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TOPOLOGIES
ON THE GROUP OF HOMEOMORPHISMS
OF A CANTOR SET

SERGEY BEZUGLYI — ANTHONY H. DOOLEY — JAN KWIATKOWSKI

ABSTRACT. Let Homeo(2) be the group of all homeomorphisms of a Can-
tor set Q. We study topological properties of Homeo(Q2) and its subsets
with respect to the uniform (7) and weak (7w ) topologies. The classes of
odometers and periodic, aperiodic, minimal, rank 1 homeomorphisms are
considered and the closures of those classes in 7 and 7, are found.

1. Introduction

The present paper is a continuation of our article [1] about topologies on the
group Aut(X, B) of all Borel automorphisms of a standard Borel space. In the
introduction to that article, we discussed our approach to the study of topologies
on groups of transformations of an underlying space. As we mentioned there, we
were motivated, first of all, by remarkable results in ergodic theory concerning
topological properties of the group of all automorphisms of a standard measure
space. We refer to the classical articles of Halmos [10] and Rokhlin [16] where
the uniform and weak topologies appeared as “key players” in ergodic theory.

The central object of the present paper is the group Homeo(2) of all home-
omorphisms of a Cantor set 2. Although we consider several topologies on
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Homeo(2), this group is mostly studied under two topologies, 7 and 7,,. These
are analogues of the uniform and weak topologies in measurable dynamics. We
should remark that 7, is, in fact, the usual sup-topology of uniform convergence
which has occurred in many papers on topological dynamics (see, e.g. [7], [9]).
Many interesting questions can be asked about the topological properties of
Homeo(£2) and its subsets. For instance, E. Glasner and B. Weiss studied in [9]
the Rokhlin property on (Homeo(f2), 7,,) showing that the action of Homeo(£2)
on itself by conjugation has dense orbits. In this article, we will concentrate on
the following directions, which we believe are natural initial questions in this
theory: (i) global properties of some basic topologies on Homeo(2), (ii) find-
ing closures of subsets of Homeo(f2) consisting of periodic, aperiodic, minimal,
topologically transitive, rank 1 homeomorphisms, and odometers in 7 and 7.

It might be asked why we consider only Cantor sets as the underlying space.
First of all, we remark that Cantor sets and their homeomorphisms arise nat-
urally in various areas of dynamical systems, for example in fractals, low-di-
mensional dynamics etc. Although topological and measurable dynamics are,
strictly speaking, completely different theories, we believe that Cantor dynam-
ics has several features in common with measurable dynamics. To support this
point of view we refer to the results on orbit equivalence of minimal homeo-
morphisms and full groups proved in [6]-[8], [11], [3], [4]. We believe that the
following properties of Cantor sets underlie this similarity: (a) all Cantor sets
are homeomorphic; (b) for every Cantor set, there exists a countable family of
clopen sets generating the topology; (c) any Cantor set can be partitioned into
a finite collection of clopen subsets. Nevertheless, we are optimistic that some
ideas of this paper may be used in the context of general topological dynamics.

The paper is organized as follows. In Section 2, we introduce several topolo-
gies on Homeo(2) and study global topological properties of Homeo(2) mostly
with respect to 7 and 7. All possible relations between these topologies are
found in Theorem 2.3. We mention the curious fact that (Homeo(f2),7,) is
a zero-dimensional Polish space. It turns out that 7, is equivalent to the topol-
ogy p whose base of neighbourhoods is defined by W(T; Fy,... ,F) = {S €
Homeo(Q?) | SF; = TF;, i =1,...,k} where F; is clopen. This fact is a justifi-
cation of the name “weak” topology which we use for 7,,. Section 3 deals prin-
cipally with the problem of approximation by periodic homeomorphisms. We
prove a topological version of the Rokhlin lemma for minimal homeomorphisms
for both 7 and 7,,. On the other hand, we show that pointwise periodic homeo-
morphisms are not dense in (Homeo(f2), 7,,). Amongst other results, we obtain a
description of periodic and aperiodic homeomorphisms from the topological full
group of a minimal homeomorphism. In Section 4, we consider homeomorphisms
of rank 1 and show that they are necessarily odometers. In the last section, we
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study closures of various subsets in Homeo(2) with respect to 7 and 7,,. In par-
ticular, we prove that the 7,-closure of the set of minimal homeomorphisms is
the same as the closure of the set of odometers. Moreover, we give a dynamical
description of homeomorphisms which belong to the closure: T € Homeo(f2)
belongs to the 7,,-closure of the set of minimal homeomorphisms if and only if T’
has the following property: for every non-trivial clopen F, the sets TF \ F and
F\ TF are non-empty.

Throughout the paper, we use the following standard notation:

e () is a Cantor set;

e CO(Q) is the family of all clopen subsets in Q;

e Homeo(?) is the group of all homeomorphisms of Q with identity map
I € Homeo(f2);

e Aut(X,B)(X, B) is the group of all one-to-one Borel automorphisms of
a standard Borel space (X, B);

e Ap is the set of all aperiodic homeomorphisms;

e Per is the set of all pointwise periodic homeomorphisms and Perq is
the subset of Per consisting of homeomorphisms with finite period;

e Min is the set of all minimal homeomorphisms;

e Miz is the set of all mixing homeomorphisms;

o M(Q) is the set of all Borel probability measures on €;

e . is the Dirac measure at x € €Q;

e BE(ST) ={x € Q| Tx # Sz} U{z € X | T 'z # S~ 'z} where
S, T € Homeo(2);

o u(f) = [y fdp where fisin C(Q); (= the set of continuous real-valued
functions with || f|| := sup{|f(z)]| : € 2} < 1), and p € M;(Q);

o 1o S(A) = p(SA) and o S(f) = [o fd(poS) = [ F(S~1x) dpa)
where S € Homeo(Q2);

o A°=Q\ A

2. Topologies on Homeo(2)

In this section, we define several topologies on Homeo(£2). These topologies
are similar to those studied in [1] for Aut(X, B). We make the following (rather
obvious) changes to the settings of [1]: a standard Borel space (X, B) is replaced
by a Cantor set €2, and Borel sets and functions are replaced by clopen sets and

continuous functions.

DEFINITION 2.1 (cf. [1, Definition 2.1]).

(a) The uniform topology 7 on Homeo(f2) is defined as the relative topology
on Homeo(?) induced from (Aut(f2, B), 7). The base of neighbourhoods



302 S. BEZUGLYI A. H. DOOLEY J. KWIATKOWSKI

is formed by
(2.1) U(T;pa,--- ,pnse) ={S € Homeo(Q)) | i (E(S,T)) <e, i =1,...,n}.
(b) The topology 7’ is defined on Homeo(2) by the base of neighbourhoods

(2.2) U(T;pa,--- pn;€)
:{SEHomeo(Q) ‘ sup i (TF A SF)<e, i=1,... ,n}.
FeCo(Q)

(¢) The topology 7" is defined on Homeo(2) by the base of neighbourhoods

(23) U"(T;p1,--- i3 €)

= {SGHomeo(Q) | sup |uioS(f) —pmioT(f)| <e, i=1,... ,n}.
Fec(@n

(d) The topology p is defined on Homeo(f2) by the base of neighbourhoods
(24)  W(T;Fi,...,Fy)={S € Homeo(Q) | SF; = TF;, i=1,... ,k}.

(e) The topology p is defined on Homeo(f2) by the base of neighbourhoods

(2.5) W(T;Fi,...,Fx;p1,...,un;e) ={S € Homeo(2) |
1i(SF; ATF) +pi(ST'F, AT 'F) <e, i=1,...,n;5=1,...  k}.

In all the above definitions, we have taken T' € Homeo(2), u; € M1(f2), and
F,eCO), i=1,...,n.

It is a simple exercise to verify that the collections of sets so defined do indeed
form bases of topologies.

As in [1], we will study the topologies which are defined by their bases of
neighbourhoods. With some abuse of definition, we will say that two topologies
are equivalent if they are defined by equivalent bases of neighbourhoods (actually
such topologies coincide).

We remark that in the Borel case (see [1]) we have also defined the topologies
B, T, Th,PB, and Dy (the subindex B stands for Borel; in [1] these topologies
were denoted without B). In fact, only one of them, 7, is the relative topology in-
duced on Homeo(2) from (Aut(f2, B), 75). The others are not relative topologies
on Homeo(?) because in their definition we use clopen subsets and continuous
functions instead of Borel ones (see (2.2)—(2.5)). Obviously, 75,75, p5, and pg
being induced onto Homeo(2) from Aut(2, B) are at least not weaker than the
corresponding topologies 7/, 7", p, and p. Thus, we have to deal here with the
topological counterparts of topologies studied in [1]. Nevertheless, we will see
that the greater part of our results about relations between the topologies proved
in [1] is still true in the context of homeomorphisms of Cantor sets. In most cases,
the proofs for homeomorphisms are either word for word repetition of those in
the Borel case or can be easily adapted.
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DEFINITION 2.2. For S,T € Homeo(f), define
(2.6) dw(S,T) = sup d(Sz, Tx) + supd(S~ 'z, T 'z).
€N €N

Denote by 7, the topology on Homeo(f2) generated by the metric d,,.

The topology 7, is well known in topological dynamics and probably is gen-
erally considered as the most natural topology on Homeo(f2). In particular, it
can easily be seen that 7, is equivalent to the topology defined by the base of
neighbourhoods W (T f1, ... , fa;e) = {S € Homeo(Q) | ||f; 0T — f; 0 S| < e,
i =1,...,n} where f1,...,f, are Z-valued continuous functions on Q. The
proof of this fact is similar to that of [1, Theorem 4.7] for Borel dynamics.

We call it the weak topology following our point of view explained in [3], [4]
(see also Theorem 2.3(d) below).

It is well known that (Homeo(2),7,) is a Polish space (for every compact
metric space Q). By Bs(T), we denote the set {S € Homeo(Q?) | d,,(S,T) < 4},
T € Homeo(9?).

