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EXISTENCE AND MULTIPLICITY RESULTS
FOR SEMILINEAR ELLIPTIC EQUATIONS
WITH MEASURE DATA AND JUMPING NONLINEARITIES

ALBERTO FERRERO — CLAUDIO SACCON

ABSTRACT. We study existence and multiplicity results for semilinear el-
liptic equations of the type —Au = g(z,u) — te1 + p with homogeneous
Dirichlet boundary conditions. Here g(x, ) is a jumping nonlinearity, u is
a Radon measure, t is a positive constant and e; > 0 is the first eigenfunc-
tion of —A. Existence results strictly depend on the asymptotic behavior
of g(z,u) as u — +oo. Depending on this asymptotic behavior, we prove
existence of two and three solutions for ¢ > 0 large enough. In order to find
solutions of the equation, we introduce a suitable action functional I; by
mean of an appropriate iterative scheme. Then we apply to I; standard re-
sults from the critical point theory and we prove existence of critical points
for this functional.

1. Introduction

Let 2 C R”™ be a connected open bounded domain with smooth boundary
and let n > 2. We denote by M(Q2) the space of Radon measures, i.e. the dual
space of the Banach space Cy(9) of continuous functions which vanish on the
boundary, endowed with the uniform norm. We study existence and multiplicity
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results for the Dirichlet problem

{ —Au=g(z,u) —teg + p in Q,

1.1
(1) u =0 on 0,

where g: Q2 X R — R is a Caratheodory function, ¢ > 0, e; > 0 is the first eigen-
function of —A with Dirichlet boundary conditions and u € M(Q). In general,
we will denote by A1 < A2 < A3 < ... the eigenvalues of —A with Dirich-
let boundary conditions and by e; the corresponding eigenfunctions normalized
with respect to the L?-norm.

According with [8], [11], [19], by solution of (1.1), we mean a function u €
LY(Q) such that g(x,u) € L*(Q) and

(1.2) /—uAgodm:/g(x,u)gadm—t/elgodx—l—/(pdu for all p € C2(Q)
Q Q Q Q

where C2(Q) denotes the space of C? functions which vanish on the boundary.

Existence and nonexistence of solutions for second order semilinear and quasi-
linear elliptic equations with measure data is a widely studied problem, see for
example [4]-[6], [8]. These papers deal with Dirichlet problems of the form

—Au=g(z,u)+p inQ,
(1.3)
u=20 on 0€,

with a nonlinearity g(z, s) essentially satisfying the assumption g(x, s)s < 0 for
large s. In these papers, existence of solutions of (1.3) is obtained by solving the
“regularized” problems

{ —Auy, = gm(l‘vum) + U in Q,

1.4
(1.4) U =0 on 01,

where g, (x, s) is a suitable sequence of truncated functions of g(x, s) and {pm,}
is a sequence of regular functions which converges to p weakly in the sense of
measures. Assuming suitable growth restrictions at infinity on the nonlinearity
g(x, s), the existence of a solution u of (1.3) follows passing to the limit in (1.4).

Thanks to the sign assumption g(z, s)s < 0, existence of solutions of (1.4) is
obtained via global minimization for the corresponding action functional. There-
fore the results in [4]-[6], [8] deal with the existence of at most one solution of
(1.3) and uniqueness is obtained in [8] assuming that s — g(z,s) is a concave
function.

In [11] some existence and multiplicity results are obtained for problem
(1.3) essentially with a nonlinearity satisfying g(x, s)s > 0 for large s. In [11]
both asymptotically linear and superlinear nonlinearities are considered. In the
asymptotically linear case, suitable nonresonance assumptions are needed in or-
der to obtain existence of at least one solution.
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Other existence results for (1.3) are obtained in [16] when g(z,s) = As and
e LY(Q).

In the present paper we study problem (1.1) when g(z, s) is asymptotically
linear at infinity but with different asymptotic behavior at 400 and —oo. In
other words we assume that g(x, s) satisfies the so called “jumping” condition

‘lir_&l M:a for a.e. x € Q,
(1.5) e 8
lim 9(@, s) = forae. x€,

with a, 8 € R and o # (3. More precisely we assume in our results that the
nonlinearity g(z, s) is a perturbation of the function s — as™ — 3s~ in the sense
given in (2.1)—(2.2) with sT = max{s,0} and s~ = —min{s,0}.

A large number of results about the jumping problem (1.1) were obtained in
the classical case with a function h € L?*(Q) in place of the measure p, see for
example [2], [3], [9], [10], [13]-[15], [18]. See also [16] for some results concerning
problem (1.1) with u € L'(2). The existence of solutions strictly depends on the
pair (o, 8) with «, 8 as in (1.5) and in particular on their position with respect
to the eigenvalues of —A.

Our main purpose is to prove multiplicity results for problem (1.1) for any
uw € M(Q). We study both the cases « < 3, « > 8 and we prove for t large
existence of two and three solutions depending on the pair (o, 3). Critical point
theory is the main tool used in our proofs and precisely some extensions [14] of
the classical linking theorem [17].

The main difficulty here is that problem (1.1) does not admit an action
functional defined in the whole Sobolev space H{(f2) due to the measure term
u. The functional associated to the Euler-Lagrange equation (1.1) would be

1
(1.6) Jt(u)zf/ |Vu|2dx—/G(l",u)dm—t—t/eludx—/ud,u
2 Ja Q Q Q

for all u € H(Q) N Co(Q) with G(z,s) = [; g(z,t)dt. It is clear that the
integral with respect to the measure p which appears in (1.6) is well defined
for continuous functions which vanish on the boundary but not for all functions
in H}(Q). In order to overcome this problem, we define in the spirit of [11] a
new functional I; obtained from J; formally by I;(u) = Ji(y + u) — Ji(7) for a
suitable 7. It is worth noting that v will not belong to H}(€2), so J;(y + u) and
Ji(7) do not make sense separately but their difference does. With this definition
the functional I; is defined in the whole Hj(£2) and its critical points w are such
that u = w + v is a solution of (1.1).

In order to obtain multiplicity results for (1.1), the first attempt is to apply
the well known classical variational results for jumping type problems to the
functional I;. A main difficulty in this family of problems is the verification
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of the Palais-Smale condition. If the pair (a, ) does not belong to the Fucik
spectrum

Yo = {(a, ) € R?: there exists u € Hy(Q)\ {0} such that —Au = au™ —Bu"}

then it is standard to see that the Palais—Smale condition holds for I; for any
t € R. Unfortunately the Fucik spectrum is still widely unknown (see [10], [12]
for some results concerning ¥.o) so that this condition is very difficult to check.
In the case u € L?(2) [14] proved that the Palais-Smale condition holds true
for ¢ large without assuming that (o, 3) ¢ Xq. This result can be extended to
our case, provided p is a nonnegative Radon measure and g(z, s) = as™ — 3s™.
Hence, in this particular case one can prove directly the existence of two or three
critical points for I; applying for example the results in [14] (see Section 8).
When p € M(Q) is a sign changing measure, we do not apply critical point
theory directly to the functional I; but we introduce a sequence of regular func-
tions {um} such that p,, — p weakly in the sense of measures and we define
the corresponding functionals Jt(m) and It(m) (u) = Jt(m) (7™ +u) — Jt(m)(’y(m))
for a suitable function v(™ depending on the measure pi,,. Here Jt(m) is defined

) satisfy the

by (1.6) with g, in place of pu. We show that the functionals It(m
Palais—Smale condition for any ¢ > tg where ¢ is a positive number independent
of m. Then we prove existence of two or three critical points for It(m) at different
levels and we show that these critical points converge as m — oo to distinct
critical points for the limit functional I;. The existence of solutions of (1.1) then
follows immediately.

