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SHARP SOBOLEV INEQUALITY
INVOLVING A CRITICAL NONLINEARITY ON A BOUNDARY

JAN CHABROWSKI — JIANFU YANG

ABSTRACT. We consider the solvability of the Neumann problem for the
equation
—Au+ Au =0, 9u = Q(z)|ul"%u
ov

on 02, where @ is a positive and continuous coefficient on 92, X is a pa-
rameter and ¢ = 2(N — 1)/(N — 2) is a critical Sobolev exponent for the
trace embedding of H1(2) into L9(9Q). We investigate the joint effect of
the mean curvature of 92 and the shape of the graph of @ on the existence
of solutions. As a by product we establish a sharp Sobolev inequality for
the trace embedding. In Section 6 we establish the existence of solutions
when a parameter A interferes with the spectrum of —A with the Neu-
mann boundary conditions. We apply a min-max principle based on the
topological linking.

1. Introduction

In recent years, a number of sharp Sobolev inequalities have been established
by applying the blow-up technique to nonlinear Neumann problems. The main
purpose of this work is to prove a sharp Sobolev inequality involving the critical
Sobolev exponent on a boundary of a bounded domain.
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136 J. CHABROWSKI J. YANG

Let © € RN, N > 3, be a bounded domain with the smooth boundary 95).
We are mainly concerned with the nonlinear Neumann problem

—Au+Au=0 in Q,
(1.1) 9 .
a—u(m) = Q(x)|u|?"“u on 09,
v

where Q C RY is a bounded domain with a smooth boundary 02, v is the
outer normal on 92 and the coefficient @) is continuous and positive on 0.
qg=2(N-1)/(N—-2), N > 3, denotes the critical Sobolev exponent for the
trace embedding of the space H*(Q) into L?(df2). The embedding of H*() into
L1(0) is continuous, but not compact.

In Section 2 we establish a condition for the solvability of problem (1.1)
which involves the best Sobolev constant S; for the trace embedding of the space
HY(RY) into L9(RN™1), where RY = {z : 2 € RV, xy > 0}. The constant S}
is defined by (see [12])

Sl :inf{/
R

For a point = we use a notation z = (2/,2x), 2’ € RV¥~1. The constant S; is

|Vul? dz; u € C®(RY), /

N
ORY

lu(x’,0)|?dz" = 1}.

N
+

attained by the function
CN
[P+ (an + (V=272

where ¢y > 0 is a positive constant depending on N. The function W satisfies

W(x) =

/ VWPde= [ W(,0)7de = SV
RN RN-1

and moreover W is a positive solution of the Neumann problem in the half-space
(1.2) /

WD) e, o on RN
If @ =1 on €, it is known that problem (1.1) has a solution for every A > 0.

This solution is obtained as a minimizer of the variational problem

; Jo(IVul?> + Xu?) da
in
u€H! (2)—{0} (faQ lule dS,)%/1

S\ =

If u is a minimizer for sy, then a multiple of u given by si\/(q_mu is a solution
of the problem (1.1). Minimizers for sy are called least energy solutions of (1.1).

It is not difficult to show that if
(1.3) sx < S1  for some A > 0,

then problem (1.1) has a least energy solution, that is, there exists a minimizer
for sx. The condition (1.3) can be verified by testing sy with the instanton W
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centered at a point on the boundary of 2 with a positive mean curvature. We

set
W, (2) = 5<N2>/2W(H),
5
where y € 0Q and the mean curvature H (y) is positive. In the paper [28] it was

noted that

(1.4) Jo VW2 |2 da _g N-2
' (Joq WaydS,)2a — 71 2

AnH(y)B(e) +o(1)B(e),

where Ay > 0 is a constant and

) tlog(1/t) for N =3,
)t for N > 4.

