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SELECTIONS AND APPROXIMATIONS
OF CONVEX-VALUED EQUIVARIANT MAPPINGS

ZDZISLAW DZEDZEJ — WOJCIECH KRYSZEWSKI

ABSTRACT. We present some abstract theorems on the existence of selec-
tions and graph-approximations of set-valued mappings with convex values
in the equivariant setting, i.e. maps commuting with the action of a com-
pact group. Some known results of the Michael, Browder and Cellina type
are generalized to this context. The equivariant measurable as well as
Carathéodory selection/approximation problems are also studied.

1. Introduction

The purpose of this paper is to collect various results concerning the ex-
istence of equivariant selections and graph-approximations of equivariant set-
valued maps with convex values. Most of them are motivated by possible appli-
cations in the fixed point theory and, e.g. the theory of control and differential
inclusions. For instance, if one studies topological invariants for set-valued maps
by elementary approximation methods (see e.g. [20], [26]), all the symmetry
properties of these invariants are immediate consequences of appropriate results
for single-valued maps. The classical Borsuk theorem on a mapping degree may

serve as an example.
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The paper is organized as follows. In Section 2 basic definitions and remarks
concerning group actions, equivariant maps and properties of vector Haar inte-
gral are formulated and some basic examples of equivariant set-valued maps are
presented. Section 3 begins with an equivariant version of Michael’s selection
theorem and some of it’s simple consequences. We address also a less trivial
problem of the representation of a set-valued by a sequence of single-valued
continuous and equivariant maps. Besides, we present some other results gen-
eralizing [10] and [14]. In the next section we establish graph-approximation
results starting with a version of the classical theorem of A. Cellina [12] and
some of its generalizations. In particular, a constrained approximation theorem
from [7] finds its equivariant version. Relative approximation theorems, funda-
mental for the construction of topological invariants as, e.g. a topological degree
theory, are also proved (comp. [34]). The last section is devoted to measurable
and Carathéodory maps. A version of the classical Kuratowski-Ryll-Nardzewski
theorem is obtained and then several results on Carathéodory selections, repre-
sentations and approximations are established. In most of these results we deal
with an action of a general compact topological group. We decided to concen-
trate strictly on abstract selection and approximation theorems and to postpone
some possible and fruitful applications to subsequent papers.

Notation. In the sequel we consider only Hausdorff topological spaces. If
X is a topological space and A C X, then A denotes the closure of A. If X is
a metric space (with the metric denoted by d by default), A C X and ¢ > 0,
then B(A,e) :={zx € X | d(z,A) = ;Ielg d(z,a) < €}; in particular B(a,¢) is the
open ball with radius € > 0 centered at a € X; moreover let D(4,¢) := {x € X |
d(z, A) < e}. In what follows E denotes a Banach space with the norm || - || over
reals or complex numbers and E* stands for its topological dual, i.e. the Banach
space of all continuous bounded forms; if p € E* and = € E, then (p, z) := p(z).
Note that if A C E and € > 0, then B(A,e) = A+¢B(0,1) = A+ B(0,¢). The
convex (resp. closed convex) hull of A C E is denoted by convA (resp. ConvA).

2. Preliminaries

Let G be a group. Recall that a G-set is a pair (X,£x), where X is a set
and £x: G x X — X is the action of G on X, i.e. a map such that:

(1) €x(91,€(92,2)) = Ex (9192, 2) for g1,92 € G and z € X;;
(ii) &x(e,z) = for z € X, where e € G is the group unit.

In the sequel we write gx instead of £x(g,z), x € X, g € G, unless it leads
to ambiguity.
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Given G-sets X and Y, amap f: X — Y is G-equivariant if f(gz) = gf(z)
for any © € X and g € G. If the G-action on Y is trivial (or neglected), then we
say that f is G-invariant.

A subset A C X of a G-set X is G-invariant if gA == {gz | v € A} C A
for all g € G. The set Gz = G(x) := {gx | g € G} is the orbit through x € X
and X/G denotes the set of all orbits. Observe that if A C X, then the set

GA:= |J Gz = | gA is G-invariant.
€A geG
If G is a topological group, X is a topological space and a G-set, then X is

a G-space, provided the action €x is (jointly) continuous. We say that a real
(resp. complex) Banach space E is a real (resp. complex) Banach representation
of G if E is G-space and, for each g € G, the map &g(g, - ):E > x +— gz is linear
and bounded.

Throughout the whole paper we assume that G is a compact group.

REMARK 2.1. (a) Observe that if (E, | -||) is a Banach representation of G,
then for each g € G, &g(g, ) is a (topological) isomorphism and, in view of the
Banach—Steinhaus theorem, there is M > 0 such that for all ¢ € G and z € E,
M z] < llgall < Mz

(b) If E is a Banach representation of G, then so is the dual E*. The action
of G on E* is defined via conjugation: for g € G and p € E*, (gp, ) := (p, g 'z),
x € E.

Let (E,| - ||) be a Banach space. As G is a compact group, Borel (and, in
particular, continuous) E-valued functions may be integrated over G (see [22]
r [21]). More precisely, it is well-known that there is the Haar measure on G,
i.e. a unique normalized regular Borel measure X which is G-invariant: for any
B € #(G), the o-algebra of Borel sets in G, g € G, X(¢gB) = X(B) = X(Bg) and
X(G) = 1. The measure X admits the completion (or Lebesgue extension), i.e. if
B denotes the o-algebra in G generated by sets of the form A = BU N, where
B e B(G) and N C C € #(G) with x(C) = 0, then there is a unique complete
measure y on HB¢ such that x(B) = X(B) for any B € %(G). It is clear that
if A € PBg, then gA, Ag € B for any g € G and it is easy to see that y is
G-invariant.

The space L'(G,E) of Bochner y-integrable functions f:G — E is well-
defined; recall that f € L'(G, E) if and only if f: G — E is strongly y-measurable
and || fl| L1 (c.r) = J5 1/ (9)] dx(g) < oo. In particular, if E is separable, then any
bounded y-measurable map is integrable (for then f is strongly y-measurable
in view of the Pettis theorem — see [37]). Note also that any Borel function
f:G — E is xy-measurable, but not conversely.

In what follows we write dg instead of dx(g). Let us collect the most impor-
tant properties of the Haar integral.
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PROPOSITION 2.2.

(a) For any h € G and f € LY(G,E), maps G > g — f(hg), f(gh) are
x-integrable and

f(hg)dg = | flg)dg= [ f(gh)dg= [ f(g~")dy.
100 = [ swao= [ siamraa= |

(b) The map L'(G,E) > f — [ f(g)dg is continuous and linear.

(c) If f € LY(G,E) and f(G) C ACE, then [, f dg € conv(A).

(d) If E is a Banach representation of G, then for any f € L*(G,E) and
hea@q,

/G hf(g)dg =h /G £(g) dg. 0

REMARK 2.3. (a) It is clear that C(G,E) C L'(G,E), where C(G, E) denotes
the space of all continuous maps f: G — E endowed with the usual sup-norm

[flloc := sup [|f(g)|; and
9€G

fOI' any S C(G,E)

(b) Given a topological space X and f: X x G — E such that for y-almost
all g € G, f(-,g) is continuous at a € X, for each z € X, f(x,-) € L'(G,E)
and there is k& € L*(G,R) such that ||f(z,g)|| < k(g) for x-almost all g € G
and z from a neighbourhood of a, then F: X — E given for € X by F(z) :=
fG f(z,g)dg is continuous at a. In particular if f: X x G — E is continuous,
then F' is continuous.

(¢) If X is a metric space, f(-,9), g € G, is locally Lipschitz (i.e. for any
ro € X there are a neighbourhood V and L € L'(G,R) such that | f(x,g) —
f(y,9)| < L(g)d(z,y) for z,y € V and g € G) and f(x, -) € L'(G,E) for z € X,
then F = [ f(-,g)dg is locally Lipschitz.

(d) If E is a Banach representation of G, then one can define a norm || - ||
on E such that the action of G on E is isometric, i.e. ||gz| ¢ = ||z||¢ for all g € G
and z € E. Indeed it is sufficient to put

el = /G lgzlldg, = cE.

This new norm is complete since it is equivalent to the original norm | - || in E:
precisely, in view of Remark 2.1(a),

M7 |z|| < ||zl < Mz, = €E.

(e) Suppose that (X, d) is a metric G-space and let dg(z,y) = [ d(gz, gy) dg
for z,y € X. This definition is correct and it is easy to see that d¢ is a G-invariant
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metric on X. Moreover, metrics dg and d are equivalent (i.e. they introduce the
same topology in X). To see this fix a sequence (z,)%2; in X. Assume that

x, — x € X. It is clear that there is m > 0 such that sup d(gx,,gz) < m.
neN, geG

For all ¢ € G, d(gx,,gz) — 0; hence by the Lebesgue theorem dg(z,,z) =
Jo (g, gx) dg — 0. Conversely if dg (2, x) — 0, then f,,(g9) := d(gzn, g), g €
G, converges to 0 in L'(G,R). Thus there is a subsequence (fy, )?; converging
almost everywhere on G to 0; but this implies that z,, — x and, finally, it shows
that any subsequence of (z,) has a subsequence converging to z, i.e. x, — .
Unfortunately metrics d and dg are not, in general, uniformly equivalent and,

hence, (X, dg) may not be complete even if so is (X, d).

Set-valued maps are the main object of our studies. Recall that given sets
X and Y, a set-valued map ¢ from X into Y (written ¢: X —o Y') is a map that
assigns to each x € X the value o(z) being a nonempty subset of Y. If X and Y
are topological spaces and, for any closed (resp. open) set U C Y, the preimage
e Y U) :={z € X | ¢(z) NU # 0} is closed (resp. open), then we say that ¢
is upper (resp. lower) semicontinuous; @ is continuous if it is upper and lower
semicontinuous simultaneously.

If Y is a metric space, then ¢: X —o Y is lower semicontinuous if and only

if for any y € Y the function X 3 z — d(y,p(z)) = in{ )d(y,z) is upper
zep(x
semicontinuous (as a real function) or, equivalently, given zg € X and yo € p(z),

Jim d(yo, p(x)) =0.