This paper is organized as follows. In Section 2 we give the statements of
the main results the first two of which are devoted to the case o < 8 and the
other two to the case & > . Then in Section 3 we define the main tools which
will be fundamental in the proofs. Sections 4-5 and Sections 6-7 are devoted
to the proofs of existence of two and three solutions for (1.1) respectively in the
cases a <  and a > . Finally in Section 8 we give an alternative proof to our
results when p is a nonnegative Radon measure.

2. Main results

Suppose that there exist «, 3 € R such that

(2.1) g(z,8) = as™ — Bs™ 4+ d(x, s)
(2.2) [0(z,s)] <a(z) € LP(Q) forae x€Q, forallseR

with p > (n/2). Note that under the assumptions (2.1)—(2.2) the function g(z, s)
also satisfies (1.5).
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We recall that by a solution of (1.1) we mean a function u € L'(2) such that
g(z,u) € L(Q) and

(2.3) /—uAgpdx:/g(z,u)gpdx—t/61<pd:17+/gad,u for all ¢ € C2(9).
Q Q Q Q

Note that if u € L'(Q) then the fact that g(z,u) € L*(Q) follows immediately
by (2.1) and (2.2).

Moreover by Theorem 8.1 in [19], it follows that any solution u of (2.3)
belongs to the Sobolev space W, () for any ¢ < n/(n — 1) so that all solutions
found in our results have this regularity.

We introduce some notations. We endow the Hilbert space Hg(£2) with the
scalar product defined by

(u,v) = / VuVudr for all u,v € Hy(Q).
Q

For any index i > 1 we set H; = span{e,...,e;} and Hf = {u € H}(Q) :
(u,v) = 0 for all v € H;}. We recall that Ay < Ay < A3 < ... denote the eigen-
values of —A and that e; denote the corresponding eigenfunctions normalized
with respect to the L2-norm. In the rest of the paper we introduce the following
notations for balls and spheres in H; and H;-:

Bi (p) ={ve Hi:|lvlu <p}, Si(p)={veHi:|v|u =p}
Bf(p) ={ve H |l < p}, ST (p)={ve H :|lvlluy = p}-

For any «, 3 € R let us set, for any v € H}(Q),

1

Quo(v) = 5/9(|V11|2 fozvz)dz

and Qq p(v) = %/Q(|Vv|2 — a(v+)2 — /6’(117)2) dx.

We start with the case 8 > «. According with [14], for any index i > 1 we
introduce the numbers

(2.4) M;(a, ) = sup {Qa(v) + %(a - ﬂ)/

veEH; Q

((ex +v>>2dx}7

(2.5) m;i(p,a, 3) = inf {Qa(w) + %(oz — ﬂ)/

(e +w>>2dzs}
weS (p) Q

and the set

(2.6) E; ={(a,B) €R?:a < f3, there exists p; >0
such that M;(a, 8) < m;(pi, o, B)}.
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Finally, for i > 1 and e € H;* \ {0} we define

Y (e)={s=0ce+v:|zlg =1, veH, >0}

a¢+1=sup{/|Vv|2dxzveHi, /vzdle, ’UZO},
Q Q

i a:inf{ eR: inf max z<0}.
pit1(c) &) eeHj\{o}zezg(e)Qa’ﬁ( )

One can easily check that as = A1, ;41 € [A\1, ;) and that the function « —
ti+1 () is finite if and only if @ > 41, see Lemma 4.12 in [14] for more details.
In our first result we prove existence of two solutions for (1.1).

THEOREM 2.1. Letn > 2 and p € M(Q). Let i > 1 be such that \; < \jy1.
Assume that g(z,s) satisfies (2.1)-(2.2). If a € [N, Aix1) and B > piv1(a)
(= B > a) then there exists tg > 0 such that (1.1) admits at least two solutions
for any t > tg.

Before the statement of the next result we point out the following fact taken
from [14]:
REMARK 2.2. Let k£ > j > 2 be such that \j_; < A\j = ... = Ay < Apq1.

Then the set of the pairs (o, 3) such that (o, 8) € Ex N E;_1 and 8 > pgy1(a)
is an open nonempty set.

Thanks to Remark 2.2, the statement of the next result becomes meaningful.

THEOREM 2.3. Let n > 2 and let p € M(Q). Let k > j > 2 be such that
Ajo1 < Aj = ... = Mg < Agy1. Assume that g(z,s) satisfies (2.1)—(2.2). If
(a, B) € ExNEj_1 and B > prs1(a) (= B > a) then there exists tg > 0 such
that (1.1) admits at least three solutions for any t > to.

Now we consider the case a > 8. We define

20 Nipas) = s {Qul)+5la-5) |

veS; (p) Q

<<e1+v>->2dx},

28)  mlof) = inf {Qa<w>+;<a—ﬂ> /

weH; Q((el —|—w)_)2 da:}
and the set
(2.9) F; ={(a,p) €R?:a > f3, there exists p; >0
such that N;(p;, o, 8) < ni(«, 8)}.
Finally, for ¢ > 1 and e € H; \ {0} we define
Sie)={z=0e+w: [2llgz =1, we Hi, 0 >0},

v;(a) = sup {ﬂ eR: sup inf Qap(z) > 0}.
c€ Hi\{0} 2€X] (e)
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The map o — v;(«) is defined for any o € R as one can see by Lemma 6.5 in [14].
We prove

THEOREM 2.4. Let n > 2 and € M(Q). Let i > 1 be such that A; < \jt1.
Assume that g(z, s) satisfies (2.1)—(2.2). If a € (A, Ai+1] and B < v;(a) (= 8 <
«) then there exists to > 0 such that (1.1) admits at least two solutions for any
t>to.

As in the case 8 > «, before the statement of the next result concerning the
existence of three solutions, we point out the following fact taken from [14]:

REMARK 2.5. Let k£ > j > 2 be such that \j_; < A; = ... = Ay < Apq1.
Then the set of the pairs (a, 3) such that (o, 8) € Fiy N Fj_1 and f < v;_;1(«) is
an open nonempty set.

Then we establish

THEOREM 2.6. Let n > 2 and let p € M(Q). Let k > j > 2 be such that
Nj—1 < Aj = ... = X < Agg1. Assume that g(x,s) satisfies (2.1)—(2.2). Let
a>N. If (a,f) € FrNF_1 and < v j—1(a) (= B < «) then there exists
to > 0 such that (1.1) admits at least three solutions for any t > to.

F1GURE 1. Multiplicity map for the solutions
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3. Preliminary results

Consider the equation
{ —Au = g(z,u) —tey + p  in Q,

3.1
8-1) u =0 on 0%,

where g(z, s) satisfies (2.1)—(2.2) and p € M(Q).
Let v; be the unique solution of
—Av; =p in Q,
(3.2) '
vy =0 on 0,

and by iteration define for £k =1,2,...

k k-1
—Avgyr = 9(37» > Ui) - g(l‘a > Uz‘) in Q,
i=1 i=1
Vgp+1 =0 on 0f).
The functions vy, are well defined in view of (2.1)—(2.2) and Theorem 8.1 in [19].

Moreover, for any k > 1 they satisfy

(3.3)

(34) vy eLYQ) forall¢g>1ifn=2andallqe [1, ”2) if n > 2.
—

Suppose that u is a solution of (3.1). We introduce the functions ug1+1 = uk—vk+1

for k=0,1,2,... where ug = u. Then ug41 solves
k+1 k
—Aug1 =g (9& Up+1 + Z ’Uz'> - 9(% sz') —te; in ©,
(3.5) =1 i=1
Ug+1 =0 on Jf).

