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REMARKS TO THE ORIENTATION AND HOMOTOPY
IN COINCIDENCE PROBLEMS
INVOLVING FREDHOLM OPERATORS
OF NONNEGATIVE INDEX

DoroTA GABOR

ABSTRACT. We introduce a notion of orientation of a Fredholm operators
of nonnegative index and use it in a generalized homotopy property of the
respective coincidence index.

1. Introduction

The coincidence degree theory for perturbations of a linear Fredholm operator
of index zero was started by Mawhin (see e.g. [24], [25]) and next developed and
applied by many authors (e.g. [11], [26], [29]). Roughly speaking, the problem
was the following:

L(z) = f(z), (or equivalently 0 = L(z) — f(x))

where L was a Fredholm operator (of index 0) and f a continuous map. The
coincidence degree was strictly connected with Leray—Schauder degree. The
homotopy property concerned at the beginning only f, while the role of L was
similar to the identity in the fixed point problem.

There are several directions of possible generalizations of this problem. The
first one is connected with perturbations — now they can be multivalued and not
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necessarily compact (see e.g. [10], [9]). The others concern the linear part: e.g.
admitting the homotopy of L, which needs some concept of saving orientation
along the homotopy (see e.g. [12], [2], [9]) or considering nonlinear Fredholm
operators (see e.g. [12], [28]).

But if we assume that the index of L is nonnegative, then previous methods
are not sufficient (comp. [24]). Although there are some ways to deal in such
situation (see [1], [28]), the suitable homotopy invariant is due to Kryszewski (see
[22]). But while it is defined for a quite large class of perturbations, including
noncompact multivalued maps with nonconvex values ([14], [13]), the Fredholm
operator has to be fixed.

This paper is a continuation of [14], where the whole construction of the
generalized coincidence index was involved. We discuss here more general homo-
topy property, which admits continuous deformations in both parts of coincidence
problem, the linear and nonlinear one. Some ideas concerning orientations are
taken from [2] and [4].

The paper is organized as follows. In the next section we introduce some
notation and definitions needed in the sequel. Then, in Section 3 we discuss the
notion of an orientation for Fredholm operators and compare different possibil-
ities of defining it. The last section is devoted to the main considerations. We
start with short recalling a construction of the generalized index and next we
pass to results concerning the homotopy property.

2. Preliminaries

All spaces considered in the paper are metric. If V is a subset of a space,
then we denote the closure, the interior and the boundary of V by clV, int V',
and bd V, respectively. If z belongs to a Banach space E, then BF(z,¢) = {x €
E |||z — z|| <€}, D¥(z,e) = cl B¥(z,¢). For a closed set A C E, by O.(A) we
denote the set {z € F | inf,ca ||z — a| < e}

We always assume that single-valued maps are continuous. If g: X — Y is
a map, A, B are closed subsets of X and Y, respectively, and g(A) C B, then
we write g: (X, A) — (Y, B). We denote by Ix the identity map of the space X.

Recall that by the homotopy between two single-valued maps fy, f1: X = Y
one understands a map H: X x [0,1] — Y such that

H(,O):fo and H(,l):fl

Let E, E’ be Banach spaces. We denote by L(FE,E’) the Banach space
of bounded linear maps from E to E’, and by Iso (F, E’) its open subset of
isomorphisms. An operator L € L(E, E’) is called Fredholm if dimensions of its
kernel Ker L and cokernel Coker L: = E’/Im L (where Im L is the image of L)



ORIENTATION AND HOMOTOPY IN COINCIDENCE PROBLEMS 163

are finite. The index of a Fredholm operator L is defined as the integer
i(L) = dim Ker L — dim Coker L.

We always assume that i(L) > 0. The set ®,,(F, E’) of all Fredholm operators of
index n is an open subset of L(E, E’) (see [31]). Since Im L is a closed subspace
of E’ (see [16, IV.2.6]), both Ker L and Im L are direct summands in E and E’,
respectively. Therefore we may consider continuous linear projections P: £ — E
and Q: B — E’, such that Ker L = Im P and Ker Q = Im L. Clearly E, E’ split
into (topological) direct sums

(2.1) KerPoKerL=FE, ImL®ImQ = F'.

Moreover, L|ker p is a linear homeomorphism onto Im L. By Kp:Im L — Ker P
we denote the inverse operator for L|ke p. Note also that L is proper when
restricted to a closed bounded set or, more generally, to a closed set X such that
P(X) is bounded.

REMARK 2.1. Observe that, if X ® Z C Y & Z = E, and Z is a finite
dimensional subspace of F, then there is X; C Y such that X & Z = X; & Z.
Indeed for any v = x + 2, where x € X and z € Z, since t = x1+2; withx; € Y
and z1 € Z, we get v = x1 + (21 + 2), so X7 is generated by the set pr(Bx),
where By is the basis of X and pr is the projection of X on the space Y along Z.

LEMMA 2.2 (comp. [5, Chapter 12]). If E, E’ are Banach spaces, T: E — E’
is an invertible operator with |T~Y|| = d, then any linear operator S: E — E’
such that || T — S|| < 1/d is invertible, and for any e € (0,1/2), if | T — S| < e/d,
then [T~ — S7Y| < 2¢|| 1.

COROLLARY 2.3. If the assumptions of Lemma 2.2 are satisfied, then
IS~H < IS™ =T M+ |T7Y < [T Y1 + 2¢).

Let X C E. By a multivalued map p: X —o F’ we understand an upper semi-
continuous transformation which assigns to a point x € X a compact nonempty
set p(x) C E’. We say that ¢ is compact if cl(X) is compact.

Let us remind that a compact space W is cell-like if there exists an abso-
lute neighborhood retract ¥ and an embedding «:W — Y such that the set
i(W) is contractible in any of its neighbourhoods U C Y. Compact convex
or contractible, or Rs-sets (i.e. the intersections of decreasing families of com-
pact contractible sets) are cell-like. Cell-like sets are acyclic; however there are
examples of acyclic sets which are not cell-like.
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DEFINITION 2.4. Let I" be aspace and X C F. A proper surjection p:I' — X
is
e a Vietoris map if, for each € X, the fiber p~!(z) is acyclic (1),
e a cell-like map if, for each z € X, the fiber p~!(x) is cell-like.

We say that a pair of maps (p, q) where X £~ T -4 E is

e admissible in the sense of Gorniewicz, if p is a Vietoris map,

o c-admissible if p is a cell-like map.
Also the multivalued map ¢: X —o E’ determined by (p, q), i.e. such that ¢(z) =
q(p~t(z)), is called admissible in the sense of Gdrniewicz or, respectively, c-
admissible.

Observe that a multivalued map ¢ determined by the pair (p, ¢) is compact
if and only if ¢ is compact. In such situation we will also say that (p,q) is
a compact pair of maps.

It is known that the Vietoris map induces an isomorphism between respec-
tive cohomology groups (see the Vietoris-Begle theorem in e.g. [30]), that allows
to define the fixed point index for maps admissible in the sense of Goérniewicz
(see[18], [17], [7], [6] and [19]). But here we lead with a generalized coincidence
index suitable for more general problem L(z) € ¢(x), where Fredholm operator
L admits a “dimensional defect” (see [22], [14]). We need, instead of the classi-
cal Vietoris-Begle theorem, its cohomotopy version due to Kryszewski (see [20],
[21], [22]). Therefore we have to consider one of the following types of pairs or
multivalued maps (all are admissible in the sense of Gérniewicz):

(i) Admissible in the sense of Gérniewicz and such that
sup dimp~*(z) < oo
zeX
(see [22]),
or
(ii) c-admissible.
All results of this paper can be stated for each of these classes. Therefore

we fix one of them, and from now, by the admissible pair (or map) we will
understand the element of the chosen class.

DEFINITION 2.5. We say that admissible pairs X Loy 2 E' k=01
(or maps determined by them) are homotopic, if there exists an admissible pair
X x[0,1] < T -2 ¥ and homeomorphical embeddings j,: Ty — T, k = 0,1 (2)

(!) A compact space A is acyclic with respect to the Cech cohomology H* with integer
coefficients, if H*(A) = H*(pt), where pt is a one-point space.
(2) i.e. a map jip: Ty — j5(T'x) is a homeomorphism.
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such that the following diagram commutes:

X<p—0F1

R

Xx[0,1]« 2155

SR

Xe——h

where ix(z) = (z,k) for k = 0,1 and € X. The pair (R, S) (or the map Hgy
determined by it) is called a homotopy between pairs (po,qo) and (p1,q1) (or
between maps determined by them). If additionally (R,S) is a compact pair,
then we call it a compact homotopy.

REMARK 2.6. Observe that:

(a) If p: X — E' is an admissible map, then its restriction ¢|4 to A C X is
admissible.

(b) If f:Y — E’ is a single-valued map, then it is admissible (since deter-
mined by (Iy, f)). Moreover, the single-valued homotopy H:Y x [0,1] — E’
may be treated as a homotopy in the sense of the above definition. Namely:
=Y x[0,1], R=Iyxj,, S=H.