A similar characterization of upper semicontinuity is not true, i.e. the lower
semicontinuity of d: X 3 z — d(y, p(z)) € R does not imply in general that ¢
is upper semicontinuous. However if ¢ has closed values, is locally compact, i.e.,
each point z € X has a neighbourhood U such that o(U) is compact, and d
is lower semicontinuous, then ¢ is upper semicontinuous (with compact values).
The graph Gr(p) := {(z,y) € X xY | y € ¢(x)} of an upper semicontinuous
map ¢ with closed values is closed; ¢: X — Y is upper semicontinuous with
compact values if and only if the projection Gr(y) — X is perfect (}). We say
that a map ¢ is compact if it is upper semicontinuous and the closure of the
image o(X) := |J o(z) is compact. For other details on set-valued maps — see

€x

1201, [8] or [23].

REMARK 2.4. If X is a G-space, then the orbit map ¢: X — X given by
p(z) := Gz is continuous with compact values; if X is compact, then ¢ is
compact. In particular, if A C X is G-invariant and U is an open neighbourhood
of A, then there is an open neighbourhood V' of A such that GV C U. Indeed,

(1) Recall that a continuous map f: X — Y is perfect if it is closed and f~1(y) is compact
forany y € Y.
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the upper semicontinuity of ¢ implies that V := {z € X | ¢(z) C U} = X \
@YX \ U) fulfils the requirements.

In what follows we shall study G-equivariant set-valued maps.

DEFINITION 2.5. Let X and Y be G-sets. A set-valued map ¢: X — Y is
G-equivariant (resp. G-invariant) if p(gx) = geo(x) (resp. p(gz) = ¢(z)) for all
g€ Gandze X.

Note that ¢ is G-equivariant if and only if p(gz) C gp(z) for all g € G and
x € X (or gp(x) C ¢(gzx) for all g € G and x € X). Moreover, it is easy to
see that ¢ is G-equivariant if and only if its graph Gr(F) is a G-invariant subset
of X x Y with a natural action g(x,y) := (gz,g9y), x € X, y € Y. Observe that
if p: X — Y, where Y is a topological space, is G-equivariant, then so is its
closure, i.e. the map 7: X — Y given by 3(x) := ¢(z), x € X.

Let us collect some simple examples of G-equivariant set-valued maps.

EXAMPLE 2.6. (a) (A marginal map, see [4]) Let X, Y be two G-spaces,
H:Y — X a G-equivariant map with compact values and W: X xY — R
a continuous G-invariant map, i.e. W(gx, gy) = W(x,y) forallg € G,z € X,y €
Y. Then a marginal map M:Y —o X defined by

M(y)i={ze Hly) | W@y = inf Wizy)}.
z€H (y)
is considered in many optimization problems. Clearly M is G-equivariant be-

cause of the equality inf W(x,y)= inf W{(gz,gy).
quality inf (z,y) ook (92, 9y)

(b) Let ¢:[0,T] x U — E, where T' > 0 and U C E is an open G-invariant
subset of a Banach G-representation E, be G-equivariant, i.e. ¢(t, gz) = gp(t, x)
for 0 < ¢t < T and « € U. Consider a differential inclusion (under suitable

assumptions assuring the existence of solutions):

{ a'(t) € p(t, x(t)),
z(0) = xo.

Consider the space C([0,T],E) of continuous maps [0, 7] — E with the G-action
defined by (g, ) — gz, where (gx)(t) := g(z(t)) for x € C([0,T],E), g € G and
t € [0,T7). If 2:[0,7] — E is a solution to the above problem, i.e. there is an
integrable y: [0, 7] — E such that z(t) = g + fot y(s)ds, t € [0,T], then gz is
also a solution to this problem with the initial condition gzy. Therefore, the
solution map P:U — C([0,T],E), that assigns to each initial value zg € U the
set of all solutions, is G-equivariant, whenever well-defined.

(c) Let f:E — R U {0}, where E is a real Banach representation of G,
be a convex function. For each zy € dom(f) := {x € E | f(z) < oo} the
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subdifferential
Of(xo) :={p e E"| f(x) > f(xo) + (p,x — x0) for all z € E}

is defined. Let f be G-invariant. Then the map Jf:dom(f) — E* is G-
equivariant. Clearly dom(f) is invariant and if p € df(z¢), then for all z € E,

<p7x - .’E0> < f(x) — f(xo) Hence
{gp,@ = gzo) = (p,g™'w — 20) < f97'x) — f(xo) = f(2) — f(gz0),

which gives the assertion. In a similar manner one shows that the Clarke gener-
alized gradient 0f: U — E*, where U is a G-invariant open in E and f:U — R
is a G-invariant locally Lipschitz function, is G-equivariant.

(e) Let E be a Banach representation of G and K C E be closed G-invariant.
For = € K the Bouligand cone is defined

Tk (z) := lirills(}lp

Then v € Tig(x) <= gv € Tk(g(z)). Therefore the map Tk: K — E is G-
equivariant. The same is true for other types of ‘tangent’ or ‘normal’ cones, e.g.
the Clarke tangent or normal cones:

K —
Ck(z) := liminf y;
ygw,hHO‘*

Nk (z) :={p e E" | ({p,v) <O0forallve Ck(x)}, =e€kK.

(f) Let E be an isometric Banach representation of G, K be a closed convex
G-invariant subset of E and let e:E — R be continuous G-invariant and such
that e(z) > d(z,K) for x ¢ K. Tt is easy to show that ¢:E — E, given by
p(x) = D(z,e(x)) N K for x € E, is lower semicontinuous, G-equivariant and
has closed convex values.

3. Equivariant selections and e-selections

Recall that given sets X and Y, amap f: X — Y is a selection of a set-valued
p: X — Y if f(z) € p(x) for each x € X. It is clear that the axiom of choice
implies the existence of selections.

REMARK 3.1. (a) The equivariant situation is not that obvious. Let X and
Y be G-sets and ¢: X — Y be G-equivariant. If f: X — Y is a G-equivariant
selection of ¢ and = € X, then G, C Gy(,), where G, := {g € G | gz = 2z} is
the stabilizer of z € X, and therefore f(z) € p(z) N Y% where Y% = {y €
Y | G» C Gy}. On the other hand if ¢(x) N Y% = () for all € X, then there
is a G-equivariant selection f of ¢. To see this it is sufficient to define f on
any orbit O € X/G. Choose 2o € O and yg € ¢(z¢) N Y %o if g € G, we put
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f(gxo) := gyo. Then f:O — Y is correctly defined and G-equivariant selection
of ¢ restricted to O.

(b) If E is a Banach representation of G, X is a G-set and ¢: X — E is G-
equivariant with conver closed values, then ¢(z)NE%* # ) for all x € X. Indeed,
take z € X, y € ¢(x) and let z := me 9y dx=(g), where x, is the Haar measure
on the (compact) group G,. For any g € G, gy € ©(gx) = ¢(z); hence z € p(z)
in view of Proposition 2.2(c). On the other hand, in view of Proposition 2.2(d),
and (a), for all h € Gy, hz = wa hgydg = z,ie. G, C G, and z € p(z) NE%.
This explains why the problem of the existence of selections of convex-valued
maps is well-posed without any additional assumptions.

Here we shall study the existence of continuous selections. Suppose that X
is a G-space, E is a Banach representation of G and let p: X — E be a G-
equivariant set-valued map. Given f: X — E define a symmetrization of f by

(3.1) F(z) :=/Gg‘1f(gx)dgZ/Ggf(g‘lx)dg, €X,

provided that for each x € X the integral exists, i.e. the function G > g —
g~ f(gx) is integrable. Then, in view of Proposition 2.2(a), (d), it is easy to see
that F'is G-equivariant. If f is a selection of a G-equivariant set-valued p: X — E
having closed convex values, then in view of Proposition 2.2(c) for all g € G and
ze X, g flgz) € g7 p(gz) = p(x); hence, F(x) € conv{g™" f(gz); g € G} C
o().

If, for example, X is a G-space and f is continuous, then the map X X
G > (z,9) — g ' f(gx) € E is continuous and F is well-defined and continuous
by Remark 2.3(b). Therefore we have the following equivariant version of the
celebrated Michael theorem [31].

THEOREM 3.2 (comp. [1]). Let X be a paracompact G-space, E a Banach
G-representation and let ¢: X —o E be a G-equivariant (resp. G-invariant) lower
semicontinuous set-valued map with closed conver values. Then ¢ admits a G-

equivariant (resp. G-invariant) continuous selection.

PROOF. In view of the Michael theorem [31], ¢ has a continuous selection
f: X — E; therefore F, given by (3.1), is a continuous equivariant selection
of . 0

Let us derive some simple and immediate but useful consequences of Theo-
rem 3.2.

COROLLARY 3.3. Any partial continuous G-equivariant selection of ¢ may be
extended to a G-equivariant selection. Precisely, under the assumptions of Theo-
rem 3.2, given a closed G-invariant set A C X and a continuous G-map f: A — E
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such that f(x) € o(x) for x € A, there is a continuous G-equivariant selection
F of ¢ such that F|4 = f.

PrOOF. It is sufficient to take F' as a continuous G-equivariant selection
of a lower semicontinuous and G-equivariant set-valued map @ 4: X —o E defined

for x € X by
- flz) ifzxeA,
palr) = o(z) ifzd A 0

In a similar manner one can prove the following version of the Tietze—Gleason
theorem (the equivariant counterpart of the Tietze-Dugundji extension theo-
rem).

COROLLARY 3.4. If X is a paracompact space and E is a Banach repre-
sentation of G, then any continuous G-map f:A — E admits a continuous
G-equivariant extension over X, i.e. there is a G-map F: X — E such that

Fla=Ff.

PRroOOF. It is sufficient to take a continuous G-equivariant selection F' of the
lower semicontinuous G-equivariant set-valued map ¢: X —o E with closed convex
values defined for x € X by

x) ifx e A,
@) ::{f() €

E ifzdA O

The following geometric consequence of Theorem 3.2 might be also very useful
for applications (comp. [25, Theorem 1.3]).

COROLLARY 3.5. Let E be an isometric Banach representation of G, K
a closed conver G-invariant subset in E. Then, for any € > 0 there is a G-

equivariant ‘almost orthogonal’ retraction r:E — K, i.e. such that ||r(z) — z|| <
(1+e)d(z,K) for xz € E.

PROOF. Let ¢(x) := D(x,(1+¢)d(z,K)) N K for z € K. In view of Exam-
ple 2.5(f), p:E — E is lower semicontinuous, G-equivariant with closed convex

values. Taking r:E — E as its continuous G-equivariant selection we see that
r(z) e K forx € Eand r(z) =z if x € K. O

An equivariant version of Bartle-Graves [6] is also easy.