Our first main result is the following

THEOREM 2.3.

(a) The topologies T and 7' are equivalent.
(b) The topology T (~ 7') is strictly stronger than 7".
(

(c

)

) The topology T (~ 7') is strictly stronger than p.
d) The topology T, is equivalent to p.
)

)

(e
(f

The topology p (~ Ty) is strictly stronger than P.
The topology T is not comparable with T, (~ p) and the topology 7" is
not comparable with p.

PROOF. A direct analogue of this theorem was proved in the context of Borel
dynamics in [1]. The principal difference is here that one needs to work with
clopen sets instead of Borel sets. We will indicate only what modifications need
to be made for the use of Homeo({2).

(a) We follow the idea of the proof of [1, Theorem 4.2]. The fact that 7 > 7/
may be proved as in [1]. To prove that 7/ > 7, we show that each neighbourhood
U=U(;p1,...,pn;e) contains U = U'(I; uq, . .. , ftn;€/2). By definition, T' €
ULy .oy pin;e/2) if u;(TF A F) < e/2for all clopen F and alli=1,... ,n.
We first note that E(T,I) is open, T-invariant, and contains some clopen Ej
such that Eqg NTEg = (). Thus one of the following alternatives must hold:

(i) for every clopen F C E(T,I) with FNTF = () there exists a clopen set
F’ D F such that F'NTF' = {); or

(i) there exists a clopen Fy C E(T,I), Fy N TFy, = () which cannot be
extended to a large set F” preserving disjointness of F/ and T'F” (in other
words, each clopen set F’ D Fj has a nonempty intersection with TF”).
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Clearly, condition (ii) is equivalent to the following property: Fy U TFy U
T?F, = E(T,1). Therefore, in this case,

wi(B(T, 1)) < i (TFy A Fo) + 1;(TFy AT? Fy) < e.

If (i) holds, then one can find F; € CO(Q) such that F; N TF;, = 0 and
wi(E(T,I) — (Fy UTF})) < ¢/2. This implies that u;(E(T,I)) <e,i=1,...,n,
and by (2.1), we are done.

(b) The method of proof that 7 is strictly stronger than 7" is the same as
in [1, Theorem 4.6]. To show that a statement analogous to [1, Proposition 4.5]
holds, we need to use clopen sets in the definitions of two auxiliary topologies
7 and T as well as continuous functions in the proof of that proposition (see
[1, Remark 4.9]). In particular, one sees that the topology 7" is equivalent on
Homeo(f2) to the topology T defined by the base

(27) V(T7 M1y e s Bnj; 6)

- {S e Aut(X,B) | sup | (TF) - pu;(SF) <, j=1,... n}
FeCo(Q)
where T' € Homeo(Q2) and u; € M1(Q).

(¢) The proof is a word for word repetition of [1, Proposition 4.3].

(d) Fix some ¢ > 0 and let Q = (F;)_; be a partition of {2 into clopen sets
such that diam(F;) < §,i =1,...,n. It S € W(I; Fy,... ,F,), then SF; =
F;, and therefore sup,cq d(Sz, ) + sup,cq d(S~'z,z) < 25. This proves that
Bas(I) D W(L Fi,... , F).

Conversely, let W(I; Fy,...,F,) be given. Take the partition Q = (E;);crs
which is generated by all F; and F = Q — F;, i = 1,... ,n. Take ¢ > 0 such
that

€< min{rir;éi? dist(E;, E;), miin(diam(Ei))}.

Then, every S € B.(I) has the property SE; = E;, i.e. Q is fixed. Therefore
SF, = Fx, k = 1,...,n, because every F} is a union of some FE;’s. Thus,
SeW(;Fy,...,Fy).

(e) As an immediate corollary of the equivalence proved in (d), we obtain
Tw > D. To see that p is strictly weaker than 7,,, we note that p is weaker than
the topology 7/ ~ 7. If we assumed that p was equivalent to 7,,, we would have
that 7 is always stronger than 7,,. But the latter is false (see (f) or [3]).

(f) See [1, Proposition 4.8] where the pairs 7/ and p have been considered.

The fact that 7 and 7, are not comparable is a direct consequence of [3, Theo-
rem 4.8]. O

Now we formulate several statements concerning topological properties of
Homeo(2).
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PROPOSITION 2.4.

(a) (Homeo(R2),p) is a 0-dimensional complete metric space with no isolated
points.

(b) Homeo(2) is a Hausdorff topological group with respect to the topologies
T, 7,7, p, Tw.

(¢) Homeo(2) is not closed in (Aut(2,B), 7).

(d) Homeo(?) is dense in (Aut(2, B), 7).

PROOF. The proof of the first statement follows easily from [1, Proposi-
tion 2.11], replacing Borel sets by clopen sets. In fact it can be shown that the
sets W(T; Fy, ..., Fy,) (see (2.4)) are closed with respect to the topologies 7, 7", p
and p. The second statement of the proposition is based on a routine verification
(see [1]). The third assertion is taken from [3].

(d) We need to show that for any Borel automorphism T of (2, B), for any
e > 0, and for any pq,...,u, € M;1(Q) there exists a homeomorphism S of
Q such that u;(E(S,T)) < e, 1 =1,...,n. By Lusin’s theorem, we can find
a closed subset F; of € such that the restriction of T' to F; is a one-to-one
continuous map from F; onto T'(F;) and

H”L(Q\F’L)< ) /LioT(Q\Fz)< , 1=1,...,n.

N ™
| ™

Let F = J;_, F;. Then F is closed, T is continuous on F, and p;(Q\ F) + p; (2
T(F)) < ¢ for all 4.

Since F and TF are closed, we can represent Q \ F and Q \ TF as unions
of infinitely many clopen sets: Q\ F = [J;2, Aj and Q\ TF = [J;2, A}. Then
by Theorem 1 of [13], the continuous map T:F — TF can be extended to
a homeomorphism S of Q such that Te = Sz, € F and T 'z = S 'z,
x € TF. Clearly, u;(E(S,T)) <e,i=1,...,n. O

CONVENTION. As mentioned above, Homeo(2) is not closed in Aut(€2, B) in
the uniform topology 7, therefore the 7-closure of a subset Y C Homeo(£2) does

not belong to Homeo(?), in general. For convenience, we will use the following
convention Y :=Y N Homeo() without further explanation.

PROPOSITION 2.5. Let (T},) be a sequence of homeomorphisms of Q. Then:
(a) T, —— S if and only if for all x € Q there exists n(x) € N such that
T,z = Sz for alln > n(x).
(b) T, 25 1 if and only if for all F € CO() there exists n(F) such that
T.F =F for alln > n(F).
(c) Tn | if and only if for all p € M1(Q) and for all F € CO(Q)

(2.8) wW(T,FAF)+u(T,'FAF) -0
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or if and only if for all F € CO(Q),

2.9 F =limsupT,F = limsupT, 'F
( p pT, 'F,

n—oo n—o0

where
limsup T, F = U m T,F.

n—oo
m n>m

PROOF. Notice that (a) is proved in [3] and (b) is obvious. Relation (2.8) is
a direct consequence of the definitions. To prove the other equivalence in (c), we

note that for any z € Q and F € CO(Q), the convergence T}, =~ I implies that
6x(TWFAF)+ 0, (T"'"FAF)—0

as n — oo. This means that if € F, then there exists ng = ng(z, F) such
that x € T,,F and x € Tn_lF for all n > ng. Thus, we have proved that F' C
U Mo TnF and F C U, Nysm T HF- In fact, these inclusions are equalities.
Indeed, if we assume that there exists zg € F¢ = Q — F with 29 € T.F
for some m, then we have a contradiction to the fact that zy also belongs to
Uk Nisi TnF€. Thus, (2.9) holds.

Conversely, let E,, = T,F and |J,, Em = F. Since E,, C Eyyq1, we
see that for any measure p € My(Q), pE, — pF (m — o00). Remark that
E,, c T,F for all n > m. Therefore E,, = E,, NT,F C FNT,F C F. Thus,
we have u(FNT,F) — pF as n — oo. Similarly u(FNT,'F) — pF. By (2.8),
the proof is complete. O

n>m

n>m

3. Periodic approximation

Let Q be a Cantor set equipped with a metric d compatible with the clopen
topology. It is natural to distinguish two principal classes of homeomorphisms
of 2, the periodic and the aperiodic. We will say that P € Homeo(Q2) is pointwise
periodic if every P-orbit is finite. If T € Homeo(2) has no periodic points, then
T is called aperiodic. Denote these classes by Per and Ap, respectively.

In the paper [9] a new interesting notion of simple homeomorphisms was
defined. Recall that, by definition, S € Homeo(Q?) is simple if it satisfies the
following conditions:

(i) There exist clopen subsets F; and integers r; > 1, j = 1,... ,k, such
that the collection {S°F; | i = 0,1,...,r;, j = 1,...,k} is pairwise
disjoint and S has period r; on Fj.

(ii) There exist clopen subsets Cs, s = 1,... 1, and, for each s, two disjoint
periodic orbits (yF, SyF,...,S% LyF), (y7,Sys,...,S% ~ty7) such
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that the sets (S"Cs | n € Z, s = 1,...,1) are pairwise disjoint and
spiral towards the periodic orbits of ¥y} and y_, that is

lim dist(S"C,, S"y) = 0.

n—=oo

(iii) The space © may be represented as

k ri—1 l
61y o= Usrull s e
j=1 i=0 s=1n€eZ
l
UUlws ST T ) Uys s 8T ).
s=1

It was shown in [9, Theorem 2.2] that the set S of simple homeomorphisms
is dense in (Homeo(£2), 7).

THEOREM 3.1.

(a) Ap is closed in Homeo(Q2) with respect to the topologies T and 7".
(b) Ap is dense in Homeo(§2) with respect to 7, and p.

