_ (R(0)) > v

A .
i—00

+ (RO))

Le. T(vz_) = wv; so that also T(Ui*) > vy . Next, Lemma 4.5 implies that

v%w = Ujc = VA Also U%w > U;TOCQ = VU4 (because ﬁoo D) Eg’o which
implies that v; > vzc ). Therefore T'(va,, ) > v, . Since T(Ax) = Awo, this

means that
(4.7) vy <T(va,)<wva,.

But {v 0 = va~} € G by Lemma 4.3(c), so also {T(va~) = va~} € G. Hence
T(YG_ ) =(T(Ya.))° =TS _ by Lemmas 3.4(c) and 3.2(e). In the same way
one proves TAgOo = Agm.

The “downward” case can be reduced to the “upward” one as in the proof
of Lemma 4.19. g

COROLLARY 4.22. Let R be a minimal homeomorphism of ©.

(a) If the core strip A is mapped upward over itself, then A contains a core
strip which is pinched and minimal w.r.t. T'; that is, which is T-almost
automorphic.

(b) If A is mapped downwards over itself and if A does not contain a T-
almost automorphic core strip, then it contains a solid T-invariant core
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strip Aeo for which Tg@o and Agm are permuted under the action of T.
If R? is a minimal homeomorphism of ©, then both sets are almost
automorphic under T2.

PrOOF. We need only to note that, if A =% A, then Tgoo and Aim are
T-almost automorphic; they may coincide. 0

We do not know of any example for the second case of this corollary. When
the map 6 — Ty is only required to be measurable — so also the sections need
only to be measurable — it is known that such situations can occur (see [13]).

5. A Sharkovskil type theorem

In this section © denotes a compact metric space and R:© — O is a totally
minimal homeomorphism of ©. Also Q2 = O x I, and T:) — € is a continuous
map such that 7 oT = R o7 where m: ) — O is the projection.

Let B C Q be a strip, and let p > 1 be an integer. Recall (Definition 3.15)
that B is p-periodic if T?(B) = B and if the image sets B, T(B),... ,T?~1(B)
are pairwise disjoint and pairwise ordered. Suppose that ¢ is an integer which is
below p in the Sharkovskii ordering. Thus if p = 3, then ¢ can be any positive
integer. Our goal is to determine a strip C' which is g¢-periodic for T; that
is, T9(C) = C and the images C,T(C),... ,T971(C) are pairwise disjoint and
pairwise ordered.

We begin the analysis. By Lemma 3.11, we can assume that B is a minimal
strongly TP-invariant core strip. We order the core strips B, T(B), ... ,T?~1(B)
in the natural way:

By < By <...< By
where B; = T*i(B) for a unique integer k; € {0,... ,p—1} (0<j <p-—1).
Let A; resp. v; be the lower resp. upper bounding section of B;. Observe that
Bj_1 < Bj implies B;_1 < B; so that v;_; < )\;-", see Lemmas 4.17 and 4.18.

Set [fuj__l,/\j'] ={(0,x) € Q| v; () <z < )\;r(ﬁ)}, then define I; =
[V 1, AF]1¢. By Lemma 3.10(a), I; is a core strip. Using Lemma 4.6 and Re-

J
mark 4.2, one checks that, for 1 <j7<p—1,

(5.1) vy, = U[;;w\f] = )\;r7+ = )\j,
(5.2) AL, = )\[J;Ji S Vehe v =i,
(5.3) vp, = )\j_ < vj_+ = )\};H.

This implies that the strips I; are weakly ordered, see Definition 4.16. For later

use we note that if I; N I; contains a strip for some ¢ # j, then |i — j| = 1.
Comparing with Definition 4.14(a), one now sees that, if 0 < j < p — 1 and

it T(Bj_1) = B, and T(B;) = B, with By > B, then T maps I, upwards over
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each strip I41,...,Is. Similarly one can show that, if B; < B,, then T maps
I; downward over each strip Io4q,... ,Ir.

