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NEUMANN CONDITION
IN THE SCHRODINGER-MAXWELL SYSTEM

LORENZO PISANI — GAETANO SICILIANO

ABSTRACT. We study a system of (nonlinear) Schrodinger and Maxwell
equation in a bounded domain, with a Dirichelet boundary condition for the
wave function ¥ and a nonhomogeneous Neumann datum for the electric
potential ¢. Under a suitable compatibility condition, we establish the
existence of infinitely many static solutions ¥ = u(z) in equilibrium with
a purely electrostatic field E = —V¢. Due to the Neumann condition, the
same electric field is in equilibrium with stationary solutions 1 = e~ *tu(x)
of arbitrary frequency w.

1. Introduction

This paper is concerned with a system of Schrodinger and Maxwell equations.
The unknown are the wave function ¢ = ¥ (x,t) and the gauge potentials A and
¢ related to the electromagnetic field (E, B). In other words the electromagnetic
field is not assigned, but it is generated by the charged particle whose wave
function is ¢. This topic has been introduced by Benci and Fortunato in [3] and
it has been developed in several papers (see references below).

We consider a stationary wave
(1.1) ¥ = ulw) e,
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252 L. P1SANI G. SICILIANO
with u(z) € R and w € R, in equilibrium with a purely electrostatic field
(1.2) E=-V¢

with ¢ = ¢(z).
Using the minimal coupling rule (see [6] or [20]), after some calculations,
which can be found in [3], we get the following system

1
(1.3) —§Au + qopu =wu,
(1.4) —A¢ =dmqu’.

We point out that (1.4) is the Gauss equation with charge density p = qu?
and ¢ is the charge of the particle whose wave function is ©. Indeed, if we assume
the usual normalizing condition for the wave function

(1.5) /wsz
Q

/pdxz/undx:q.
Q Q

The system (1.3)—(1.4) will be studied in a open bounded regular set Q C R3
with the following boundary conditions

we have

(1.6) u(z) =0,
(1.7 2 () =(x).

where n denotes the exterior unit normal on 9f).

The Neumann condition on ¢ has an interesting physical interpretation: g
prescribes the charge of the particle. Indeed we have the well known compati-
bility condition between (1.4) and (1.7):

747rq/u2d:r:/ gds.
Q ble)

Taking into account the normalizing condition (1.5), we deduce the necessary

condition

1
(1.8) q=—-—— gds.
4 i)
Of course the equations (1.3) and (1.4) are really coupled if g # 0.
In the paper of Benci and Fortunato [3] the same system (1.3)—(1.4) was
studied with the Dirichlet condition also on ¢. Here the Neumann condition has

another interesting consequence.
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The “eigenvalue” w plays no role in the existence of solutions of (1.3)—(1.4).
Indeed, suppose g # 0, for every w € R, the pair (u, ¢) is a solution of

—%Au +qopu=0 1in Q,

A¢+4dmqu? =0  in Q,

u(z) =0 on 01},

g—ﬁ(x) = g(x) on 0f),
if and only if (u, ¢ —w/q) is a solution of (1.3)—(1.4) (1.6)—(1.7). In other words,
if we find wu(z), static solution of the Schrédinger equation, then we have also
the stationary solutions (1.1) with any frequency w € R. All these solutions are
associated to the same electric field, indeed the change of variable ¢ — ¢ — w/q
has no effect on E defined by (1.2).

We recall that in the Dirichlet problem we have infinitely many solutions
of (1.3)—(1.4), for every value of the charge, but with discrete values of the
frequency w.

As it is usual in this kind of problems, we can perturb the Schrédinger
equation (1.3) with a nonlinear term |u[P~2u. So our main result can be stated
as follows.

THEOREM 1.1. Consider the system

f%Au+q¢ufa\u|p*2u:O in

A¢ + dmqu® =0 in §,
(1.9) u(z) =0 on 09,

/ u?(z)de =1

Q

% ) = o) on 00,

with ¢,a € R, p € (2,10/3), g € HY2(0Q). If (1.8) holds true with q # 0, then
there exist {uy} C H}(Q), x € HX(Q), {vx} € HY(Q), {u} C R with

/de:/apkdxzo and /|Vuk|2dx—>oo, i — 00,
Q Q Q

as k — oo, such that (ug, x + ¢r + pr) are solutions of (1.9).