PROOF. (a) The fact that Ap’ = Ap may be proved in the same way as
in [1]. (Recall that by the convention from Section 2 we take the part of the
7-closure of Ap that lies in Homeo(f2)). Furthermore, since 7 > 7/, we have
Tpr” ) TpT. To prove (a), we need to show that the above inclusion is in fact

equality. We will use the equivalence of 7/ and 7 (see (2.7)). Let S € /Tp?

and assume S has a point xg of period n. Then (zg,21,... ,2,—1) is a finite S-
periodic orbit, where z; = S'zg and S"wg = 1. Take p; = ,,,i=0,... ,n—1,
and consider an arbitrary homeomorphism 7 from V = V(S; g, ... , fin_1;€).
It follows that T has the same periodic orbit (zq, ... ,z,—1). To see this, assume

that T'zg # Sxp. Then there exists a clopen set F' containing Txy which does
not contain Sxg. By (2.7) this contradicts the fact that 7 € V. Similarly, one
can show that Tx; = Sz; fori =1,... ,n—1. Thus, every such homeomorphism
T has a /[/)eriodic orbit. This contradicts our assumption that there exists some
SeAp \ Ap.

We remark that Ap is not closed in 7,,. Indeed, one can easily find a sequence
of aperiodic homeomorphisms that converges to the identity map in 7.

(b) To prove that Ap is dense in (Homeo(f2),7,,) (hence in (Homeo(2),D)),
it suffices to show that each simple homeomorphism can be approximated by
an aperiodic homeomorphism. We use the above notation from the definition of

simple homeomorphisms.
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Let S be a simple homeomorphism and let € > 0. Denote by

Tj—l

Fi=J SF, j=1,.. .k
=0

Cs = U S"CyU{yf,... ,Sq:_ly:}u{y;,... 8% Tyt s =1,... 1
neL

The sets Fi, ..., F, and Cy, ... ,C, are clopen, disjoint, S-invariant and by (3.1)

k l
a=JFRulJC.
j=1 s

=1

Given ¢, we will find an aperiodic homeomorphism T such that

(3.2) dw(S,T) = supd(Tz,Sx) +supd(T 'z, S 'z) < e.
z€Q 2€Q

To do this, it suffices to find aperiodic homeomorphisms Pj:ﬁj — ﬁj and
Ry:Cs — C, satisfying (3.2) on the sets fj and C for all Jj,s. To construct P,
j=1,...,k, we divide the S-tower (F}, ... ,S”‘le) into finitely many clopen
subtowers (Fjm, ... ,S" 1 Fj,), m=1,...,mj, such that diam(S"F},,) < ¢ for
all i and m. Let P;(m) be an aperiodic homeomorphism of Fj,,. Define Pz = Sz
for x € U:’:II S'Fjp, and Pjx = SP;j(m)x for x € Fj,,, m =1,... ,m;. By con-
struction, P; maps ﬁj onto itself and d,,(P;, S) < € on each ﬁj, ji=1,... k.

Fix some s € {1,...,l}. To construct an aperiodic homeomorphism R of

C such that d,, (S, Rs) < ¢, we will use the following property:

(x) given a proper clopen subset A of a Cantor set Z, one can find a sequence
of disjoint clopen sets Ay = A, As,... in Z and a homeomorphism
R:Z — Z \ A such that
(i) the set Z \ |J;Z, A; is uncountable,
(i) RA; = Aj1q, R(Z\ U;’il Aj) =X\ U]O';l A; and R is aperiodic on
Z\UjZ 4
Let a be the minimum of distances between the points {S%yS, S7y; | i =
0,...,q5 —1; 7=0,...,q7 —1}. Given 0 < € < a/2, we can find ng such that
dist(S"Cs, S"yF) < €/4 and diam(S"Cy) < €/4 for n > ng. Without loss of
generality we can assume that ng =0 mod (q7).
Denote by

[ee]
n iqT
B, = U SnotPtits (CHU{SPyl}, p=0,...,¢5 — 1
i=0
The set B, is clopen and diam(B,) < ¢/2 for each p. Observe that SB, =
Byi1,p = 0,...,¢5 — 2, and SB,+ ; = By \ A where A = S"C,. Now we
can apply property (x) for Z = By. Choose an infinite sequence of clopen sets
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Ay = A, Ay, As, ... such that every A; is a subset of By and the set By \ Ufil A;
is uncountable. Take a homeomorphism Ry (defined on By only) which maps By
onto By \ A and satisfies the condition:

R0<Bo\ UAz> = BO\UAia RoA; = Ajpr, i=1,2,....
i=1 i=1
Let now R; be a homeomorphism defined on B;_; such that R;B;,_1 = B,
i = 1,...,¢5 — 1. Define the homeomorphism R}:D; — Dy where Dy =
Z‘ial B, as follows: RYz = Ryx for x € By, p =0,...,¢f —2 and Rfz =
Ro(Ry*... Rq}l_l)m forz € B,y . Weseethat Rf B + | = Bo\A and therefore
SB, = RIB, for all p. It follows that d(R}x,Sz) + d(Rf'z,S™'z) < e for
r € Dy.
Replacing S by S~! in the above construction, we can similarly define a home-
omorphism R which acts only on the clopen set D’ = |J% 51 B! where
B =|Js Mo (C)U{ST e ), r=0,... 5 — L.

=0

Here mo =0 mod (g7 ) is defined analogously to ng and z; = S§% ~ly;. It can
be easily checked that d,, (S, R; ) < € on the set DV.

Finally, we define R,: 53 — Oy, s=1,...,1 as follows

’n(]—l
Sz forze |J SC,

i=—mo+1

RYxz for z € By,
R,z forx € B..

Thus, the aperiodic homeomorphism T defined by P; and Ry (j =1,... ,k;s =
1,...,1) satisfies (3.2). O

We note that every simple homeomorphism has a nontrivial periodic part
7 = U?:l U;ial S'F;. Therefore the two dense subsets, Ap and S, are disjoint
in Homeo(2).

Let Perg be the subset of Per consisting of all homeomorphisms with finite
period, that is P € Perg if and only if there exists m € N such that P™x = x
for all z € Q. This means that 2 can be decomposed into a finite union of
clopen sets €2, such that the period of P at each point from £, is exactly p.
By Per,, we denote the subset of Pery consisting of homeomorphisms with
Q, = Q. Such homeomorphisms are called p-periodic. Clearly, the set of simple
homeomorphisms, S contains Perg.

Let P € Perp, then any P-orbit consists of p different points. A subset
E C Qis called fundamental for P if (E, P(E),... , PP~Y(E)) is a partition of Q.



310 S. BEZUGLYI A. H. DOOLEY J. KWIATKOWSKI

LEMMA 3.2. Let ) be a Cantor set and let P be a p-periodic homeomorphism.
Then there exists a clopen P-fundamental subset E C ).

PROOF (suggested by B. Weiss). Let d be a metric on 2 compatible with the
clopen topology. We note that there exists some ¢ > 0 such that d(z, Pi(x)) > ¢
for all z € Q and all ¢ = 1,...,p — 1. Indeed, let us fix some i < p and
assume that for any n € N there exists x,, € X such that d(z,, P!(x,)) < 1/n.
Take a convergent subsequence {z,,} C {z,} such that z,, — z¢ as k — oo.
Then Pi(x,,) — P(zo), and therefore d(zo, P*(z9)) = 0. This contradicts the
assumption that P € Per,.

Now let (Aq,...,A,) be a partition of 2 into clopen sets such that

(3.3) diam(A4;) < foralli=1,... ,n.

[N

Define F1 = Ay, and for ¢ = 2,... ,n, set inductively

(3.4) E; = E;i_1U(A;\ Op(Ei-1))

where Op(F) = |J/—, P(F). We first prove that

(3.5) ExNPY(E) =0, k=1,...,n,i=1,...,p— 1.

Clearly, (3.5) is true for k = 1. Assume that this relation is valid for E;_;. Then
it follows from (3.3) and (3.4) that

B N PY(Eg) = [Ep—1 N PY(Ep-1)] U [Ex—1 N (P'(Ag) \ Op(Eg-1)]
U [P (Ex—1) N (A \ Op(Eg_1))]
U [(Ax \ Op(Br-1)) N (P'(A) \ Op(Ej—1))] = 0.

Next, we show that

p—1 k
(3.6) UPE)oJA4, k=1...,n
i—0

Jj=1

Again assume that (3.6) is proved for Ex_1. Then

L_J P'(Ey) = O PY(Ej_1) U L_J (P"(Ax) \ Op(Ex-1))
1=0 1—0 =0
= U PH(Be1) U (A Op(Be1)) U | (Pi(A41)\ Op (i 1))
1=0 1=0

The first term contains A; U --- U Ai_1 by assumption. The first and second
terms together contain Ay.

Thus, it follows from (3.5) and (3.6) that for the clopen set E = E,, the orbit
Op(E) consists of pairwise disjoint sets and Op(E) = Q. O



TOPOLOGIES ON THE GROUP OF HOMEOMORPHISMS OF A CANTOR SET 311

It follows immediately from Lemma 3.2 that for every P € Perq there exists
a P-invariant partition (Qq,...,<Q,,) of € into clopen subsets such that Q; =
Ufzf)l PIE; where E; is a fundamental clopen subset for P on §; and k; is the
period of P on ();.

We will now consider the closure of Per in Homeo(2) with respect to both
7 and 7,. Firstly, we show that Per " is a proper subset in Homeo(2). This
means that there are homeomorphisms which cannot be approximated by peri-
odic homeomorphisms in 7.

We call a homeomorphism T' € Homeo(?) dissipative if there exits a clopen
set F' C Q such that either TF & F or F' & TF. Clearly, dissipative homeomor-

phisms exist in Homeo(2) since any two clopen sets are homeomorphic.

PRroPOSITION 3.3.

(a) The set Per'* is a proper subset in (Homeo(Q),7,): In fact, if T is
a dissipative homeomorphism of Q, then T ¢ Per “.