We will apply the results of Section 4 together with the arguments exposed
in [4], [7], [14] in proving our version of Sharkovskii’s theorem. Set [B;, Bj;1] =
[’U;,)\;r_‘_l} U{(0,z) e Q| z e BfUBY,,} for 0 < j < p— 1. Motivated by a
standard construction in the theory of interval maps, we introduce the directed
graph (digraph) of B whose vertices are the strips I1,... ,I,—1 and whose edges
I; — I are stipulated as follows: I; — I just when T'[Bj, B;i1] contains

[By, Bi+1] in the set-theoretic sense.

Let us compare this use of the symbol “—” with that of the symbol “—2”
given in Definition 4.14(c). According to the preceding discussion, if T'(B;) = B,
and T(Bj+1) = By, then I; = I, in the sense of Definition 4.14(c) whenever Iy,
is “between” I, and I, in the obvious sense. However the digraph may contain
edges which are defined neither by the upward over nor by the downward over
relation. Thus the sense of the symbol “—” in the context of the digraph of B is
more inclusive than the sense attached to the symbol “—~” in Definition 4.14(c).

In the developments below we follow [7] though we could just as well read
in [4, pp. 22-25]. We introduce some standard terminology, following Coppel
[7]. First, we construct the standard p-cycle. Let us view B;_; and B; as
the endstrips of I; (1 < j < p —1). We define vertices Jo, ..., Jp—1,Jp = Jo
in the following way. Put Jy = I;; let J; be that vertex I; contained in the
strip {T(By),T(B1)}, such that (with slight imprecision of language) T(By)
is an endstrip of I, etc. Here and below we use the brackets to indicate the
strip defined by the appropriate boundary sections of T'(By) and T(B;). We
obtain a cycle Jo — Ji — -+ — J,_1 — Jo of length p in the digraph of
B. This is the standard p-cycle; it is characterized uniquely as that p-cycle
Jo— Ji — -+ — Jp_1 — Jp in the digraph of B having the property that Jy
(now not necessarily assumed to be I;) admits an endstrip C such that T%(C)
is an endstrip of Ji for 1 < k < p. If Jy is chosen as Iy, then C' = Bjy. Note
that each arrow “—” in the standard p-cycle satisfies the condition of Definition
41.4(c); thus we actually have Jy —= J; —= --- = Jo.

We say that a cycle in the digraph of B is primitive if it does not consist
entirely of a cycle of smaller length repeated several times.

LEMMA 5.1. Let q an integer. Suppose that the digraph of B contains
a primitive cycle Jy —— J; —» .. =5 q—1 =5 Jo of length q where all
arrows are as in Definition 4.14(c). Then there exists a core strip C such that
T*(C) C Jp (0 < k < q—1) and such that either C is g-periodic, or C = B;
for some i and q is an integer multiple of p. Moreover, C — C w.r.t. T? (see
Remark 4.20).



A SHARKOVSKII-TYPE THEOREM 183

PROOF. Suppose first that ¢ = 1. Then the primitive cycle Jy —= Jy is a
loop. We can apply Theorem 4.21 strongly T-invariant core strip C' such that
C — C. Suppose from now on that ¢ > 2.

Let Ji = Jgmodgq for k > g. We use Lemma 4.19(a) to define recursively core
strips Jf C J; (£=0,1,2,...):

(5.4) JP=Jp, JENC IR I s I wat. T (02> 0).

We claim that, for all ¢,7,5 > 0 either Jf = Jf or these two strips are weakly
ordered. The proof is by induction on ¢: for £ = 0 this is obvious, because all .J?
are among the intervals Iy,...,I,_1. So suppose that the claim holds true for
¢ and consider J/T and Jf“. If Jf # Jf, then J! and Jf are weakly ordered
by the inductive assumption, and as J C J¥, Jf“ Cc Jf, also J/T! and Jf“
are weakly ordered. We turn to the case where Jf = Jf. Suppose first that
J{1 = Jj,1. Then both, JE and Jf“, are constructed by Lemma 4.19(a)
with the same “ingredients”, and so they coincide. It remains to treat the case
where J! = Jf but Jf_H # Jjﬁl. In this case Jiﬂ_l and Jf—s-l are weakly ordered
by the inductive assumption, and Lemma 4.19(b) tells us that also Jf“ and
J f“ are weakly ordered.