REMARK 1.2. By our choice of the functional spaces, whose definitions we
recall below, the solutions we find have finite energy.

REMARK 1.3. We point out that the perturbation |u[P~2u does not influence
the existence of solutions, indeed we can consider also a = 0. If o < 0, the same
result holds with p € (2, 6).
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REMARK 1.4. If (1.8) holds true with ¢ = 0 (uncoupled case), there are
infinitely many solutions of (1.3)—(1.4), (1.5)—(1.7) with discrete frequencies w,
even if we perturb (1.3) with |u[P~2u.

We recall that the case with assigned electromagnetic field has been studied
in [1], [2] and [11].

On the other hand, after the quoted paper [3], a large literature on sys-
tems of Schrodinger-Maxwell equations and Klein-Gordon—Maxwell equations
has been developed. The existence and non-existence of solitary waves in R"
for Schrodinger-Maxwell systems has been studied in [8]-[10], [14], [18]. Other
papers are concerned with the semiclassical limit in the Schrodinger equation,

i.e. they consider
h2
—?Au + qdu = wu + f(u)

(coupled with (1.4)) and study the asymptotic behavior of solutions as i — 0
(see [12], [13], [16], [17], [23]). Multiplicity results and non-existence theorems on
Klein-Gordon-Maxwell systems can be found in [4], [5], [7], [14], [15], [19], [21].

2. Variational setting
In (1.8), for the sake of simplicity we assume
(2.1) qg=—-—— gds = —1.

Moreover, we shall consider the more interesting case o > 0.
Taking into account (2.1), we have to solve

—%Au—¢u—a|u|p_2u:0 in Q,

AP —4mu? =0 in Q,
(2.2) u(z) =0 on 09,

/ u?(z)de =1

Q

%(:c) = g(x) on 0f).

First we make a change of variables to deal with an homogeneous boundary
datum. So we consider the problem

Ax =K in Q,

(2.3) /Q xdz =0,

ox
8—11*9 on 0},

where K = 47 /|Q| and || is the measure of Q. By (2.1), the problem (2.3) has
a unique weak solution of class C'(Q) (see [25]).
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Now we set
7 ),
p=r o7 | ¢dr, o=0¢—Xx—p
12[ Jo

With the new variables (u, ¢, ), our problem (2.2) becomes

(2.4a) —%Au —(x+@)u—alulP2u=pu in Q,
(2.4b) Ap+ K —4mu* =0  in Q,
(2.4c) u(z) =0  on 09,
(2.4d) /Qu2(x) dr =1,

(2.4e) g—i =0 on 09,
(2.4f) /Q p(x)dr =0.

The problem (2.4) has a variational characterization as eigenvalue problem.

Consider the Sobolev space H'(Q2) endowed with norm

1€l = [I€ll2 + 1VE]l2,

where, hereafter, || - ||, denotes the usual LP norm. We have
H' Q) =H®R

where H = {n € H'(Q) : Jondz =0}

On H we have the equivalent norm Inllz = IVnll2-

We recall that Hg () denotes the completion of C§°(2) in H(Q2). In H}(Q2)
we shall use the equivalent norm [[v[| g1 = [V

Consider the functional F: H}(Q) x H*(Q2) — R defined as follows

(2.5) F(u,¢) = /Q (31|Vu2 - %Xﬁ - Z|u|p> da

1 [, 1 1
_Q/QU ¢dx—/g)(16ﬁ|V¢| dx—2|Q|(b) dx.

This functional is C! and we have, for every v € H}(2) and & € H'(Q2),

(26)  (F(u,0),0) = / (;ww (¢t x)uw — a|up_2uv> dz,

Q

27 (Fiu.¢).6) = /Q (— 8%%% - %“25 + ﬁ ) -

S = {ueH&(Q):/Qquazzl}.