(b) (S\ Pero) NPer ™ = 0; in other words, if a simple homeomorphism S
has an aperiodic part, then it cannot be approrimated in 7, by pointwise
periodic homeomorphisms.

PROOF. (a) Take a dissipative homeomorphism T and let F' be a clopen
subset such that TF & F. We will show that the neighbourhood W (T'; F') does
not contain any homeomorphism from Per. Assume that this is false and let
P € Per be such that PF = TF. Then P"F & --- & PF (=TF) & F for any n.
It follows that there are points from F' with infinite orbits, and this contradicts
the pointwise periodicity of P.

(b) Tt suffices to show that each S from (S\Pery) is dissipative. We use nota-
tion from the definition of simple homeomorphisms. Note that it follows from de-
composition (3.1) that every closed set By = ((J°, S"C)U[(y7, ..., 5% ~1yH)]
is, in fact, clopen because Q \ Z is a finite disjoint union of closed sets. Clearly,
SE; & E, and the result follows from (a). O

In Section 5 we will strengthen the above result and give a complete descrip-
tion of the set Perg "

Let T be a minimal homeomorphism of a Cantor set 2. We consider the
full group [T] = {y € Homeo(Q) | vz = T™ @z, for all x € Q} and the topo-
logical full group [[T]] of homeomorphisms generated by T'. Recall that a home-
omorphism v € Homeo(Q2) belongs to [[T]] if and only if y2 = T™ @)z where
x +— my(x) is a continuous function Q — Z (see [3], [7], [8] for details).

It was shown in [3] how one can use Kakutani-Rokhlin partitions to describe
the structure of homeomorphisms from [[T']]. Here we recall some facts that will
be used later on.
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Let (A,) be a sequence of clopen subsets of {2 such that A, D 4,41, n € N,
and ), A, is a singleton in Q. Given T and A,, we can produce a Kakutani-
Rokhlin partition &, of € which is determined by the function of first return
to A, under the action of T' ([15], [11]). The partition &, consists of a finite
collection of T-towers &, (v), v € Vj,:

& () ={Pi(v) :==T'Py(v) |i=0,...,hp(v) — 1}

where P?(v) = P,(v). We note that (A,) can be also chosen such that &,
refines &, and [, &, generates the clopen topology on 2. Moreover one can
assume that diam(A4,) — 0 as n — oo.

Suppose v € [[T]]. Then there exists N € N such that E; = {z € Q | yz =
Tir}, —N < i < N, is a clopen finite partition of © (some of E;’s may be
empty). Note that for sufficiently large n, each set E; becomes a &,-set, that
is yPi(v,) = T'P¥(v,) for some | = I(i,v,). Moreover, we may suppose that
N < 27'h,, where h,, = min(h,(v) : v € V,,).

We will now commence the study of the periodic and aperiodic parts of the
topological full group with respect to the uniform and weak topologies 7 and 7.

Let us denote by Perg(T) the set Pero N [[T]].

THEOREM 3.4. Min C Perg and Min C Perg . More precisely, let T be
a minimal homeomorphism of 2, then:

(a) given a neighbourhood U(T; i1, . .. , hm; €), there exists a periodic home-
omorphism P € Perg(T) such that P € U(T; 1, ... , im;€);
(b) given e > 0 there exists Q € Perg(T) such that d,,(T,Q) < €.

Proor. We will prove (a); assertion (b) can be proved similarly.

Every measure u € M;(2) has an at most countable set of points of positive
measure; denote it by {z,(k)}. Given pi,...,pn and € > 0, find a finite set
Y ={z, k)| i=1,...,m, k € I(u;) C N} where the finite subset I(y;) is
determined by the condition

(3.7) Y wi{, (b)) < g i=1,...,m.
kET(1:)

Let Y = (y1,... ,yn). Choose a point T € Q\ Y such that 7% = 7 does not
belong to Y. By [11], we can find a sequence (&), &, = {T"D;(n) | 0 < i <
k(j,m)—1, j € K(n)}, |K(n)| < oo, of Kakutani-Rokhlin partitions satisfying
the following conditions:

(1) &n+1 refines &, and for the base B(n) = |J; B;(n), one has B(n +1) C

B(n);
(ii) (&) spans the clopen topology on €;
(iii) N, B(n) ={y} and ), C(n) = {z} where C(n) = |, TkG™=1D;(n).



TOPOLOGIES ON THE GROUP OF HOMEOMORPHISMS OF A CANTOR SET 313

Let ng be sufficiently large so that B(ng) NY = C(no) NY = 0 and
€ £ .

(3-8) pi(B(mo)) <5, mi(Clno)) <5, i=1,....m
The sets B(ng) and C(ng) may contain points of positive measure p; but, by
(3.7), the total contribution of these points to the measures of either of the sets
is less than £/3.

For every T-subtower &, = {T"D;(ng) | 0 < i < k(j,no) — 1}, j € K(ng),
we define a periodic homeomorphism P;(n):

Tx if z ¢ TFUm)=1D;(ny),

T—FkGmo)+1ly  otherwise.

(3.9) Py(no)z = {

We define the periodic homeomorphism P as follows: Pz = Pj(ng)z if € & .
We get from (3.9) that P € [[T]] and E(P,T) = B(ng) U C(ng). Thus, by (3.8),
we obtain that P € U(T; p1, ... , fim; €)-

To prove (b), we observe that diam(B(n)) and diam(C(n)) tend to 0 as n —
00. Therefore, the above method allows us to find a periodic homeomorphism
Q € Pery(T) which is e-close to T with respect to 7. O

Although we have shown that Pery is not dense in (Homeo(2),7,) it is
interesting to decide whether Perg(T) is dense in [T] with respect to 7 and 7.

THEOREM 3.5. Let (Q,T) be a Cantor minimal system, then:
(a) Pero(T) = [T and
(b) Pero(T) " 2 [[T]].

PrOOF. Case (a) will be considered in detail, case (b) is similar.

We use here notation from the preceding proof. Let v € [[T]]. Then there
exists K € N such that for all i € [—K, K], the clopen sets E; = {z € Q |
vz = T'x} constitute a partition n = n(y) of Q. We first prove that for any
neighbourhood Uy = U(7; i1, . . . , ftm; €) there exists a periodic homeomorphism
P € P such that P € U,. We apply the method used in the proof of Theorem 3.4.
Let Y and (&,) be as above. In addition to (i)—(iii), we may assume that (&,)
satisfies the following conditions (see [3] for details):

(iv) the height k(j,n) of every T-subtower & approaches to infinity as

n — 0o;
(v) &, refines n, i.e. every E; is a union of atoms from &,; in particular, for
every element D € &,, yx = T'z, x € D, where i = i(D).

Take M € N and choose ny so large that min{k(j,n) | j € K(n)} > K(M+2)

for all n > nq. Let

7= (KL_JOI TiB(nl)) U (KL_JOI T’C(m)),
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where B(ny) and C(ny) are the base and top of &,,, respectively. It follows
from (i)—(v) that the y-orbit of any atom D of the partition £, meets Z at least
once. Furthermore, by the same reasoning as in the proof of Theorem 3.4, we
can assume that n; is chosen sufficiently large that p;(2) <e, i =1,... ,m.

Now fix a T-subtower & , consisting of sets T°D;(ny) = D(i,j). Define
a periodic homeomorphism P(j,n1): &), — & from [[T]] as follows. Let D(K, j)
be the first atom (with respect to the natural order on & ,) that does not belong
to Z. Consider the sets Y*D(K,j), p = 0,...,L, where v*(D(K,j)) C Z
and VPD(K,j) N Z = 0. Define P(j,n1)r = vz on Uyc,., 7 (D(K, 7)) and
P(j,n1)z = v Lz on v (D(K,j)). Let D(i1,j) be the first atom in & where
P(j,n1) has not been defined. We extend the definition of P(j,n1) on a finite
piece of the y-orbit outgoing from D(i1,j) that does not meet Z. Repeating
this construction we eventually define P(j,ny) for all D(i,j) with K < i <
k(j,m1) — K + 1 and for some D(i,j) from Z. We set P(i,n1) to be the identity
map for the remaining part of atoms of Z. Let now Pz = P(j,ny)x if x is in 57{1.
Then P is a periodic homeomorphism from [[T]] whose period is at most M at
every point. By construction, E(P,y) C Z, that is P € U,. To complete the
proof of (a), use the argument of [3, Theorem 4.5] where the density of [[T]] in
[T] was established.

For case (b), first observe that diam(Z) can be made arbitrarily small by
choosing n sufficiently large. Then use the same method to prove that each
v € [[T]] can be approximated in 7, by homeomorphisms from Perq(T). As was
shown in [3], the 7,-closure of [[T7]] does not, in general, contain [T7]. O

Our next goal is to describe periodic and aperiodic homeomorphisms 7 from
[[T]] where T is a minimal homeomorphism of 2. We will refine the results
proved in [3], describing all possible types of y-orbits.

Fix some § = (J,cy €(v) from the sequence (§,) of Kakutani-Rokhlin par-
titions built by T and a refining sequence of clopen subsets (A,,) (see above).
Given £ and T, define two partitions o and o’ of V: we say that J is an atom
of o if J is the smallest subset of V such that T'(J,c, T"")~'D(v)) is a &-set.
Similarly, J' € o if T7'(U,c; D(v)) is a &-set and J' is the smallest subset
with this property. Obviously, for every J € a there exists J' € o/ such that

(3.10) T( U Th<v>1D(v)) = |J bw).

veJ veJ’

Notice that (3.10) defines a one-to-one correspondence m: J — J’ between atoms
of @ and those of o/.