COROLLARY 3.6. Let E, F be Banach representations of G and L:E — F
a linear bounded surjective and G-equivariant operator. Then there exists a con-
tinuous G-equivariant map f:F — E such that L(f(z)) = x for x € F and

£(0) = 0.

PROOF. Consider a map ¢:F —o E given by p(x) = L=(z). It has convex
closed values and by the Banach theorem for every open U C E =1 (U) = L(U)



390 Z. DzZEDZEJ — W. KRYSZEWSKI

is open in F. Thus ¢ is lower semicontinuous and it is obviously G-equivariant.
By Theorem 3.2, ¢ admits a G-equivariant continuous selection h: F — E. Then
f(z) = g(x) — g(0) is the desired G-equivariant map. O

It is well-known that if X is paracompact, [E is a Banach space and ¢: X — E
is lower semicontinuous with closed convex values, z € X and y € ¢(z), then
there is a continuous selection f: X — E of ¢ such that f(z) = y. In the
equivariant case it is not necessarily so. However we have the following result.

ProproSITION 3.7. Under the assumptions of Theorem 3.2, if x € X and
y € p(x)NEC=, then there is a continuous G-equivariant selection of o such that

f(x) =y.

PRrROOF. Consider the G-equivariant homeomorphism a,;: G/G, — G(z) that
assigns to a coset gG,, g € G, the point gz € G(x) (see [9, Proposition 1.4.1] or
[15, Proposition 1.3.19(iii)]). Since G, C Gy, there is a continuous G-equivariant
map k: G/G, — G/G, given by k(9G,) := gG,, g € G. Finally take 8,: G/G, —
G(y) (defined as « above) and let f: G(z) — G(y) will be given by f(z) = Byoko
a;1(2) for z € G(x). Then f is continuous, G-equivariant and f(x) = y; hence
f is a selection of ¢|4, where A = G(x) is G-invariant. In view of Corollary 3.3,
there is a continuous G-equivariant extension f of fbeing the required selection
of . |

REMARK 3.8. (a) Assume that X is a paracompact perfectly normal space
(i.e., each open set is F,), E is a separable Banach space and let ¢: X — E be
lower semicontinuous with closed convex values. As observed by Michael in [31,
Lemma 5.2] (see also [23, Proposition 1.4.9]), there is a sequence f,: X — E
of continuous maps such that

(3.2) o(x) = {fa(x)}22, forany z € X.

In general, there is no equivariant counterpart of this result. Suppose that X
is additionally a G-space, E is a Banach representation of G, ¢ is G-equivariant
and a sequence {f,}, consisting of G-equivariant maps, satisfying (3.2) exists
and take x € X. Then, for any n > 1, the stabilizer G, := {g € G | gx = =}
of = is contained in the stabilizer G, (). Therefore f,(z) € E®= and, hence,

(3.3) o(x) CEC :={y € E| G, C Gy},

since E* is closed. For example if p:R — R is given by ¢(x) = [-1,1],
x € X, and on R we consider the usual antipodal action of G = Zs, then ¢ is
Zsy-equivariant but it does not have the discussed property since p(x) ¢ RS for
z=0.

(b) If X is a G-set, Y is a separable metric G-space, p: X — Y is G-
equivariant with closed values and ¢(z) C Y%, then there is a sequence of
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G-equivariant maps f,: X — Y such that ¢(z) = {f.(2)}32, on X. Indeed,
again it is enough to construct f, on each orbit O € X/G. Take zg € O and
choose a dense set {y,}52, in ¢(xg) (observe that ¢(x), as a closed subspace
of the separable metric space Y, is separable itself). As in Remark 3.1(a) we
construct a selection f,: O — Y such that f,(xg) = yn. It is clear that f,,
n € N, satisfies the required property.

It seems that condition (3.3) is not only necessary but also sufficient in the
continuous situation; however the authors do not know the proof of this general
statement. Nevertheless under some additional conditions the following holds.

THEOREM 3.9. Assume that G is a compact Lie group, X is a separable
metric G-space, E is a separable Banach representation of G and p: X — E
is a G-equivariant lower semicontinuous map with closed conver values such
that, for each x € X, @(x) C ES=. Then there is a sequence of continuous G-

equivariant maps fn: X — E, n € N, such that for allz € X, p(x) = {fn(x)}2

n=1"

Before we enter the proof let us recall the celebrated Mostow theorem (see
e.g. [9, Theorem I1.5.4)): If G is a compact Lie group, X is a completely reqular
G-space, then given x € X there is a G-tube around the orbit G(z), i.e. there
is a pair (T,r), where T is an open G-invariant neighbourhood of G(z) and
T — G(z) is a continuous G-equivariant retraction.

PrOOF. We shall proceed in three steps.
Claim 1. Let ®(z) := E%, x € X. Then ®: X —o E is G-equivariant lower
semicontinuous with closed convex values.

Indeed, for any x € X, ®(x) = [\ ker(g — I) (here, given g € G, the map
9€Ga
E 5> y +— gy € E is a linear bounded operator and I stands for the identity on E).

Hence ® has closed convex values. To show that ® is lower semicontinuous take
a closed set C C E and let D := {z € X | ®(z) C C'}. In order to show that D
is closed take a sequence x,, € D, x, — x and let y € ®(x). Take a tube (T,7)
around G(z). Without loss of generality we may assume that x,, € T for all
n € N. Therefore 7(x,) € G(r) and G, C G,(s,) for all n € N. For any n € N,
(%) = gnx, where g, € G, and G, () = Gg,. = 9nGeg,t. The compactness
of G implies that, passing to a subsequence if necessary, g, — g € G as n — oo
(recall that G, as a compact Lie group, is metrizable). Hence g,x — gx; on the
other hand g,z = r(z,) — r(z) = z, i.e. g € G, C Gy. Let y, := gny; then
Yn — gy = y. Now Gy, C Gz, = 9nGagnt C gnGygyt = G,y = Gy, Thus
Yn € D(x,) C Cand y € C, so x € D.

Claim 2. There is a countable family {f4: X — E}sca of continuous G-

equivariant maps such that, for each z € X, {fo(2)}aca = ®(x), where ® was
defined in Claim 1.
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Let {y,}22, be a dense countable subset of E. For any n,m € N, let
Unm == (I)il(B(yna me))

Lower semicontinuity of ® implies that U,,, is open. Let z € U,,, and take
Yr € ®(x) N B(yn,2™™). In view of Proposition 3.7, there is a G-equivariant
selection kg, : G(x) — G(y) of ®|g(y) while, in view of the Mostow theorem
there is a tube (T}, r,) around the orbit G(x). Let

Vi (@) 7= Upim 0 (kg y, 0 72) " H(B(yn, 27™)).

It is clear that V,,,,(x) is an open neighbourhood of x. The separability of X
(and of U,,, as a separable subspace of X) implies that there is a countable
family {z%,,} C Upm, such that

00
i
Unm = U Vnm7
=1

where Vi, = Vi (2h,,,). For any i,n,m > 1, let T}, := T,: . It is easy to see

that there is a family {7 }°° | of closed G-invariant sets such that G(z,,) C
o0

Tk forall k >1and |J Tk =T: ..
k=1

For any i,n,m > 1, let r},, =7y

nm

iy i e
s Ynm = Yai s K = Kgi . and let

nm

fik T — G(y!,,) be given by

rik 7 %
nm knm © (Tnm

Tik,)-
If z € T}%, and y € ®(r},,(x)), then Gy D G,i () D G, ie. y € ®(x). More-
over, ki (ri (x)) C ®(ri, () C ®(x). In other words f* is a G-equivariant
selection of ®|pix .
In view of Corollary 3.3, f}l’fn has an extension to an equivariant selection

kX — E of ®. We claim that the family {fi km,m—1 Satisfies our re-
quirements. Indeed, take x € X, y € ®(z) and ¢ > 0. Let m > 1 be such
that 2=™*+1 < ¢, There is n > 1 such that y € B(y,,2~™). Hence x € U,
and there is i € N such that € V;!,. Hence x € T, and x € Tik for some
k> 1. Then fik (z) = fik (2) € ®(x) and | f* (z) — yn| < 2~™. Therefore
| fik, —y| <2-27™ =27+ < ¢ This completes the proof of Claim 2.

Now we pass to the proof of our assertion. Without loss of generality
we may assume that E is an isometric Banach representation of G (see Re-
mark 2.3(d)). Let {f,}52; be a sequence of continuous G-equivariant maps such
that m = RS- for all z € E existing in view of Claim 2. Given n,m > 1,
let

Wom 1= {0 € X | @(2) 0 B(fu(2),27™) # 0}.
The lower semicontinuity of ¢ implies that W,,,, is open; moreover, it is easy to
see that W,,,, is G-invariant and there is a family of G-invariant closed sets C¥,
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such that |J Ck,, = Wy,. For any n,m > 1 such that W,,,,, # 0 and k > 1 let
k=1

us define gofzm: X — E by

. o(x) if v e X\CF, .
Prim (T) 1=
o(x) N D(fu(x),27™) ifxecCk

nm:*

It is standard to check that ¢F is G-equivariant lower semicontinuous with
closed convex values. Therefore, for all n, m and k, there is a G-equivariant
selection f* :X — E of oF, .

The family {f*,,}n.mi>1 is a desired one. Indeed take z € X, y € p(z) C
E%:, ¢ > 0 and m € N such that 27™%2 < . There is n € N such that
|l fn(z) =yl < 27™. Hence x € Wy, and z € CK_ for some k > 1. Thus
lfk  —fal@)] <27™ <27 H e || R (2)—y|| < 27mFly2—m < 27mH2 < 2 O

REMARK 3.10. If ¢ has closed convex values and has open fibers, i.e. for
each y € E, the preimage ¢~ 1(y) is open, then ¢ is lower semicontinuous and
the assertion of Theorem 3.2 follows (this may be considered as an equivariant
version of the Browder theorem [10]). Suppose now that E is a finite-dimensional
representation of G. If a G-equivariant ¢: X — E has convex values (not nec-
essarily closed) and open fibers, then it admits a continuous G-equivariant se-
lection. Indeed, let {ps}scs be a partition of unity subordinate to the open
cover {¢ 7 (y)}yey, i.e., for each s € S, suppps C ¢~ '(ys)), where ys € E. Let
f(x) =, cops(x)ys and F(z) := [, 97" f(gz)dg for z € X; then f: X — E is
a continuous selection of ¢, F' is equivariant and for each = € X, the integrand
is contained in the compact set Z := {g7'f(gz) | g € G} C ¢(z). Therefore
F(z) e eonvZ = convZ C ¢(x) since E is finite-dimensional.