Thus for € > 0 sufficiently small the right hand side of (1.4) is strictly less than
Sy and the condition (1.3) holds. The fact that problem (1.1) has a least energy
solution for every A > 0 implies that we cannot expect the following inequality

(1.5) 51</aQ |u|qum>1/q < /Q(|Vu\2+C(Q)u2)dm

to hold for all u € H'(Q) and some constant C(2) > 0. In this paper we
show that the situation changes if we consider problem (1.1) with a nonconstant
weight function @ on 9. Tt is not difficult to show that problem (1.1) has a least
energy solution for every A > 0 if Qp = max,coq @Q(x) is attained at a point
with positive mean curvature. However, if Q,; is achieved only at points with
negative mean curvature (or on a flat part of the boundary, if such part exists),
then the least energy solution exists only for A in an interval (0,A), 0 < A < oo
and there are no least energy solutions for A > A. This obviously gives rise to
the sharp Sobolev inequality of type (1.5) with a nonconstant weight function
(see Remark 5.5 in Section 5).

The paper is organized as follows. In Section 2 we establish a criterion for
the existence of least energy solutions of problem (1.1). Section 3 is devoted to
the study of the asymptotic behaviour of least energy solutions of (1.1), when
A — o0. In Section 4 we give the energy estimates of instantons centered either
on a flat part of the boundary or at a boundary point with negative curvature.
The results of Sections 3 and 4 are used in Section 5 to establish the main theorem
(Theorem 5.3) of this paper. In particular, Theorem 5.3 leads to a sharp Sobolev
inequality (see Remark 1.5). Finally, in Section 6 we allow the parameter A to

<

interfere with the spectrum of the operator “—A” with the Neumann boundary
conditions. To obtain the existence of a solution of problem (1.1) we apply the
min-max principle argument based on the topological linking.

The Neumann problem involving a critical Soboev exponent in the equation

and with zero boundary conditions has an extensive literature and we refer to
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papers [2]-[7], [13], [14], [17], [18], [20]-[26]. Our approach to problem (1.1) has
been motivated by these papers.

R

Throughout this paper we denote strong convergence by ” — 7 and weak

convergence by “—”. The norms in the Lebesgue spaces L%(2) are denoted by
|l 1lq- By H*(2) we denote a standard Sobolev space on © equipped with norm

E :/Q(|Vu\2+u2)dx.

2. Existence of least energy solutions

The least energy solutions of problem (1.1) with @ # constant are the mini-
mizers of the following problem

_ Jo(IVul? + Mu?) da
S7Q = inf .
u€H(2)—{0} (faQ Q(z)|ul?dS, )2/

If @ =1 on Q we write sy = sx. It follows from the Sobolev trace embedding
that 0 < s),g < oo for every A > 0. It is easy to check that s ¢ is continuous and
nondecreasing for A > 0. To show the existence of a minimizer for sy g, we use
the P. L. Lions concentration-compactness principle [16]. Let {u,,} C H'(Q2) be
such that u,, — u in H'(Q) and u,, — u in L9(9Q). Then there exist constants
v; >0, u; >0,5€J,and {x;} C 0Q such that

(2.1) Va2 g > [Vul2 + Y 1o,
jeJ
(2:2) fum? o = [ul? + 3 vds,.
JjeJ

in the space of measures and moreover,
(2.3) Si(v))¥1 < p; forje .
The set J of indices is at most countable.

ProrosiTION 2.1. If

S

(24) SA\Q < W

for some A > 0, then problem (1.1) admits a solution.

Proor. We follow the argument from the paper [10]. Let {uy,} be a mini-
mizing sequence for sy g such that

Q(x)|um|?dS, =1
Q
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for every m. Since {u,,} is bounded in H'(Q) we may assume that u,, — u in
H1(Q) and in L9(0Q) and, moreover (2.1)—(2.3) hold. Thus

1= [ Q@lulas. + 3" Q)
80 ey
and
SAQ = /(\Vu|2+/\u2)da;+z,uj
Q ey
)2/

zsno( [ Q(I)IUI"dSI)Q/q P30 )

j€J
2/q ) \)2/q
viQ(x
>sw(/ Q(x)|u|qd5x) - 251%.
0% jE€d Qhr
Since sy, < Sl/Q%q, we see that v; = 0 for every j € J and the result follows.[]

Proposition 2.1 combined with the asymptotic estimate (1.4) leads to the
following result.