(c) If (R,S) is a homotopy between admissible pairs (pg,qo) and (p1,q1),
then for any A € [0,1], (po, qo) is homotopic to (px, ), where

Py = 7TOR|R—1(X><{>\})ZR_1(X X {)\}) — )(7
0 = Slr-1oopp BTHEX < {A}) = B

and m: X x {A\} — X is a projection. Indeed, the homotopy is determined by
the pair X x [0,1] <= T -% B/, where T' = R~'(X x [0,)]), Q(y) = S(7),
P(y) = zo R(y) and z(z,t) = (z,t/)\).

(d) A set-valued map ¢: X —o Y] x Ys given, for z € X, by ¢(z) = ¢1(x) ¥
wa2(x), where ;: X — Y; (i = 1,2) are admissible maps, is also an admissible
one. Similarly, if Y =Y; = Y5, the map ¢: X — Y, defined by ¥ (z) := v1(x) +
wa(z) ={y1 +y2 | y1 € p1(x), y2 € pa2(x)}, z € X, is admissible. In particular,
if an admissible pair (p,q) determines a map ¢: X — Y, and f: X — Y, then
the map f +¢: X — Y, given by (f +¢)(2) = {f(z) +y |y € p(z)} for z € X,
is admissible (it is determined by the pair (p, f o p + q)).

3. Orientation of Fredholm operators

3.1. Main notions. We always assume that the orientation in R™ is a
canonical one, i.e. represented by the ordered basis (es,...,e,), where e; =

(6i5)i=y-
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If W is a real n-dimensional linear space, then by an orientation in W we
understand one of two equivalence classes of linear isomorphisms of the form
7: W — R™ where n; ~ 72 if and only if det (7 on;l) > 0. Of course, in fact, each
n determines a choice of an ordered basis (ay,...,a,) in W (by a; = n7(e;))
and conversely, if the ordered basis (ai,...,a,) is given, then it appoints an
isomorphism 7 by n(a;) = e;. Let nyw and 7y represent orientations in W and
V, respectively. The orientation of the pair of spaces (W, V) can be considered
as the orientation in W x V determined by (nw,nv): W x V — RAmW y Rdim V',
Clearly if we change the orientation in W or in V', then automatically the same
happens in W x V', but if we change it in both W and V', then the orientation in
W x V stays the same.

DEFINITION 3.1. By an oriented Fredholm operator we understand a pair
(L,[(n,n")]) where L € ®,,(E,E") and [(n,n')] is a fixed orientation in Ker L x
Coker L, determined by isomorphisms

n: Ker [ — RdimKer L n': Coker I — Rdim Coker L

Let now L be oriented in the sense of Definition 3.1 and P, @ be respective
projections in £ and E’. Then [1'] determines an orientation [,] in Im Q as
follows: ng =" oz o4, where i:Im @ — E’ is the inclusion and z: " — Coker L
is the quotient map. Observe that if (n1,n1) € [(n,n')] and ] & [1'], then also
m & [n], but still (m1, (ng)1) € [(n,mg)], where (ng); =ny0zoi.

Observe that if dim F,dim E' < oo, then there is an one-to-one correspon-
dence between the orientation of L and the orientation of the pair of spaces
(E,E"). Indeed, let (§,&) represents the orientation in E x E’, ' in Coker L
and 7} in Im L. We take in Im @ the orientation [r,] determined, like earlier, by
7’ and in Ker P the orientation represented by 71 := 7} o L|ker p. At last we se-
lect the isomorphism 7: Ker L — RY™Ker & such that ((n1,7), (n1,15)) € [(€,€)]-
Then Ker L x Coker is oriented by (n,7’). The inverse process is analogous.

Definition 3.1 allows of course Coker L = {0}. Then the orientation of L
depends only on the orientation of Ker L, but is still equivalent to the orientation
of E x E’. Then, if L is not an isomorphism, we can determine its orientation
by orientation in E x E’.

But if L is an isomorphism (then (L) = 0), also KerL = 0, so L does
not have orientation in the sense of the above definition. Nevertheless we can
consider two orientations of L as determined by orientations of F x E’ (the
positive one, if L saves an orientation in F x E’ and the negative one, if not).

If dim E,dim E’ = oo, then in the similar way, the orientation of L €
®,(E, E’) is equivalent to the orientation in E; x Ej, where Fy, Ej are fixed
finite dimensional subspaces of E and E’ respectively, such that InQ C Ej
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and By = L7!(E}). Indeed, observe that, there is a finite dimensional sub-
space W of E{ such that W & ImQ = Ej. Hence E; = Kp(W) @ Ker L and
L|g, € ,(F1, EY) with Ker L = Ker L|g, and Coker L = Coker L|g, .

Another notion of orientation for Fredholm operators was proposed by Be-
nevieri and Furi in [3]. They generalized the earlier ideas of Mawhin (see [24]).
Below we introduce their definition and compare it with Definition 3.1. But
since in [3] most considerations concern Fredholm operators of index 0, while in
this paper the ones of nonnegative index, we have to adapt and develop some
notions.

At the beginning we remind that if the linear operator T: E — E is of the
form T' = Iy — K, where dimIm K = k < oo, then for any finite dimensional
subspace E; containing Im K, T(F;) C E;. The determinant detT (equal to
det(noT|g,n~"t), where ) determines the orientation in E;), does not depend on
a choice of E; (and an orientation [n]).Thus, by det T we understand det T'|g,,
where E; is an arbitrary space satisfying the above conditions.

Let L € ®,(E, E'). Denote by z(L) the map acting between E and E' x R™,
given by z(L)(z) = (L(z),0). Clearly z(L) € ®o(E, E’ x R™). We say that a
linear operator A: E — E’ x R™ with finite dimensional range is a corrector of
L, provided z(L) 4+ A is an isomorphism. We consider the following equivalence
relation in the set C(L) of all correctors of L. Observe that if A, B € C(L), then

(2(L)+B) 'o(2(L)+A) = (2(L)+ B) ™' o (2(L)+ B+ A— B)
=1Ig—(2(L)+B) to(A-DB)
and (2(L) + B)~! o (A — B) has a finite dimensional range. Thus
det((z(L) + B) ' o (2(L) + A))
is well defined. We say that A is L-equivalent to B if
det(2(L) 4+ B) o (2(L) +A) >0
(see [2] or [3] for details).

DEFINITION 3.2 (see [2], [3], compare also [29]). An orientation of a Fred-
holm operator L is one of two equivalence classes of C(L). L is oriented, when
the orientation is chosen.

The following notion will help us to compare Definitions 3.2 and 3.1.

DEFINITION 3.3. A corrector A of a Fredholm operator L € @, (E,E’) is
called canonical with respect to the projections P, @ and the orientation [(n, ')],
if Alkerr =0 and Alger: Ker L — Im @Q x R™ is an isomorphism which saves
the respective orientations, i.e. such that

det((n'QJRn) o AlKerL o ’I’]_l) > O,
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where n’Q determines the respective orientation in Im Q (?)

Obviously, since Ker L and Im @ are finite dimensional spaces, a canonical
corrector exists. If (L) = 0, then z(L) = L and the canonical corrector is an
isomorphism between Ker L and Im @, if dim Ker L > 0, or is equal to 0, if L is
an isomorphism. If 4(L) > 0, then any corrector must be a nontrivial operator.

PROPOSITION 3.4. Let L € ®,(E, E') and P, Q, [(n,7")] be fizred. Then all
canonical correctors of L are L-equivalent.

PROOF. Let A and B be canonical correctors of L. Observe that
det((2(L) + A)~ o (2(L) + B))
= det(n0 ((2(L) + A)lker )" © (2(L) + B)lxerz 0~ ")
= det(n0 ((Alxerz) ™" © Blkerz 0™ ")
= det(n o (Alxer£) ™" © (g Irn) ™" 0 (g, Ip) © Blicer 0™ ")
= det[((1y, Iz») © AlkerL 0~ ") det((ny, Irn) © Blker 09~ ') > 0, O

Now it is obvious that if (7, n") determines the orientation of L, then the corre-
sponding equivalence class of correctors contains the canonical ones. Conversely,
if we choose the orientation [B] of L in the sense of Definition 3.2, then there
always exists A € [B] such that Alkerp = 0 and A|kerr: Ker L — Im@Q x R
is an isomorphism. Indeed, we take an arbitrary isomorphism A between re-
spective spaces, if A does not belong to [B], then A does, where A is given by
A(n~er)) = —A(n~(e1)), A(n~t(e;)) = A(n~(e;)) for i # 1. One can take
any orientation 7’ in Coker L and select an orientation 1 of Ker L such that A
will be a canonical corrector.

Further we will prove that this correspondence does not depend on the choice
of projections P and Q.

The following proposition is an obvious consequence of the definition. Let
L € ®,(E, E') be oriented in the sense of Definition 3.1 by [(n,7')].

PROPOSITION 3.5. Let V=W &ImQ, W CImL and dimV < co. Choose
the orientation in W represented by ny,: W — R*. In Kp(W) the orientation is
carried back by L from W, i.e. determined by nw := ny, o Lk, w). Then for
any canonical corrector B of L, the operator

(2(L) + B)|kpwyeker L: Kp(W) @ Ker L — W & Im Q x R"

saves the orientation, i.e.

det((ny,ng, Irn) © (2(L) + B)|kpw)sker  © (M, n)~') > 0.

