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DIMENSION OF ATTRACTORS
AND INVARIANT SETS
IN REACTION DIFFUSION EQUATIONS

MARTINO PRI1z71

ABSTRACT. Under fairly general assumptions, we prove that every compact
invariant set Z of the semiflow generated by the semilinear reaction diffusion
equation

ur + B(z)u — Au = f(z,u), (t,z) € [0, 400 X Q,

u =0, (t,x) € [0, +00x00
in HO1 (£2) has finite Hausdorff dimension. Here €2 is an arbitrary, possibly
unbounded, domain in R? and f(z,u) is a nonlinearity of subcritical growth.
The nonlinearity f(z,u) needs not to satisfy any dissipativeness assumption
and the invariant subset Z needs not to be an attractor. If Q is regular,
f(z,w) is dissipative and 7 is the global attractor, we give an explicit bound

on the Hausdorff dimension of Z in terms of the structure parameter of the
equation.

1. Introduction
In this paper we consider the reaction diffusion equation

us + B(x)u — Au = f(x,u), (¢, z) €[0,+o0] x Q,

(1.1)
u=0, (t,x) € [0, 400 x 0.
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316 M. Prizzi

Here (2 is an arbitrary (possibly unbounded) open set in R?, 3(x) is a potential
such that the operator —A + (z) is positive, and f(z,u) is a nonlinearity of
subcritical growth (i.e. of polynomial growth strictly less than five).

The assumptions on ((x) and f(z,u) will be made more precise in Section 2
below. Under such assumptions, equation (1.1) generates a local semiflow 7 in
the space H}(€2). Suppose that the semiflow 7 admits a compact invariant set Z
(i.e. m(t,7) =T for all t > 0). We do not make any structure assumption on the
nonlinearity f(z,u) and therefore we do not assume that Z is the global attractor
of equation (1.1): for example, Z can be an unstable invariant set detected by
Conley index arguments (see e.g. [16]).

Our aim is to prove that Z has finite Hausdorff dimension and to give an
explicit estimate of its dimension. The first results concerning the dimension of
invariant sets of dynamical systems are due to Mallet—Paret [14] and Mané [15].
For a comprehensive study of the subject, see e.g. [6], [12], [20], [23].

When 2 is a bounded domain and f(x,u) satisfies suitable dissipativeness
conditions, the existence of a finite dimensional compact global attractor for
(1.1) is a classical achievement (see e.g. [6], [12], [23]). When € is unbounded,
new difficulties arise due to the lack of compactness of the Sobolev embeddings.
These difficulties can be overcome in several ways: by introducing weighted
spaces (see e.g. [5], [9]), by developing suitable tail-estimates (see e.g. [24], [17]),
by exploiting comparison arguments (see e.g. [3]).

Concerning the finite dimensionality of the attractor, in [5], [9], [24] and
other similar works the potential S(x) is always assumed to be just a positive
constant. In [4] Arrieta et al. considered for the first time the case of a sign-
changing potential. In their results the invariant set Z does not need to be an
attractor; however they need to make some structure assumptions on f(x,u)
which essentially resemble the conditions ensuring the existence of the global
attractor. Moreover, in [4] the invariant set is a-priori assumed to be bounded
in the L>-norm. In concrete situations, such a-priori estimate can be obtained
through elliptic regularity combined with some comparison argument. This in
turn requires to make some regularity assumption on the boundary of €.

In this paper we do not make any structure assumption on the nonlinearity
f(z,u), neither do we assume 952 to be regular. Our only assumption is that the
mapping h — (9, f(x,0))+h has to be a relatively form compact perturbation of
—A + [(x). This can be achieved, e.g. by assuming that 9, f(z,0) can be esti-
mated from above by some positive L" function, » > 3/2. Under this assumption,
we shall prove that Z has finite Hausdorff dimension. Also, we give an explicit
estimate of the dimension of Z, involving the number A of negative eigenvalues
of the operator —A + 3(z) — 9, f(x,0). When  has a regular boundary, we can
explicitly estimate A by mean of Cwickel-Lieb-Rozenblum inequality (see [21]);
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as a consequence, if we also assume that f(z,u) is dissipative, we recover the
result of Arrieta et al. [4].

The paper is organized as follows. In Section 2 we introduce notations, we
state the main assumptions and we collect some preliminaries about the semiflow
generated by equation (1.1). In Section 3 we prove that the semiflow generated
by equation (1.1) is uniformly L2-differentiable on any compact invariant set Z.
In Section 4 we recall the definition of Hausdorff dimension and we prove that
any compact invariant set Z has finite Hausdorff dimension in L?() as well as
in H}(Q). In Section 5 we compute the number of negative eigenvalues of the
operator —A + 3(x) — 9, f(z,0) by mean of Cwickel-Lieb—Rozenblum inequality.
In Section 6 we specialize our result to the case of a dissipative equation and we
recover the result of Arrieta et al. [4].

The results contained in this paper continue to hold if one replaces —A with
the general second order elliptic operator in divergence form

3
=Y O (i (2)0s)).
ij—1

2. Notation, preliminaries and remarks

Let 0 > 1. We denote by LI (RY) the set of measurable functions w: RY — R

such that
elag = swp ([ et ar) " <o,
yERN B(y)

where, for y € RV, B(y) is the open unit cube in RV centered at y.