A first consequence of this construction is that Jo¢ — JI — Jy w.r.t. T4 by
Remark 4.20 and J3¢ C J¢ C Jo. So we can apply Theorem 4.21 to A = J3*
to find a core strip C' C ng such that T9(C) = C and also C — C w.r.t. T9.
The previous construction yields also T%(C) C Jlfq*k CJfCJpfor0<t<
2q — k. Because of Corollary 4.22 we may also assume that either C' is T'?-almost
automorphic or C' is solid and contains no T9-almost automorphic substrip.

Let 0 <i < j < q. Suppose for a contradiction that Jf = Jf for{=0,...,q.
As

J{ Jfﬁl - JfJ:zg IR z'0+e = Jite,
we conclude that J; p = Jjqe for £ =0,...,q. But, as we assumed that the J;
form a primitive cycle, this leads to the contradiction i = j.

Hence there exists £ € {0,...,q} such that J{ # J!. We argued above that
this implies that J{ and Jf are weakly ordered. As T%(C) C J! and T7(C) C Jf,
it follows that T°(C') and T7(C) are weakly ordered.

Suppose first that for all 0 < i < j < ¢ the two strips T¢(C) and T7(C) are
disjoint. Since they are weakly ordered, they are then indeed (strictly) ordered
in view of Lemma 4.18. Hence the core strip C is g-periodic in this case.

Now suppose that D := T{(C) N T (C) # 0 for some 0 < i < j < q. As
intersection of two T'%-invariant strips D is a T%-invariant strip, see Lemma 3.12.
Then D := TYD) C Jiye N Jjte for all £ > 0. As the J; form a primitive cycle,
there is some ¢ > 0 such that Jiyy # Jj1¢. Let Jiyp = I, Jj1¢ = I,. Then
I.N I # 0 so that |[r — s| = 1.
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Without loss of generality s = r + 1. Then D C I, NI, C [u;,A\f] so
that § # D C [v7,AF]C. In view of Theorem 4.11 this implies that B,
is TP-almost automorphic, and it follows from Lemmas 4.4(b) and 4.9 that
D¢ C [Ar,vr]¢ = B,. Hence D¢ = B, and the T7-almost automorphic strip
T21=i=4(B,) is contained in 729(C) = C. This excludes the possibility that
C is a solid strip. Hence C' is TY9-automorphic, and we can conclude that
T(C) = T9(C) = B,. It follows that C coincides with some B; and ¢ is an
integer multiple of p.

This completes the proof of Lemma 5.1. 0

REMARK 5.2. According to Corollary 4.22, either C' is T'9-almost automor-
phic or it contains a core strip which is T??-almost automorphic.

Our goal now is to determine primitive cycles with arrows —- whose lengths
correspond to the numbers ¢ which are below p in the Sharkovskii ordering. We
proceed using the arguments of [7]. As a warm-up exercise (strictly speaking not
needed in what follows), we show that there is a vertex I such that I > 1. To
see this, write again the strips B, T(B),... ,TP~!(B) in their natural order:

B0<Bl<...<Bp_1

where, as before, B; = T*i(B) for a unique integer k; € {0,... ,p—1} (0<j <
p—1). Let w = max{i : T(B;) > B;}. Then u is well-defined by assumption.
Set T := I41 = [vy,A\f4]C. Since T(B,) > B, and T(By41) < By, I is
mapped directed over I by T} i.e. I 2> I. Indeed, as A7 = vy by (5.2), we have
T(Ap) = T(vg) = Aug1, and Ayy1 = A = v7 in view of Lemma 4.6(b) and
equation (5.1). Similarly, T'(vy) < )\;f.

We now formulate a version of the key lemma of [7] (see [7, Proposition 3]).

LEMMA 5.3. Suppose that B is a p-periodic strip with p odd, p > 1. Suppose
that T admits no periodic strip of odd period q strictly between 1 and p. Then the
vertices of the digraph of B admit a labelling Jy, ... , Jo—1 with respect to which
the digraph has the following form:

C J1 Jo J3 s prg —_— Jp,Q — Jp,1

All the arrows in the digraph are of the “directed over” type (Definition 4.14(c)).
The digraph admits the following paths:

o. o. o. o. o. o. o.
(a) J— Jy— - — p_1—>J1—>J1—> e =

(b) Jp—1 = Jo; whenever 2i +1 < p.