3) ie. nb =n'ozoidand i:ImQ — E’ is the inclusion, z: E/ — Coker L is the quotient
map.
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PROPOSITION 3.6. Let Pa, Q4 and Pp, Qp be two pairs of projections sat-
isfying (2.1) and A, B be a canonical correctors of L defined for Ps, Qa and
Py, Qp, respectively. Then A and B are L-equivalent.

PROOF. Assume for the moment that P = P4, = Pp and define V =
ImQs+ImQp, W:=VNImL. Observe that W &@#ImQa =V =W & ImQp,
hence, if we fix the orientation [n{,] in W, then the orientation in V can be
determined by (1,15, ) or by (ny,mg,,)- We shall prove that in fact they are
the same, i.e. det((ny,ng,) o v o (n{,VJ]bA)_l) > 0. Indeed, f V3y=9y1+ya
and ya = y2 + yp, where y1, yo € W, ya € ImQqu, yp € ImQ@Qp, then

Iv(y) = y1+ (ya —y) +yp and ya —yg € W. Let s:Im Q4 — Im@p be
such that s(ya) = yp and w: V. — W be given by w(y) = y1 + (ya — ys). Then

Iy = |:IW w|1mQA]
0 s

But 1y, 050 (1, ) 7" = (' 0z0ip)oso(n 0zoia) " =1'0zoigoso(zoia) o

(n")~1 (%), and since z(ya) = z(yg), we know that zoigoso(z0ia)~t = Icoker 1,
therefore det(nf,,, 0 s0 (ng,) ") = det(n o Icoker £, © (') = 1 > 0. At last we

get det((niy, 1ty,) © Iv © (fy, 15, ) 1) = 1> 0.

Denote by & = (nw, n) the map determining an orientation in Ey := Kp(W)®
Ker L (comp. Proposition 3.5). Since Im (A — B) C V x R™, and consequently
Im ((2(L) + B)"to (2(L) + A)) =Im (2(L) + B) " o (A — B) C E1, we get

det(((L) + B)~" o (2(L) + A))
= det(§ o (2(L) + B) "' o (2(L) + A) |, 0 €71
= det(§ o ((2(L) + B)|p,) ™" o (w1 Irn) ™
o (Iv, Inn) o (1w, nQAvIR") o (2(L) + A)lg, 0 €71

= det(§ o ((2(L) + B)|p,) ™" © (w1 Irn) ™)
~det((miy, g . Trn) © (2(L) + A)|, 0€71)

= det(((miy, g, Irn) © (2(L) + B)|p, 0 €71)7)
- det((niy, g ,» Irn) © (2(L) + A)|g, 0£7) > 0.

(

If now Py # Pp, then still By = Kp, (W) @ Ker L = Kp, (W) @ Ker L with
orientations determined by

€a = (my o Llky, (wy,m) and &g := (my o Llk,, (w), M),

respectively. Since
My © Ll (w) = Mw © Llkp, (wy © Kpy © Ly (w),s

() Recall that z: B/ — Coker L is a quotient map; i4:ImQ4 — E’ and ig:Im B — E’
are the inclusions
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then considering the identity map I, , we have

Ip, (zp +21) = Kp, o Lk, (w)(zp) + 21 + (xB — Kp, © L|k,p, (w)(2B)),

where 25 € Kp, (W), 21 € Ker L, and using arguments similar to the above, one
can prove that £ 4 and £p determines the same orientation in E;. Proposition 3.5
completes the proof. O

REMARK 3.7. We have just proved that there is a one-to-one correspondence
between the orientations of L defined in Definition 3.2 and in Definition 3.1, and
that it does not depend on a choice of P and (). Thus, from now we shall identify
both orientations. By a positive corrector of an oriented Fredholm operator L
we will understand any one belonging to the chosen orientation (in the sense of
Definition 3.2). It means that it is L-equivalent to any (then, by Propositions 3.4
and 3.5 to all) canonical corrector for the orientation described in Definition 3.1.
Observe that all positive correctors of L are L-equivalent and any corrector being
L-equivalent to a positive one is also positive.

Below we introduce a few technical results concerning correctors which will
be used in the further considerations.

REMARK 3.8 (comp. [3]). Let E] be a finite dimensional subspace of E’
such that B/ = Im L + E} and let E; = L™Y(E}). Then L;: By — E} defined
by Li(z) = L(z) is a Fredholm operator and i(L;) = 4(L). Since E; is finite
dimensional, one can split F in a topological direct sum E = Ey® E;1. Moreover,
also E' = L(Ey) ® E1, because Lo: = L|g,: Ey — E{ is an isomorphism. Thus L
and z(L) can be represented by

L:{LOO LOJ and z(L)z{LOO Z(El)]

A linear operator A: E — E’' x R‘Z) | represented by

0 0
A:
o al

is a corrector of L if and only if A; is a corrector of L;. One can easily check, that
two correctors of L are Li-equivalent if and only if the corresponding correctors
of L are L-equivalent.

PROPOSITION 3.9. Let L € ®,(E, E’) be oriented by [(n,n')]. If V=W &
Im@Q C FE' and dimV < oo, then there is a positive corrector B of L such that
ImB =V x R".

Proor. Without loosing the generality we can assume that W C Im L (see
Remark 2.1) and, since W is finite dimensional, that Im L = Wy @ W. Let take
a canonical corrector A and put Blkerrz = A, Blg,w)(z) = (1/2)L(x) and
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Blk,wy) = 0. One can easily check that B is L-equivalent to A, thus it is a
positive corrector of L. O

COROLLARY 3.10. Proposition 3.5 is also true for any positive corrector A
such that Im A C V x R™.

3.2. The continuity of the orientation. Some results of this subsection
may be compared with [3], where Fredholm operators of index 0 are considered.

PROPOSITION 3.11. If A and B are L-equivalent correctors of L€ ®,(E, E'),
then there is an open neighborhood V. C ®,(E, E') of L such that for any L, € V,
A and B are Lq-equivalent correctors of L.

PROOF. At first observe that, since Iso (E, E’ x R™) is an open subset of
L(E,E’" x R™), there is £4 > 0 such that for any Z € L(E, E' x R"),

if |L+A— Z| < ea, then Z € Iso (E, E' x R™).
Thus for any Ly € ®,(E, E’) such that ||[L — L1]| < €4, also
(L) + A = (2(L1) + A)|| < ea,

what implies that z(L;) + A is an isomorphism and consequently, that A is
a corrector of L.

In the same way we get ep for B. Let ¢ < min(ea,ep). For Ly € ®,(E, E'),
|IL — Li|| < e, A and B are correctors of L;. We have to prove that A and B
are Li-equivalent.

Observe that for a finite dimensional space
By =Im((2(L) + B) ' o(A—B))+Im((2(L,) + B)"! o (A - B)),

since ((2(L)+B) to(2(L)+A))(E;1) C By and ((2(L1)+B) to(z(L1)+A))(E,) C
E;, we get for any isomorphism &: E; — RF determining the orientation of Ej,

det(2(L)+B) ™" o (2(L) + 4)) = det(€ o ((L) + B) ™" o (2(L) + A) 5, 0£ ™) > 0
and
det((2(L1)+ B) "o (2(L1) + A)) = det(€o (2(L1) + B) " o (2(L1) + A)[m, 0&7H).

Of course, if dim E < 0o, one can take simply E; = E. But det: Iso (R*, R¥)
— R is a continuous function, so if & o (2(L) + B)~! o (2(L) + A)|g, o €71
and £ o (2(L1) + B) Yo (2(Ly) + A)|g, o €1 are “sufficiently close”, then also
det(€ o (2(L1) + B) ™t o (2(L1) + A)|g, 0 £71) > 0.

Observe that for any ¢ > 0 and Ly € ®,(E,E’) such that |L — Ly| <
e/||z(L) + BJ also ||z2(L)+B—(z(L1)+B)|| < €/||z(L) + B||. Then by Lemma 2.2
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and Corollary 2.3,

I(z(L) +B)™" o (2(L) + A) = (2(L1) + B) ™" o (2(L1) + A)|
B)™to (2(L) + A) — I, +Ip, — (2(L1) + B) " o (2(L1) + A)|
mlo@@) A) = (2(L) + B)"' o (2(L) + B)
)+ B) = (2(L1) + B)~" o (2(L1) + A)]|
=W4D+B °(2(L) +A—2(L) - B)

(2(L1) + B)™ o (2(L1) + A = 2(L1) - B)||
2(L)+B)'o(A-B
(2(L) + B)™! = (2(Ls

(L) +B)™! = (2(L1) + B)7'| - | A - B]
<2|(2(L) + B) || - | A - B|.

+(2(L1) + B) "o (A~ B)|
+B)7)o(A-B)|

NN

Therefore we can choose € > 0 so small that the distance between
(2(L)+ B) ' o (2(L) + A)|g, and  (2(L1) + B)~' o (2(L1) + A) |,
is sufficient for det(£ o (2(Ly) + B) Yo (2(L1) + A)|g, 0 £71) > 0. O

Thus, if L € ®,(F,E’) is an oriented Fredholm operator, then it deter-
mines the choice of “consistent” orientations of maps in some its neighborhood
in ®,(E, E"). Of course the neighborhood depends on the choice of a corrector.
However, it is worth stressing, that the sets of positive correctors may differ even
for close operators, as one can see in the example below. Here, and in the next
examples we describe the orientations of the finite dimensional spaces by the
ordered basis (see remarks at the beginning of Section 3).