In what follows we study the existence of G-equivariant e-selections.

DEFINITION 3.11. Let X be a set and Y a metric space. If e: X — (0, +00),
then a map f: X — Y is an almost selection of p: X —o Y, precisely an e-
selection, if d(f(z), p(x)) := in{ )d(f(a;),y) < e(z) for all z € X.

yep(x

It was proved by Deutsch and Kenderov [14] that ¢: X — Y, where X is
a topological space and Y is metric, has an e-selection for any (constant) ¢ > 0 if
and only if ¢ is sub-lower semicontinuous in the following sense: for any x € X

and € > 0 there is a neighbourhood V of z such that () B(p(y),e) # 0. It
yeVv
is immediate to see that lower semicontinuous set-valued maps are sub-lower

semicontinuous.

THEOREM 3.12. Let X be a paracompact G-space, E a Banach represen-
tation of G. If p: X — E is a G-equivariant sub-lower semicontinuous map
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with conver values, then for any continuous €: X — (0,+00) there ezists a G-
equivariant continuous e-selection F: X — E.

ProOOF. For any x € X, there is a neighbourhood V,, of z and y, € ¢(z) such
that y, € B(p(y),e(x)/4M) for all y € V.., where M is taken from Remark 2.1.
Let U, := V,Ne ((e(x)/2,+0c0)). Then U, is an open neighbourhood of x. Let
{ps}ses be a partition of unity subordinate to the open cover {U, }.cx, i.e. for
any s € S there is zs € X such that suppps C U,,. Let ys := y,, and

f(z) = Zps(x)ys, r e X.
ses
Then f is continuous and for z € X if ps(x) #0, then x €U, _, ys € B(p(z),e(xs)/2)
and e(z5)/2 < 2e(x). Choose y, € ¢(z) such that ||y, — yil| < e(zs)/4M <
e(z)/2M. Hence

<D ps(@)llys — ill < e(x)/2M.
ses

A(f(2), o)) < Hf(x) - Y @),

ses

Let, as above,
F(x):= / g ' flgx)dg, =€ X.
G

For any x € X and g € G,

d(g~" f(gz), o(x)) < Md(f(gx), p(gz)) < £(x)/2;

therefore F'(z) € D(p(x),e(x)/2) C B(p(z),e(x)). O

4. Graph approximations

It is well-known that, in general, upper semicontinuous set-valued maps
do not have continuous selections. Nevertheless they often do have graph-

approximations.

DEFINITION 4.1. Let X, Y be topological spaces, ¢: X — Y and let U be
a neighbourhood of Gr(y) in X xY. Amap f: X — Y is ald-graph-approzimation
(or, simply, U-approximation) of ¢ if Gr(f) C U.

If X and Y are metric spaces and e: X — (0,4+00), then f: X — Y is an
e-approzimation of ¢ if, for each x € X, d((z, f(z)),Gr(p)) < e(x) (?) or,
equivalently, f(z) € B(p(B(z,e(x))),e(x)) for all z € X.

REMARK 4.2. (a) Let X, Y be metric spaces. It is easy to see that if e: X —
(0,400) is continuous, then there is a neighbourhood U(g) of Gr(yp) such that

(2) On the product X x Y the max-metric is considered, i.e. for any (z,¥), (z’,3') € X XY,
d((z,y), (z',y")) := max{dx (z,2'),dy (y,9")}.
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any U(e)-approximation of ¢ is an e-approximation. To this end it is sufficient
to take

Ue) = |J [ ((e@)/2,4+00) N B(x,e(x)/2)] x Bly,e(x)/2)
(z,y)€Gr(p)
= U ((e(@)/2, +00)) N B(w,e(x)/2)] x B(p(x),e(x)/2).
zeX
Conversely, if ¢ is upper semicontinuous with compact values, then for any
neighbourhood U of Gr(yp) there is a continuous e: X — (0, +00) such that any
e-approximation of ¢ is a U-approximation.

(b) Let X be a paracompact space. It may be easily shown that if ¢ is lower
semicontinuous with compact values, then for a continuous e: X — (0, +00) there
is a neighbourhood U of Gr(y) such that every U-approximation of ¢ is an e-
selection. Conversely, if ¢ is upper semicontinuous with compact values, then
given a neighbourhood U of Gr(yp) there is a continuous e: X — (0,400) such
that an e-selection of ¢ is a U-approximation.

(¢) On many occasions, especially those involving compactness, it is sufficient
to consider e-approximations with constant € > 0. However, apart from the
situation when X or Y are not metrizable (and the notion of e-approximation
makes no sense), general graph-approximations play an important role. To see
this observe, for instance, that if h:Y — Z, where Z is a topological space, is
continuous and ¢ admits arbitrarily close graph-approximations, then so does the
composition hoy. Indeed, given a neighbourhood U of Gr(hogp) let V := H~1(U),
where H(z,y) = (x,h(y)) for (z,y) € X xY. Then V is a neighbourhood
of Gr(p) and ho f is a U-approximation of h o ¢ provided f: X — Y is a V-
approximation of ¢.

When studying the existence of continuous U-approximations one has to
observe that it is necessary to restrict the choice of U even when a map ¢ has
closed convex values. To see this consider ¢: [0,4+00) — R given by ¢(z) = 1/z
for z > 0 and ¢(0) = [0,+00). Then ¢ is upper semicontinuous with closed
convex values. However ¢ does not admit continuous U-approximations, where

(4.1) U:={(z,y) €[0,400) xR |1/2 < zy <2or3zy < 1}.

DEFINITION 4.3. Let X be a topological space and E a Banach space. A
neighbourhood U of the graph of ¢: X —o E is thick if for any « € X there are
a neighbourhood U, of z in X and a convez neighbourhood V. of ¢(x) such that
U, xV, CU.

REMARK 4.4. (a) If X is a metric space, ¢ has convex values and &: X —
(0, +00) is continuous, then U(e) defined in Remark 4.2(a) is thick.
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(b) If ¢ has compact convex values, then any neighbourhood U of Gr(yp) is
thick.

(c) If ¢ has convex values (not necessarily compact), then there are neigh-
bourhoods without the thickness property: see the above example (4.1).

(d) If in Remark 4.2(b), ¢ is upper semicontinuous (not necessarily compact-
valued) and U is thick, then there is a continuous € > 0 such that an e-selection
is a U-approximation of ¢.

The problem of the existence of equivariant graph-approximations is not that
easy unless some additional, rather restrictive, assumptions are undertaken since,
unlike selections, the symmetrization of a graph-approximation is G-equivariant
but, in general, it is no longer a desired graph-approximation.

Below we provide a rather detailed discussion of this apparently important
question and study the equivariant approximability with no additional conditions
concerning, e.g. the action of G on X.

First let us collect some useful facts concerning open coverings of G-spaces —
see [32].

DEFINITION 4.5. Let X be a G-space. A covering # = {Wy}rea of X is

G-invariant if, for each A € A, W), is G-invariant. We say that #'is a G-covering
if Ais a G-set and gWy = Wy (and thus gWy € #) for all A € A and g € G.

If #'={Wx}xrca is a G-covering, then the saturation

;\// = {Wa = U WA} 5
a€eN/G

AEa

is a G-invariant covering. Note that Wa = GW), where X is an arbitrary element
of @ € A/G. Conversely a G-invariant covering # is a G-covering (it is sufficient
to consider the trivial action of G on the index set A) and # = ¥.

PROPOSITION 4.6. Let X be a G-space and % = {Ux}xen be an open locally
finite covering of X. Then any x € X has an open G-invariant neighbourhood
V' such that the set {\ € A | UxNV #£ (0} is finite; hence the covering {GUy}ren
is open G-invariant and locally finite.

Assume that X is a paracompact G-space. Then:

(a) any open covering % of X admits an open G-covering # = {Wx}xea
star-refining U, i.e. for each A € A, there is U € % such that

st(Wa, #) o= {W e w | W W, # 0} C U;

(b) any open G-covering % of X admits an open G-covering W refining U
with the locally finite saturation W ;
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(c) for every open G-invariant covering % = {Ux}rea there is a partition
of unity {px}ren such that py is G-invariant and

supppy :={z € X |pA(z) 0} C Uy for every X € A.

THEOREM 4.7. Suppose that X is a paracompact G-space, E is a Banach
representation of G and let p: X —o E be an upper semicontinuous G-equivariant
map. If U is a thick neighbourhood of Gr(yp), then there exists a continuous

G-equivariant U-approzimation F: X — E.

The above example (4.1) shows that the thickness assumption can not be
avoided.

PROOF. For every x € X choose U, and V,, as in the definition of thickness.
Upper semicontinuity of ¢ implies that, diminishing U, if necessary, we can as-
sume without loss of generality that (U, ) C V;. According to Proposition 4.6(a)
there is an open G-covering # = {Wj}rca star-refining % := {U, }rex. Let
{ps}ses be a partition of unity subordinated to #; i.e. for each s € S there is
As € A such that suppps C W,,. For each s € S choose ys, € p(W),). For
z € X, let S(z):={seS|ps(x)#0} and

F@) =) pe(@)ys = > ps(@)ys.

ses s€ES(x)

Clearly f: X — E is a well-defined continuous map.

Now let x € X. We shall show that there is y € X such that x € U, and
if s € S(gzx) for some g € G, then g~ 'ys € V. To this end fix ¢ € S(x). Then
pi(x) # 0 and thus

x € supppr C Wi, Cst(Wy,, #') C U,

for some y € X. Take g € G and s € S(gz). Therefore g € suppp, C W), and
z € g Wy, = Wy-1,, (see Definition 4.5). Hence Wy-1y, N W), # 0 and

Wo-1x, Cst(Wy,,#') C U,.
Now y, € o(W),) and thus
97 s € 971 (W) = 9(Wy-13,) C @(Uy) C V.
For each g € G,

9 flgr)=g7" D polgrys = Y plgr)gTlys €V

s€S(gx) s€S(gx)

since Vj, is convex. This implies that F'(z), where the equivariant F is given by
(3.1), belongs to V,, and thus (z, F(z)) € U, x V,, C U. O
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In view of Remark 4.4(b), (a) we have the following results being generaliza-
tions of the Cellina approximation theorem [12].