Let v, = E?Zl v; for k > 1 and 79 = 0. For k > 1, introduce the function
hi(z, s) defined by

(3.6) hi(z,s) = g(x,s + ) — gz, ) forall z € Q and all s € R

and the function f; defined by

(3.7) fe = 9@, ) — 9(z, Y6—-1)-

Then, by adding and subtracting g(z, yx+1) in (3.5), we see that w = ug11 solves

(3.8) —Aw = hpy1 (2, w) —ter + fre1  in €,
’ w=20 on 0f2.

We recall that by a solution of (3.8) we mean a function w € L'(2) such that
his1(z,w) € LY(Q) and, for all p € C3(Q),

/—wA<pd:c=/hk+1(m,w)4pdx—t/el<pdx+/fk+1<pda:.
Q Q Q Q

Then we prove
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LEMMA 3.1. Let n > 2 and assume that g(z,s) satisfies (2.1)~(2.2). Then
there exists N € N such that vy € L*>(Q) and fn € LP(Q) with p as in (2.2).

PrROOF. By (2.1)—(2.2) we have

(3.9) l9(z, ) = 9(2, yh—1)| < max{|el, [B[}vx] + 2a(z)

for almost every x € Q and for all k = 1,2,... with a(z) € LP(Q) and p > n/2.
By (3.4) we may suppose that vy € L% (Q) for some g > 1 and some k > 1.

Case 1. If ¢ > n/2 then we are done. Indeed by (3.3), (3.9), elliptic
regularity [1] and Sobolev embedding we obtain vy € W2 (Q) C L*>(Q).

Case 2. If g, = n/2 with the same procedure we arrive to vy € W% (Q) C
L1(Q) for any ¢ > 1 and with another iteration we obtain vi2 € L ().

Case 3. If q;, < n/2, as in Cases 1-2, we obtain vy ; € W29 (Q) C LI+1(Q)
with gri1 = (ngr)/(n — 2qi). After a finite number of iterations we find k € N
such that ¢z > n/2 and applying Case 1 or Case 2 we obtain vy, , € L>(Q).
Choosing N = k + 2 we obtain vy € L>®(Q).

The fact that fiy € LP(Q) follows immediately by (3.7), (3.9) and the fact
that vy € L>®(Q). O

From now on we fix N € N as given by Lemma 3.1. By (2.1)—(2.2) we have

(810)  |h(a5) = lg(a. v + ) — gle, )| < max{lal, [8]}s] + 2a(a)

for all s € R and for almost every x € ) and hence in view of Lemma 3.1, we
can look for solutions of the problem
{ —Aw = hy(z,w) —te; + fy in Q,

(3.11)
w=20 on 012,

in the space H(Q). Therefore by a solution of (3.11) we mean a function w €
H{(£2) such that

/Vsz dm:/hN(x,w)zdac—t/elzdx—i—/szdx for all z € H}(Q).
Q Q Q Q

Conversely if we find a solution w € Hg () of (3.11) for a suitable ¢ then it is
easy to see that the function u = w 4 yx solves (3.1) in the sense given in (1.2).
By (2.1), (2.2) and (3.6) we see that the function hy(z,s) satisfies

lim M =qa forae x€(
(3.12) e 8
lim M =0 fora.e. ze€.

S§——00 S

Introduce the functional

1
(3.13) [Nﬂ:(u):f/ |Vu|2dx—/HN(z,u)d:c+t/61udz—/fNudx
2 Ja Q 0 Q
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for all u € H{(Q)) where Hy(z,s) = f; hy(z,t)dt. Then by Lemma 3.1 and
(3.10) we deduce that In; € C*(HZ(Q)) for any ¢t € R and its critical points
solve problem (3.11).

4. Proof of Theorem 2.1

In the rest of this section we assume that g(x, s) satisfies (2.1)—(2.2). Given
€ M(Q), we introduce a sequence {i,, } C L?(Q) such that p,,, — u weakly in
the sense of measures as m — oco. Applying the same iterative scheme introduced
in (3.2), (3.3), (3.6) and (3.7) with p,, in place of u, we define the functions
U,({m),'y,(cm), hfcm) (z,8), Hém)(;v,s) and f,gm).

Next we define the sequence of functionals given by

1

for all u € H{(£2). Our purpose is to prove the existence of a sequence of critical

) (m)

points w,, of the functional Ij(vm . First we show that the functionals I satisfy

the Palais—Smale condition for any large ¢ uniformly with respect to m.
We recall that a functional I satisfies the Palais—Smale condition if any se-
quence {uy} such that

I'(up) — 0 in HY(Q),|I(ur)| < C  for all k

admits a strongly convergent subsequence in H} ().
We start with the following preliminary lemma

LEMMA 4.1. Let o # (3 or (o, 3) # (\iy \i) for any ¢ > 1. Then for any
M > 0 there exists t > 0 such that for any t >t any solution z € H} () of

(4.1) ~Az=azt - 32~

which satisfies

(4.2) ’t/ erzdz
Q

is tdentically equal to zero. We recall that by elliptic reqularity estimates, ||z|| e
< oo for any solution z € H} () of (4.1).

< M|z[|

PROOF. Suppose by contradiction that there exist tx — 0o, z; € Hg (Q2) \ {0}
such that (4.1)—(4.2) hold respectively with ¢z, z; in place of ¢, z. Then (4.2)

becomes
tr / e1z dr
Q

Replacing z;, with zi /|| zk || my if necessary, we may suppose that Izl gy = 1land,

(4.3) < M|zg| Lo

up to a subsequence, that z; — z in H}(Q). Since the functions z; solve the
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equation (4.1), by compact embedding HE(Q) C L4(2) for any g € [1,00) if n = 2
and for any ¢ € [1,2n/(n — 2)) if n > 2, by elliptic regularity estimates [1] we
deduce that z; — z in W24(2) with ¢ in the given range. If n > 2 after a finite
number of iterations which involve Sobolev embeddings and elliptic regularity
estimates we also obtain z; — z in W249(Q) for any ¢ € [1,00). Therefore for
any n > 2 by Sobolev embedding we obtain z; — z in L°°() and hence the
right hand side of (4.3) is bounded. Since t;, — oo, this implies

(4.4) / erzdr = lim e1zrdz = 0.
Q

k—oo Jq

If « = 8 and «, § do not belong to the spectrum of —A, since z solves (4.1) it
follows that 2 = 0. If « = 8 = Ay by (4.1) and (4.4) we obtain z = 0. If a # 8
we proceed as follows. By (4.4) we obtain

(4.5) /z+el dx:/z_el dz
Q Q

and since z € H}(Q) solves (4.1) we also have

(4.6) /(OzzJr — Bz )erdx = / VzVerdx = M\ / erzdr = 0.
Q Q Q

Since a # (3, combining (4.5) and (4.6) we obtain z = 0.

On the other hand we just proved before that zp — z in W24(Q) for any
q € [1,00) and in particular 2y — z in Hg(Q). Since [|z||gz = 1 for any & we
obtain [|z| 3 = 1, a contradiction with z = 0. O

We are ready to prove the following

LEMMA 4.2. There exists t > 0 such that for any t >t and any m € N then
the functional Iz(vﬁlt) satisfies the Palais—Smale condition.