TOPOLOGIES ON THE GROUP OF HOMEOMORPHISMS OF A CANTOR SET 315

For J € o and J' € o define Lyj(J) and Ly(J'), 0 < j, k < h/2, h =
min,ey h(v) as follows:

(3.11) Lij(J)= | T"V="'D(v),  Lu(J") = |J T"D(')
ved ved’

(here t stands for “top” and b stands for “base”). Remark that the indexes j
and k in L;;(J) and Lyg(J’) indicate the distance of D*)=9=1(v), v € J, and
D¥(v), v € J', from the top and from the base of the corresponding towers.

Since (&,) generates the clopen topology, we note that given v € [[T]] there
exists & € (&,) such that for every i € Z the set {x € Q | yx = Tz}, is a &-set.
Then for every &-atom D?(v), there exists an integer [ = [(D*(v)) such that

(3.12) ye =Tz, =€ D'(v).

On the other hand, it was proved in [3] that for v and ¢ as above, the following
property holds: if y(D¥(v)) = T'(D¥(v)) and [+i > h(v) (i.e. D(v) goes through
the top of £(v) under action of ), then the entire set L;;(J), j = h(v) —i —1,
containing D*(v), also goes through the top of |, &(v). Furthermore, Ly;(.J)
is mapped by 7 onto Ly (J’") where J' = m(J) and k is uniquely determined
by 7,I. A similar property holds when v(D¥(v')) = T*(D*(v")), v' € J', and
k+ s < 0. In this case, the set Ly, (J') goes through the base and is mapped by
7 onto some Lyj(J).

It turns out that the above result allows us to solve the inverse problem, that
is, to find a finite collection of objects that uniquely determine a homeomorphism
v € [[T]]. For this, we take the following data:

(a) a positive integer N < h/2;

(b) subsets I (J), IIL(J'), Ta(J), I14(J") of {0,..., N} such that |I5(J)| =
T4 (JN)], [T (J)] = Ta(J)], J € a, J' € &

(¢) one-to-one maps p(J):Ip(J) — I4(J'), o(J'): 11 (J") — 1a(J) where
Jea, J edo,and m(J)=J;

(d) a one-to-one map 7w (v):Inr(v) = Iya(v) whereve JNJ', J€a, J €
o/, and the set Iy (v) (resp. Iy a(v)) consists of those k € {0,... ,h(v)—
1} such that k ¢ II(J') (resp. k ¢ 114(J")) and h(v) —k —1 ¢ I(J)
(resp. h(v) —k —1 ¢ 14(J)).

In the above notation, the indexes A, L, NA, NL mean the first letters in
words “arriving”, “leaving”, “not arriving”, “not leaving”.

Using these data, we can define a homeomorphism v from [[T]] by the fol-
lowing rule:

For every &-atom DY (v) = T9(D(v)), v € J N J', we have that: either

(1) j is in INL(U), or
(2) h(v) —j—1€I(J), or
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(3) jeIlL(J).
(Note that in view of (a)—(d) only one of the above possibilities can occur). If (3)
holds, then D7 (v) belongs to Ly;(J'); if (2) holds, then D7 (v) belongs to Ly (J)
where k = h(v) —j — 1.
According to cases (1)—(3), we define

(3.13) YT?D(v)) =T WD) if j € Inp(v),
(3.14) V(L () = Lo o) (J') if j € IL(J),
(3.15) Y(Loj(J')) = Loy (J) if j € ().

We observe that the image of D7(v) under the y-action is a &-set if v is defined
by (3.13) and is no longer a &-set if «y is defined by (3.14) and (3.15).

Denote by T'(€) the set of all homeomorphisms that can be constructed from
the data (a)—(d) by (3.13)—(3.15). It was proved in [3] that I'(§,,) is an increasing
sequence of subsets in [[T]] and, for every « € [[T]], there exists £ from (&) such
that v € T'().

Fix a homeomorphism v € [[T]]. Let & € (&,) satisfy (3.12). Then 7 deter-
mines the subsets I, (J), I (J"), 14(J), I14(J’) and maps p(J),o(J’) such that
(3.13)—(3.15) hold. Let us consider y-orbits in terms of these subsets and maps.

First suppose that v € [[T]] is periodic. There are two possible types of
periodic behaviour for ~.

Case 1. We start with some D70 (v) where jo € Inz(v) N Ixa(v). Suppose
that the v-orbit of D7 (v) does not leave £(v). By (3.13), this means that the
entire sequence (Jx)s_q, j& = T(v)(Jr—1), belongs to Inz(v)NIn 4 (v) and js = jo,
Jk # jo, k < s. Let

(3.16) m ={T*D(w) |k=0,...,s—1} = {y (T D(v)) |i=0,...,s— 1}

be the y-orbit where v(T7* D(v)) = T7%+!(D(v)). Then, it follows that the -
orbit of D70 (v) returns to this set and because the orbit is a part of T-tower, we
get that « is periodic.

Case 2. The other type of cyclic y-orbit has the following structure. Fix
some J € « and let J° = m(J). Suppose that that jo € I.(J) NIa(J),
Jv = p(N)(Go) € Ma(J') NIL(JS"), ja = o(J)(G1) € Ta(J) N1L(J);- -+ jas—1 =
p(J)(Jas—2) € TWa(J)NIIL(J") and o(J')(j2s—1) = Jo. By (3.14) and (3.15), this
case corresponds to the following periodic y-orbit

(3.17) n2 = {7 (Lejo (1) | =0,... 25 =1}
where (L¢jy(J)) = Ly, (J'), v(Lij, (J')) = Lyj,(J)) ete. until it returns to
Ltjo(J)'

It follows from the above proof that v belongs to Peryg. We summarize the
above observations in the following statement.
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LEMMA 3.6. Let v be a periodic homeomorphism from [[T]]. Then there
exists & from (&) such thal every periodic y-orbit either has the form (3.16) or
the form (3.17).

We can study «y-orbits for an aperiodic v € [[T]] in a similar manner. Given
e >0 and v € [[T]]ap where [[T]]ap = [[T]] N Ap, we take £ from the sequence
(&) such that v € I'(£). Since diam(A4,,) — 0 as n — oo, we can assume that

N N
(3.18) diam( Uu Ltj(J)> +diam< U u L,,j(,]’)> <e.
Jea j=0 J'ea’ j=0

Considering ~-orbits of atoms of £, one can find a finite partition ¢ of Q into
clopen subsets, y-towers, such that those towers have their bases and tops into
the sets U;VZO Ly;(J') and U;VZO L;j(J). Then we can construct an odometer
which is, by (3.18), e-close to v in 7, (see e.g. the proof of Theorem 5.3). The
case of the topology 7 is considered similarly. We should note that given € > 0
and 1, ... , i, € M71(§2) we can chose ¢ such that for all i,

N N
(U Uzo) +u( U ULu) <e
Jea j=0 J'ea’ j=0

This relation guarantees that the odometer which we have found is also e-close
to v in 7.

Using these ideas, it is now easy to prove the following theorem. We leave
details to the reader. Another proof of the first relation of the theorem can also
be obtained from Theorem 5.9 (see Remark 5.13 below).

THEOREM 3.7. IfT is a minimal homeomorphism of 2, then [[T]]ap C Min'
and [[T)]ap € Min"™ where [[T]]ap = [[T]] N Ap.

Let T be a homeomorphism of a Cantor set 2. Then T' can be also considered
as a Borel automorphism of (€2, B). Therefore, one can define two full groups
[T)c and [T]p where

[T)c ={S € Homeo(Q2) | Sx € {T"x | n € Z} for all = € O},
Tlp ={S € Aut(,B) | Sz € {T"z | n € Z} for all z € Q}.

Here the subindeces C' and B correspond to the cases of Cantor and Borel dy-
namics. Obviously, [T]¢ C [T]p and [T]p is closed in Aut(2, B) with respect
to 7 [1].

If S € [T]c (or S € [T]p), then S generates two partitions 7(S) = (X, |
n € Z) and 7'(S) = (X, | n € Z) of Q into closed (Borel) subsets X,, = {x € Q |
Sz = T"z} and X, = S(X,) = T"(X,). Those homeomorphisms from [T]c,
for which the sets X, are clopen, form the so called topological full group [[T]]¢.
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It was shown in Section 2 that Homeo(f?) is non-closed and dense in Aut(2, B).
On the other hand, we proved in [3] that for a minimal homeomorphism T,

(3.19) [[T7]c" NHomeo () = [T]c.

But the problem of finding the entire closure of [[T]]¢ in Aut(€2, B) with respect
to 7 remained open. We answer this question in the following theorem.

THEOREM 3.8. LetT be a minimal homeomorphism of a Cantor set ). Then
(Tle = I[T]s.

PROOF. It is clear that [[T]]c’ C [T]s. Take a Borel automorphism S €
[T)p. Let U(S) = U(S; 1, - - , ftm; €) be a 7-neighbourhood of S. To prove the
theorem we need to show that U(S) contains a homeomorphism R from [[T]]¢.
By (3.19), it suffices to prove that there exists some Ry € [T]c NU(S).

Counsider the partitions 7(S) and #'(S) defined above. Choose ng such that

, € N A
(3.20) Z wi(Xp) < 7 Z i (X)) < YO 1,...,m.
In|>no In|>no
For each X,,, |n| < ng, find a closed F,, C X,, such that for all i =1,... ,m,
€ €
3.21 (X, \ F, _ (X, \ S(F, _.
( ) ,uz( n\ n) < 4(2n0 T 1)a ,Uz( n\ ( n)) < 4(2n0 n 1)

Let F), = S(F,). Clearly, F}, is also a closed subset in X,. The collections (F},)
and (F)) consist of pairwise disjoint sets. Then there exist clopen sets G,, D F,
and G, D F), such that (G, : [n| < ng) and (G}, : [n| < ng) are pairwise disjoint
collections of sets.

Let & = U,ev, &k(v) be a sequence of Kakutani-Rokhlin partitions built
by T and a decreasing sequence of clopen sets (see above). For every k, find
partitions o« = oy, and o = o) with atoms J and J’ satisfying (3.10). Define
a new partition ng of Q which consists of the sets Ly;(J), Ly; (J'), J € a, J' € &/,
j=1,...,n9 (see (3.11)) and the remaining atoms of . Clearly, every atom of
Nk is a {g-set and the sequence (7)) generates the clopen topology on €.