COROLLARY 4.8. (a) If X is a paracompact G-space, E is a Banach repre-
sentation of G and p: X — E is a G-equivariant upper semicontinuous map with
conver compact values, then ¢ has a continuous G-equivariant U -approximation
for any neighbourhood U of Gr(yp).

(b) If X is a metric G-space, E is a Banach representation of G and ¢: X —
E is a G-equivariant map with convex values, then @ admits a continuous G-
equivariant e-approzimation for any continuous £: X — (0, +00).

REMARK 4.9. (a) In course of the proofs of Theorems 3.12, 4.7 (and thus in
Corollary 4.8) the constructed G-equivariant maps are symmetrizations of maps
taking values in convp(X). Therefore if ¢ is compact, then so are their single-
valued almost selections and graph-approximations.

(b) In the context of Corollary 4.8(b) if we assume that G acts on X by
isometries (or equivalently that the metric d on X is G-invariant — comp. Re-
mark 2.3(e)), then there exist G-equivariant locally Lipschitz e-approximations
because one can use locally Lipschitz partitions of unity in the proof and Re-
mark 2.3(c).

Now we address an equivariant version of a constrained approximation prob-
lem studied in [7]: given G-spaces X,Y, G-equivariant maps @, 1: X — Y and a
neighbourhood U of Gr(y), does there exist an G-equivariant U-approximation
f: X — Y such that f(x) € ¥(z)?

We start with some lemmata.

LEMMA 4.10. Let X be a G-space. If e: X — (0,400) is continuous, then
n: X — (0,400), given by n(x) := gggn(gx), 1s well-defined, continuous and

G-invariant.

PROOF. It is clear that, for each x € X, there is g, € G such that n(z) =
e(gzx) > 0 since G is compact. It is immediate to see that 7 is G-invariant. Take
0<a<pBandzen((a,f). Then a < n(x) = e(g,x) < B. The continuity
of € implies that there is a neighbourhood V,, of  (in X) such that e(g,y) <
for all y € V,.. Hence, for all y € V,,, n(y) < e(g,y) < . On the other hand, for
some a < o < n(z) and any g € G, &' < e(gx). Hence, in view of continuity
of e, for any g € G there are neighbourhoods H, of g and W, of = such that
o' <n(hy) if h € Hy and y € Wy. The compactness of GG implies that there are

g1, > 9n € G such that UH =G. Let W, ﬂW Let y € W,. For any

g € G, then there is 1 < ] < n such that g € H, Slnce y € Wy,, we get that
e(gy) > o’. Therefore n(y) = mge(gy) > o > a. Finally if y € V, N W,, then
ge

a<n(y) <pB. O
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LEMMA 4.11. Suppose that p: X — E is upper semicontinuous, where X is
paracompact and E is a Banach space, and let U be a neighbourhood of Gr(p)
having the following property:

(%) for each y € X, there is a neighbourhood U, of y and r, > 0 such that
Uy x B(p(y),ry) CU.

Then there is a neighbourhood W of Gr(y) and a continuous function e: X —
(0, +00) such that given a W-approzimation f: X — E of ¢ and a map f: X — E
such that || f'(x) — f(x)]| < e(z) for allx € X, f' is a U-approzimation of .

PrOOF. Let s, := r,/4, y € X. The upper semicontinuity of ¢ implies
that, for each y € X, there is a neighbourhood V,, C Uy, of y such that ¢(V,) C
B(o(y),2sy). Let {A;j};es be a partition of unity subordinated to the open
cover {Vy},ex, i.e. for any j € J, there is y; € X such that supp \; C V. Let
e(x) = > Aj(z)sy,, € X. Then e: X — (0, +00) and is continuous.

jed

Let x € X. Then there is j(x) € J such that Aj)(x) > 0 (thus x € V,, )
and (z) < sy, Let W, :=e7((0,2s,,,)) NV,

Yi(z)

W= U W, x B(p(x),e(x)).

rzeX

and

Obviously if W, is an open neighbourhood of x and W is a thick neighbourhood
of Gr(yp).

Suppose that f: X — E is a W-approximation of ¢ and f': X — E is such
that || f(z)— f/(2)|| < e(z) for any x € X. Let us fix 2’ € X. There is ¢ € X such
that (2, f(2')) € W, x B(e(x),e(x)), i.e., ' € W, and f(a’) € B(p(x),e(x)).
Therefore 2’ € V. and e(z') < 2s,,, . At the same time z € V,
e(z) < sy;,» 50 P(2) € B(@(Yj(a))s Sy; () )- Moreover,

f/(x/) € B(g@(m), 5<33) + 5(33/)) - B(‘P(yj(m))= Syiwy T Sy T 2Sy](m))
= B(w(yj(w))a 432!;‘(1)) = B(Qp(y](xﬁ Ty; () )

Hence (xlv f/(xl)) € ‘/’yj(y;) X B(@(yj(w))v Tyj(m)) - ij(w) X B(cp(yj(w)a ryj(m)) cu.n
REMARK 4.12. (a) Observe that if ¢ has compact values, then every neigh-

and

bourhood U of Gr(y) has the property (x) from Lemma 4.11. Similarly if X is
a metric space and e: X — (0, 400) is continuous, the neighbourhood U(e) from
Remark 4.2(a) has this property, too.

(b) It is clear that if ¢ has convex values, then the neighbourhood W con-
structed in the proof of the above Lemma is thick.

THEOREM 4.13. Let X be a paracompact G-space and E a Banach repre-
sentation of G. Let 1: X —o E be G-equivariant lower semicontinuous map with
closed convex values, and p: X — E a G-equivariant upper semicontinuous map
with convex values such that p(z) N(x) # O for all x € X. Suppose that U
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is a meighbourhood of Gr(yp) with property (x), i.e. for any x € X, there are
a neighbourhood T, and v, > 0 such that Ty X B(p(z),r5) C U. Then there
is a continuous G-equivariant map f: X — E being both a selection of ¢ and

a U-approximation of ¢.

PrOOF. We assume without loss of generality that E is an isometric Banach
representation of G. According to Lemma 4.11 and Remark 4.12(b) there is
a thick neighbourhood W of Gr(p) and a continuous function e: X — (0, +00)
such that if H: X — E is a W-approximation of ¢ and F: X — E is continuous,
then F is a U-approximation of ¢, provided || H(z) — F(z)|| < e(z) for all z € X.
In view of Lemma 4.12 we may assume without loss of generality that ¢ is G-
invariant. Since W is thick, for any x € X, there are a neighbourhood U, of x
and a convex neighbourhood V,. of p(z) such that U, xV, C W. We may assume
that ¢(Uy) C V.

Let # be a G-covering of X star refining {U, },cx. For each € X choose
zg € @(z) NY(x) and W € # such that z € W and let

Bw (z) :={y € W | ¥(y) N B(zs,4 te(x)) # 0} Nne (27 e(x), +00).

It is clear that 2 € By (v) and the covering % := {Bw () }wew; zex refines #.
Let {ps}scs be a partition of unity subordinated to 4, i.e. for each s € S, there
is Wy € #and x5 € W, such that supp ps C Bs := Bw, (zs). Let

h(z) = pu(@)zs, w€X,

ses

where z, := z,_. Then h is an £/2-selection of ¢. Indeed, if z € X and p,(x) # 0,
then z € Bs, ie. © € Wy, ¥(x) N B(zs,e(xs)/4) # 0 and e(z,)/2 < e(x).
Hence there is 2, € ¢(x) such that ||z — z4|| < e(xs)/4 < e(x)/2 and, thus, for
y:= Y. ps(x)z. we have

ses

(@) =yl <Y ps(@)llzs — 2]l < e(x)/2.

ses

Therefore, for all x € X and g € G,
(g™ h(gz), 9 (x)) = d(h(gz), ¥(gz)) < e(gx)/2 = e(x) /2,

i.e. g7 h(gz) € B(y(x),e(x)/2) C D(xp(x),3e(x)/4).
Now let
H(x):= /Gg* h(gz)dg, =€ X.

It follows that, for all x € X, d(H(z),v¥(x)) < e(x). Moreover, as in the proof
of Theorem 4.7, one checks that H is a WW-approximation of ¢.
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Now consider a map X 3 = — D(H(z),e(x)) N¢(x). It is standard to
show that it is lower semicontinuous, G-equivariant and has closed convex val-
ues. Hence, in view of Theorem 3.2, it has a continuous G-equivariant selection
F:X — E. Then ||F(z) — H(z)|| < e(z) for x € X and F is a desired selection
of ¥ and a U-approximation of . O

Quite often in applications the map v from Theorem 4.13 is specified. The
following result is an example (see [5] or [27, Theorem 2.8.4]).

THEOREM 4.14. Let E be an isometric Banach representation of G and let
K C E be closed convexr and G-invariant. Further assume that a G-equivariant
upper semicontinuous map @: K —o E with closed conver values is weekly tangent
to K, i.e. for each v € K, p(x) NTx(z) # 0. Then, for each € > 0, there exists
a G-equivariant locally Lipschitz map f: K — E being an e-approximation of ¢
such that for all x € K, f(z) € Tk(z).

PROOF. Since the map K 3 © —o Tk (z) is lower semicontinuous (see e.g.
[27, Remark 1.3.9] or [23]) and G-equivariant (Example 2.6(e)), to obtain a con-
tinuous G-equivariant f: K — [E it is sufficient to aply Theorem 4.13. However,
in our case one can modify the proof by applying locally Lipschitz partitions
of unity, since G acts on K by isometries (see Remark 4.9(b)). We omit the
details and leave them to the reader. ]

5. Extending approximations and homotopy

The problem of the extension properties of a given partial U-approximation
seems to be a natural question — comp. [34]. We have the following general result
in the equivariant setting.

THEOREM 5.1. Given a paracompact G-space X, a closed G-invariant sub-
set A C X and a Banach representation E of G, an upper semicontinuous G-
equivariant map p: X — E and a thick neighbourhood U C X x E of Gr(p),
there exists a thick neighbourhood V C U of Gr(p) such that any continuous G-
equivariant V-approzimation f: A — E of p|a admits a continuous G-equivariant
extension F: X — E being a U-approzimation of .