EXAMPLE 3.12. Let E = R, E' = R2, Ly(x,y,2) = (x,ty). Observe that
A:R? — R? x R given by A(z,y,2) = ((0,y),2) is a corrector of Ly, if e.g.
€ [-1/2,1/2], while C:R?® — R2 xR, C(z,y, z) = ((0,0), 2) is a corrector of L,
for any ¢ # 0, but not of L. Also C(Lg) ¢ C(L;), since B;:R?* — R? x R given
by B(z,y,z) = ((x, —ty), —z) is a corrector of Ly but not of L;.
Moreover, A determines an orientation of the pair of spaces

Ker Ly = Lin ((0,1,0),(0,0,1)) and Coker Ly = Lin ((0, 1))

as follows: we choose the orientation [(0,1)] of Coker Ly, it determines the ori-
entation [(0,1)] in Im@ for Q(x,y) := (0,y), the orientation [(0,1,0),(0,0,1)]
in Ker Lj is transposed by the canonical corrector A from Im@ x R, since
A(0,1,0) = ((0,1),0) and A(0,0,1) = ((0,0),1).
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For ¢t # 0, Ker L, = Lin ((0,0,1)) and Coker L; = {0}, thus the orientation
depends only on those of Ker L;. Observe that C;: R? — R? x R,

C o ((070)7 Z) for t > 0,
() = ((0,0),—2) for ¢ <0,

is a corrector of L;, L;-equivalent to A. Thus, the “consistent” orientation of
Ker L, is transposed by C; from {0} x R, namely it is [(0,0,1)] for ¢ > 0 and
[(0,0,—1)] for t < 0.

We will describe the notion of the orientability for continuous maps of the
form Hy: A — ®,(E, E’), where A is a topological space.

Let ®,(E,E') = {(Lyw) | L € ®,(E,E"), w be a class of L-equivalent
correctors of L}. Observe that the sets Ow, 4 = {(L,w) € o,(E,E") | L €
W, A € w}, where W is an open subset of ®,(E,E'), A:E — E' x R" is
bounded linear and dimIm A < oo, form a basis for a topology on <f>n (E,E).
Moreover, the projection r: (L,w) — L is a double covering of ®,(FE, E’).

DEFINITION 3.13. An orientation of the map Hj defined above is a con-
tinuous map I;T\L:A — @n(E,E’), such that r o I;T\L = Hp, ie. f/I\L is a lifting
of Hy,. The map Hy, is orientable when it admits an orientation and oriented if
an orientation is chosen. The subset W of ®,(F, E’) is orientable (oriented) if
so is the inclusion map i: W — @, (E, E').

REMARK 3.14. Let Hp: A — ®,(E, E’), then:

(a) Any restriction of Hy, is orientable provided so is H,.

(b) If A; is a topological space, s:A; — A is a continuous map and Hy, is
orientable, then Hp, o s is orientable.

(c) If Hy, is orientable, then z(Hp): A — ®o(E, E' xR™), given by z(HL)(\) =
(HL(A),0) is orientable in the sense of definition from [3] (i.e. Definition 3.13 for
n =0).

(d) Hy, is orientable, if Hy(A) is contained in an orientable subset of the set
o, (E,E).

(e) If A is path connected, then Hy: A — ®,,(E, E’) is orientable, and then
the choice of orientation for Hy,(A) in one A € A determines the orientations for
the others.

Moreover,

(f) by Proposition 3.11, ®,(E, E’) is locally orientable, and therefore any
continuous Hy: A — @, (E, E’) is locally orientable. If dim F, dim E’ < oo, then
o, (E, E') is simply orientable.

(g) In particular, the homotopy H:[0,1] — ®,,(E, E’) is orientable and the
orientation may be determined by orientation of e.g. Hz,(0). But if we have two
homotopies Hy, Hy such that Hy(0) = H;(0) = Lo, Hp(1) = H; (1) = Ly
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and for both we take the orientation determined by the same orientation of
Ly, then orientation of Hp (1) can be different than that of Hf (1) (see e.g. [3,
Theorem 3.15]). It may happen when Iso (E, E’) is nonempty and connected i.e.
in some infinitely dimensional spaces (see e.g. [23], [27]).

It is also worth mentioning that another interesting notion of the orientation
for maps of the form Hp: A — ®¢(F, E’) (and some more general, but still with
Fredholm index equal to 0) was earlier proposed by Fitzpatrick, Pejsachowicz
and Rabier (see e.g. [11], [12]). One can find the comparison in [3].

4. The homotopy property of the coincidence index

As we have mentioned in Introduction, the main aim of this paper is to
generalize the homotopy property of the coincidence index, which is used in
problems of the form

L(z) € ¢(z),
where L € &, (E, E'), and ¢: X — E', (X C E) is a multivalued map. Till now
the homotopy property has concerned the situation with fixed L, i.e. Ind 1, (¢1, X)
= Ind 1,(¢2, X), provided ¢; and ¢, are homotopic (see [22], [14]). But it is quite
natural to admit also a continuous deformation of L (see [12], [2], [9] for Fredholm
operators of index 0).

In this section we first remind briefly a definition of the generalized coin-
cidence index and then we pass to the main results concerning the homotopy
property.

4.1. Coincidence index. The coincidence index Ind 1 ((p, q), X) of a com-
pact admissible pair X «>— I' -% E’ is defined in [22] or, in a bit different way,
in [14]. We do not repeat the whole construction, but only discuss some parts of
it, strictly connected with the homotopy property. All other properties of Ind,
i.e. existence, localization, additivity, restriction, as well as the very definition,
stay the same if we admit the continuous deformation of L. But we would like
to stress that, because of possible “dimensional defect”, this coincidence index
is an element of the respective stable homotopy group. However, if there is no
“dimensional defect”, i.e. i(L) = 0, then the coincidence index is in fact equiva-
lent to the fixed point index for admissible maps, when L = id (comp. [22]), or
to the index due to Mawhin in a general case (see [26], [25]).

Assume for a moment that £ = R™, E/ = R"®, m > n, U is an open
bounded subset of R™ and clU <~ I' & E’ is an admissible pair such that
q(p~1(bdU)) c R™\ {0} and then of course ¢(p~1(bdU)) C R™\ B"(0,p) for
some p > 0. We consider the problem

0€q(p~(2))
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with dimensional defect equal to m — n. In the following sequence of maps:

(R",R™\ B"(0,p)) «— (I,I") == (clU,bd U)
L (R, RT\U) <2 (R™,R™\ B™(0,7)),

[V := p~1(bdU), iy, iz are the inclusions and r > 0 is such that clU C B(0,r).
All these maps induce maps between respective cohomotopy sets. Moreover,
since p and ¢; induce bijections (see [22] or [14] for details), the map

K:= z? o (i#)_1 o(p*)Log” : 7™(S™) = 7" (R",R™\ B"(0,p))
— (R™,R™\ B™(0,¢)) 27" (S™).

is well defined.

DEFINITION 4.1. By the generalized degree of the admissible pair (p,q) on
the set U in 0 we understand the element

deg((p, ), U,0) := K(1) € 7"(5™),
where 1 is the homotopy class of the identity map id: S™ — S™ in 7" (S™) = Z.

Let now T', V be finite dimensional Banach spaces with dim7T = m, dimV =
n and U be an open bounded subset of T. The isomorphisms np:T — R™ and
ny:V — R™ determine the orientations in 7" and V. Assume that

(clU,bd U) <~ (p~H(clU),p~ (bd U)) — (V. V \ BY(0,p))
is an admissible pair.

DEFINITION 4.2. By the generalized degree of (p, q) given above on the set
U in 0 we understand the element

deg((p, q), U, 0) := deg((nr o p,nv © q),nr(U),0).

Of course the degree (in particular, its “sign”) defined above depends on the
choice of orientations in 7" and V.

As one can see, the generalized degree deg defined above depends on dimen-
sions m and n. There is also a possibility to define so-called stable degree Deg
which depends only on the difference m —n and belongs to the stable homotopy
group of spheres II,,_,, when one uses deg and respective suspension operators
(see [22], [15]). We only mention that for m < 2n — 1, deg and Deg are equal.

This generalized degree is a homotopy invariant with usual properties: exis-
tence, localization, additivity (see [22], [14] or [13]). We explain here only the
homotopy property, since it is strictly connected with our considerations.
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THEOREM 4.3. Let clU x [0,1] LD 5 R be g homotopy between two
admissible pairs (po,qo) and (p1,q1) such that 0 ¢ S(R™(z,t)) for x € bdU,
te [07 1] Then deg((po, QO)a U7 O) = deg((pla Q1)7 Ua 0)

If we consider the coincidence problem

L(z) € q(p~ ' (z)),

where L:T — V is a Fredholm operator, then it is of course equivalent to the
following

0€ L(z) —qlp~"(x)).
Observe that the map on the right hand side is admissible and determined by

a pair (p, L op — q). Therefore the following definition of the coincidence index
is correct:
Ind ((p, q),U) := Deg((p, Lo p—q),U,0).