Choose k sufficiently large such that

min h(k,v) > 3ng,

vEV)

where h(k,v) is the height of & (v) and every set G,,, G.,, |n| < nog, is an ny-set.
Without loss of generality, we can assume that if F is an atom of 1 = n; such
that £ C G, (or E C Gl,), then ENFE,, # 0 (or ENE}, #0), |n| < ne.

Fix some G,. By construction, G, is a union of atoms Dy,...,D, of &
and sets L;(J), Ly;(J') and each of these sets intersects F),. Define Sz = T"z
if 2 € U'_, Ds. We also define Sz = T"z if x € Ly;j(J) (or x € Ly;(J')) and
the set Ly;(J) (Lyj(J')) goes through the top (base) of & under the action of
T™. If Ly;(J) (or Ly;(J")) is a subset of G,, which does not go through the top
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(base) under T", we discard from L¢;(J) (Lyj(J’)) those atoms of &, which do
not meet F, and set Sz = T"z for x from the remaining atoms. In such a way,
we have found a clopen subset G,, C G,, and a map S defined on G,,. Clearly,
G, D F,. Similarly, we define a clopen set G’,, such that F! ¢ G’,, C G',. It
can be easily seen that SG, = G’,,. Indeed, if E C G,, and E € 7, then there
exists y € ENF,. Hence T"y € F). At the same time, T"(FE) is an n-set. Thus,
T"(E) C G’,,. In such a way, we have found a partially defined homeomorphism
S such that S(A) = B where

Since S € [[T]]c on the clopen set Unj<no G, we get that for any T-invariant

I/(X\ U Gn)y<X\ U G’n)

In|<no [n|<no

measure v

By [8, Proposition 2.6], there exists a homeomorphism R’ € [T)¢ which maps
X\Ujnj<no G, onto X\Ujni<no G’,,. Now define Rr = Srifr € Aand Rz = R'x
if x € X\ A. Then R € [T]¢ and it remains to show that R € U(S). Note that
if x € F,,, then Sz = Sz = Rx. Therefore

E(S,R)C(X\ U Fn>U(X\ U F,Q).

[n|<no In|<no

Then, for given measures u;, ¢ = 1,... ,m, we have by (3.20) and (3.21)

m(E(S,R»w(X\ U Fn)w(X\ U F»%)

[n|<no [n|<no
—u(x0 U X)) sa(xn U x)
[n|<ng [n|<no
N URE AV ET URCAYH)
In|<ng In|<no
9] E g
-+ —+2(2 l)——— ==¢. O
<3ttty e

REMARK 3.9. We note that the 7,-closures of the full group [T] and the
topological full group [[T]], T € Ap, can be easily found. Indeed, it was noted
T = {S € Homeo(Q) | oS = pforall p € My(T)} where My(T) is the
set of T-invariant Borel probability measures [7]. It is not hard to show that
R e mm if and only if for every clopen set E there exists v € [[T]] such that
RE = vE. In other words, R € mm if and only if the clopen sets E and
RE are [[T]]-equivalent for every E. Recall that in [3] we defined the notion

of saturated homeomorphisms: a minimal homeomorphism T is called saturated
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if any two clopen sets A and B such that u(A) = p(B) for all u € M1 (T) are
[T]]-equivalent. Obviously, every odometer is a saturated homeomorphism. It
. Now this

Tw T Tw

was proved there that T is saturated if and only if [[T]] = = [T
result follows easily from the above description of the 7,,-closures.

4. Rank of a homeomorphism

The concept of the rank of an automorphism of a standard measure space is
an important invariant in ergodic theory. This notion has been studied in many
papers. M. Nadkarni [14] has recently defined rank for Borel automorphisms.
Here we consider rank for homeomorphisms of a Cantor set.

We first recall the definition of odometer (or adding machine). Let {\:}$2, be
a sequence of integers such that \; > 2. Denote by p_1 =1, pr = XgA1-+- A, t =
0,1,... Let A be the group of all p;-adic numbers; then any element of A can
be represented as an infinite formal series:

A= {x = ixipifl
i=0

It is well known that A is a compact metric abelian group. An odometer,

ZL’Z'E(O,].,... ,)\1—1)}

S, is the transformation acting on A as follows: Sz = z + 1, x € A, where
1=1p_1 4+ 0pg + O0p1 + ... € A. From the topological point of view, (A,S) is
a strictly ergodic Cantor system.

Let
D(t) = {IE = Zﬂ%pi—l
=0
We see that the sets (D, ..., D}, ), Dj = S*(Df) form a partition & of A into
clopen sets. Clearly, (&), t > 0, is a refining sequence of of S-towers. Moreover,
S(&); = & for every t.
We will denote by Od = Od(Q) the set of homeomorphisms of {2 homeomor-

phic to an odometer (A, S). Elements from Od will be also called odometers.

l’olL’l...’I‘tO}.

LEMMA 4.1. Let T € Homeo(Q) and let (Fy,... , F,) be a partition of Q into
clopen sets such that TF; = Fi11, 1 <i<n—1, TF, = Fy. Then there exists
an odometer S such that SF; = TF; for all i, i.e. S € W(T; Fy,... ,F,).

The proof of the lemma is based on the definition of odometer and left to
the reader.

DEFINITION 4.2. Let T € Homeo(2) and let F,,, n € N, be a partition of {2
which is a union of r disjoint T-towers consisting of clopen sets, that is
r hp(i)—1

Fo=UJ T Fu(3)
j=1 =0
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where F,,(j) € CO(Q) is the base of jth tower and h,(j) is its height. We say
that T has rank at most r if F,,;1 refines F,, and all F,,’s generate the clopen
topology on 2. We say that T" has rank r if T has rank at most r but does not
have rank at most r — 1. T has infinite rank if it does not have rank r for any
finite 7.

Obviously, every odometer is a homeomorphism of rank one.
We denote the set of all homeomorphisms having rank at most r by R(< r)
and the set of homeomorphisms of rank r by R(r).

PROPOSITION 4.3. Let T € Homeo(Q2) and suppose rank(T) = r < oco. If
(Fn) is a sequence of clopen subsets of Q as in Definition 4.2, then F,, = Q) for
all sufficiently large n.

ProoF. We note that F,, C F,41 for all n € N by Definition 4.2. If we
assume that F,, #  for all n, then we get that ),,(Q2\ F,,) # 0. This contradicts
the assumption that the F,,’s generate the topology on (2. O

Suppose that the clopen set F is a disjoint union of r disjoint families of
clopen sets: F = J; ; Dj; where i = 1,...,r and j = 0,1,... ,h(i) — 1. Let o
be a total order on the set (0,1,...,h(i) — 1) for i = 1,... ,r. Denote by o(j)
the successor of j € (0,...,h(i) — 1). Define

(41) Z/,‘,o'(f) = {R € Homeo(Q) | RDU = Dia(j)a
i=1,...,r, j=0,... h(i)—2}.

Let S € Z,,(F). Then S transforms the sets (D;; : j = 0,...,h(i) — 1) into
an S-tower, provided we introduce a new enumeration such that SD;; = D;j41.
Note that

r h(i)—2

(4.2) Z,0(F) =) [ W(S;Dy)

i=1 j=0
= W(S; D1o, - -+, Din(1)—2, D20, - -+ » Drn(ry—2)-

THEOREM 4.4. For every finite r, the set R(< r) is a Gs-set in 7y, -topology
and R(< r) is an Fy5-set in the topologies T, 7", . In particular, R(1), the set
of homeomorphisms of rank 1, is a Gs-set in 1, and R(1) is a Fys in 7, 7", P.

PRrROOF. Let (Q,) be a refining sequence of finite partitions into clopen sets
generating the clopen topology. Then for a finite partition F into clopen subsets
there exists @,, such that @, refines F', @), = F. One can easily check that

(4.3) Rcn=NU U Uz

n=1k=n Qn<F<Q) o
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By (4.2) and Proposition 2.4, every set Z,.,(F) is clopen in 7, and closed in 7,
7", p. The theorem follows. 0

THEOREM 4.5. IfT has rank 1, then T is minimal.

PROOF. Let (F), be a refining sequence of T-towers generating the topology
on ). Without loss of generality, we may assume that every F, is a clopen
partition of 2. Take some x € () and let E be a nonempty clopen subset. Find
n such that E is an F,,-set. Then there exists an integer m such that Tz € E.
This means that T-orbit of x is dense in 2. g

THEOREM 4.6. T € R(1) if and only if T is topologically conjugate to an
odometer. In other words, R(1) = Od.

PROOF. Let (F), be a sequence of T-towers corresponding to a rank 1 home-
omorphism 7. Then

hn—1
Fo=|J Dy, TD}=Dyy, 0<j<h, -2
j=0

Since F,,+1 = Fp, and every JF, is a clopen partition of €2, we see that h,, divides
hpt1, 8ay hnt1 = Aphy,. We have that

An—1
pr=J Dyt i=0, h— 1.
k=0

This proves that T is completely defined, up to conjugacy, by a sequence of pos-
itive integers (A, ) and therefore T is conjugate to an odometer by Lemma 4.1.0J

Let C(T') denote the centralizer of a homeomorphism 7', that is C(T) = {R €
Homeo(Q?) | RT = TR}. Denote by Wcl(T) the 7,-closure of the cyclic group
{T™ | n € Z}. We prove now the weak closure theorem for homeomorphisms of
rank 1.

THEOREM 4.7. Let T € Homeo(2) be a homeomorphism of rank 1. Then
C(T) = Wcl(T).

ProoF. To show that C(T") D Wcl(T), it suffices to check that C'(T') is closed
in 7, ~ p. To do this, we take a sequence (S,) C C(T) converging to S. Since
Homeo(£2) is a topological group in 7, then (S,,T) — S,T and (T, Sy,) — TS,
are continuous and therefore, taking the limit, we get that ST =T'S.