ProOOF. We follow the arguments of ([7, pp. 8-10]). Consider the standard

O. 0. O. O. . . .
p-cycle Jo — J; — -+ — Jp_1 — Jy introduced earlier. It contains some
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vertex I at least twice because there are only p — 1 vertices. On the other hand,
any vertex can occur at most two times because a vertex has only two end-strips.
If the standard p-cycle contains a vertex twice, then it can be decomposed into
two cycles of smaller length, each of which contains T just once and is hence
primitive.

In the case at hand, the standard p-cycle decomposes into two smaller prim-
itive cycles, one of which must have length 1 because there is no periodic strip
with period ¢ if ¢ € {3,... ,p — 1} (use Lemma 5.1). We can thus re-label the
standard p-cycle and write it in the form

0. 0. O. O. 0.
J—J— S - == Jp — 1

where J; = I defines the 1-cycle and J; # J; if 1 < i < p. Suppose for
contradiction that J; = Ji for some 1 < i < k < p. Then by omitting the
intermediate vertices one obtains a shorter primitive cycle with arrows —-, and
by omitting the loop at Jj if necessary one obtains a primitive cycle of odd length
strictly between 1 and p with arrows —=. This together with Lemma 5.1 leads
to a contradiction with the hypothesis of the present lemma. So we conclude
that Ji,...,Jp—1 is a permutation of Iy, ..., I,_;.

If k > i+ 1 we cannot have J; — .J;, because if we did we could construct a
primitive cycle of odd length strictly between 1 and p. For the same reason we
cannot have J; = J, if k=1andi# 1,4 # p— 1.

Now let C' be the middle strip among the strips By < ... < Bp_1. We
claim that J; = {C,T(C)} where we use the brackets to indicate the core strip
determined by C and T(C). We also claim that J, = {T*=2(C),T*(C)} for
2 < k < p— 1. These statements can be proved by basically following word-
for-word the arguments given in ([7, pp. 9-10]). For the reader’s convenience we
give them here.

Write J; = I, = [A, B] where A, B € {By,...,B,_1} and where we commit
an obvious abuse of notation. We know that J; is — -connected only to Jy
and Jy in the digraph of B. It follows that J; is adjacent to Jj in the natural
sense, and T" must map one end strip of J; to the other end strip of Jy, while it
maps the other end strip of J; to an end strip of J;. Thus there are only two

possibilities:

(%) Bn,.1=A, Bp,=T(A), B, o=T>A)
or

() B, =8B, Bp_1=T(B).

Consider the first possibility. If p = 3 then it is easily seen that T?(C) < C' <
T(C) and that J; = [C, T(C)], Jo = [T*(C),C]. If p > 3 we argue as follows. If
T3(A) < T?(A) then we must have J, — .J;, which does not happen. Hence
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T3(A) > T?(A). Since Jo is not mapped over Ji for k > 3, we must have that
Js = [T(A),T3(A)] is adjacent to J; on the right. If T4(A) > T3(A) then we
must have J3 -2~ J;, which does not happen. Hence T*(A) < T3(A). Since J;
is not mapped over J, for k > 4 we must have Jy = [T*(A), T3(A)] is adjacent
to Jy on the left. Continuing in this way we obtain

Jpo1 = [TP7HA), TP 3(A)] < ... < Jy = [T*A),T*(A)] < Ja
= [T?(A), Al < J; = [A,T(A)] < ... < Jp_o = [TPHA), TP2(A)].

This shows that A = C and that J, = {T*=2(C),T*(C)} 2<k<p—1).

We see now that J,_1 — Jj, if and only if k is odd. We also see that there
are no arcs in the digraph other than those already found. Moreover, all the
arrows in the digraph are of the directed over type. This completes the proof of
the Lemma if () holds.

If (%) holds, one argues analogously, and finds that, if C' is the middle strip
among {By, ... ,Bp_1}, then

TP 2(C) < TP HC)<...<T(C) < C<T*C)<...<TP3(C) < TP"0).