THEOREM 2.2. Suppose that Q(y) = Qu for some y € 0 with H(y) > 0
and, moreover

(2.5) Q) — Q)| = o(|z — yl)

for x € 9Q near y. Then problem (1.1) has a least energy solution for every
A>0.

PROPOSITION 2.3. We always have sy o < S’l/QSé[V*z)/(Nfl) for every A >0

and, moreover limy_,o $x,0 = Sl/QS\y_z)/(N_l).

The second assertion of this Proposition follows from the concentration-
compactness principle.

From Proposition 2.3 we derive a weak form of the inequality (1.5).

LEMMA 2.4. For every § > 0 small there exists a constant C(§) > 0 such
that

2/(] S -1
q 1 _ 2 2
(/m Q)] dSm) < (Q(N]IV_Q)/(N_I) 5) /Qm\ dm+0(5)/ﬂu dx.

3. Behaviour of solutions when \ — oo

We commence by showing that for large A > 0, least energy solutions of (1.1),
up to a translation and dilation, are close to the instanton W.
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PROPOSITION 3.1. Suppose that for every X\ > 0 the inequality (2.4) is sat-
isfied. Let {ux}, A > 0, be the corresponding least energy solutions of (1.1).
Then there exist sequences A\, — 00, €, — 0 and {yx} C 09, with yx — ¢ and
Qn = Q(zo) such that

2
v [u,\k( )= akW?)/?W(leM”(N”' — y’“)} ' dr = 0.

1 li
(3.1) im o

k—oo Jq

PrOOF. We use some ideas from the papers [5] and [10]. Let
(3.2) $Q = /Q(\Vu,\|2 + M3 da

and [y, Q(z)|ur|?dS, = 1 for every A > 0. It is known (see [11]) that uy are
continuous up to the boundary and we set

ux(zy) = maxuy(z), x) € IN.
e

It follows from (3.2) that limy—.o [, u3 dz = 0. By Lemma 2.4 we have

Sl Sl

. 2
—wyyven 0 S im [ Vst dr < ey
Qy Qu

Q

Since 6§ > 0 is arbitrary we have limy_.o [, |[Vus|* dz = Sl/Qg‘le_z)/(N—l) and
necessarily limy o A [, u2dz = 0. We set My = uy(zy) and €5 = M}(\2—N)/2'

We now rescale solutions uy by setting

_ Q-
va(x) = E(AN 2)/2’&,\(6)\.’17—}—58)\) for Q) = . L2y
A
Thus, since 0 < vy (z) < 1, we have
(3.3) /\/ ui dr = /\Ei/ vidr > /\Ei/ v dx > Ci )2
Q Qx Qx

for some Cy > 0 as fm v dz is bounded away from 0. Indeed, if ka v dx — 0,
then also [, u3 dx — 0. Tt then follows from [1] that for every § > 0 there exists
a constant C'(0) > 0 such that

2/q ) 2/2*
(/ u>\|qd5w) ga/ |Vu,\2da:+C(6)(/ a2 d:c) .
o0 Q Q

Letting A — oo, since § > 0 is arbitrary, we get that limy_.o [5, [ur|?dS, = 0,
which is impossible. Therefore limy_., €x = 0. The rescaled solution vy satisfies

7AU)\+€§>\U)\ =0 in Qy,

0 _

% = sx,0Q(exz + x) )07 b on 09y,
0<wy(z)<1 on 2, and v)(0) = 1.
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By the Schauder estimates, there exists a sequence Ay — oo such that vy, — w
in C%C(Rf). We may also assume that z, — x9 € 9€2. The limit function w is
a solution of the problem

—Aw =0 in Qoo;
ow 4
o = SQ(xo)w? for 0 <w <1, w(0) =1,

where S = Sl/Q%{V&)/(N*l). Since (1, is a half-space, we may assume that
Qo= RY. By the uniqueness result from [15] we know that w(z) =W (SQ(z¢)x).
We now observe that by the Fatou lemma we have