To see that Wcl(T) D C(T'), we use the fact that T' can be taken as an
odometer by Theorem 4.6. Let R € C(T) and let ¢ = (F,TF,... ,T""'F) be
a T-tower covering Q (then T"F = F). Given § > 0, we can find sufficiently
large n such that diam(F) < 6. Denote by gy = min(dist(F,77F)|0 < j < n).
Then given 0 < € < &g find some § such that d(Rx, Ry) < &€ whenever d(z,y) < 0
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where d is a metric on Q. It follows that RF is a subset of some T*F,0 < iy < n.
If we assume that RF is a proper subset of T% F, then we come to a contradiction
since, in this case, R(T7F) must be also a proper subset of T+t F 1 < j < n,
where ¢9 + j is understood by mod 0. In other words, we have shown that
Re W(T",F,TF,... , T""'F). O

We note that J. King proved in [12] the weak closure theorem in the context
of measurable dynamics.

REMARK 4.8. Let T be an odometer and & = (F,TF,... ,T" 'F) be a T-
tower covering 2. Then for any S € W(T; F,... ,T""'F) we have that S* €
W(T% F,... , T""'F), i € Z. More general,

W(T;F,..., T" 'F)Y c W(TF,... , T"'F), icZ.

5. Minimal and mixing homeomorphisms

Let Min denote the set of minimal homeomorphisms and let Mix be the set
of all mixing homeomorphisms of 2 (recall that T is mixing if for any non-empty
clopen sets E and F there exists n € N such that T'ENF # 0, Vi > n). The
following statement shows that minimality and mixing are not typical properties.

PRrROPOSITION 5.1. The following properties hold:
(a) Min" C Ap, Miz0 Ap' C Ap.
(b) For any neighbourhood W = W(L; Fy,... ,F,), Min'* N W = 0 and
Miz™ nW = 0.
(¢) If R € S is a simple homeomorphism (in particular, R can belong to
Perg), then there exists a neighbourhood W = W (R; Fy,... , F,) such
that Min™ OW =0, Miz * NW = 0.

PROOF. (a) The result follows from Theorem 3.1(a).
(b) Obviously, Min and Miz do not meet any neighbourhood W = W (I; F7,
., Fy,) of the identity. Since W is a clopen subset in (Homeo(2),7,), we get
that Min'* C W€ and Miz * C W¢. In particular, we see that Min * and
Miz"™ are proper subsets of Homeo((2).

(c) Since R € S, we can find a clopen subset E of Q such that the sets
R'E, i =0,1,... ,n — 1, are disjoint and R"E = E. Denote ,, = U?:_Ol R'E.
Then if S € W(R; E,RE,... ,R"'E), then S(R'E) = R E and therefore S
cannot be mixing. Now let F' be a non-empty clopen subset of E. The subsets
F,RF,... ,R"F are still disjoint and if S € W(R; F,RF,... ,R""'F), then
we have that S((J!') R'F) = U~y R'F, that is S is not minimal. O

Since the set S of simple homeomorphisms is dense in (Homeo(R2),7,), we
easily obtain the following result.
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COROLLARY 5.2. Min'" and Miz * are nowhere dense in (Homeo(f2), 7).

THEOREM 5.3.

J— T

(a) Od =R(1) = Min',
(b) Od™ =R(1) " = Min

ProOOF. It follows from Theorem 4.6 that we need to prove the relations
Min C WT and Min C Wﬂ” only. First consider the closure Wﬂ”. Let
T be a minimal homeomorphism. Take a sequence of clopen subsets (A,,) such
that A, D A,41 and (),,»; 4, is a singleton. Let &, be the Kakutani-Rokhlin
partition defined as in Section 3 by T with fixed base A,. It is known that
(A,) may be chosen in such a way that the refining sequence (&,,) generates the
topology on Q. Every &, is a finite union of T-towers &,(¢), i = 1,... , ky, where
£,(i) ={T7A,(i)| 7=0,... ,hi —1}. Given ¢ > 0 choose n sufficiently large so
that diam(A4,,) < £/2 and diam(T~'A,,) < £/2. For n, consider two collections
of clopen subsets: (T"~1A,(1),...,Th"1A, (k,)) and (A,(1),..., An(kn)).
Let S; be a one-to-one continuous map from 77 =1 A, (i) onto A, (i + 1), i =
L,...,k,—1. Let Y, = Q\ T 1A, (k,) and Yo = Q\ A4, (1). Define a one-to-
one continuous map S from Y7 onto Y3 by

kn
Tx ifzx Thi=1 A, (i),
o U (i)

Six ifxeTh1A,(), i=1,... k, — 1.
We note that d(Tx, Sz) <diam(T~'A4,), z € Y; and d(T~ 'z, S~1z) <diam(A4,),
T €Ys.

This construction defines an S-tower with base A,,(1) and top 7" 1A, (k,,).
Next, by using cutting and stacking, we may extend S to a homeomorphism of 2
denoted also by S. Clearly, S has rank 1. By our construction,

dw(S,T) = sup d(Sz, Tz) +supd(S~ x, T 'z) < e.
e e
This proves that T can be approximated in 7,, by a homeomorphism S of rank 1.
Thus we have shown that Min C Wﬂ".

Now we will prove that Min C WT. Let p1, ..., um be a given collection
of Borel measures and let € > 0. Take T' € Min and construct (A,) and (&,) as
in the first part of the proof. It was proved in Theorem 3.5 that n can be chosen
so large that u;(A4,) < &/2 and p;(T~'A,) < €/2, i = 1,... ,m. We apply
the above method to define a homeomorphism S of Q of rank 1. Obviously,
E(S,T) c A, UTtA,,. Then pu;(E(S,T)) < ¢ for i = 1,...,m. Therefore
SeU(T;u1,.--,pm;e) NR(L). O

The next statement can be proved by using the techniques of proof of The-
orem 5.3.
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COROLLARY 5.4. Let T be a homeomorphism of Q which has a finite decom-
position into minimal components. Then T € R(l)T and T € R(l)Tw,

It follows from Theorems 4.5 and 5.3 that the following result holds.

COROLLARY 5.5.

(a) Od is a dense Gs-set in Min' ", i.e. Od is a residual set in Min "
(b) Od is a dense Fys-set in Min' .

(c) Min is closed neither in T nor in Ty,.

It follows from Corollary 5.5 that a typical minimal homeomorphism is sat-
urated (see Remark 3.9).

THEOREM 5.6. Miz N\ Min * is nowhere dense in (Min'",7,).

PROOF. Let T € Min “. Take a 7,-neighbourhood W (T; Fy,... , F,,). We
showed in Theorem 5.3 that there exists an odometer S € W(T; F1,... , F;,). Let
F = (E,SE,...,S" 'E) be an S-tower such that |/ SE = Q and S"E = E.
Then W(S; E,SE, ... ,S" 1E) consists of the homeomorphisms R € Homeo({2)
such that R(S'E) = ST'E, i =0,... ,n — 1. Note that, choosing n sufficiently
large, we have that every F} is an F-set. Therefore W(S; E,SE,... ,S" 'E) C
W(T; Fy,...,F,)since SF; = TF; and each F; is a union of some atoms from F.
Then for any RW (S; E,SE,... ,S" 'E), wehave {m € Z | R"ENE # 0} = nZ
and therefore R cannot be mixing. This proves that Miz is nowhere dense
in Min"™. O

REMARK 5.7. Since Mix N Od = (), Theorem 5.6 is consistent with the
conclusion of Corollary 5.5 that Od is a set of second category in Min™.

We now introduce a concept which will allow us to characterize the closure
of Min in the weak topology .

DEFINITION 5.8. We call a homeomorphism 7' moving if for any non-trivial
clopen set F' each of the sets TF\ F' and F\TF is not empty. A homeomorphism
T is called weakly moving if TF # F for every non-trivial ' € CO(Q).

We denote by Mov and w-Mow the sets of moving and weakly moving home-
omorphisms, respectively. Obviously, Mov C w-Mov and if T € Mov (or T €
w-Mov) then also T~ € Mov (or Tt € w-Mov).

It follows immediately that Men and Mix are subsets of w-Mov. We make
this statement more precise in Theorem 5.9 below.

Note that the set w-Mow is closed in 7,,. Indeed, it is easily seen that

(5.1) w-Moww= (] W(EF)"
FeCo(Q)

Another simple observation from (5.1) says that if P € Perg, then P ¢ w-Mouv.
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T?l U

THEOREM 5.9. T € Mov if and only if T € Od * = Min

PROOF. Let T € Od “. Consider a neighbourhood W (T;F) where F €
CO(Q2). Then W (T; F') contains an odometer S such that SF = TF. Let £ be
an S-tower such that F'is a &-set. Since every atom of ¢ is shifted by S to the next
level of the tower, we get that TF\ F = SF\ F # @ and F\TF = F\ SF # 0.

Conversely, suppose that T' is moving. Let W(T; Fy,... , F,) be a neigh-
bourhood where ( = (F1, ..., F,) is a partition of  into clopen sets. We know
that for every i the sets T'F; \ F; and F; \ TF; are non-empty. Take the intersec-
tion ¢ AT(¢) of partitions ¢ and T'¢ consisting of atoms T'F; N F; = F;; where
i,7=1,...,n and some of Fj;’s may be empty.

We first consider a particular case when for every i =1,... ,n,

(52)  [{1<j<n|TENE#0)|={1<j<n|TENE #0}.