PROOF. Suppose that {uy} is a Palais-Smale sequence for the functional
IJ(VTZ). Suppose by contradiction that {uy} is not bounded in HE (). Up to
a subsequence we may assume that [lug|z — oo as k — oco. Define 1), =
ug/||url gz so that {uy} is bounded in H}(Q) and assume up to a subsequence
that Uy — @in H}(Q). Since {uy} is a Palais-Smale sequence then ([](Vﬁ))’(uk) —
0 in H=1(Q2) as k — oo and in particular for any w € H}(Q) we have

(m)yr
I ;
(47) 0= lim v w) (/ Vit Vo de
Q

k—oo  [Juklmy o0

plm) (m)
—/ dem—i—t/ eilwdx— N wdm).
Q ||uk||Hg Q ||Uk||Hg Q ||Uk||H3
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By (3.10), (3.12) and dominated convergence we deduce that
Wi ()

w— (o™ — B )w in L'(Q) as k — oo for all w € HA(Q).
|l 22

And this with (4.7) implies that & € H}(Q) is a solution of (4.1) and hence
eL>(Q).
Define
", 5) = b, s + ) = 8 y")
and

<I>(m)(x,s):/ o) (1) dt.
0

Since {uy } is a Palais-Smale sequence with [luy||; — oo and Uy — @ in HL(Q),
by (2.1)—(2.2) we have

210" (ui) — (1) (we), u)

(4.8) 0= 1
k—o0 ([wk || 2
(m) (m)\ 412
. TN (m) (m)\+ ((7N ) )
= lim 704/ |:<Uk+ > W~y ) - | de
k—o0 Q ([wn |l a2 N llwe |l a2

(m) N - (m)
+ lim —3 {(uw o > T+ ) e (WNH] da

k8 [ p

im 7/[2<I>(7”) (z,up) — @™ (@, up )uy] de
koo [|ug | g

+ hm ( /fj(\,m)uk dl’+t/ e1u da:)
= a/[ T = (" 6/ a0 + ()1 da
/f](vm)ﬂdx—i—t/elﬂdx

/[2<I>(m)(9c ug) — @(m)(x,uk)uk] dx.
Q

— lim
k—oo [lug | 2

The last identity is an immediate consequence of the fact that *y](\,m) € L*(Q) and
£ e LP(Q) with p as in (2.2).

Since © € L*°(€2) and since by Theorem 8.1 in [19] and Lemma 3.1, we have
that the sequences {'y](\,m)} and { fj(\,m)} are bounded in L!(£2), the we obtain

a/[A-ﬁ- (m) — (v (m)) a] dx
+5/ { “§ + ()T ]dm+/f}vm)adx

< 2(a+ B) v e @t o + 1F5 o ll@] e < Mfal| o

(4.9)
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for a suitable M > 0 independent of m.
On the other hand by (2.1)—(2.2) we also have

(4.10)

1
lim 7/[2(I>(m) (z,up) — <p(m) (x, ug)ug| dx
k—oo |[ukllm1 Jo

<6 /Q a ()@l dz < 6 |all . @] -

Inserting (4.9) and (4.10) into (4.8) we obtain

‘ / equdx

Therefore Lemma 4.1 applies and hence there exists ¢ > 0 independent of m such
that if ¢ >  then & = 0. Then by compact embedding Hg (2) C L4(£2) we deduce
that 4y — 0 in L(Q)) for any ¢ > 1 if n = 2 and for any ¢ € [1,2n/(n — 2)) if
n > 2. Therefore, since {uy} is Palais-Smale sequence we obtain by (3.1) and

< (M + 6]l L)l o

Lemma 3.1

I(m) 1
O*hmJ:f /H()xuk
k—o0 ||u;€|| 2 kHOO ||uk||

R 1
+ lim ( /eluk dxr — /f(m)ukdx> ==
koo \ [kl m HukHHl 2

a contradiction. This proves that {uy} is bounded and converges weakly in
H(2) up to a subsequence.

Then by (3.10) it follows by standard arguments that {uy} converges strongly
in H}(Q) up to a subsequence. This completes the proof of the lemma. O

Next we prove that the functionals I (m ) have a linking structure for large ¢
uniformly with respect to m. First we prove the following technical lemma.

LEMMA 4.3. Let T (2, 5) = HU (2, 5) + s — (a/2) (s)2 = (8/2) (s~
Then for any € > 0 there exists M > 0 independent of m such that

/ 0™ (2, u)| da < 6Hu||%,é for all ||lul| gz > M and all m € N.
Q

PROOF. Suppose by contradiction that there exist e > 0, a sequence {uy}
with [lug|[gz — oo and a sequence my — oo such that

(4.11) 0™ (@, wg ) de > elug |73 -
Q
Define Uy, = uy,/||ux| gz and assume up to a subsequence that uy — u in HLQ).

Since 7](\, ™) converges almost everywhere in 2 as k — oo then by (2.1)—(2.2) one

sees that
r(ms) (z,ur)

5 — 0 fora.e ze€Qask— oo.
el
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On the other hand, by compact embedding H}(Q) C L*(Q) we have @y, — u in
L?(Q2) and by the proof of Lemma 3.1 we obtain fj(vm"') — fn in LP(Q) with p as
n (2.2). And this with (3.10) yields

L) (2, uy, )

k1 < max{|al, |6]}(@k())*

2a(@)fin(@)| | I @lE@] o)
el fuellmg

for almost every = € 2 and for all £ € N. By dominated convergence we deduce

that
r(me) (z,ur)

=0
sl

lim
k—oo Jq

which contradicts (4.11).
Arguing as in [14] we establish
LEMMA 4.4. Leti > 1 be such that \; < A\ix1. Let o, B be such that 3 >
a> A, Foranyt >0 define sy =t/(a— A1). For any € > 0 small enough there
exists d > 0 such that:
(a) For any p>0,t>0 and m € N we have
I(m)

(4.12) inf {Il(vn?(stel +w) — Iy (seer)}
weS; (pse) ’

> s7(mi(p,a, B) — 3edy — 2ep?) — d.
(b) If M;(a, 3) < oo then there exists C > 0 such that for any t > 0 and

m € N we have

(4.13)  sup {I{" (seer +v) — Iy (se1)} < s2(Mi(a, B) + 3eA; +C) + d.

veH;

(¢) If we assume that o € (qiq1,Nit1) and B > pir1(a) then there exist
;> 0,t>0, e€ H\ {0} all independent of m such that for any

o; >0, t >t and m € N, we have
(4.14) sup {I](Vﬁ)(stel +v) — I](V?(stel)} <0.

vEo;t3; (e)

PROOF. We follow closely the proof of Lemma 4.5 in [14]. For any z € H}(Q)

let u = z/s;. We write
(4.15) I](\Tt)(stel +2z) — IJ(VTZ) (ste1)
a—
= HQulw) + 257 [ ((er )2 da} + R (1, 2)
Q

2
o —

= Qs + 257 [ [ +0))? — (0P o} + RO 2)
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where R™ (t,z) = [,[[T™)(z, spe1) — T (z, se1 + 2)] dz with T'(™)(z, s) as in
Lemma 4.3.

Then by Lemma 4.3 we infer that for any ¢ > 0 there exists d > 0 independent
of m such that

(4.16)  |RU™(t,2)] < e(||scer + Z”%{é + ||st61||§{é) +d forall z € HY(Q).

(a) Choosing z = w € H* with |wl[zz = pse, by (2.5), (4.15) and (4.16) we
immediately obtain (4.12).
(b) Since M;(a, ) < oo then by Lemma 5.1(bg) in [14] we have

c=— max Qqpz(v)>0
ves; (1)

so that by (4.15) and (4.16), it follows that for any v € H;
(4.17) 1§ (sier +v) — IS (seen)

< —c||v|\?q& +(B—a) /Q sie v dx + 3eN 57 + 25||v||§{& +d
and, by (2.4), we also have
(4.18) va“;)(stel +v) — I](V@) (sie1) < s?M;(a, B) + 3eAis? + 25”””?{3 +d.
Using (4.17) with HUHH(% > s:((B — )/ (VA1(c—2€))) we obtain
(4.19) I;let)(stel +v) — II(V“;)(stel) < 3eMs? +d

and using (4.18) with [|v|[g1 < s:((8 — @) /(VA1(c — 2¢))) we also have
2
(4.20) 137 (sse1+v) — IV} (srer) < 57 ( Mo, B) +3e) +2€(/67a) +d.
7 ’ (e —2¢)?