N-1/Q 2
M = / |Vw(x)|?de < lim |V, |? do
(5Q(z0)™ Ak =00 Qx
_ 2
= / Ve [" de = Q- 2>/<N D
From this we deduce that Q(z¢) = Qas and the result follows. O

4. Estimates of the energy of W,

We let
Jo(IVul? + Mu?) da
(Joq lul? dSy)?/a

for u € HY(2). First we consider the case where the boundary 9 has a flat
part. We let D(0,9) = B(0,0) N (xx = 0), where B(0, ) is the open ball in RY
centered at 0 and of the radius .

J,\(u) =

LEMMA 4.1. Suppose that D(0,5) C 00 for some 6 > 0 and let y € D(0,0).
Then there exist constants C1 > 0 and €9 > 0 such that

(4.1) I(Wey) > 81+ ACy€?

for A>0 and 0 < e < ¢ggp.

Proor. For simplicity we assume that y = 0 and set W, o = W.. We have

/|VWE|2dx:/ |VWE|2dx+/ VW, |? dz
Q QNB(0,5) Q—B(0,5)

:/ \VWEFd:rf/ VW, |? dz + OV 72)
RN

N N _(QNB(0,6))

:Kl + O(gN_Q)v
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where K1 = [;n [VW (2)|? dz. We now estimate the surface integral [, W2 dS,.
+
We have

/ Wds, = / W ds, +/ W2 ds,
o0 D(0,5) 99—D(0,8)

_ Ws(x’,O)qu’—/ W2, 0)? da’ + 0N

RN-1 |z’|>8
=K+ O(‘C:Nil)a
where Ky = [on_ W(a/,0)9da’. Since S; = K1/ (Ky)N=2/(N=1) " the result
follows. O

We now establish an analogue of (4.1) in the case where y € 92 has a negative

curvature.

LEMMA 4.2. If H(y) < 0 for some y € 0S), then there exist constants o > 0,
€g > 0 and C > 0 such that, for 0 < e < gq,

I(Wey) > 81— aH(y)e + ACe? + O(e?).

PRrROOF. We follow some ideas from the paper [20]. Without loss of generality
we may assume that y = 0 and that near 0 the boundary is represented, changing
the coordinates if needed, by

N-1
1
for ' € D(0,a) for some a > 0, where D(0,a) = B(0,a) N 9 and a;, i =

1,...,N —1, are principal curvatures of 92 at 0. Then the mean curvature at 0
is given by H(0) = (1/(N — 1)) N7  ai. Let g(2’) = (1/2) XN ya?. Then

g(z")
/|VWE\2dJ;:/ |VWE|2d:U—/ daz’/ VW, |? dzn
Q Rﬁ D(0,a)Ng(z")>0 0

0
+/ d:v’/ [VW|? dz
D(0,a)Ng(z’)<0 g(z’)

h(z")
+/ dac’/ VW, |2 dzy 4+ O(eN72).
D(0,a) g(@")

We now estimate the last integral on the right side of this relation. We can
assume that O(]y’|?) is nonnegative and we obtain

h(z")
/ da’ / VW |? dx
D(0,a) g(a)
eg(y)+e20(ly'1*) dyy

<C(N dy’/
M L oarn ™ Lo W+ (ow & (¥ — 25N
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eg(y)+20(ly' ) d
YN
<C(N / dy' /
) RN -1 cg(y’) (|92 + (yn + (N —2))2)N-1
eg(y)+e0(ly'1*) d
:C(N)/ dy’/ P o 2)N-1
lv'|<p cg(y’) (1y']? + (yn + (N = 2))?)
eg(y)+20(ly' %) d
YN
+C(N) / dy’ /
v |>p gy’ (J9'2 + (yn + (N —2))2)N -1

=Ji + Jo.