Let now E, E’ be infinite dimensional Banach spaces, L: E — E’ be an
oriented (see Definition 3.1) Fredholm operator of index ¢(L) = k > 0. Like
earlier we denote by P, @) the respective projections, by Kp the map inverse
to Llker p and by 7, 1, 1, the isomorphisms representing orientations in Ker L,
Coker L and in Im @, respectively (17’Q is determined by 7, comp. Section 3).

Assume that V is a finite dimensional subspace of E’ such that V = W @
Im @ and 7}, represents a fixed orientation in W. Then (n’Q, 1y ) represents an
orientation in V. In L=1(V) = Kp(W) @ Ker L we choose the orientation given
by (Mkpwys 1), where ng .y = Ny © Lk pw)-

REMARK 4.4. Observe that, if we take another projection P;: F — E satis-
fying respective conditions, then the composition Kp(W) Low Kry Kp, (W)
saves the orientation, i.e. 1, w)° Kp, o Llk,(w) = My © Llkp (w) © Kp, ©
Lig,wy = My © Llkpow) = Nk p(w)-

Assume that an admissible pair clU L1 FEs compact and that the
set of coincidence points C' = {x € clU | L(z) € q(p~(x))} is compact and
contained in U (recall that U is an open bounded subset of E). Since L|qy is
a proper map, D := {y € E' | y € L(z) — q(p~'(x)), * € bdU} is a closed set
and 0 ¢ D. Therefore there exists g > 0 such that D N BZ (0, 2¢4) = 0.

Take € € (0,g0]. Let l.:clg(p~*(U)) — E’ be a Schauder projection (comp.
§I1 in [8]) of the compact set clg(p~*(U)) on the finite dimensional subspace
Z € E' such that ||l(y) — y||g < & for any y € clq(p~(U)).

One can find a finite dimensional subspace W of Im L such that Z C V :=
W @ ImQ and Uy := UN L Y(V) # (. Observe that the closure and the
boundary of Uy in L=(V) are contained in clUNL~Y(V) and in bdUNL~1(V),
respectively.
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Moreover, the pair (py,qy), where py = p\p_l(clUv):pfl(cl Uy) — clUy,
qv =l oqlp-1(a Uv):pfl(cl Uy) — V is admissible and Ly := L|p-1(vy: L=Y(V)
— V is a Fredholm operator with i(Ly) =i(L) = k.

Without loosing the generality one can assume that dimV :=n > k + 2.
Then, since m := dim L=Y(V) = n+ k, we get m > n and m < 2n — 1. For such
m and n the following definition is correct, i.e. does not depend on the choice of
g, le, W, P and Q (see [22], [14]).

DEFINITION 4.5. By the generalized coincidence index of the compact ad-
missible pair (p, q) satisfying the above assumptions we understand the element

IndL((pa Q)7U) = deg((pV7LV opv — qV)7UVaO) € ﬂn(sm) = 1.

REMARK 4.6. This generalized index has also usual properties like existence,
additivity, localization and homotopy (see [22], [14]). But it of course depends
on the (fixed) operator L and the orientation of the space Ker L x Coker L. The
homotopy property is the following:

e Let clU x [0,1] L1 5L E be the compact homotopy between two
admissible pairs (po, qo) and (p1,q1) such that L(x) &€ S(R™!(x,t)) for
xz €bdU, t €[0,1]. Then Ind 1,((pg,q0),U) =Ind .((p1,q1),U).

This property follows from the respective one for the finite dimensional case
if one uses reduction similar to that in the very definition.

As we have mentioned earlier, in this property the homotopy concerns only
admissible pairs, while the Fredholm operator is not being changed.

4.2. The general homotopy property. Let us introduce at the beginning
the homotopy which will be considered and its simple properties. Like earlier F,
E’ are real Banach spaces and L € ®,,(E, E').

DEFINITION 4.7. Let Ly, Ly € ®,(E,E’) and ¢o, ¢ be admissible maps.
We say that pairs (Lo, ¢o) and (L1, ¢1) are homotopic (and write (Lo, ¢o) ~
(L1, 1)), if there is a pair of maps (Hy,Hy) such that Hy:[0,1] — @, (E,E’)
is continuous and Hy is a homotopy of admissible maps in the sense of Defini-
tion 2.5.

REMARK 4.8. The map H: FE x [0,1] — E’ defined by H(xz,t) = Hr(t)(x)
(Hp, is as in the above definition) is a homotopy between two single-valued con-
tinuous maps Ly and L;. We will often use the map H denoting it also by Hp.

Conversely, if such homotopy H is given, and one knows that it is uniformly
continuous on cl B¥(0,1) and for any ¢ € [0,1], H(-,t) € ®,(E, E’), then the
map [0,1] 5t — H(-,t) € &,(F, E’) is continuous. Observe that, if e.g. dim E,
dim E’ < oo, then a linear homotopy between two Fredholm operators satisfies
this conditions.
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PROPOSITION 4.9. If (Hp, Hy) is a homotopy between (Lo, ¢o) and (L1, ¢1),
where ¢; is determined by (pi, q;), then there is a homotopy IEI; between admis-
stble pairs (po, Lo o po — qo) and (p1,L1op1 —q1). Moreover, if Hy, and Hy have
not a coincidence point in some set W C E (i.e. for any t € [0,1] and x € W,
Hp(t)(x) & Hy(xz,t)), then 0 ¢ I—E(x,t) for any x € W, t € ]0,1].

PrOOF. If (R, S) determines Hy, then I?I; is determined by (R, S), where
S:T' — E" and S(v) = HL(R(y)) — S(v)-

Assume now that 0 € S(R™*(z,t)). It means that
Oc(HpoR—-S)({yeTl'[R(y) = (z,1)})
and, consequently, that
0e{HLoR(Y) =50 [vel R() = (z,1)}.

Then 0 € {Hp(z,t) — S(R™(x,t)) | (x,t) € X x [0,1]} and hence Hp(z,t) €
S(R™Y(z,t)), what implies that x ¢ W. O

Now we want to consider a homotopy from Definition 4.7 and prove the
general homotopy property. The main idea of reducing the problem to a finite
dimensional situation is in fact the same, but tools are quite different then earlier.
They are partially taken from [4], but here we use them for another purpose.

We start from preparing some additional maps. Let Hy:[0,1] — ®,.(E, E’)
be an oriented homotopy. For simplicity we denote Hp(t) by L;. Take any
A € [0,1] and a positive corrector A of Ly. There is §; > 0 such that for any
te (A—¥41,2+6;)NJ0,1], A is a positive corrector of L; (see Proposition 3.11
and Remark 3.14). Moreover, InA C E' x R" and dimIm A < co. Therefore
there exists a closed subspace Ej) of E’ such that (E) x {0}) ®Im A = E’ x R"
(see Remark 2.1). Of course also

Imz(L;)+ImA=FE xR" forte (-4, +6)NI0,1].

Take G: E' — E’ being a linear projection onto Ej with G(y) = 0 for any
(y,0) € ImA. Then KerG x R” = Im A and G is a Fredholm operator of
index i(G) = 0. Define the map G: E’ x R” — E' x R" by G(x,s) = (G(x),0).
Consider the composition G o L;, for any t € (A — d1, A + 1) N [0,1]. Observe
that Im G o (2(L;) + A) = E’ x {0}, since z(L;) + A is an isomorphism, and that
forx e E

Go (2(Ly) + A)(x) = Goz(L)(x) + G o A(z) = (G o Ly(x),0).
Therefore Im G o L; = E{. Moreover,

dim Ker (G o L;) = i(G o L) + dim Coker (G o Ly)
=i(G)+i(Ly) +dimImA—r =0+r+dimIm A — r = dimIm A.



ORIENTATION AND HOMOTOPY IN COINCIDENCE PROBLEMS 179
Let Eg = (2(Ly) + A)~Y(E} x {0}). Observe that
(4.1) Ey@KerGoLy=FE,

and G o Ly|g,: Ey — E| is a linear isomorphism. Therefore, since Iso (Ey, E) is
an open subset of ®(Ey, E)), there exists do > 0 such that d2 < §; and for any
t e (A—0d2, A+ d2) N [0,1] the map G o L;|g,: Ey — Ej is also an isomorphism.

Consider a family of maps (comp. [4]) B;: E — E for t € (A—4d2, A+32)N[0, 1]
defined by

By = idp,
Bi(z) =z — (G o L|g,) " o (G o L)(x1),

where ¢ = x¢g+ 1 and zg € Ey, x1 € Ker Go Ly (see (4.1) above). Observe that
Bi(KerG o Ly) C Ker G o Ly, since

(G o L)(Bi(x1)) = (G o Le)(w1 — (G o Lilp,) ™ o (G o L) (1))
= GO Lt(xl) — G o Lt(.’ﬂl) =0.

Moreover, Ker G o Ly C Bi(Ker (G o Ly)). Indeed, if z = zo + 1 € Ker G o Ly,
where, like earlier, o € Ey, ©1 € KerG o Ly, then G o Liy(zg + x1) = 0, i.e.
G o Li(zg) = —G o Ly(z1). Then By(z1) = 21 — (G o Ly|g,) "' 0o G o Ly(z1) =
—(GoLyg,) to(=GoLixg)) = z1 +x0 = , what means that z = B;(z1).
Hence
Bi(KerGoLy) =KerGo L.