Let
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Such S is a smooth manifold of codimension 1; for every u € S the tangent space
to S is

(2.8) T.S = {v € H}(Q): /qu dx = 0}.

Now we can characterize the solutions of (2.4).

THEOREM 2.1. The triplet (u,,pn), u € HI(Q), ¢ € HY(Q), p € R, is
a solution of (2.4) if and only if (u, ) is a critical point of F constrained on
S x H and

n= <F1:(u7 90)’“>'

We recall that (u, ) critical point of F' constrained on S X H means that
(u, ) € S x H and

(2.9) (F!(u,p),v) =0, forallveT,S,
(2.10) (Fy(u,),m) =0, forallne T,H=H.

PROOF. The “only if” part is obvious.

Suppose that (u,) is a critical point of F' constrained on S X H. The
normalizing condition (2.4d) and (2.4f) are satisfied.

From (2.9) and (F) (u,¢),u) = u, by standard arguments, we obtain (2.4a)
and (2.4c).

Now consider ¢ € H'(€2). We have £ =7+ A with € H and A € R, hence

(2.11) (F(u, ), &) = (Fi(u, 0),m) + (Fy(u, ), A) = 0.

Indeed

(a) (Fj(u,¢),m) = 0 by (2.10).
(b) On the other hand

1 A A
F/ A= —=) 2de+ — | d :7/ 2dx —1) = 0.
(i) 3) = =57 [ ot g [ do= ([ tar—)

From (2.11) we deduce (2.4b) and (2.4e). O

The functional F constrained on S x H is unbounded from above and from
below, even modulo compact perturbations. So the next step is to characterize
the critical points of F' constrained on S X H as critical point of a functional
defined on S and bounded from below.

The following result follows from the Sobolev embedding and the Riesz rep-

resentation theorems.
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PROPOSITION 2.2. For every w € LS/3(Q) there exists a unique L(w) € H
such that, for everyn € H,

/ VL(w)Vndx—i—/ wndzr = 0.
Q Q

The map L: L/5(Q) — H s linear and continuous, hence C.

The next result follows from well known properties of the Nemytsky operator
(see e.g. [26]).

PROPOSITION 2.3. The map u € L°(Q) +— 4nu® — K € L%/°(Q) is of
class C*.

Taking into account the previous propositions, we can define the C! map
O:H}(Q) — H,  ®(u)=LAru? - K).

For every (u,p) € HL(Q) x H, we have ¢ = ®(u) if and only if, for every
neH,

(2.12) / VoVndr + / (4mu® — K)ndx = 0.
Q Q

If we take n = ®(u) in (2.12), we obtain

/ VO (u)|2dx + / (4mu* — K)®(u) dx = 0,
Q Q
that is
(2.13) / |V<I>(u)|2d:r+/ 4ru*®(u) dx = 0,
Q Q
from which we deduce
IV@()|3 < drflu?[l2f|@(u)l|2 < eiflullFIVE(w)ll2
(where, from now on, ¢;, i = 1,2,... stand for suitable positive constants). So
V@ (u)]l2 < 2l Vul3

and we have proved the following lemma.

LEMMA 2.4. The map ® is bounded, i.e. it maps bounded sets of H}(Q) in
bounded sets of H.

REMARK 2.5. We notice that, for every (u, ) € H}(Q) x H, (2.12) can be
written as (Fj(u, ¢),n) = 0, hence the map ¢ = ®(u) is implicitly defined by
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Fj(u,p) = 0, as cotangent vector on H. Moreover, if u € S, then (2.11) holds
true for every £ € H(), so we deduce that ®(u) € H is the unique solution of

Ap+ K —47u? =0 in Q,

dp
(2.14) In 0 on 0L,

/(pdwzo.
Q

On the other hand, if u ¢ S, the problem (2.14) has no solutions. In this sense
®|g is implicitly defined by (2.14). Since @ is C', we have proved that the
solution of (2.14) has a C*! dependence on u € S.

So we can define the C'! functional
(2.15) J:H(Q) — R, J(u) = F(u, ®(u)).
From the previous remark we deduce that for every u,v € H}(Q)
(J' (), v) = (Fy (u, ®(u)), v).
Then we easily get the following result.