Since M;(«, 3) > 0 then by (4.19) we deduce that (4.20) holds for any v € H;.
(c) Since B > piri(a) then there exists e € H; \ {0} such that —c =
maXy,- .y Qa,s < 0. Then by (4.15) and (4.16) we obtain for v € o;tX; (e)

vaff;)(stel +v) — I](\,Ttlt) (ste1)

2 _ 2
§5t2<cv Jr(ﬂfa)/elv—d:EJrBs)\l+25E )+d.
St ||} Q St St |l
Therefore, if € is small enough and [[v/s|[z; = oi(a — A1) and s; are large
enough, then (4.14) follows. O

In the next lemma we prove that the functionals I I(th) have the geometrical
structure “links and bounds” described in [14] for large ¢ uniformly with re-
spect to m and we prove that they admit at least two critical points under this

restriction on t.
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LEMMA 4.5. Leti > 1 be such that \; < A\iy1. Let (o, 8) € E; (= 3> «) be
such that o € (i1, Ait1) and B > pip1(a). For any t > 0 let s, = /(o — Aq).
Then there exist p; > 0, tg >0, e € H- \ {0}, &; > p;/(a — A1) all independent
of m such that if o; > 7;, t >ty and m € N then I](\Tt) admits two critical points
W1,m, Wa,m, respectively at levels ¢ m, Co.m with

(4.21) inf Ij(v“?(stq + 2) < cam < sup I](Vﬁ)

ZEB:—(piSt) =7

< inf I](th)(stel +2) < c1,m < sup I](th)
28 (pise) A;

where
Y7 ={sie1 +v:veB; (ot)}U{se1 +v:veogiti; (e)},
A7 ={z=v+oe:veH; 020, |z]m <ot}
PROOF. Since (o, 3) € E; by (2.6) (see also Lemma 5.1(d) in [14]) it follows
that there exists p; > 0 small enough such that m;(p;, o, ) > M;(a, 8) > 0 so

that if we choose £ > 0 small enough and ¢ > 0 large enough in (4.12)—(4.13),
we obtain

(4.22) inf {1V (srer +w) — I( (spe1)} > 0,
weS; (pist) ’ ’
(4.23) sup IU (sie1 +v) < inf I (sie1 + w).
veH; weSH (pise)

By (4.14), (4.22) and (4.23) we also obtain

(4.24) sup I < inf IV (sie1 +2) for all m € N.
s; 2€8f (pise)

By Lemma 4.2 we infer that there exists ¢ > 0 such that for any ¢ > ¢ and any
m € N the functional I](VTT? satisfies the Palais—Smale condition. We may choose
to > t large enough so that also (4.24) holds true. Now the existence of two
critical points and the estimates in (4.21) follows immediately from Theorem 8.2
in [14]. 0

The next step is to prove that any sequence of critical points {wy,} of I](\;'ft)

such that I](Vj? (wp,) is uniformly bounded with respect to m, admits a subse-

quence strongly convergent in H} ().

LEMMA 4.6. Let {wy,} be a sequences of critical points for IJ(V? such that
IJ(VTZ) (wp) is bounded. Then there exists w € HE(Q) such that w,, — w strongly

in H} () up to a subsequence. Moreover, w is a critical point for In .

PROOF. First we prove that {wp,} is bounded in H(£2). Suppose by con-
tradiction that {w,,} is not bounded in Hg (£2) and assume up to a subsequence
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that [[wy|| gz — co. Let @y = wp/([|wiml|g) so that we may assume up to a

subsequence that @, — @ in H}(Q). Since w,, is a critical point for Iz(v t) then

m
s

W, € HE(2) solves the equation

—Aﬁ} = h%n)(x,wm) —t 2l + J(\[m) n H_I(Q)
l[wnm |l lwmllag  Nwmllm

By (3.4) and the proof of Lemma 3.1 we infer that

(4.25) W™y, in L)
for all ¢ € [1,00) ifn=2,
forall g€ [l,n/(n—2)) ifn>2,
foralli=1,...,N,

(4.26) Fom s py i LP(Q)

with p as in (2.2).

If n = 2 then by (3.10), (4.25), (4.26), compact embedding Hg(Q) C L4()
for any ¢ € [1,00) and elliptic regularity estimates [1], we have w,, — @ in
W?24(Q) for any q € [1,p].

If n > 2 at the first step we have @,, — @ in L(Q) and in turn @,, — @ in
W24(Q) for any ¢ € [1,min{p,2n/(n —2)}). Then by iteration, using Sobolev
embeddings and elliptic regularity estimates we obtain the strong convergence
Wy, — @ in W24(Q) for any ¢ € [1,p] also for n > 2. Since p > n/2 by Sobolev
embedding we infer that

(4.27) Wy, — @ in L®(Q)as m — oo,
(4.28) W — @ in Hy(Q)as m — oc.

By (3.10), (3.12) and dominated convergence we also obtain

h(m)
Wz — (a0t — Bw ™)z in LY(Q) as m — oo for all z € H3(Q)

m Hé
so that, by (4.26), the function @ € H}(Q) solves the equation
(4.29) —A = aw’ - B .

Put

. 1 ify >0,
=N 0 ity <o,
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Since (IJ(V’T?)’ (wy,) = 0 and the sequence II(\,”;) (wp,) is uniformly bounded with

respect to m, we obtain

215" (win) — ((I7)) (W), wyn)

(4.30) 0= lim
m—o0 W | 12
. « m m m m
= lim ———+— ’YJ(V )[(wm +’Y](V ))+ - X(’YJ(V ))wm - (7](\7 ))+] dx
m—co |wmllg Jo
mili,
+ lim — p
m—00 || Wy || 1

' /Q Y (wm + 75 = X (A wm + (v§) 7 da

1
— lim 7/[2<I>(m)(sc,wm)—gp(m)(a?,wm)wm] dx
Q

m=00 |[wn|| iy

+ lim </f](vm)@mdw+t/elzﬁmd:c)

with (™) (z, s) and ®(™)(z, 5) as in the proof of Lemma 4.2.
By direct computation one sees that

(431)  [fwmll g 1w + 707 = XO8 ) wm = (F) < ol

(432)  lwall "1 = (@n +257) = X )wm + (7))

< WG @l

By (2.1)-(2.2), (4.25)—(4.27), (4.30)—(4.32) and dominated convergence, we ob-
tain
(4.33) t/ e1wdx :a/(@erV — YL W) dz
Q Q
+ ﬁ/ (—0™ YN +YNW) dz + / fnwdz
Q Q
1
+ lim —— / 20 (2, w,,) — @™ (2, Wiy )W) dz
m—oo meHHg Q
<@+ P)llywlle + I wller + 6llallL) @] e
By Lemma 4.1, we infer that for ¢ > # any function in H{ () which satisfies
(4.29) and (4.33) is identically equal to zero in €. In particular we deduce that
@ = 0 which contradicts (4.28), i.e. ||@[| gz = limy,— oo || W[z = 1. This proves
that {w,,} is bounded in H} ().
Up to a subsequence we may assume that w,, — w weakly in H}(Q) and

since w,,, satisfies

(4.34) / Vw,Vzdx = / [hs\r,n)(z,wm) —ter + fl(vm)]z dx,
Q Q
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for all z € H}(£2), passing to the limit as m — oo, by (3.10), (4.25) and (4.26) we
infer that w is a critical point for Iy ;. By (3.10), (4.25) and Sobolev embedding
we also have

(4.35) h%n) (z, W)W dr — | hy(z,w)wdr as m — oo.
Q Q

Once we use (4.26), (4.34) and (4.35), the proof of the strong convergence w,, —
w in H}(Q) becomes standard and hence we omit it. O