To estimate J; we choose p > 0 so that

N -2
2

<eg(y)+20(WP), egly) <
for every 0 < e <1 and |y| < p. Thus
(4.2) J1 < Ce?

for 0 < e < 1. Let p > 0 be chosen so that (4.2) holds. Then

eg(y')+20(ly' %) d
/ _ 9N 2
(4.3) | 2] < en /ly’IZP dy /8 PECED Ce”.

9(y")

We set

0
() = / d’ / VW2 don
D(0,a)Ng(z’)<0 g(z’)

and

g(z")
1+(s)=/ da:’/ VWL 2 dax.
D(0,a)Ng(z’')>0 0

We now observe that

lime™ (I~ () — I (¢))

e—0

-/ oIV 0P da' ~ [ @ TW (' 0 o'
RN-1Ng(z’)<0 RN-1Ng(z’)>0

— /RN_l g(@)|[VW (z',0)]? dz’ = —anH(0)

for some constant a > 0. Therefore we can write

(4.4) / VW.[2dz > Ky — CLH(0)e + O(22)
Q
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for 0 < e < e*. We now estimate the surface integral
(4.5) / wads, = / WadS, +O0(eN 1)
Ele) QN B(0,a)
_ / W.(a', h(z') '/ + Vh(@)E dz’ + 0N
D(0,a)

= We(z',0)9 dx’ — / We(z',0)9 dx’
D(0,a)

]RN—l
+/ W. (2!, h(z')) /1 [Vh@) P da’ + O(eN1)
D(0,a)
<K, —/ W.(z',0)9 dz’
D(0,a)
bW TP+ 0N
D(0,a)
<Kot [ W IVhE = s+ O()
D(0,a)

Combining (4.4) and (4.5) the result follows. O

5. Existence results and sharp Sobolev inequalities

By rescaling we may assume that Qs = 1. We define the following set
M={CW,,:CeR, yed, >0}
and set for a function ¢ € H(£2)
d(¢, M) = inf{||Ve — V|3 : ¢ € M}.

LEMMA 5.1. Let 6 > 0 and {z,} C H*(Q) be such that z, — 0 in H'(Q)
and d(zm, M)? < ||Vzn,||? —25. Then there exists mo > 1 such that for m > my,
d(zm, M) is achieved by some function C,, W, € M. Moreover, if wy, is
defined by

msYm

Zm = CnWe,, y,n + Wm
then up to a subsequence

(a) limy,— oo €m =0,
(b) 4f limyy— 00 d(2m, M) = 0, then lim,, oo Cp = Co # 0,
(¢) we also have

/ w'ng;i dS.L = ﬁ(anL)”wnL”-
o0
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For the proof we refer to the paper [5] (see also [28]). Also, using the Sobolev
embedding theorem one can verify that for N > 7 we have (see a similar formula
(2.32) in [5))

(5.1) / We g 0 dz = O]
Q

Let u,, = uy,, be a sequence of solutions from Proposition 3.1. Since we assume

that Q@ = 1, after rescaling v, = S/l\/, L(qé 2)um, we can rewrite the assertion of

Proposition 3.1 in the form

/ IV (0 — Wey )2 — 0
Q

as m — oo. It now follows from Lemma 5.1 that there exist sequences {d,,} C
(0,00) and {ym,} C 99, with § — 0, such that

(5.2) VU = Crn W + Wy,

myYm

As in Lemma 2.2 in [28] we check that C,, — 1 and &,,/d,, — 1. Therefore we
may assume that (5.2) holds with 4, = €, and y,,, = x,,. Lemma 5.2 below can
be proved in the same way as Lemma 7.3 in [5] (see also Lemma 2.3 in [28]).

LEMMA 5.2. There exists a constant o > 0 such that
/(|Vwm|2+)\mwfn) dz > (g—1+a) Q(x)Wg;Qymwgl dx+0(ﬂ(6m)2||wm||2).
Q e}

We are now in a position to establish our main result. We set

(|Vul* + M\u?) dz
J)UQ(’U,) = fQ 2/
(f8§2 |ul? dS,)?/4

for u € HY(Q2) — {0}.