THEOREM 2.6. The pair (u,p) € S x H is a critical point of F' constrained
on S x H if and only if u is a critical point of Jig and ¢ = ®(u).

Taking into account Theorem 2.1 and Theorem 2.6, we have to prove that
there exists a sequence {ug} of critical points of J constrained on S. Then we
shall set

pke = (Fy (ur, o) ur) = (Fy (ug, @(ug)), un) = (J' (ur), ur)-

Finally, in order to complete the proof of Theorem 1.1, we are going to show
that
[Vukllz =00, (J'(uk), ur) — 0.

3. Proof of Theorem 1.1

The functional J has been defined in (2.15). Taking into account (2.13), we
obtain

1
J(u):/Q(f|Vu|2—§Xu f—\u|p dz+7/ [V (u |2d:c

First we prove that J constrained on S is bounded from below.
Let D a regular domain in R™. Using the Sobolev Embedding Theorem, we
can prove a simple lemma about the Sobolev space

Whs(D) = {u € L*(D) : Vu € L*(D)}.
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LEMMA 3.1. Assume

(3.1) 1<s<n,
(3.2) s<p<st= s ,
n—s
(3.3) 0<r§n(1—’1>.
S

There exists C > 0 such that, for every u € Wh5(D),

(3-4) lully < Cllullpr . llulls.

ProOOF. By (3.2) and the Sobolev embeddings, we have
(3.5) Wls(D) — LP(D).

For every u € W'*(D), we have |u|” € L*/"(D) and |u|P~" € L*/=")(D), indeed
the left hand side of (3.2) and the right hand side of (3.3) imply that

s(p—r)

(3.6) € (s,s%).

So, by the Holder inequality, we deduce
(3.7)

fally = | ful =l < Wl ol g = Wl -l
By (3.6), we get
(3.8) [ullsp—r)/(s—r) < Cllullw.s
with C' independent of u. Substituting (3.8) in (3.7), we get the thesis. O

REMARK 3.2. If D is bounded, then (3.4) is trivially true also in the case
p € [1,s], with r < p. Moreover, if u € WOI’S(D), then we can write

(3.9) l[ullp < ClIVullg™" {ulls.
ProrosiTION 3.3. The functional
1 1
(3.10) ntw) = [ (§19aP = a2 = jup) o

constrained on S, is bounded from below and coercive, that is for every sequence
{un} C S, if ||Vuy|l2 — oo then Ji(u,) — co. Hence the functional

1
= — |V® 2
T(w) = Ji(w) + 7= V()3
constrained on S, is bounded from below and coercive.
PRrROOF. For every u € S we have

/ yu? dx
Q

(3.11) < [Ixlloollu® [l = Ixllsc lull3 = lIxloo-
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Now we apply Lemma 3.1 with s = 2 and n = 3. Since 2 < p < 10/3, we have

p—2<3(1—2)<2,

and we can choose r such that
p—2<7‘§3(1—§).

/ |ulP do < e5]|Vul[5".
Q

So, by (3.9),

Therefore we obtain
1 _ 1
Ji(u) > ZIWUH% — ol Vuls™" — 2 Ixlloo,

which implies the thesis about J; (indeed p — r < 2). Since J(u) > Ji(u), the
same conclusions follow for J. O

THEOREM 3.4. The functional J|g satisfies the Palais—Smale condition, i.e.
every {u,} C S such that {J(uy)} is bounded and J"S(un) — 0 has a convergent
subsequence.

ProOOF. Let {u,} C S such that
(3.12) {J(un)} is bounded,
(3.13) Tls () — 0.

Since J is coercive, from (3.12) we deduce that {u,} is bounded in H}(f2), hence,

up to subsequence,
(3.14) u, —u in H}(Q).

Since Ji, defined in (3.10), is bounded from below, from (3.12) we deduce that
{|IV®(uy)|2} is bounded; then, up to subtracting a subsequence, we have also

on =P(u,) = ¢ in H.
By the compact embedding of H}(Q) in L*(Q), we have
(3.15) U, —u in L*(Q)
and of course u € S. We have to prove that
(3.16) Up, — u  in Hy(Q).