PrROOF. Let U be a thick neighbourhood of ¢; then for every x € X there
are an open neighbourhood U, C E of z in X and a convex open set V, C E
such that ¢(x) C V,, and U, x V,, C U. Since ¢ is upper semicontinuous, we
can assume (diminishing U, if necessary) that ¢(U,) C V,,. Let 7= {Ts}ses be
a locally finite star-refinement of {U, },cx. Thus for every s € S there is z, € X
such that st(Ts, 7 ) € U,,.
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For any s € S, let K(s) :={t € S| T, NTs # (0} (observe that if ¢ € K(s),
then Ty € st(T3, 7 ) C Uy, and ¢(Ts) C Vy,) and define a set

Vo= ) Vi CE
teK (s)
Note that Vi # () since ¢(Ts) C Vi and V; is convex and open, since K(s) is
finite. Moreover, for all s € S, Ts x Vs CU. Let

sznxw
ses
One easily sees that V is a thick neighbourhood of Gr(y) since any x belongs to
some Ty and, thus, p(z) C V, because ¢(x) C V,, for all t € K(s).
Now let f: A — E be a G-equivariant V-approximation of ¢ (i.e. Gr(f) C V).
By Corollary 3.3 there exists an equivariant continuous extension k: X — E
of f. Since V is an open subset of X x E, there exists an open G-invariant
neighbourhood W of A such that (z,g(z)) € V for all z € W. Additionally
choose an open G-invariant neighbourhood V of A such that AC V cV Cc W.
Let {«, 8} be a G-invariant partition of unity subordinate to the G-invariant
covering {W, X \ V} (see Proposition 4.6(c)), i.e.

suppa C W, suppBC X\V and a(z)+ B(z) = 1.

By Theorem 4.7 there exists another G-equivariant V-approximation h: X — E
of ¢. Define
F(z):=a(z) - k(z)+ p(z) - h(z) forz e X.
Then obviously F: X — E is continuous, G-equivariant and F|4 = f.
If a(z) # 0, then © € W and (x, k(x)) € Ty x Vs, (2, h(z)) € T} x V; for some
s,t € S. Therefore x € T,NT, C st(Ty,.7) C Uy, and t € K(s). Hence V; C V,,
and, since t € K(t), Vi C V,,. This implies that

(x,F(x)) € Uy, x V;, CU,
i.e. F'is a desired G-equivariant U-approximation of ¢ extending f. ]
Combining Theorem 5.1 with Remark 4.4(d) we get the following

COROLLARY 5.2. If X, E, ¢ and U are as in Theorem 5.1, then there is
a continuous function e: X — (0,400) such that any G-equivariant continuous
e-selection of ¢ extends to a continuous G-equivariant U-approzimation of p.

REMARK 5.3. Assume that X is a metric G-space, A C X is closed and
G-invariant, E is a Banach representation of G and f: A — E is a partial almost
selection of an equivariant p: X —o E. Does there exist a G-equivariant almost
selection of ¢ extending f?7 The answer is positive under appropriate assump-
tions on ¢. We state (without proof) the following result: If ¢ is sub-lower
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semicontinuous and Hausdorff lower semicontinuous at each a € A (3), then
for any e > 0 and 0 < § < € any G-equivariant continuous partial §-selection
frA—=E of ¢ admits a G-equivariant continuous extension F: X — E being an
e-selection of ¢ (comp. [27]).

The following corollary is of importance in order to define various homotopy
invariants by the graph-approximation method. Roughly speaking it says that
sufficiently close G-equivariant approximations of a given map are equivariantly
homotopic via homotopy being arbitrarily close to this map.

COROLLARY 5.4. Let X be a paracompact G-space and E a Banach repre-
sentation of G. Let p: X —o E be a G-equivariant upper semicontinuous map.
For every thick neighbourhood U of Gr(p) there exists a thick neighbourhood V
of Gr(p), such that every two G-equivariant continuous V-approzimations of ¢
are joined by a homotopy h: X x [0,1] — E such that, for each t € [0, 1], the map

h(+,t): X - E
1s a G-equivariant U-approximation of .

PrROOF. Let m: X x [0,1] — X be the projection onto X and let ¢’ :=
pom: X x[0,1] — E. The space X x [0, 1] is a G-space with an action g(z,t) :=
(gz,t). The set A := X x {0, 1} is a closed G-invariant subset of X x [0,1]. Let
U be a thick neighbourhood of Gr(¢) in X x E. Then

U = {(z,t,y)| (z,y) €Ut €[0,1]}

is a thick neighbourhood of Gr(¢’) since, for any (z,t) € X x [0,1], Uz 4) X Vi C
U', where Uy gy = Uy x [0,1], and ¢'(U(z,y) C Vi (U, and V,, are taken form
Definition 4.3). In view of Theorem 5.1 there is a thick neighbourhood of Gr(¢’)
such any partial G-equivariant continuous approximation h’: A — E admits a G-
equivariant continuous extension onto X X [0, 1] being a U’-approximation of ¢’.
Let V; :={(z,y) € X XE | (z,i,y) € V'},i=0,1,and V :=Vy N V;. Let
fi: X = E,1=0,1, be a G-equivariant continuous V-approximation of ¢ and let
h': A — E be given by
W(at) = { fo(z) ifzxeX, t=0,
filz) fzeX, t=1.
Then B’ is a G-equivariant continuous V’-approximation of ¢’. Therefore it
admits an extension h: X x [0,1] — E being a G-equivariant continuous U’-
approximation of ¢’. Thus Gr(h) C U’, i.e. for each z € X and ¢ € [0,1],

(z,t,h(z,t)) € U'. This means that (z, h(z,t)) € U. Therefore, for each t € [0, 1],
h(-,t): X — E is a U-approximation of ¢. O

() Le. for any & > 0 there is § > 0 such that sup d(y,¢(z)) < € provided d(z,a) < §.
yEp(a)
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6. Equivariant measurable
and Carathéodory-type selections and approximations

In many applications one considers certain classes of maps between G-spaces
or, more generally, G-sets and their transformations. Given G-sets 2 and X,
by Map(£2, X) we denote the class of all maps f:Q — X. It appears that
Map(Q, X) is a G-set itself: if g € G and 2:Q — X, then g-2: Q — X is defined
by (g-7)(w) = gz(g~lw) for w € Q; it is easy to see that G x Map(Q, X) >
(g,2) — g-x € Map(Q, X) is indeed a G-action. Many specific subclasses of
Map(2, X) are invariant with respect to this action; for instance if 2 and X are
G-spaces and C(2, X) denotes the space of all continuous maps Q — X with
compact open topology, then, for each g € G and z € C(Q, X), g-z € C(Q, X)
and the action is continuous.

Note that the subclass Mapg (€2, X)) consisting of G-equivariant maps Q@ — X
is equal to the set of fixed points of the described action, i.e. {z € Map(Q2, X) |
g-x =z for all g € G}.

As concerns (equivariant) transformations between mapping spaces the su-
perposition operators play an important role. Assume that Y is a G-set and
let : Q2 x X — Y be a set-valued map. By the superposition (or Nemytskit)
operator generated by ¢ we mean a map N,: Map(Q, X) — Map(€2,Y’) given by

Ny(z) ={y: Q=Y |y(w) € p(w,z(w)) for allw € O}, z € Map(Q, X).

Observe that N, is G-equivariant if and only if ¢ is G-equivariant (%), i.e. for
all w € Q and z € X, ¢(gw,gr) = gp(w,z). In this context some questions
arise: given an invariant subclass M (€, X) in Map(£2, X) and the corresponding
(invariant) subclass M(,Y) C Map(€,Y"), which properties of ¢ guarantee that
N, is well-defined as a map from M(Q, X) to M(Q,Y) (i.e. is therey € M(Q,Y)
such that y(w) € p(w,z(w)) for any w € Q, where x € M(Q,X))? When
Ny, if correctly defined, has appropriate regularity properties (semicontinuity,
measurability etc.)? Under what conditions can one state the existence of its
(sufficiently regular) single-valued selections and/or approximations? The full
answer to these questions is beyond the scope of this paper. Here we shall
study only the properties of ¢ in the context of the existence of its (equivariant)
selections and approximations.

To this end we shall first deal with equivariant selections and approximations
of set-valued maps defined on measure spaces.

Let (2, 27 ) be a measurable space and E a Banach space. We say that a set-
valued map ¢: Q —o E is @/-measurable (or, for short, measurable) if it has closed

(*) On Q x X the group G acts component-wise, i.e. given g € G and (w,z) € Q x X,
9(w, ) := (gw, gz).
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values and for any open U C E the preimage ¢~ 1(U) € 7 (°). It is well-known
(see the Castaing theorem [4, Theorem 8.3.1]) that if E is separable, then the
following conditions are equivalent:

e ¢ is measurable;

e for each z € E, the map Q 3 w > d(z,p(w)) = in(f )||z -yl €eRis
yep(w
measurable;

e there is a sequence of measurable functions f,: 2 — E, n > 1, such that
pw) ={fn(w)}pl, we
If E is separable and ¢: Q) — E is measurable, then its graph Gr(y) € Z®
AB(E), where Z(E) stands for the o-algebra of Borel subsets in E and «/® Z(E) is
the o-algebra in QX E generated by products Ax B, A € 7, B € B(E); conversely
if Gr(p) € Z® B(E) and (Q, &) is complete (i.e., of admits a complete o-finite
measure), then ¢ is measurable (%).
We shall be concerned with measurable spaces with additional structure
of a G-set. In what follows, unless stated otherwise, we assume for simplicity
that:

ASSUMPTION 6.1. Q is a G-space, &7 is a o-algebra in Q containing %(Q),
the o-algebra of all Borel subsets in €, and u: &/ — [0, +00] is a complete, o-finite
regular measure (i.e. for any A € &7 and € > 0, there is a closed set F' such that
FcAand u(A\F) <e).

If Q is a locally compact o-compact (e.g. locally compact separable metric)
space and p is a positive Radon measure (corresponding to some positive real lin-
ear functional on the space of all continuous real functions with compact support
defined on Q) — see e.g. [21, § 11], see also [17, Chapter 7], then 4 is a complete
o-finite regular measure defined on a o-algebra o containing () (comp. [21,
(11.34)]); in fact (o p) is the Lebesgue completion of (B(Q), u|zq)) (7).

Having this we get an equivariant counterpart of the Kuratowski—Ryll-Nar-
dzewski theorem [30] for convex-valued maps.