THEOREM 5.3. Let N > 7.

(a) Suppose that D(0,a) C 0Q for some a > 0 and that {z; Q(z) = Qum} C
D(0,a) and

(5-3) Q(x) = Q) = o(lz — yI*)

for some y € 9Q with Q(y) = Qun and x near y. Then there exists
a Ay > 0 such that problem (1.1) admits a least energy solution for
every A € (0, A1) and no least energy solution for A > A;.

(b) Suppose that H(y) < 0 for some y € 0Q and that {x : Q(x) = Qum} C
{y: H(y) < 0}. Moreover, we assume that

(5.4) Q(z) = Q(y)| = o(|z —yl)
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for some y € {z : Q(z) = Qu} and x near y. Then there existsa
Ao > 0 such that problem (1.1) admits a least energy solution for every
A € (0,A2) and no least energy solution for X > As.

PROOF. (a) Arguing by contradiction, assume that problem (1.1) has a least
energy solution uy for every A > 0. Then for a sequence \,, — oo, we have
decomposition (5.2). Then

Irm.@(Vm) = !
, (fBQ Qlvm |? dSy)?/4

{0,31(/ \vwsm,ym\?dx+xm/ w2 ., dz)
Q Q

IVl i B+ 22m O [ Wersytm da:}
Q

and using (c) of Lemma 5.1 we obtain

-2/q —2/q
(/ Q|Um|q dSa:) = C?%z( QWg7n7th dSI)
N 1)9] ’

[y 9@ =D fog QWES, Wi dSa
26%1 faQ QWEqm’ym Sy

) —2/q

(9= 1) Joo QWE, 5, Wi dSs }
91— . + O(B(em)l[wmll) + llwm]]"”
{1- UGt s P ot 0t l) +

for some 2 < r < ¢q. Combining the last two relations we get

—2/q
T O(Bem) ) + w]

I, (Vim)

= J)\m Q(Wsm ym)+ H w ||2 ||w ||2 - fQ emyyYm W x
’ ’ C2([oq QWE , dS,)%/
X {1 - (-1 faﬂ QW?J@MZ@ dS;
C2, [50 QWE, ., dSa

Using (5.1) we derive from this

D@ Wm) = In, (W, 4,)
C(g—1) Joo @WES wr, dSs
Ch o QWE, y,. Sy
Vw3 + Amllwmll3 + OAmem [wml)
Crzn(fag QW y.. dS,)%/

+ O([lwml* + Blem) lwmll + [[wm]")
X (||Vwm||§ + )‘m”wmng + OAmem|wml]))
+ OB em)lwmll + [[wm ")

T O(B(em) ] + ||wm||7“>}.

I @ We, )
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According to Lemma 5.2 we can find 0 < p < 1 and § > 0 such that

(1—p / (Vw2 +Amw?,) dz > (g—1+6) {mQW;{"’Zymw?nng;—i—O(E,QnmeHQ).

Thus,
) [o(IVwn|? + Apw?) de g — 1J w )faQ QWI2 w? dS,
Co(Joq QW dS,)2a— Ca @ em e I [ QWE, Ly, dS,

q— 1 + 5 _ (q — 1)J/\'7717Q(W57n7ym)
C?%‘L (faQ QWgnnynl dSI)Q/q 07271 fBQ QWEqm»ym dSz

+O(enllwml®) = Dy + O(e}, [wml?),

o0

where D,, > 0 for large m (see also [28, p. 41-42]). Assuming that (5.3) holds

and using Lemma 4.1 we see that

P Jo([Vwm|* + Amw?,) da

J m) > 81+ AnCiel, + Diy
Am:Q(Vm) 2 1+ AmCrep, + o (Joo QWZ,. y,. dSz)?/7

+O(em|[wml)-

Applying the Holder inequality and taking m sufficiently large we derive from
this that
J/\m,Q(Um) Z Sl

which is impossible. The proof of part (b) is the same. O

REMARK 5.4. Theorem 5.3 remains true for N = 5 and 6. In this case
one can use the following modification of Lemma 5.10 in [23]. For every ¢ €
(N/(N —=2),2)N (2N /(N + 2),2) there exist constants C(q) > 0 and a = a(q) €
[0,1) with

Nq—2N + 2q
a(Q):Q—q7

such that for every v > 1

[ Wepwaa] < (1§ )Ct@n?/ el 1 8l

for every w € H(2). Here 2/a = oo if a = 0. This inequality replaces (5.1).