4.1. End of the proof of Theorem 2.1. If we suppose that 8 > p;41(c)
(= B8 > a)and a € [\, \i11) then by Lemma 4.4 in [14] we have that («, 3) € E;
and hence Lemma 4.5 applies so that we may consider the sequences of critical
points {wi m}, {wem} found in Lemma 4.5. We prove that the corresponding
critical levels ¢y, = IJ(V%) (W1,m), Co,m = IJ(\,T? (wa,m) are uniformly bounded with
respect to m. By (4.25)-(4.26) it follows that I](Vrtlt) — Iy, as m — oo uniformly
on bounded sets with respect to the Hi-norm (see the proof of Lemma 20 in [11]
for more details), i.e. for any bounded set B C Hg(£2) we have

(4.36) sup |Ij(vmt)(z) —Inu(2)] =0 asm — oo.
2€B ’

Therefore we have

inf I](VW’;)(stel +2) — inf  Inq(seer + 2),

z€B} (pist) z€B} (pist)
(4.37) (m)
sup IN)t — sup I,
ol ol

as m — oo and

inf I](\,@)(stel +z) — inf  Iy(sier + 2),

2€S8} (pist) 2€S] (pist)
(4.38) (m)
sup IN’t — sup Iy,
A7 AT

as m — o0o. By (4.21) we deduce immediately that {c1 .}, {c2,m} are bounded.
By Lemma 4.6 we deduce that there exist wy,ws € Hg(2) such that up a sub-
sequence

(4.39) Wym — W1, Wam, — Wa N Hj(Q) as m — oo.
In particular by (4.25)—(4.26) and (4.39) we obtain
(4.40) Clym = IJ(\Z? (wi,m) — Ing(w1), com = I](ant) (wa,m) — Int(w2)

as m — 0o. On the other hand since the estimates (4.12)—(4.14) in Lemma 4.4
are uniform with respect to m, by the pointwise convergence

Ij(vn?(z) — In¢(2) asm — oo for all z € H}(Q),
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arguing as in the proof of Lemma 4.5 we obtain

(4.41) sup Iy < inf  Ini(seer + 2)
b ZES;F(PiSt)

with p;, 3; and t > %y as in Lemma 4.5.
Moreover, w; and wq are critical points for Iy ; and by (4.21), (4.36)—(4.41)
we obtain

inf  Ing(sier +2) < Ini(we) <supln,
2B (pist) .

< inf  In(sier +2) < Iny(wr) <suplny
z€S} (pist) AT

and hence the functional I+ admits two critical points at distinct levels.

As we explained in Section 3, to any solution w of (3.11) corresponds a so-
lution w of (1.1) given by u = w + . Therefore the functions u; = wy + vy
and uy = we + N are distinct solutions of (1.1). This completes the proof of the
theorem. O

5. Proof of Theorem 2.3

In this section we assume that g(z,s) satisfies (2.1) and (2.2). As in the
proof of Theorem 2.1 we introduce a sequence {p,, } C L?(Q2) such that p,,, — p
weakly in the sense of measures as m — oo and the corresponding functionals

m ]‘ m m
Ij(vyt)(u): 5/Q\Vu\Qd;v—/QH](\, )(x,u)dx—i—t/(zeludx—/ﬂfl(v Juda

for all uw € H}(Q2). By Lemma 4.2 we know that I](Vﬁ) satisfies the Palais-Smale
condition for ¢ > t. We want to prove that under the assumptions of Theorem
2.3, the functional I](\,?Z) admits at least three critical points at different levels for
t>t.

Taking into account Remark 2.2, we prove the Iz(vﬁ) has the geometrical
structure “links in scale and bounds” described in [14] for ¢ > ¢ and we prove
that it admits at least three critical points under this restriction on ¢.

LEMMA 5.1. Let k > j > 2 be such that \j_1 < A\j = ... = A < Apq1. For
anyt>0let sy =t/(a— ). If (o, ) € ExNE;_1 and > py1() (= 8> )
then there exist p, > 0, pj—1 > 0, to > 0, e € Hi- \ {0}, &% > pi/(a — A1),
Tj_1 > pj_1/(a— A1) all independent of m such that if o, > Tk, 0j_1 > Tj_1,

o > 0j_1,t >ty and m € N then IJ(\Tt) admits three critical points w1 m, W2 m,
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w3 m ot levels c1,m, Com, C3.m With

(5.1) inf 10 (syeq + 2) < c3, < sup 107
z€B}_ (pj-15t) S,
< inf I](V"?(stel +2z) < com < sup I](\,"?
ze€S (pjas) A,
<sup I](th) < inf I](th)(stel +z) < c1,m < sup I](th)
sp 0 2€S[(pkse) ap

where

Y= {ste1 +v:ve Bj:l(o'j_lt)} U{ster +v:ve aj_ltEJll(ej)},
Y, ={ste1+v:ve B (oxt)U{sier +v:v e oty (e)},
AT

i1 ={z=v+oe;:veEH; 1, 020, |z|g <oj-1t},

Ay ={z=v+oe:v€Hy 0>0, 2]g <ot}

PrOOF. Since (o, ) € E;_1, using the inequalities (4.9), (4.10) with j —1
in place of ¢ and arguing as in the proof of Lemma 4.5, we infer that there exist
pj—1 > 0 and ¢; > 0 such that
(5.2) inf  {I§) (seer +w) — I{ (sie1)} > 0

weST  (pj_1s:)

for all £ > t; and all m € N and

(5.3) sup I}vﬁ)(stel +v) < inf I](Vn;)(stel + w)

vEH; 1 wES;Ll(pjfwt)

for all ¢ > ¢; and all m € N. Since («a, 8) € Ej then by Lemma 5.1 (by) in [14] we
have that max, . - (1) @a,s(v) <0 and in particular MaX,ex- (o)) Qa,p(v) <O0.
Therefore arguing as in the proof of Lemma 4.4 (c), we infer that there exist
0j—1 > 0 and t9 > 0 such that for any g;_1 > 01 and t > ty we have

(5.4) sup {Ij(vﬁ)(stel +v) — I](\,T?(stel)} <0 forallmeN.
veo;1tT;_ 4 (ej)

Combining (5.2)—(5.4) and choosing ¢35 > max{t1,%2}, we obtain

(5.5) sup I](th) < inf I](th)(stel +2z) forallt>t;and allmeN.
% ’ z€Sf  (pj—18:)

Since (o, 8) € Ey and > pgy1(a) then arguing as in the proof of Lemma 4.5
with & in place of ¢ we also obtain

(5.6) sup IJ(\;Z) < inf Ij(vﬁ)(stel +z) forallt>ty, and all m € N
SR z€8 (prse)

for a suitable py > 0 and for t4 > 0 large enough.
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By Lemma 4.2 we infer that there exists ¢ > 0 such that for any ¢ > ¢ and
any m € N the functional I](VTZ) satisfies the Palais—Smale condition. We may
choose tg > max{ts,t4,t} so that also (5.5) and (5.6) hold true.