THEOREM 6.2. Assume that (Q, &, ) is as in Assumption 6.1 and p: Q) — E,
where B is a separable Banach representation of G, is @/-measurable with closed

convex values and G-equivariant. Then:

(°) The reader should be warned that the notion of measurability we use here is sometimes
called weak measurability; elsewhere a map ¢ is said to be measurable (or strongly measurable)
if preimages of closed sets are measurable. The latter notion is slightly stronger, however if
o/ admits a complete o-finite measure, then both notions coincide since the preimage of any
Borel subset in E is measurable in this case.

(6) The proofs of many results below rely implicitly on the following projection theorem:
If (Q, o) is complete, X is a separable and complete metric space and A € o Q@ B(X), then
the projection pro(A) == {w € Q| (w,z) € A for some x € X} € o (see e.g. [11]).

(") Observe that the Haar measure x may be described in the same way (see [21, § 15] or
[17, Section 11.1]).
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(a) there is a G-equivariant measurable selection f:Q — E of ¢, i.e. f(w) €
o(w) for allw € Q;

(b) there is a sequence {f, : @ — E} of G-equivariant measurable maps
such that p(w) = {fu(W)}22, for any w € Q, provided G is a compact
Lie group, ) is separable metric and p(w) C E¢ for all w € Q.

PRrROOF. The measurability of ¢ implies that, for n € N, there is a sequence
hn:Q — E of measurable maps such that ¢(w) = {h,(w)}>2;, w € Q. Take
e > 0 and fix an arbitrary y € E. For each n > 1, the function 2 > w +—
I (w) == d(y, hn(w)) is measurable. In view of the Lusin theorem (see e.g. [17,
Theorem 7.10]), for any n > 1 there is a closed set €, with z(Q\,,) < 27 "¢ such

that the restriction i~zn|§n is continuous. Then p(Q\ Q) < &, where Q. = [ Q..

n=1

It is clear that ﬁg is closed and E”'Q is continuous for all n > 1. Since
d(y, p(w)) = if dy, hn(w)) = inf he(w), w e,

we see that the function Q. 3 w — d(y,¢(w)) is upper semicontinuous (as
the lower envelope of continuous functions), i.e. the restriction 90|§E is lower
semicontinuous (8).

Now let Q. := G = {gw | g € G, w € Q.}. Then Q. is G-invariant closed,
p(Q\ ) < € and ¢|q, is lower semicontinuous. Indeed take wy € Q, yo € ©(wp)
and a (generalized) sequence (wy)xea in §2. such that wy — wy. For each A € A,
there are w)y € ﬁs and g € G such that wy = gaw,. Without loss of generality
we may assume that gy — go € G. Hence w) = g;lw)\ — Wp = galwo € ﬁg and,
hence, wy = gawx — gowo = wg. Therefore Yo € p(gowo) = gow(Wp). Since g0|§~25
is lower semicontinuous, if 7o := go_lyo € p(wWy) and Wy — wo, for each A € A
there is yx € @(wy) such that gy — Po. Therefore yy := gryx € gap(Wr) =
(gawx) = p(wx) and yx = gayx — go¥o = Yo-

For any n > 1 choose a G-invariant closed set Q, C € such that p(2\
Q) < 1/n and ¢|q,, is lower semicontinuous. Let Qo := £\ Ej Q. Clearly

n=1

1(Q) = 0 and Qg is G-invariant. Let fy: Q¢ — E be an arbitrary G-equivariant
selection of ¢lq, (resp. let fom: Qo — E, m € N, be a sequence of arbitrary maps
such that p(w) = {fom(W)}_, for w € Q) — see Remarks 3.1(b) and 3.8(b).
In view of Theorem 3.2 (resp. 3.9 in the second case) for any n > 1 there
is a G-equivariant continuous map f:Q, — E (resp. a sequence fm,:Q, — E,
m € N, of continuous G-equivariant maps) such that f,(w) € ¢(w) (resp. p(w) =
{frnm(w)}_,) for every w € €.

(3) The provided argument is rather standard; however in order to keep the paper self-
contained we decided to include it, see also [24].
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Define f: Q) — E by
n—1

n(w) ifweQ, Qp;
flw) = fnle) © \kL:J1 ’

folw) if we Qo;

respectively, we define f,,:QQ — E, m > 1, by

n—1

nm if Q, Qs
fm(w) = frm () e \kL:J1 ’

me(w) if we Qo.

Then the map f (resp. the sequence f,,, m > 1) is measurable (resp. consists
of measurable maps) and fulfils the requirements of the assertion. O

Now, in order to get a partial answer to questions formulated at the be-
ginning of this section, we shall address the problem of the existence of equi-
variant Carathéodory-type selections and graph-approximations of equivariant
Carathéodory set-valued maps (comp. [18], [19], [29] and [36]). Recall that, given
a topological space X and an arbitrary complete measure space (2, .27 1), a set-
valued map ¢: 2 x X — [E, where E is a Banach space, is a lower-Carathéodory
map (resp. strict lower-Carathéodory map) if it has closed values, for all z € X,
the map ¢( -, z) is @#measurable and, for u-almost all w € Q (resp. for all w € Q),
the map p(w, -): X — E is lower semicontinuous. In a similar manner we define
(strict) upper-Carathédory map. In particular a map f:Q x X — E is (strict)
Carathéodory if for all x € X, f(-,z) is measurable and (for all) for p-almost
all w e Q, f(w, -) is continuous.

We say that p:Q x X — E is almost product measurable (precisely almost
o @ HB(X)-measurable) if there is a p-nullset N C Q such that the restriction
ol@\n)xx is Py ® B(X)-measurable, where &7y stands for the restriction of .o/
to Q\ N (ie. oy :={AN(Q\N)| A€ }),ie. for each open U € Y, the set
{(w,2) € (Q\N) x X | p(w,z) NU #0} € o (%).

In order to understand the nature of assumptions we are about to undertake,
observe that:

PROPOSITION 6.3. (a) If ¢ is almost product measurable, then for any v € X,
o(-,x) is /-measurable;

(b) if X is separable and f:Q x X — E is a Carathéodory map, then f is
almost product measurable;

(c) if there is a sequence (fy)22, of Carathéodory maps fn: Q2 x X — E such
that p(w,z) = {fn(w, )}, for all x € X and p-almost all w € Q, then ¢ is

(?) Observe that @y x ZB(X) is equal to the restriction of the o-algebra &/® ZB(X) to
(Q\N) x X.
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lower Carathéodory; if, additionally, X is metrizable and separable, then o is
almost product measurable.

(d) If  is almost product measurable and x: Q) — X is measurable, then there
is a measurable y: Q@ — E such that y(w) € p(w,z(w)) for all w € Q.

PROOF. (a)Let x € X and let i: Q2 — Qx X be given by i(w) := (w, z). Then
i~}(C) € o for any C € @ B(X). Clearly, for an open U C E, ¢(-,z)"1(U) =
it U) ={w € Q\ N | p(w,z) NU # 0} U{w € N | p(w,2) NU # 0} € o
since {w € N | p(w,z)NU # 0} € o/ as a p-nullset in a complete measure space.

(b) Since f is a Carathéodory map, there is a y-nullset N such that f|o\n)xx
is strict Carathéodory. In view of [4, Theorem 8.2.6], f|io\n)xx i v ®@ B(X)-
measurable.

(c) For each n € N, there is a py-nullset N,, C Q such that f,|\n,)xx is
strict Carathéodory; moreover there is a p-nullset Ny C Q such that p(w,z) =

{fo(w,z)}2; if w e Q\ Nyg. Let N= |J N,,. Then N € &, p(N) =0 and, for
n=0
each n € N and f,|(o\n)xx is strict Carathéodory and ¢(w,r) = {fn(w,z)}22,

forwe Q\Nand z € X. Let w € Q\ N and y € E. It is clear that, for each
x € X,dy,p(w,x)) = irelgd(y,fn(w,x)). Therefore the function d(y, ¢(w, -)) is

upper semicontinuous, i.e. ¢(w, - ) is lower semicontinuous. On the other hand,
for any x € X, the function d(y, ¢( -, z)) is measurable, i.e. (-, x) is measurable.
Now suppose that X is metrizable and separable. For each n € N, fy|o\n)xx
is &N ® PB(X)-measurable in view of (b). Hence so is ¢.

(d) Let 7: Q — Q x X be defined by 7(w) := (w, z(w)), w € Q, and let N C Q
be a p-nullset such that o[\ nyxx is @y ® B(X)-measurable. We claim that if
C € d/n ® B(X), then T-1(C) € . Indeed if C = A x B, where A € &y and
B € B(X), then 7-Y(C) = Anz*(B) € @y. Let U C E be open. Then

{w € Q\N | p(w,z(w))NU # 0} =77 ((playwxx) "' (V) € 9.

Hence, in view of the completeness of 1 we see that (-, z(-))"1(U) € & The
Kuratowski-Ryll-Nardzewski Theorem [30] implies the existence of a desired
measurable y. O

THEOREM 6.4. Let (Q, o, u) be as in Assumption 6.1 and suppose that Q
is paracompact perfectly normal (e.g. metrizable), X is a complete separable
metric G-space, E is a separable Banach representation of G and a set-valued
map p: x X —o E with closed convexr values is lower-Carathéodory, almost
product measurable and G-equivariant. Then:

(a) there is a G-equivariant Carathéodory map f:Q x X — E such that
fw,z) € p(w,z) for allz € X and w € Q,

(b) there is a sequence fn,:Q x X — E of G-equivariant Carathéodory se-
lections of ¢ such that p(w,z) = {fn(w, )}, for all x € X and all
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w € Q, provided G is a compact Lie group, € is separable metric and
o(w,r) CECw» for allw e Q and x € X (1°0).

PROOF. Here, instead of the Lusin property, we shall use a version of the
Scorza Dragoni theorem (see [28] or [2]) which states that: If p: Q x X — E is
a product measurable strict lower-Carathéodory map, then for each € > 0, there
is a closed Q. C Q such that p(2\ Q) < € and p|o,xx is lower semicontinuous
(of course in this statement the G-structure of Q plays no role).

Now the proof goes similarly to the above one. We may assume that there is
a p-nullset N such that @[\ n)x x is strict lower-Carathéodory and @/ x Z(X)-
measurable.