REMARK 5.5. Theorem 1.2 yields that in both cases
SxQ = S S
. QI =2/(N-1)
for A > Ay (or A > Ay). This gives the rise to the sharp Sobolev inequality:

e under assumptions (a) or (b) of Theorem 5.3 there exists a constant
C > 0 such that, for every u € H'(Q),

20 QN-2)/(N-)
( Q(w)u|qd5m> < 4 /|Vu\2dm+0/u dx.
a0
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6. Application of the topological linking

We now consider problem (1.1) with parameter interfering with the spectrum
of —A. It is convenient to rewrite problem (1.1) as

{—Au—)\u:O in Q,

(6.1) ou

W (z)|u|??u  in 09,
where A > 0. By {\;} we denote the sequence of eigenvalues for —A with the
Neumann boundary conditions

{ —Au=pu in Q,

Ju
— =0 o09.
£y on
It is known that 0 = A\; < Ay < ... and the eigenfunctions corresponding to A\;

are constant functions. We assume that
(6.2) A1 <A< A for some k.

Let Iy be a variational functional for (6.1) given by

In(u) = %/Q(|Vu|2 —M?)de — é/m Q(x)|ul? dS,.

LEMMA 6.1. Let {u,} C HY(Q) be a sequence satisfying

gN-1
(6.3) I(u,) — < W
and
(6.4) L(u,) — 0 in H1(Q).

Then {u,} is relatively compact in H*().

PROOF. We commence by showing that {u,} is bounded in H!(Q2). The
relations (6.3) and (6.4) imply that

63 [ Q@lulas. | [0l = xi) da

< C+o([unl)

for some constant C' > 0 and every n. Arguing by contradiction assume that
lun|| — co. We set v, = u,/||uyll. We may assume that v, — v in H(Q).
Thus for every ¢ € H(Q) we have

(6.6) /Q(vunw — Mp¢) dz = |Ju, ||t /aQ Qlun|?2un¢ dS,.

(¢—1)/q 1/q
gQM(/ |un|stw) (/ |¢|st$) ,
o0 o0

Since

‘ / Qlun|” 2un S,
o0
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letting n — oo, we derive from (6.5) and (6.6) that

/ (VoVeo — Avg) dx =
Q

for every ¢ € H'(Q). Since ) is not an eigenvalue we see that v = 0 on .
Furthermore, we may assume that v, — 0 in L?(2). This allows us to deduce
from (6.3) and (6.4) that

q—2
3 e M Qlvn|? dS, +of1)

and
[ Vo dz = uall?? [ Qlunl?ds. + o).
Q [219]

These two relations imply that Vv, — 0 in L?(Q), which is impossible. Conse-
quently {u,} is bounded in H*() and we may assume that u, — u in H'(Q).
By the concentration-compactness principle we have
\Vu,|*2dv > [Vul? + Zujézj
jed

and

[Tl + D vss,

JjEJ

in the space of measures for some positive constants p; and v; with x; € 09Q.
Let z; be fixed. Testing (6.4) by family of C'-functions concentrating at x; we

get
i = Q(z;)v;.
We always have the inequality 5’11/?/ 1< pj. If v; > 0 for some j € J, then
L < .
Qlay) N1 =7

On the other hand we have
1 1 1
In(un) — = (15 (un), un :(—>/ Qlun|?dS,.
() = 5 (B3 w) = (5 =) | @