Consider now the inequality (5.5). Then Theorem 8.2 in [14] applies and
hence for any t > tg and any m € N, the functional I](Vrt;) admits two critical
points wa ,,, w3 m respectively at levels ca p,, c3,.m With

(5.7) inf Ij(vmt)(stel +2) < cgm < sup I](VT?
263;11(/)3'—1&) ’ =, ’
< inf vaﬁ)(stel +2) < com < sup I](Vm).
2€S1  (pj1s:) AT, ’

If we consider now (5.6), applying the classical linking theorem [17], we infer
that for any ¢ > ¢y and any m € N, the functional I](sz) admits a critical point
w1,m at level ¢1 ,, with
(5.8) sup IJ(V@) < inf II(V"?(stel +2)<cim < supIJ(\:'?.
Sr 2€S (prss) a;

By (5.7) and (5.8) we deduce that (5.1) holds true since o;_1 < o} and in turn
A, C Xy O

5.1. End of the proof of Theorem 2.3. Since (o, ) € E; N E;_; and
B > pr+1(a) then Lemma 5.1 applies so that we may consider the sequences of
critical points {w1 m}, {w2,m}, {ws,m} found in Lemma 5.1. With the procedure
introduced in the proof of Theorem 2.1 one can see that the critical levels ¢; ,, =
IJ(V?Z) (W1,m), Co,m = I](\;?t) (wa,m), C3.m = Igvn;)(WS,m) are uniformly bounded with
respect to m. By Lemma 4.6 we infer that there exist wy,ws, w3 € H}(Q) such
that up to a subsequence

(5.9) Wim — Wi, Wam — W2, W3, — w3 in Hé(Q) as m — 00.

In particular by (4.22)—(4.23) and (5.9) we obtain as m — oo
(5.10) Com = I

Arguing as in the proof of Theorem 2.1 we also obtain

(5.11) sup Iy < inf In(sier + 2)
57, 2€81_ 1 (pj—151)
(5.12) sup Iy < inf  Ini(sier + 2)
D z€8 (prst)

with p;_1, px, Z;_l, ¥, and t > tg as in Lemma 5.1.
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Moreover, wi, wa, ws are critical points for Iy, and by (4.33), (5.1), (5.9)—
(5.12) we infer that

inf Ini(sier +2) < Ini(ws) < sup Iy,
zeB;Ll(pj,lst) pob
j—1
< inf Ini(sier +z) < Ini(we) < sup Iny
2€ST_ 1 (pj—151) AT,

<suplny: < inf  Ingi(sier +2) < Ini(wr) <suplyg
b 2€S} (prse) A
which proves that Iy ; admits three critical points at distinct levels. Finally the
functions u; = w1 + YN, Uz = wa + YN, Uz = w3 + Yy are distinct solutions of
(1.1). This completes the proof of the theorem. O

6. Proof of Theorem 2.4

As in the proof of Theorems 2.1 and 2.3 we introduce again the sequence
{itm} C L?(Q) such that p,, — p weakly in the sense of measures as m — 0o
and we define the functionals

1

for all u € H}(Q). By Lemma 4.2 we know that the II(VT,”t) satisfies the Palais—
Smale condition for ¢ > 7.

The proof of this result is very close to the proof of Theorem 2.1 in the case
(3 > a and hence we will omit some details.

We start with the following

LEMMA 6.1. Leti > 1 be such that A; < A\jy1. Let o, B be such that o > (3
and o > A\1. For any t > 0 define s; = t/(a— A1). For any € > 0 small enough
there exists d > 0 such that:

(a) If we assume that n;(a, ) > —oo then there exists C > 0 such that for
any t > 0 and m € N we have

(6.1) in}fl{lj(\,nl)(stel +w) — 17 (sie1)} = s2(ni(a, B) — 3eA; — £C) — d.

we

(b) For any p>0,t>0 and m € N we have

(6.2) sup {I}Vﬁ)(stel +) — I](Vn;)(stel)}
vES; (pst)

< st(Ni(p, a, B) + 3eAr + 2¢p) + d.

(¢c) If we assume that B < v;(«) then there exist a; > 0,t >0, e € H; \ {0}
all independent of m such that for any o; > 74, t >t and m € N, we
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have

(6.3) sup {Igtbt)(stel +w) — I}Vﬁ)(stel)} > 0.
wEaitE;r(e)

PROOF. For any z € H}(Q) let u = z/s;. We write
(6.4) I](V?(stel +2)— I](\;Z)(stel)
- sf{Qa(u) + b / ((ex +u)™)? da:} + R™)(t, 2)
Q

2
o —

= s#{Qupt+ 252 [er 407~ e f + R, 2)

o —

where R("™(t, z) = Jo [T (z,50e1) — T (2, s.e1 4 2)] da with T (z, 5) as in
Lemma 4.3.

Then by Lemma 4.3 we infer that for any € > 0 there exists d > 0 independent
of m such that

(65) Rt 2)] < elllseer + 23y + llseerll?y) +d for all = € H(Q).

(a) Since n;(a, 8) > —oo then by Lemma 7.1 (b1) in [14] we have that ¢ =
inf e 5+ 1) Qa.5(w) > 0so that by (6.4) and (6.5), it follows that for any w € H;-
we have

(6.6) Iy (sier+w) — Iy (see1)

> clully; (- ) |

sieqw”dr — 3eA 57 — 25||w||§{é —d
Q

and, by (2.8), we also have

(6.7) I}V%)(stel +w) — I](Vn;)(stel) > s7ni(a, B) — 3eA s — 25||w||§101 —d.
Using (6.6) with [|wl|gz > s¢((a — B)/(v/A1(c — 2¢))) we obtain

(6.8) I](\Z?(stel +w) — Ij(vﬁlt)(stel) > —3eMs? —d

and using (6.7) with ||w| g1 < si((a — B)/(VA1(c — 2¢)) we also obtain

m m ((Jé B 6)2
(6.9) I§V7t)(5tel +w) — I](V,t)(stel) > 57 <ni(a,ﬁ) —3eM — ZEW —d.
Since n;(a, 3) < 0 then by (6.8) we deduce that (6.9) holds for any w € H;-.
(b) Choosing z = v € H; with [[v]|gz = psi, by (2.7), (6.4) and (6.5) we
immediately obtain (6.2).
(c) Since 3 < v;(«) then there exists e € H; \ {0} such that

¢ = inf > 0.
E:r(e) Qa,ﬂ
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Then by (6.4) and (6.5) we obtain for w € o;tX] (e)

Ij(vﬁlt)(stel +w) — I](\,rflt)(stel)

2 _ 2
>sf(cw —(cu—ﬁ)/elw—dx—i%s)\l—%E )—d.
St Y Q St St |l
Therefore, if ¢ is small enough and [|w/s¢[|gz = oi(e — A1) and s; are large
enough, then (6.3) follows. O

Then we prove

LEMMA 6.2. Let i > 1 be such that A\; < A\iy1. Let (o, B) € F; (= a > f3)
and B < vi(a). For any t > 0 let sy = t/(a — A\1). Then there exist p; > 0,
to >0, e € H;\ {0}, 7; > p;/(a — A1) all independent of m such that if o; > 7,
t >ty and m € N then I](Vﬁ) admits two critical points Wi m,, wa m Tespectively
at levels ¢i m, C2,m with
(6.10) inf I](th) <com < sUp II(\;”t)(stel +2)

Ay o 2€8; (pist) 7
< infffvyz) <cim < osup IJ(V? (ste1 + 2)

N z€B; (pist)

where

Y7 = {sie1 +w:w e B (0:t)} U {see1 +w:w € 0tS] (e)},
Af ={z=w+oe:wecH >0, 2]z < o3t}

7

PROOF. Since (o, §) € F;, by (2.9) (see also Lemma 7.1 (d) in [14]) it follows
that there exists p; > 0 small enough such that N;(p;, o, 8) < n;(a, 8) < 0 so
that if we choose € > 0 small enough and ¢ > 0 large enough in (6.1), (6.2) we

obtain

(6.11) sup {17 (sier +v) — 1§ (see1)} <0,
veS; (pist)

(6.12) sup I](Vrfbt)(stel +v) < infLI](\;tLt)(stel + w).

vEST (pist) weH;

By (6.3), (6.11) and (6.12) we also obtain

(6.13) sup II(V"?(stel +) < ianJ(th) for all m € N.
vES] (pist) ’ =k

By Lemma 4.2 we infer that there exists ¢ > 0 such that for any ¢ > ¢ and any

m € N the functional IJ(\;:&) satisfies the Palais-Smale condition. We may choose

to > t large enough so that also (6.13) holds true. Now the existence of two

critical points and the estimates in (6.10) follows immediately from Theorem 8.2

in [14]. O
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Since in Theorem 2.4 we assume that o € (A\;, \i+1] and o > [ then (o, ) €
F,; (see Lemma 6.2 in [14]) and hence Lemma 6.2 applies. The proof of the
theorem now follows by Lemma 4.6 repeating the procedure introduced in Sub-
section 4.1.