Setting J; = {C,T(C)}, one also finds that J, = {T*~2(C), T*(C)}, and that
Lemma 5.3 holds in this case. O

PROPOSITION 5.4. Let p > 1 be an odd integer, and let B be a p-periodic
strip for T. Assume that T admits no q-periodic strip if ¢ € {2,... ,p— 1} is
odd. Then T admits a g-periodic strip whenever q > p (in the natural ordering
on the positive integers) and whenever ¢ € {2,...,p— 1} is even.

PRrROOF. Tt is sufficient to recognize that the paths of (a) and (b) in Lemma 5.3
are primitive, and apply Lemma 5.1. g

We continue to follow the arguments of [7].

LEMMA 5.5. Let B be a periodic strip for T of period p. Then for each
positive integer h, B is a periodic strip of T" of period p/(h,p), where (h,p) is
the greatest common divisor of h and p. Conversely, if B is a periodic strip of
T" of period m, then B is a periodic strip of T of period mh/d, where d divides
h and is relatively prime to m.

PRrROOF. Consider the first statement. Suppose B has period p for T and
that m = p/(h,p). Then T™"(B) = B. If T*"(B) = B then p divides kh and so
m divides k.

Passing to the second statement, suppose B has period m for T". Then B
has period p for T where p divides mh. Write p = mh/d. Then by the previous
statement, p/(h,p) = pd/h, and therefore (h,p) = h/d. Hence we can write
h = de where (de,me) = e; that is, d is relatively prime to m. O
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THEOREM 5.6 (Sharkovskil for strips). Suppose that T admits a p-periodic
strip B and that p > q in the Sharkovskit ordering. Then T admits a q-periodic
core strip C' such that C — C w.r.t. T9. In addition, either C is T9-almost
automorphic or it contains a core strip which is T?I-almost automorphic.

PrOOF. The last statement follows from the preceding ones and Corol-
lary 4.22.

Note that the existence of a strongly T-invariant core strip C such that
C — C w.r.t. T follows from Lemma 5.1 together with the existence of a loop
I — I in the digraph of B satisfying IdolI.

Next we show that T admits a 2-periodic strip. If p = 2 the standard p-cycle
contains a primitive cycle of length 2. By Lemma 5.1 we obtain a 2-periodic core
strip C satisfying C' — C w.r.t. T2. Suppose that B is a periodic strip of least
period p > 2. Then the standard p-cycle decomposes into two primitive cycles,
at least one of which has length strictly between 1 and p, and by Lemma 5.1
we obtain a periodic core strip with period less than p (natural ordering). This
shows that in fact T admits a 2-periodic core strip C such that C — C w.r.t. T2.

Next write p = 2% s where s is odd. Suppose first that s = 1 and that ¢ = 2¢
where 0 < e < d. We can assume that e > 1 by what has already been proved.
Consider the map S = T%/2. By Lemma 5.5, S admits a periodic strip of period
24—+l Therefore S admits a periodic core strip C' of period 2 such that C' — C
w.r.t. §2. Using Lemma 5.5 again, we see that this last strip is g-periodic for T,
and moreover C — C w.r.t. T9.

Now suppose that s > 1. We write ¢ = 2% and consider the following
cases: (a) r is even; (b) r is odd and r > s. Consider the map S = . Tt
admits a periodic strip of period s, and hence also a periodic strip C' of period r
(Proposition 5.4); one has C' — C w.r.t. S. In the case (a) this strip has period
q = 24r for T (Lemma 5.5), and one checks that C — C w.r.t. T%. In the case
(b) it has period 2¢r for T, for some e < d. If e < d, replace p by 2°r. Since
q = 2°-2%°r we can use case (a) to conclude that 7" admits a periodic strip C
such that C — C w.r.t. T?. This completes the proof of Theorem 5.6. d

REMARK 5.7. If R is not minimal but is simply a homeomorphism of ©, we
still have a version of Sharkovskii’s theorem, as follows. If 7" admits a p-periodic
strip, and if p > ¢ in the Sharkovskii ordering, then 7" admits a g-periodic core
strip C' such that C'— C. It can no longer be stated that C has the property of
almost automorphicity. On the other hand, if R is minimal and totally minimal,
then we have shown that C' does exhibit this property.
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