LEMMA 4.10. By defined above is an isomorphism for any t € (A — 62, A +
d2) N[0, 1].

PROOF. If Bi(zo+z1) = 0, then zo+x1—(GoL|g,) "to(GoL;)(x1) = 0. But,
since (GoL|g,) to(GoL)(z1) € Eo, we get 29— (GoLy|g,) L o(GoL;)(x1) =0
and z; = 0, what implies (GoL|g, ) 'o(GoL;)(x1) = 0 and consequently zq = 0,
what proves that B; is a monomorphism.

Take any v € E, v = vg + v1, where vg € Ey and v; € KerG o L. Let
yo = G o Ly(vg) and y1 = G o Ly(v1). Of course both yo and y; belong to Ej).
For zo = (G o Lt|g,) "' (yo + y1) € Ep and z1 = vy,

Bt($0+l‘1) =20+ X1 — (GOLt‘EO) (GOLt)(l‘l)
= (GoLilg) " (yo +v1) +v1 — (Go Li|g,) " o (Go L) (v1)
= (G o Li|g,) " (%0) + (G o Lelg,) ™ (1) +v1 — (G o Ll m,) ™" (1)

=1+ v1 =,

what implies that B; is an epimorphism and ends the proof. (Il
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LEMMA 4.11. The map (A — d2, A + 62) N [0,1] > ¢ — B, € ®(E,E) is
continuous.

Proor. Take any
to € (A =02, A+ 302)N[0,1] and &€ (0, L, - [|(Go Ly | &y) )
Since Hy, is continuous, there is § > 0 such that,
1Lt = Leo | < /(411G © Lty | £o) T I* - | Lo )
for t € (tg — 0,80 +0) C (A — 2, A+ d2) N[0, 1].

Observe that, for any x = xg + x1, where x¢ € Fy and x1 € KerG o Ly,
1Bt () — Bi(x)|l
=l — (G o Liy|p,) ™" 0 (G o Lty (21) — 2 + (G o Le| ) ™" 0 (G o L) (1) |
=|(GoLiylm) o (GoLy)(x1) — (GoLim) ' o(GoLy)(xr)
+ (G o Li|g,) o (GoLy)(x1) — (GoLig,) " o(GoL)(x)
<G o L) ™ = (G o Lelmy) "M - G| - [[ Lo (1) [+
(G o Lel ) M - IG - | Lo (1) — Le(1) |
=1(G o Lty|me) ™" = (G o Le|gg) M| - [[ Lty (21
+ (G o Lelgy) 7| - [1Leo (21) = Le(a1)]-

Hence
Bty — Bill < [(GoLtylmy) ™" —=(GoLilmy) ™I 1Lty I+ 11(GoLilmy) " - 1 Lty — Lil-

But since
||(G0Lto|Eo) - (GOLt|Eo)” < ”Lto - LtH7

i.e.
6,

(G ° LtolEn)iln ’
where &’ = ¢/(4| L, || - (G o Ly, |g,) ") and ¢’ < 1/4, Lemma 2.2 implies

(G o Lty| ) — (G o Le|g,)|| < T

I(G o Ltgl ) ™ = (G o Lelma) ™Il 1Lao | + (G © Lela) ™I - 1 L4 — L
<26+ |[(G o Ly |g) M+ | L,

€
+ (1+2¢") - (G o Ly ) 7| -
o 4 [(G o Lty | o) 7HI? - [ Lo |
5 €
<—4+2. - == O
_2—|— 1 €

Let V.= W & Im @), be a finite dimensional subspace of E’ (for example
containing the image of the Schauder projection of some compact set cl ¢(U) for
compact map ¢), where Q) is a respective projection for Ly. Without loosing the
generality we assume that W C Im Ly (see Remark 2.1). There exists a positive
corrector A of Ly such that Im A =V x R" (see Proposition 3.9). Let Ej), Fy, G,
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B; be defined like above for this A. Observe that then L, '(V) = KerG o L; =
(2(L¢) + A)~1(Im A) for any t € (A — da, A+ 62) N [0, 1].

If we fix the orientation [¢] in V, then we automatically get orientations
[(§,Irn)] in Im A and [(§, Irn) © (2(L¢) + A)|ker (Gor,)] in KerG o Ly for t €
(A =62, A+ d2) N [0,1].

LEMMA 4.12. There is 05 > 0, such that for t € (A — d3, A+ d3) N [0,1] the

map Bt|ker gor,: Ker Go Ly — Ker Go L; saves the orientations described above.

PROOF. Observe that (L;oBy(KerGoLy))x {0} CImAforte (A—d2, A+
d2) N [0,1]. Indeed, if ;1 € Ker Go Ly and Ly(x1) = yo + y1, where yo € E{) and
(y1,0) € Im A, then G o Ly(x1) = yo and, consequently, (G o L;|g,) " (yo) =7 €
Ey, what means that L;(T) = yo + 71 with (71,0) € Im A. Therefore

Lt o Bt(l‘l) = Lt(fﬁl - (G o Lt|EU)71 oGo Lt(ZEl))
=Li(z1) = Le(T) =yo+y1 —yo — V1 =y1 — V1,
and (y1 —91,0) € Im A.
Since

det((&, Inr) © (2(Ln) + A)lker Gory © [(€§, Trr) © (2(Ln) + A)[Ker (GoLy)] 1) > 0,

and the following maps t +— Ly, t — By, det are continuous, there is d3 € (0, d2)
such that for t € (A — &3, A + d3) N [0,1], A is also a corrector of L; o By (°) and

dEt((gv IR““) o (Z(Lt o Bt) + A)‘Ker GolLy © [(57 I]RT) o (Z(L)\) + A)'Ker (GoLk)]_l) > 0.

But observe that A o Bi|kergor, () = A(x — (G o Li|g,) "t o Go Li(z)) = A(z),
because (G o Ly|g,)" ! o G o Li(x) € Eyg. Then (2(L; o By) + A)|kerGory, =
(Z(Lt o Bt) + Ao Bt)|KerG’oL>\ = (Z(Lt + A) o Bt)|KerGoL>\ and hence

0 < det((&, Irr) o (2(Lt 0 Bt) + A)|ker goLy © [(§, Irr)
o (2(Lx) + A)|ker (Gor)) )
= det((&, Irr) © (2(Lt) + A) © BikerGory) © [(€, Irr)
o (2(Lx) + A)lker (Gorr)) )
= det((&, Irr) o (2(Lt) + A)lker cor, © (€ Trr) 0 (2(Lt) + A)lker (Gorn] ™
o [(§,Irr) o (2(Lt) + A)|Ker (GoLy)]
0 Bi|ker Gory © [(§ Irr) © (2(L) 4+ A)ker (Gory)] 1)
= det((¢, Irr) © (2(Lt) 4+ A)lker Gor, © [(§, Irr) © (2(Lt) + A)|Ker (Gors)) ")
~det([(§, Irr) o (2(Lt) + A)[ker (GoL)]
[

0 Bi|ker GoLy © [(§, Irr) 0 (2(L)) + A)|ker (Gory)] 1),

(%) see Proposition 3.11, Ly o B is sufficiently close to Ly
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that implies

det([(€, Irr) o (2(Lt) + A)|Ker (GoLy)] © BtlKer GoLy
o [(&,Irr) 0 (2(La) + A)|ker (Gorr)) ) > 0,

i.e. B; saves the respective orientations. ([l

Now assume additionally that ¢ € (A — d3, A + d3) N [0,1] and U is an open
subset of E.

LEMMA 4.13. The set U := {(z,t) | € U N (Ly o By)"*(V)} is open in
Ker (G o Ly) x (A =63, A+ d5)N[0,1]).

PROOF. Take any (z,t) € U. It means that 2 € U and L; o B,(z) € W.
Let 1 > 0 be such that BF(z,¢1) € U and €3 > 0 such that (t — eq,t + &2) C
(A — 33, A + 63) N [0,1]. We shall prove that BE*((A=9:A+02)00.1) (3 1) &) N
(Ker G o Ly x (A —d3,A+d3)N[0,1])) C U for & := min(ey, £3).

If (2, t') € BEX((A=03.A+3)N01D) (1 ), e)NKer GoLy x ((A—d3, A+d3)N[0, 1]),
then 2/ € BF*((A=03.A+3)N01)) (1) ) and 2/ € KerG o Ly and t' € (t — ¢,
t+¢e)N((A=3d5,A+d3) N[0,1]). But condition ' € Ker G o Ly implies that
By (') € Ker GoLy, what means that GoLy oBy (z') = 0, and then Ly oBy (2') €
Ker G = V. We have just proved that 2’ € UN(LyoBy )~ (V) and, consequently,
that (z/,¢') € U. O

Below we give two examples illustrating notions described above.