7. Proof of Theorem 2.6

We give here only an idea of the proof since it easily follows using the pro-
cedure introduced in the proof of Theorem 2.3.

LEMMA 7.1. Let k > j > 2 be such that \j_1 < A\j = ... = A < Ap41. For
anyt>0let sy =t/(a—N\). If (o, B) € FxNFj_1 and B < vj_1(a) (= a> )
then there exist pr, > 0, pj_1 > 0, to > 0, e € Hj_1 \ {0}, 7k > pr/(ax — \1),
Tj—1 > pj—1/(a— A1) all independent of m such that if o, > Tk, 01 > Tj_1,
or < 0oj_1,t >ty and m € N then the functional II(VTT? admits three critical points
Wi,m, W2,m, W3,m 6t levels 1 m, Co.m, C3m With
(7.1) inf I](\Tt) <cgm < sup I](an)(stel +z) < inf I](Vrt;)

A;;l zESjil(pjfwt) 2;11

<inf IJ(VTZ) <cym < sup I}Vﬁ)(stel + 2)
Alj 2€S, (prst)

<inf IJ(VTZ) <cim < sup I](Vﬂ’lt)(stel +z)
le : z€By (prst)

where
2;1 ={s;er +w:we Bjtl(aj_lt)} U{ster +w:w € oj_1tE; 4 (e)},
S5 ={ster +w:w € B (oxt)} U {sie1 +w:w € optX] (ex)},
AT ={z=w+toe:we Hj=—y, 0>0, [2llgp < 051t}
A ={z=w+oe,:we Hf, 0 >0, 2l mp < owt}

PrOOF. Since (o, ) € Fj_1 and § < vj_1() arguing as in the proof of
Lemma 6.2 with 57 — 1 in place of ¢ we deduce that there exist ¢; > 0 such that
(7.2) sup I}V%)(stel +2) < inf I](VTth)

2€S; 1 (pj—15t) Eytl

for t; > 0 large enough.
On the other hand, since (a, 8) € Fj then by (6.1) and (6.2), arguing as in
the proof of Lemma 6.2, we deduce that there exist px > 0 and ¢ > 0 such that

(7.3) sup {17 (seer +v) — Iy (see1)} < 0
vES, (prst)
for all £ > t; and all m € N and

(7.4) sup I](V@)(stel +v) < infLI](vrt?(stel + w)
veS, (prst) weHy
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for all ¢ > to and all m € N. Since (o, §) € F;_; then by Lemma 7.1 (b;) in [14]
we have ¢ = infwes;r_l(l) Qa,3(w) > 0 and in particular infwez;:(ek) Qa,p(w) > 0.

Arguing as in the proof of Lemma 6.1(c), we infer that there exist 7 > 0
and t3 > 0 such that for any o, > 7 and ¢t > t3 we have

(7.5) sup {I](Vrf?(stel +w) — II(VTth)(stel)} >0 forallmeN.

wEaktEﬁ(ek)

Combining (7.3)—(7.5) and choosing t4 > max{ts,?3} we obtain

(7.6) sup I}Vﬁ)(stel +2) <in II(V”? for all ¢ > ¢4 and all m € N.
2€S, (prst) ’ EkJr 7

By Lemma 4.2 we infer that there exists ¢ > 0 such that for any ¢ > ¢ and any
m € N the functional IJ(\Tt) satisfies the Palais—Smale condition. We may choose
to > max{t1,ts,¢} so that also (7.2) and (7.6) hold true.

Consider first the inequality (7.2). Then Theorem 8.2 in [14] applies and
hence for any t > ¢ty and any m € N, the functional IJ(VTtlt) admits a critical point
ws,m at level c3 ., with

(7.7) inf I <z < sup IF (sien+2) < inf Iy
AT z€S8;_ 1 (pj—15t) Zi1

On the other hand if we consider the inequality (7.6) then applying again Theo-
rem 8.2 in [14] we infer that for any ¢ > ¢, admits two critical points w1 m, w2 m
respectively at levels ¢i m, c2.mm With

(7.8) inf I](\Z? <ecogm < sup I}Vﬁ)(stq + 2)
AR z2€8, (prst)

< inJrfI](\;?t) <cim < sup Il(abt)(stel + 2).
g 2€B, (prst)

Then (7.1) follows by (7.7)—(7.8) since o), < 0;_1 and in turn A} C E;ﬁl. O
The proof of the theorem now follows by Lemma 4.6 and Lemma 7.1 repeating
the procedure introduced in Subsection 5.1.
8. An alternative proof of Theorems 2.1 and 2.6 for p > 0

In this section we give an alternative proof to our multiplicity results when
1 is a nonnegative Radon measure. We assume that the nonlinearity g(z,s) =
ast — 357. We consider again the functional

1
IN,t(u):§/ |Vu\2da:—/HN(x,u)dx+t/eludx—/fNudx
Q Q Q Q

for all u € H}(Q2), introduced in Section 3 and we look for its critical points. We
show that Iy ; satisfies the Palais-Smale condition under the restriction p > 0.
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LEMMA 8.1. Let n > 2 and assume that g(z,s) = ast — 3s~ with o # (.
Moreover, suppose that at least one of the two alternatives occur

(a) B>aand 8>\
(b) a> B and o > Aq.

If i is a nonnegative Radon measure then there exists t > 0 such that for any

t >t the functional Iy satisfies the Palais-Smale condition.

PROOF. Since u is a nonnegative Radon measure, by (3.2)—(3.3) and the
weak comparison principle (see Lemma 3 in [7]) we deduce that vy, is nonnegative
for any k£ > 1. In particular the function vy = Zf;l v; is nonnegative. In view
of Theorem 2.5 in [14], in order to prove the Palais—Smale condition, it is enough
to verify the two conditions

(8.1) 2[Hn(z,8) + fns] — [hn(z, s) + fn]s < ag(z)]s]
for almost every z € Q, for all s € R, if 3 > a and § > A\; and
(8.2) 2[Hy (2, 5) + fns] = [hn (@, 8) + fn]s = —ao(@)]s]

for almost every = € ), for all s € R, if a > 8 and a > A; where the function
ap € L1(Q) with ¢ >1ifn=2and ¢ > 2n/(n+2) if n > 2.
Since yn > 0, by direct computation we obtain

(8.3) 2[Hy(x,8) + fns] — [hn(z,8) + fn]s = fns i s+yn >0,

(8.4) 2[HN(w,s)+ fns] — [hn(,5) + fn]s = (B — a)yn(s +n) + fns
if s+ yn <0.

By (8.3), (8.4) we obtain (8.1), (8.2) respectively in the cases 8 > o and o > 8
with ao(z) = |fn(z)| € LP(?), p > n/2. O

In view of Lemma 8.1 and (3.12) we may apply Theorems 4.14 and 4.17 in [14]
respectively under the assumptions of Theorems 2.1 and 2.3 and obtain existence
of two and three solutions for (3.11). In the same way, applying Theorems 6.7
and 6.10 in [14] respectively, under the assumptions of Theorems 2.4 and 2.6 we
obtain again the existence of two and three solutions for (3.11).
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