For simplicity, we set T,, = T3, S. (3.13) means that for every sequence
{&n} € HY(Q) with &, € T, it results

(3.17) (T (1), )] = Enll€nll  with £, — 0.
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Let P, be the projection on T},. Consider

&n = Pp(up —u) = (/ Uy, dT) Uy, — u € Ty
Q

By (3.15), we have

(3.18) ap = / Uy dr — 1
Q

and, in virtue of (3.14),

(3.19) & —0 in H} ().

By (3.17) and (3.19), we have

(3.20) (J' (up) — J'(u), &) — 0.

Expanding the bracket, one reads

1
(3.21) (J (up) — J' (u), &) = 5/ |V, — Vul*dz + A, + B, + C,
Q
where,
A, = %(an -1) / (Vuy, — Vu)Vu, dz,
Q

B, = /[U(x+so)—un(x+<pn)}€n dz,
Q

Cn: P2y np_2 n nd .
a/ﬂuu\ 0= fun P20 d

(3.16) will follow from (3.20) and (3.21) if we prove that A4,, B,,C, — 0.
By (3.18) we have

1
4] < Flan = 1[[Vun = Vull2||[Vug]lz — 0.
Furthermore (3.19) yields ||&,||s — 0, so

[Bal < (llunllsllx + @nlls + lullslx + ¢lls)[1€nlls — 0.

Since 2 < 2(p — 1) < 14/3 < 6, and {u,} is bounded in H{(f2), we deduce that
{llunll2(p—1)} is bounded. Then, since ||, |2 — 0, we obtain

Cul < all&allzllul’™ = lual" 2 < alléalla(lulisg, ) + lunllbg, ) — 0. O
Finally we can prove the existence of a sequence of critical points of J con-
strained on S.
Since J is even, we can use the Krasnoselskii genus index theory. Let us
recall the basic definition: for every A C S closed and symmetric subset of S,
the genus of A, denoted by v(A), is defined as the smallest integer k € N for
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which there exists an odd and continuous map h: A — R¥\ {0}. If there is no
finite such k we set v(A) = +oo and, finally, v(0) = 0.
For every b € R the sublevel

JP={ueS:J(u)<b}
has finite genus (see e.g. [3, Lemma 9]). So, for every k € N, we can set
ng = v(J*)

and I,, 11 = {A CS: Aclosed, A =—A and y(A4) > ny + 1}.
We know that I,,, +1 # 0 (see Lemma 8 of [3]), so we can consider

b = inf supJ.
Inp+1 A

It is well known (see e.g. [24]) that by is a critical value for Jjg. So there exists
uy € S critical point of J|g such that

(3.22) J(ug) = by > k.

In order to complete the proof of Theorem 1.1, we have to show that, up to

a subsequence,

(3.23) IVug|2 — oo,
(3.24) (J'(ug), ug) — oo.

Arguing by contradiction, we deduce that {.J; (uy)} (defined in (3.10)) is bounded;
indeed ) )
[Tu(we)] < IVukll3 + 5 lxlloo + erl| Va5

where r is the same constant used in the proof of Proposition 3.3. Moreover, by
Lemma 2.4, {||[V®(ug)||2} is also bounded. Then the sum

1
J(ur) = Ji(ur) + Tom [V (ur)3
Y[

is bounded and this contradicts (3.22).
On the other hand we have

1
(J' (ug), ur) = 5/ |Vuk\2dzf/ui(XJr(I)(uk))dx—a/ |ug|P da.
Q Q Q

By (2.13),

1 1
(J' (ug), ug) :/ (2|Vuk|2 — alugl? — uix) dxr + E/ |V<I>(uk)|2 dx
Q Q

1
2/ (|Vuk|2 — alugl? — uix) dx
o \ 2

1 -
> IVur]l3 — sl Vurlls™" = lIx[l-
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Then, by (3.23), we deduce (J'(ug),ur) — oo. The proof of Theorem 1.1 is

thereby complete. g
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