EXAMPLE 4.14. As in Example 3.12, let £ = R3, E/ = R? and L;(z,y, 2) =
(x,ty). Like earlier A:R?® — R? x R given by A(z,y, z) = ((0,y), 2) is a positive
corrector of Ly (and consequently for L, if ¢ € [-1/2,1/2]). Observe that Im A =
Lin (((0,1),0),((0,0),1)), so we define E} = Lin ((1,0)) C R? and G:R? — R2
G(u,v) = (u,0). Consequently, Ker G o Ly = Lin ((0,1,0),(0,0,1)) = KerGo L,
and Ey = Lin ((1,0,0)). Then

Bt(xaywz) = (Iayvz) - (GOLt|E0)71 OGOLt(an7Z)
= (.’E,y,Z) - (GO Lt|EO)_1(070) = (1'7y,Z) - (07070) = (x,y,z),

i.e. Bt = I]R3.

In Im A the orientation is represented by [((0,1),0),((0,0),1)] and then in
Ker Go Ly = Ker Ly we get the orientation [(0, 1,0), (0,0, 1)] (since A is a canon-
ical corrector of Lg), while in Ker Go L; the induced orientation is represented by
[(0,1/(1+1),0),(0,0,1)], because (z(L;) + A)((0,1/(1+1¢),0) = ((0,1),0) and
(2(Lt) + A)((0,0,1)) = ((0,0),1). The determinant of B; in these orientations

is positive. Indeed,
1+t O

detBt = ’ 1

‘—1+t>0.
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EXAMPLE 4.15. Let E = E' =12, t € [-1/2,1/2] and L;((z1,72,...)) =
(1 = t)(z1 + 22),t* (23 — 1), 24 — tT2,... ,Tpy1 — Tn_1,...)). Observe that
Ker Ly = Lin((1,-1,0,0,...),(0,0,1,0,...)), Coker Ly = Lin((0,1,0,0,...))
and for t # 0, Ker L; = Lin((1,-1,1,—t,¢,—tt3,—¢3,...)), Coker L; = 0.
Then i(L;) = 1. For the finite dimensional subspace V = Lin ((1,0,0,...), (0,1,
0,...),(0,0,1,0,...)), the positive corrector A:1?> — > x R of Ly such that
ImA =V xR can be given by A((x1,22,...)) = ((22,25,24,0,...),—x1) (the
orientation in Ker Ly and Coker L is determined by specified elements in given
order).

We get E{, = Lin ((0,0,0,1,0,...),(0,0,0,0,1,0,...),...) and the projection
G:1? — E}, ie. G((y1,v2,---)) = (0,0,0,94,9s5,...). Then

G (¢] Lo((l'l,l'g, e )) = (0,0,0,.@5,1’(3, - ),
Go Lt((l'l,l‘g, . )) = (0,0,0,%5 — t$3,$6 — tl‘4, .. )
and, consequently,
Ker G o Lo =Lin ((1,0,0,...),(0,1,0,...),(0,0,1,0,...),(0,0,0,1,0,...)),
Eo =Lin ((0,0,0,0,1,0,...),(0,0,0,0,0,1,0,...),...),
Ker G o L; =Lin ((1,0,0,...),(0,1,0,...),(0,0,1,0,¢,0,t%0,£3,...),
(0,0,0,1,0,t,0,8%,...)).
Observe that dimKerG o Ly = dimKerG o L; = 4. We fix the orientation in
Im A:
[((1,0,0,...),0),((0,1,0,...),0),((0,0,1,0,...),0), ((0,0,...),1)]

and carry it back to Ker G o L; by (2(L;) + A)~!. Namely we get the following

orientations:

0,20 0,0,1,0,...), (0,0,0, %0 1,10
727 9 b b ) ) yrtt ) ) b 727 9. b 727 9

in KerG o Ly and

0 ! 0 t 0 r 0,0 ! 0 !
)27t,,472t7 )472t’-.-) 7,1+t2”1+t27.-.’

1 1—t —t? 1-— -3 #2(1 -
O7Oa077707E7"' ) _17 t7 ! at( t)7 ! 7t( t)a
2772 2—t"14+¢2 4-2t "1+ 4-2¢

in Ker G o Ly for t # 0.
The maps By:1? — [? are given by

Bt(($17x2, P )) = (1’1,$2,I3,$4,I5 — t$37l’6 — tl’4,1’7 — t2I3,Ig — t21’4, e )

For any t € [—1/2,1/2], Bt|Ker GoLo: Ker GoLy — Ker GoL; saves the orientation
described above.
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We are going to prove that if (Hr, Hy) is the homotopy between (Lo, (po, 90))
and (L1, (p1,41)) in the sense of Definition 4.7, such that Hj, is orientable and
Hy is compact, then

Ind 1, ((Po, @), U) = Ind 1, ((p1,q1),U).

In a finite dimensional situation it is an obvious consequence of the definition
and some properties (see Proposition 4.9, Theorem 4.3 and remarks after). But
we have to generalize earlier considerations before applying in the infinite di-
mensional case. Namely we need an open set U C E x [0, 1] instead of U x [0, 1]
as a domain of the homotopy.

LEMMA 4.16. Let U be an open subset of E x [0,1] such that U, = {x €
E | (z,a) €U} #0 for any a € [0,1] and Z be a compact subset of U. Denote:
Zoy ={z € E| (x,a) € 2}, U =
0>0, p>0, such that

acpo,1) Ua- For any o € [0,1] there are

(U ((a—8,a+8)N[0, )N 0N (2) ¢ 1O (Z,)x ((a—8,a+6)N[0,1]) C U.

PROOF. Let p = 1/2dist (Z,bdid) > 0 (°). Then it is easy to see that for
any 6 < p/2, the last inclusion is true, i.e. OF(Za) x ((a =6, +6) N [0,1]) C U.

We prove that there is 6 < p/2 such that Uge(a—sa+8)n0,1] 28 % {8} C
0O,/2(Zo x {a}). Suppose for a moment that it is not true. Then, for any n € N,
there is (zn, tn) € Uge(am1/m,at1/m)no,1) 268X {18} and (25, tn) € Opja(Zax{a}).
It means that z,, € Z;, and, since t,, € (a—1/n,a+1/n)N[0,1], lim, o0 t, = a.
But Z is a compact set, so (passing to the subsequence, if necessary) we get
lim,, o0 (T, tn) = (x0, @) € Z, and, consequently, g € Z,. Therefore, there is
no € N, such that (,,t,) € O,/2(Za x {a}) for n > ng, and this contradiction
proves the hypothesis.

Let now (z,t) € (U x (v — 6,a +68) N [0,1])) N clOs(Z). Then t € (o — 6,
a+ 9) and there is (z,,t,) € Z such that ||(x,t) — (x,,t,)| <J. But (x,,t,) €
Use(a—s.ats)no,1 28 x {B}. Therefore (2.,t.) € Oy/2(Za x {a}), ie. there is
To € Zg such that ||(za, @) — (24, t,)| < p/2. Hence ||(z,t) —(zq, )] < d+p/2 <
p, what implies that (x,t) € clO}(Z4) x ((w = 6, a+6) N [0,1]) and the proof is
complete. O

Observe that the family of sets {O, := Of(Za) X ((a = dgqya + 04) N
[0,1]) }ae[o,1) composes an open covering of a compact set Z, so one can choose
a finite sequence (a,...ay) such that Z C ;e . 3 Oa,. Without loosing
the generality we assume that [0,1] C U,cqy, . gy (@i — da,, @i + da,) (since the
respective construction is valid also for Z, = 0).

(%) Recall that for a compact set Z and a closed set A, dist (Z, A) := sup, ¢ 5 infyeca ||z—v|.
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Consider a compact admissible pair of maps clif LI N R™, where U is
an open subset of R™ x [0,1] and assume that Z = {z € cld | 0 € S(R™(z))}
is a compact set contained in U.

Let po: R71(U, x {a}) — U, and qo: R71(U, x {a}) — R™ be given by
(pa(7), @) = R(y) and g () = S(v), where U, is as in Lemma 4.16.

LEMMA 4.17. Under the above assumptions and notation,
deg((pOa q0)7 U07 0) = deg((p17 ql)a U17 O)

PRrOOF. Let Z C U;eqs,... 3y Oa; Where Oq, = O (Za,) % (i = 6, i + ;) N
[0,1]). Observe that, by the localization property of the generalized degree deg,
for any ¢ € (ay; — 0;, ; + 9;),

deg((pt7 qt)7 Utv 0) = deg((pta qt)7 OpE(Zaz)a 0)5

and, by Remark 2.6(c) and the homotopy property of deg,

deg((pt, @), (Of(zai)7 0) = deg((Pa; s Gas ), OpE(ZOéi)7 0).