Letting n — oo we obtain

=g / Qlul?dSs + 5 ZQ%

]EJ
SR s{v 1
= AN -1)Q(,)N T T a(N - 1)

and we have arrived at a contradiction. Hence v; = 0 for every j € J. This

yields u, — w in L2(09). By the Sobolev embedding theorems we also have
that u,, — u in L?(©). Combining these two facts with (6.4), we see that {u,}
is relatively compact in H'(Q). O
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We now establish the existence result using the min-max principle based on a
topological linking [27]. Let E~ = span{ey,... ,e;}, where ej,... ,e; are eigen-
functions corresponding to eigenvalues Aq,... ,A\r_1. We have the orthogonal
decomposition H1(Q2) = E~ ® E*. Let w € ET — {0} and define a set

M={ucH'(Q) :u=v+sw, ve E7, s >0, |ul| <R}

LEMMA 6.2. There exist constants o > 0, p > 0 and R > p (depending
on w) such that
Ix(u) > a for allu e EYNOB(0,p)
and

In(u) <0 for allu € OM.

The proof is standard and is omitted.

We now define

Z.=E oRW.,=E" @ RW]

&Y’

where W2, denotes the projection of W, , onto E™. From now on we use WS,
in the definition of M.

THEOREM 6.3. Suppose that the parameter \ satisfies (6.2) and that Q
achieves its mazimum at y € 0Q with H(y) > 0 and moreover,

Qy) — Q)| = o(|z — yl)

for @ near y. If \p—1 < X\ < Ak, then problem (6.1) has a solution for N > 3
and if A = Ag—1 a solution exits for N > 5.

PROOF. First we observe that

~ Up(Vul? = M?) de)V 1
omax ) = 55— D) ([ Qlult dS,) N2

for u € H'(Q) with u # 0 on 9Q. Therefore if

S1
— 3 2 — 2 —_—
(6.7) me = ubélgs /Q(|VU| Au”)dx < QN —2/N=1)
Loo Qlul? dSz=1 M
then
Syt
sup I)(u) < —————..
B T e

Hence it is sufficient to show that (6.7) holds. In what follows, we assume for
simplicity that y = 0 and let W, = W, ¢. Since

/ (VW2 = AW2)) dar <0,
Q
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we see that
/ VW |2 de < )\/(WE‘)de < )\/ W2dx — 0
Q Q Q

as € — 0. Therefore

[ ovoyas. o [gowep s mopa) <o

as € — 0. Suppose that faﬂQ|u\quw = 1. We write u = u~ + sW. = (v~ +
sWZ) + sWZ. It follows from the above argument that ||u~|,00 < Cs and

0 < s < (3 for some constant C3 > 0. We now deduce from the convexity of
Joq Qlul|?dS, that

1= /59 Qlu|?dSy > sWell50.0.4 + q/@Q Qu~ (sW.)T1ds,
1 _
> HSWEanQ,Q,q - C4||We||g—1,aﬂ [u” [[q,00-
Since ||WEng 00 = 0(eV=2/2) 'we deduce from the above inequality that

(6.8) IsWellfg.g.q < 1+ CaeN =272

for some constant C4 > 0. Since all norms on E~ are equivalent we get the
following estimate

(6.9) / (VIW.Vu~ — AW.u~) da
Q
< (IVWelly + AWl [[w [l = OEN=272) [u™ .

We now estimate the surface integral. It follows from the assumption @ that
(6.10) Q(x)We(2)1dS, = Qum WadS, + o(e).

o0 o0
Using (6.9) we can write

/ (IVal? = Xi?) dz < Ay — \) / ()2 dz + 0N D72) [u |
Q Q

+52/(\VW8|2—)\W82)03$
Q

= — (A= A=) u |3+ O™ D) lu |2

Jo(IVWe? = AW2) dx 2/q
([ Q)W dS,)?/a <Sq o Q(z)W¢ dSI> ,

Since [, W2dz = O(e?), we deduce from (1.4), (6.8) and (6.10) that m. <
Sl/Qg\y_z)/(N_l) for € > 0 sufficiently small and this completes the proof. [
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