For each n € N there is a closed €2, C Q such that p(2\ Q,) < 1/n and
©|a, xx is lower semicontinuous. Indeed, the regularity of 1 shows that there is
anopen V' C Q2 such that N C V and p(V\N) < 1/2n. It is clear that ¢[o\v)x x
is strict Carathéodory and &, ® (X )-measurable. Therefore, in view of the
above-mentioned Scorza Dragoni property, there is a closed subset 2, C Q\V
(thus ©Q,, is closed in Q) with p(Q\ (VUQ,)) < 1/2n (thus p(2\ Q,) < 1/n)

Let Qo := Q\ U Q,; then u(Qp) = 0 and N C Qp. Arguing as in the

proof of Theorem 6 2 we may assume with no loss of generality that 2, and,
thus, Qo are G-invariant. Since the product €, x X is paracompact (resp.
separable metrizable), in view of Theorem 3.2 (resp. 3.9), for each n > 1 there
is a continuous G-equivariant map f,:Q, x X — E such that f,(w,x) € p(w,x)
for all w € Q,, and = € X (resp. there is a sequence fp;,:Q, x X - E, m > 1,
of continuous G-equivariant maps such that { frm(w, )} ; = ¢(w,x) on Q,, x
X). Additionally we find an arbitrary G-equivariant selection fo: Q¢ x X — E
of pla,xx (resp. a sequence (fom), fom: Qo X X — E, of G-equivariant selections
of |lo,xx such that ¢(w,z) = {fom(w,z)}X_, for w € Qp and x € X) by the
use of Remark 3.1(b) (resp. 3.8(b)).
Define f: Q2 x X — E by

n—1

(6.1) Flw, ) = fo(w,z) ifwe Qn\gl O, € X,

folw,z) fweQy, zeX;

respectively, we define f,,,: Q x X — E, m > 1, by

n—1

fo) = Frm(w, ) 1fweQn\kL:JIQk,zeX;

Jom(w,z) fweQy, zeX.

(10) Clearly G(w,z) = {g €EG I g(w,a:) = (w,a:)} =Guw NGe.
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It is again clear that this completes the proof. O

Now we turn our attention to equivariant Carathéodory approximations
(comp. [29]).

THEOREM 6.5. Let Assumption 6.1 be satisfied, Q) be a paracompact perfectly
normal G-space, X a separable complete metric G-space and ¢:Q) x X — E,
where E is a separable Banach representation of G, be a G-equivariant almost
product measurable upper-Carathéodory set-valued map with compact convex val-
ues. For any neighbourhood U of Gr(y), there is a G-equivariant Carathéodory
map f:Q x X — E such that Gr(f) C U.

PROOF. We use an important result from [38] stating that: a strict upper-
Carathéodory map @:Q x X — E with compact values has the Scorza Dragoni
property: for any € > 0 there is a closed Q. C Q such that p(Q\ Q) < & and
Yla.xx s upper semicontinuous if and only if ¢ is product measurable (here
again the G-structure of  has no significance).

The proof now is almost the same as before: for any n € N, we choose a
closed G-invariant subset 2, C Q with pu(Q\ Q,) < 1/n such that ¢|q, xx is
upper semicontinuous. In view of Theorem 4.7 and Corollary 4.8, for each n € N,
there is a continuous G-invariant f,,:Q, x X — E such that (u, f,(u)) € U for
u € Q, x X. Additionally let fy: Qs x X — E be an arbitrary G-equivariant
selection of ¢|q,x x, where Qo = Q\ U2, Q. Defining f: Q2 x X — E by (6.1)
we complete the proof. O

Combining Theorems 6.4 and 6.5 we get the following ‘Carathéodory’ coun-
terpart of Theorem 4.13 (comp. [33]).

COROLLARY 6.6. Let Q be as in Assumption 6.1 and, additionally, perfectly
normal paracompact, let X be a separable metric space and E a separable Banach
representation of G. If p:Q x X —o E is upper-Carathéodory G-equivariant and
almost product measurable with compact convex values, 1:Q x X —o E is lower-
Carathéodory G-equivariant and almost product measurable with closed convex
values, U is a neighbourhood of Gr(yp) and p(w,z) N(w,x) # O for allw € Q
and x € X, then there exists a G-equivariant Carathéodory map f:QQ x X — E
such that Gr(f) CU and f is a selection of .

For the sake of completeness we include a result allowing to get the existence
of strict Carathéodory selections.

THEOREM 6.7. Suppose that X is a o-compact metric G-space, E is a sep-
arable Banach representation of G and (,97) satisfies Assumption 6.1. Let



SELECTIONS AND APPROXIMATIONS OF CONVEX-VALUED EQUIVARIANT MAPPINGS 411

p: 2 x X — E be a G-equivariant strict lower-Carathéodory and product mea-
surable map with closed convexr values. Then:

(a) there exists a G-equivariant strict Carathéodory map F:Q x X — E
such that, for each w € Q and x € X, F(w,x) € p(w,x);

(b) there is a sequence F,,:Q x X — E, n € N, of G-equivariant strict
Carathéodory maps such that p(w,x) = {Fy(w,z)}52, for allw € Q

and x € X, provided G is a compact Lie group, € is a separable metric
space and p(w,x) C B¢« for anyw € Q and x € X.

PROOF. In the proof we follow the ideas from [18] and [29]. Assume for
a while that X is compact. Then F := C(X,E), the space of all continuous maps,
is a separable Banach space (with the usual sup-norm || - ||») and a representa-
tion of G with the G-action described above: (g - f)(z) := gf(¢g~'z) for f € F,
g€ Gandze X.

(a) Consider a set-valued map ®:Q —o F given by

Ow):={feF| f(z) € p(w,z) forall z € X}, w e

In view of the Michael theorem, ® has nonempty values; moreover ®(w) is closed
and convex for any w € €.

We claim that ® is measurable. Since (2, %) is complete, it is sufficient to
show that if D := {f € F | ||f — fol| < €} is the closed e-ball centered at fy
in F, where fo € F and € > 0, then ®~ (D) € & If w € ®71(D), then there is
f € ®(w) N D such that, for all x € X, f(x) € p(w,x) N D(fo(x),¢), i.e.

o1(D) Cc A= [){w € Q| p(w,z) N D(fo(x),e) # 0}.

zeX

On the other hand, if w € A, then the map X 3 z — ¢p(w,z) N D(fo(z),e) (with
nonempty values) is lower semicontinuous with closed convex values and, in view
of the Michael theorem, there is f € F such that f(z) € D(fo(z),¢) N p(w,x),
ie. A C ®1(D). It is clear that the map Q x X > (w,2) — ¢(w, 1) — fo(x) is
product measurable, hence

C:={(w,z) € Ax X | p(w,z) N D(fo(x), &) =0}
={(w,2) | [p(w, z) = fo(x)] N D(0,¢) = B} € F© B(X).
Now observe that (see footnote 6)
O\ A= (J{w € Q| pw,2)ND(fo(z),e) = B} = pra(C) € o,
zeX

ie. " Y(D)=Ac o
Next we claim that ® is G-equivariant. If ¢ € G and f € ®(gw), then
f(gz) € p(gw,gz) = go(w,x) for all x € X; therefore g~ ! f(gz) € p(w,g ),
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ie. (g7t f)(x) € p(w,z) for all z € X. This means that (g7 - f) € ®(w) and
feg o(w).

Theorem 6.2 implies that there is a measurable G-equivariant s:Q2 — F
such that s(w) € ®(w) for any w € Q. Let F:Q x X — E be defined by
F(w,z) := s(w)(z) for w € Q and x € X. Forw € Q, Flw, ) = s(w) is
continuous; for x € X, F(-,x) = s(-)(x) = e, o s, where ¢,:F > f — f(z) €
E is the evaluation, is measurable since e, is continuous. Thus F is a strict
Carathéodory map and F(w,z) € p(w,z) for all w €  and x € X. Finally
we check that F' is G-equivariant. Indeed, if w € Q, x € X and g € G, then
F(gw, gz) = s(gw)(gz) = (9 - s(w))(97) = g5(w)(z) = gF (w, z).

(b) Let U: Q — F be given by

U(w):={felF| fis G,-equivariant and f(z) € p(w,x) for all x € X},

for w € Q, where G, is the stabilizer of w € Q, ie. f € U(w) provided f €
FG = {f € F| G; D G,} (note that f € F if and only if gf(x) = f(gx) for
x € X and g € G,) and f is a selection of p(w, -). In other words we see that
U(w) = ®(w) NFY. Tt is easy to see that values of ¥ are nonempty (in view
of Theorem 3.2) closed and convex. Observe that the map Q > w +— F& C F
is G-equivariant lower semicontinuous with closed convex values (see the first
step in the proof of Theorem 3.9) and, hence, measurable. This implies that
so is ¥. In view of Theorem 6.2(b) there is a sequence s,:Q — F, n > 1,
of measurable G-equivariant maps such that {s,(w)}>2; = ¥(w) for w € €,
x € X. Let F,: @ x X — E, n>1, be given by F,(w,z) := s, (w)(z) for w € Q
and x € X. As above we show that each Fj,, n > 1, is a G-equivariant strict
Carathéodory map. Moreover, the density of {F), (w,z)}22; in p(w, z) for w € Q
and x € X follows from the fact that for any y € ¢(w,x) there is f € U(w)
such that f(x) = y — see Proposition 3.7 with ¢ replaced by ¢(w, -) and G
by G, observing that E is a Banach representation of G, and, in this setting,
ECs = EC¢wa),

Now let X be o-compact, i.e. there is an increasing sequence X,, of compact

oo
subsets in X such that X = |J X,,. In case (1) we have a G-equivariant strict
n=1

Carathéodory map F;: Q x X1 — E being a selection of p; := p|axx,. We define
©2: Q x X2 — K by

Fi(w,z) if (w,z) € Q x Xy;
pa(w, x) = :
plw,z) fwe, xe X\ X

It is easy to see that @9 is a G-equivariant strict lower-Carathéodory map with
closed convex values. In view of the first part of the proof, there is a G-
equivariant strict Carathéodory map F5:€) x Xo — E being a selection of .
Continuing this procedure inductively we get a sequence F,:Q) x X,, — E,
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n > 1, of G-equivariant strict Carathéodory selections of ¢|oxx, such that
F,loxx,_, = Fn—1 for all n > 2. Finally we may define F: Q x X — E putting
F(w,z) = F,(w,x) provided w € Q and z € X,,. In the case (b) one may employ
the same procedure in order to get the assertion. |
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