Once more by the localization property we get

deg((pawqai)’ (OpE(ZOéi)v O) = deg((pai, qai)’ ano)'

It means that the map ¢ — deg((pt, ¢:), Uz, 0) is constant in («; — d;, a; + 6;) N
[0,1]. Therefore, since {Oq, }icq1
UiEl,... ,k}(ai - 50&170[1' + 6ai)7

) is a finite covering of Z, and [0,1] C

yees

deg((pOaQO)aUOaO) :deg((plvql)aUhO)' U

COROLLARY 4.18. Let V, T be Banach spaces, dimV = n, dimT = m
and ny, nr represent their orientations, respectively. If W is an open subset of
T x[0,1] and clW «— T -2 R" is an admissible pair such that Z = {x € cl W |
0 € s(r~*(z))} is a compact set contained in W, then deg((ro,so), Wo,0) =
deg((r1,81), W1,0), where Wy, := {z € V | (z,a) € W} and ro : 771 (W, X
{a}) — Wy, sa : 771 (Wy x {a}) — T are given by (ro(y),a) = r(y) and
sa(7) = s(7)-

PROOF. It is enough to define U := ny (W), R :=ny or, S :=nros, and
then apply Lemma 4.17 and Definition 4.2. O

Observe that the above lemma is in fact the mentioned generalization of the
homotopy property for deg. We will use it in the last lemma.
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LEMMA 4.19. Let F:R™ — R™ be a linear isomorphism, H: [0, 1] — Iso (R™,
R™) be a continuous map such that H(0) = Ign, H(1) = F and det H(a) > 0
for any a € [0,1]. Then

deg((F~" o p,q), F~1(U),0) = deg((p, q), U.0)
for any admissible pair
(clU,bd U) x [0,1] <& (p~(clU),p ' (bdU)) - (R™,R™ \ B"(0, p)).

PrOOF. Let R:T'x [0,1] — Uae[o,l}((H(a))*l(U) x{a})and S:T' x [0,1] —
R™ be given by R(y,a) = ((H(a))"!op(y),a) and S(vy,a) = q(y). We shall
prove that all assumptions of Lemma 4.17 are satisfied.

Observe that the map H:R™ x [0,1] — R™ x [0,1] given by H(z,t) =
(H(t)(z),t) is a continuous map. Therefore U := U, ¢(o,1;((H(a))~ LU) x {a})
is open in R™ x [0, 1], since it is equal to the preimage H (U x [0, 1]) of an open
set U x [0,1].

It is easy to see that the map S is continuous, since so is q. Examine the
map R. Let (7,1) € ' x [0, 1), and = € (0, 2]/ (H(£) ] - [p(x)]).

There are §; > 0 and d2 > 0, such that, if |7 — || < d1, then

5

Ip(Y") = (V) < ORI

and, if [t' —t| < b2, then

IHE) = HOI < s i@o

This implies that
Ht) "= (H{) <2
ICH ()" = ()l 4”p( T
(see Lemma 2.2). Observe that, if ||(v/,t') — (7,¢)|| < § := min(d1,d2), then

) = RO, )l = ICH @)™ 0 p(y) — (HE) ™ o p()]
<I(HE) ™ o p() — (HB) ™ op(v)]

) op(y') = (H(E) ™ o)

Y-l — 00l IO~ Y - )
|Uﬂw>w|4WHé»4H+2M(”|umwv—pwm+wmww>

I1R(7,

IN

IN

€ L € €
4 2p()I AlH @)
what implies that R is continuous. Moreover, since

Rz, t) = (H(®)) " op) ™! (x),t) = (07 (H(t)(2)), 1),

and (p, q) is an admissible pair, (R, S) is also admissible. Then, by Lemma 4.17,

IN

—|—<€

the proof is complete. O
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Now we are ready to prove the main result of this paper, i.e. the homotopy
property of the coincidence index Ind, which admits a continuous change of
Fredholm operator.

Assume that Hj, is an oriented homotopy between Ly and L; and that the
admissible pair clU x [0,1] +— I' - E’ determines the compact homotopy
between (pg, qo) and (p1, q1), where U is an open subset of E. As earlier we will
write L := Hp(t), ¢ := s|,—1(wxqy) and p; when (p¢(v),t) = r(v). Moreover,
let Z = {x € E| Li(x) € q:(p; *(x)) for t € [0,1]} be compact and contained
inU.

THEOREM 4.20. Under the above assumptions

Ind LO((pOa qO)’ U) =Ind L1((p17q1)7 U)

PRrOOF. Take any A € [0,1] and a finite dimensional subspace V. = W &
Im Q) of B’ sufficiently close to s(r~1(clU x [0, 1]) (i.e. containing l. (s(r~*(clU x
[0,1])), where [, is the respective Schauder projection). We have proved that
there is 3 > 0 such that the family of isomorphisms { B };e(x—s,,1+5,) has prop-
erties described in Lemmas 4.10-4.13. We will prove that Ind 1, ((pt, ¢+),U) is
constant in (A — d3, A + d3).

Let t € (A — d3, A + d3). Observe that, by the definition,

Ind 1, ((px, qr), U) = deg((px, (Lx)v o Px — qx), Wh,0),

and

Ind 1, ((pt; g, U) = deg((pz, (Le)v o Pr — @), W, 0),
where Wy = U N LyY(V), W, = By(U)n L7 (V), b = Ptlpi—1(cawy)s Px =
PA|p;1(c1wA)v T = lc o Gtlp,—1(cawy) B =l © CI)\|p;1(Clw/\), (Ly)y = L,\|L;1(V)
and (Ly)y = Lt‘L;l(V). But of course Ly '(V) and L; (V) may be different
and, consequently, one can not at once compare the right hand sides of the
above equalities.

To simplify the notations, here and to the end of this proof, by B; we un-
derstand Bi|ker goL,, and by (7, s) the pair determining the homotopy between
(px,qx) and (pg, q¢) (in fact (r,s) should be changed like in Remark 2.6(c).

Consider the following commutative diagram:

AUy —2 Wy —2— prl(cd W)

) ) ax
ix Ja

Al U (@Wy) x {rh) =3 v

it Jt ~
qt

cl Ut T> Cth <7p—pt_1(C1 Wt)
t t
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where U is as in Lemma 4.13, Uy = Wy, U; = B;'OW,) = By YL Y (V)NU),
gt = (Le)v opr — G, @ = (Lx)v oPx — @x and pr = 7|11, x{7})-

Observe that R and S given by R(v,7) = (B-!op;(7),7) and S(y,7) =
(L;)v oD7(7) — G () (7) are both continuous. Indeed, all maps composing S
are the respective restrictions of continuous maps while R is a composition of an
admissible map r and a map (z,7) — (B '(x),7). The last one is continuous
since, by Lemmas 2.2 and 4.11, one can always find § > 0 such that for |7—7'| < 4,

B! and B:,l are as close as it is needed. Moreover, (R, S) is admissible, so it

is the homotopy between (B;1 oPx,qx) and (B; ' o b7, @)
By Lemma 4.17 and Corollary 4.18, since B, is the identity map,

(4.2)  deg((Px, (Lx)v ©Px — @x), W, 0) = deg((B; ' o by, (Lt)v © Pt — @), Ut, 0)
= deg((B; " oDt, (Lt)v o By o (By) ™' 0By — @), Uy, 0).

Denote by £ the isomorphism representing the fixed orientation in V' and by
X: the isomorphisms determining suitable orientations in KerG o L; for any
t € (A—0d3,A+63), ie. x¢ = (§,Irr) 0 (2(Lt) + A)|Kker (Gor,)- We have proved
in Lemma 4.12 that det(x; o B; o X)fl) > 0. Moreover, by the definition (see
Definition 4.2), in fact

(4.3) deg((Pz, (Lt)vopi—ar), W, 0) = deg((xt0pr, Eo((Li)vopi—ar)), X¢ (W), 0),
and, by Lemma 4.19 for F' = x; 0 By o X;1,
(4.4) deg((xt 0P, o ((Le)v ot — @), xe (W), 0)
= deg(((xt o Broxy") 'xeoPi: &0 (Le)v o Pt — @),
(xt o Broxy ) (xt(M)),0)
=deg((xao (B) " opr, o (Le)v oD — @), xa © (By) "1 (W), 0)
= deg((xr o (Br) ' o, &0 ((Le)v o Bro (By) ' oy — &), xa(Ur), 0).
Once more, by Definition 4.2,
deg((xr 0 (By) topr, &0 ((Lt)v o By o (By) ' oy — @), xa(Ur), 0)
= deg(((Bt) " opr, (Lt)v 0 By o (By) ' oy — @), Ut, 0).
Hence by (4.3) and (4.4),
deg((}Ttv (Lt)V o ]Tt - @)7 Wta 0)
=deg(((B1)~' oDy, (Lt)v © Byo (By) ™' oy — @), Uy, 0),
and finally, by (4.2),
deg((mﬂ (L)\)V o ZT/\ - qi/\)’ W)w 0) = deg((ﬁ? (Lt)V o ZTt - @)7 Wt7 O)a

(") By gr we understand the map I o Sle—1(U, x {7}
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what implies that

Ind £, ((px; qx), U) = Ind 1, ((ps, @t), U)-

It means that the map [0,1] > ¢ — Ind 1, ((p, ), U) is locally constant. But
since [0,1] is a compact connected set, it is also globally constant and the proof
is complete. O

At the end observe that quite often it is sufficient to know whether the
homotopy invariant is not trivial. As a simple corollary of our consideration we
get the following form of the homotopy property:

COROLLARY 4.21. If (Lo, (po,q0)) and (L1, (p1,q1)) are homotopic in the
sense of Definition 4.7, then

Ind 1, ((po,90),U) =0 if and only if Indr,((p1,q1),U) =0.

One can find similar results for Fredholm operators of index 0 e.g. in [9].
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