Let A = (a;;) be an n x n matrix where a;; = 1 if TF, N F; # 0 and a;; = 0
otherwise. In other words, we consider the directed graph I' with the set of
vertices (1,...,n) and the set of arrows defined by A: an arrow from i to j
exists if and only if a;; = 1. Note that I' may have loops, i.e. arrows that begin
and end at the same vertex. In other words, relation (5.2) says that the number
of arrows coming to a vertex ¢ equals the number of arrows outgoing from i. We
claim that (T', A) is a connected graph. Indeed, let Z (i) be the set of vertices that
can be connected with ¢ by a path. We show that Z (i) = (1,... ,n) for every i.
If j € Z(i) then there exist jo = i, j1,... ,js = j such that TF;, N Fj, ., #0, k=
0,...,s—1. Assume that A = (1,... ,n)\ Z(i) # 0 and denote by E' = ;. Fj-
Since T' € Mov, we get that TE®\ E° # () or TE° N E # () which contradicts
the assumption.

Since we have a connected graph (T', A) satisfying (5.2), we can choose an
Euler path L, consisting of arrows, which goes through all vertices and takes
every arrow only once (see [5] for details).

We now construct a homeomorphism S of (2 using the path L. To every
arrow from ¢ to j we associate the set Fj;. We start with some vertex iy and
let S be a homeomorphism from Fj,; onto Fj if the arrow from j to £k follows
that from iy to 7 in L. Then we extend the definition of S going along L. Thus,
S is defined on Q and atoms of T'(¢) A ¢ form an S-tower, and since the path
L is annular, the top of the tower is mapped by S onto the base. Moreover,
one can verify that by definition of S, TF; = SF; for all i. Indeed, fix some i
and consider the sets Fj; and Fj, when j,k run over (1,...,n). We see that
Uj Fj; = F; and |J,, Fir, = TF;. Hence S maps F; onto T'F;. Therefore we have
found an odometer S which belongs to the neighbourhood W (T; F, ... , Fy,).

In general, (5.2) does not hold. But we can slightly modify the above con-
struction to obtain the result. We note that there are positive integers m;; such
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that

(5.3) Z mij = Z Mjj.
{jlai;=1} {jlaji=1}

This means that we can consider a new graph (I, A’) over the same set of vertices
(1,...,n) and with an extended set of arrows: if 4 and j are such that a;; =1,
then we take exactly m;; directed arrows from i to j. Given two connected
vertices ¢ and j, we can assign a number from 1 to m;; to each arrow from 4 to
j. In this way, we see by (5.3) that the connected graph (I, A”) has the following
property: the number of arrows arriving at each vertex is the same as the number
of arrows leaving that vertex. Therefore, there exists a closed path L’ that goes
through all vertices (visiting each vertex several times) and includes each arrow
only once.

To construct an odometer S, we divide every non-empty set Fj; into my;
non-empty clopen subsets Ejjx, & = 1,...,m;;. To define S, we start with
a vertex ig and some outgoing arrow [(ig,41; k1) from ig to i1 with the assigned
number 1 < k; < my,;,. Then S is defined by the following rule: if the arrow
1(i1,42, ko) from i1 to i5 with the number ko is next to I(ig,41; k1) in L' the we
set S: Ejyiy ki — Eiyis k- One can continue this procedure going along L' until
the last arrow in L’ has been used. This arrow has the largest number m; _,;,
amongst those that return to ig. As before, it is easy to check that the sets
(Bijg, 4,5 =1,...,nyk = 1,... ,my;) define an S-tower and SF; = T'F; for
all 4. O

Let 7t denote the set of all topologically transitive homeomorphisms of €.

COROLLARY 5.10.
(a) Tt C Mov and Tt = Min'*;
(b) Min" # Min'".
PRrROOF. Tt is easily seen that every T' € 7t satisfies Definition 5.8. Thus, we
have
Mov D Tt D Min,
and the result follows from Theorem 5.9.

On the other hand, if some T from 7t has a periodic orbit then such a T'
cannot be in Min' in view of Theorem 3.1. g

COROLLARY 5.11. Min c Od* = Min'" C w-Mov and Miz C Od * =
Min" C w-Mow.
PrROOF. We need only show that if 7" is either minimal or mixing then T

belongs to Od™. For this, assume that it is not true, i.e. T ¢ od™ = Mow.
Then there exists a proper clopen subset F' such that either

(i) TF =F or
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(i) TF C F or

(iii) F C TF.
If (i) holds then T is neither minimal nor mixing. If (ii) holds, then T"*1F C
T"F,n € N, and the set ﬂnZO T™F is a closed T-invariant set. Thus, T cannot be
minimal. Denote by E = F\TF. Then E,TE,... ,T"E, ... are pairwise disjoint

and therefore T' cannot be mixing. Similar arguments are used in case (iii). O

Analyzing the proof of Theorem 5.9 we can immediately deduce the following
consequence.

THEOREM 5.12. A homeomorphism T of Q belongs to Perg " if and only if
for each clopen F either TF = F or TF\F # (0 or F\TF # (). Therefore every
homeomorphism T € Min™ can be approzimated by a periodic homeomorphism
P € Perg in the topology T, that is Min'* C Perg .

PROOF. From the proof of Theorem 5.9, we see that if the hypotheses of the
Theorem hold, one can construct a periodic homeomorphism S of 2 using the
Euler path L in the same way as for odometers. O

A simple consequence of Theorem 5.12 is the following fact: Per = Perg .

REMARK 5.13. We may also use Theorem 5.9 to show that for a minimal
homeomorphism 7' € Homeo(Q), [[T]]ap C Min' as stated in Theorem 3.7. For
this, we need to prove that if v € [[T]],,, then v € Mow, that is for any clopen E
the sets YE\ E, E\vE are non-empty. Assume that there exists F € CO(2) such
that vF C F and deduce from this that v must have a periodic part. Choose
a Kakutani—Rokhlin partition £ such that v € T'(¢) and the clopen sets F' and
~F are &-sets (we use here notation of Section 3). Then F' and vF are unions of
some atoms D7 (v) of £&. We have two possibilities: either every D7(v) C F does
not leave the subtower £(v) under the action of v, or there exists D7 (vg) in F
such that D’ (vg) belongs to some Ly;(J) (or Lyx(J’)). From the first case we
get that v must have a periodic part inside of £(v). The second case implies that
if DJo(vg) C F N Ly (J), then Ly;(J) C F (as well as y(Lyi(J))) is also a subset
in F' since the set vF'is a &-set. Then v again has a periodic part.

We can strengthen the first statement of Theorem 5.3 by giving a complete
description of closures of various classes of homeomorphisms in the topology .

THEOREM 5.14. Od =R(1) = Min =Tt NAp = Ap.

PROOF. Let T be an aperiodic homeomorphism of 2 and let U(T) = U(T;
U1, - -, ik €) be a 7-neighbourhood of T'.

We will apply the following result established in [2] to prove the Rokhlin
lemma.
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LEMMA 5.15. Let T be an aperiodic homeomorphism of a Cantor set €,
U1y ik € M1(Q), € > 0. Given a positive integer n > 2, there exists a par-
tition of Q into a finite number of clopen T-towers (n1,...,nq) such that the
height h(n;) of every tower is at least n. Moreover, these towers can be chosen
such that

(5.4) M(Ul TjB) >1—¢,

§=0
where B = J{_, B; and B; is the base of n;.

SKETCH OF PROOF. We begin with a clopen finite disjoint cover (Uy, ... ,Uk)
of Q such that T7U; NU; =0, j =1,...,n—1, i =1,... k. Consider & =
(Uy, TUy, ..., T""1U;) and define C; = U;:Ol TiU;. Let Ul = Uy — Cy, i =
2,...,k. Define

Uy(i)={zcUy |T'xcUy, T2 ¢ Uy, 0<j<i—1}, i=1,...,n—1,

and
Us(0)={zcU) | T?x ¢ Uy, forall 1 <j<n—1}.
Each set Uj (i) is the base of the T-tower

&) = {U3 (i), TU; (i),... , T 10U (i)}, foralli=0,...,n— 1.

Take the set

n—1
Ul = U\ {J T'05 (i)

i=1
as the base of a subtower &} of £&;. We get the collection of disjoint T-towers
E(1) = {&,£3(0),63(1),... ,&3(n — 1)} each of which is of height at least n.
Denote by Ct,C3(0),C3(1),...,C3(n — 1) the supports of the corresponding
towers from Z(1). Note that CT UC3(0)UCI(1)U...UCi(n—1) = C; UC}
where C3 = U:;Ol T'U3. Define the sets U? = U} \ C3, for alli =3,... k. For
each tower ¢ from Z(1), denote by UZ(£) the subset of U3 which consists of those
points whose T-orbits meet £ for at most n— 1 iterations. We can now apply the
construction used above to the set UZ(£) and the tower £ € Z(1). Repeating this
procedure at most k — 1 times we will finally obtain a collection = = (&1, ... ,&s)
of disjoint T-towers which covers €2 such that the height of each tower £ € = is
at least n.

Choose m € N such that 1/m < ¢ and let V; denote the top of §;. Using
the obvious fact that amongst m pairwise disjoint subsets of ) at least one must
have j;-measure less than €, we may choose a clopen set B = T~XV where
0 <K <mnandV = Jj_,Vj, such that (5.4) holds. To get the T-towers
M,... ,7q, one refines the existing towers £;,... ,&; such that the base of each



330 S. BEZUGLYI A. H. DOOLEY J. KWIATKOWSKI

7; is a subset of B and the top is a subset of T~'B. Full details of the proof are
in [2]. O

We now return to the proof of the Theorem. Define a homeomorphism S as
follows. Let S; be a homeomorphism sending the top T"(€)~1B; of & onto the
base Bjyq of & 41 (i=1,...,m —1) and S,, maps T"é=)~1B, onto B;. Take
n = 2 in Lemma 5.15 and define

m h(§i)—2
T ifzel) |J 778,
Sz = i=1 j=0
Six if x e TME)-1B; for somei=1,...,m.

It follows from (5.4) that the homeomorphism S belongs to U(T'). On the other
hand, there exists a homeomorphism Sy € Od such that Spxz # Sx only if
x e TM&)-1B, hence Sy € U(T). This proves that Od = Ap. O
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