In this paper we assume throughout that N = 3, and we fix an open (pos-
sibly unbounded) set Q C R3. We denote by Mp the constant of the Sobolev
embedding H'(B) C LS(B), where B is any open unit cube in R3. More-
over, for 2 < ¢ < 6, we denote by M, the constant of the Sobolev embedding
HY(R3) C LY(R?).

PROPOSITION 2.1. Let o > 3/2 and let w € LZ(R3). Set p := 3/20. Then,
for every € > 0 and for every u € Hg (),

| @@ do < lolug (peMluf + (1= )0 ul).
Moreover, for every u € Hi (),

2 2 2(1—
/Q (@) (@) 2 dx < M2 | g [ul2 [u 207,

PROOF. See the proof of Lemma 3.3 in [18]. O
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Let 8 € LI(R?), with o > 3/2. Let us consider the following bilinear form
defined on the space H}(€):

a(u,v) = / Vu(z) - Vu(x) dx +/ Bz)u(z)v(z)de, wu,ve HY(Q).
Q Q
Our first assumption is the following:

HYPOTHESIS 2.2. There exists A1 > 0 such that
ey [ Fu@Pdes [ S@u@Pde D, ue H@).
Q Q

REMARK 2.3. Conditions on @(x) under which Hypothesis 2.2 is satisfied
are expounded e.g. in [1], [2].

As a consequence of (2.1) and Proposition 2.1, we have:

PROPOSITION 2.4. There exist two positive constants Ao and Ay such that
Nolul? < / |Vu(z)|* d —|—/ B(x)|u(x)|? de < Aglul3;, u € Hy(Q).
Q Q
The constants Ao and Ao can be computed explicitly in terms of \1, Mp and |3 L.

Proor. Cf. Lemma 4.2 in [17]. O

It follows from Proposition 2.4 that the bilinear form a( -, -) defines a scalar
product in HE (), equivalent to the standard one. According to the results of
Section 4 in [17], a(-, -) induces a positive selfadjoint operator A in the space
L?(Q). A is uniquely determined by the relation

(Au,v)p> = a(u,v), u € D(A), ve Hi(Q).

Notice that Au = —Awu + Bu in the sense of distributions, and v € D(A) if
and only if —Au + Bu € L*(Q). Set X := L?(Q2), and let (X*),ecr be the
scale of fractional power spaces associated with A (see Section 2 in [17] for
a short, self-contained, description of this scale of spaces). Here we just recall
that X0 = L2(Q), X' = D(A), X'/2 = H}(R2) and X~ is the dual of X* for
a € ]0,4+00]. For a € |0, +00], the space X< is a Hilbert space with respect to
the scalar product

<uvv>Xo‘ = <Aau7AaU>L27 U,V € X

Also, the space X ¢ is a Hilbert space with respect to the scalar product
(-, - )x-o dual to the scalar product (-, - ) xa, i.e.

(W vy x—a = (R R ) xa, u,v€ X7

where R,: X* — X ¢ is the Riesz isomorphism u +— (-, u)x«. Finally, for every
a € R, A induces a selfadjoint operator zﬁl(a):X‘“‘H — X%, such that A is
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an extension of A(,) whenever o/ < a, and D(A(ﬁa)) = XotB for g € [0,1]. If
a€0,1/2], u € X' and v € X*/? € X*, then

(v, A—aytt) (xo,x—0) = (1, V) x1/2 = a(u,v).

LEMMA 2.5. Let (X%)acr be as above.

(a) If p € [2,6], then X* C LP(Q) for o €]3(p — 2)/4p,1/2]. Accordingly, if
q €16/5,2], then L1(Q) C X% for o € |3(2 — q)/4q,1/2].

(b) If o > 3/2 and w € LI(Q), then the assignment u — wu defines a
bounded linear map from X'/? to X~ for a € ]3/40,1/2].

PROOF. See Lemmas 5.1 and 5.2 and the proof of Proposition 5.3 in [17].00
Our second assumption is the following:

HYPOTHESIS 2.6.

(a) f:Q2 xR — R is such that, for every u € R, f(-,u) is measurable and,
for almost every x € Q, f(x, -) is of class C?;

(b) f(-,0) € L), with 6/5 < q¢ < 2 and O, f(-,0) € LI(R3), with
o >3/2;

(c) there exist constants C' and vy, with C > 0 and 2 < v < 3 such that
|Ouu f(x,w)] < C(1 4+ |u|?). Notice that, in view of Young’s inequality,
the requirement v > 2 is not restrictive.

We introduce the Nemitski operator f which associates with every function

~

u: 2 — R the function f(u)(z) := f(x, u(x)).

PROPOSITION 2.7. Assume f satisfies Hypothesis (2.6). Let o be such that

Then the assignment u +— f(u), where
(v, f(u))(xeo,x—o) = /Qf(u)(m)v(x) dz,

defines a map f: X'/2 — X~ which is Lipschitzian on bounded sets.
PROOF. See the proof of Proposition 5.3 in [17]. O

Setting X := X~% and A := A_,), we have that Xot1/2 = X1/2 We can
rewrite equation (1.1) as an abstract parabolic problem in the space X, namely

(2.2) i+ Au = f(u).
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By results in [11], equation (2.2) has a unique mild solution for every initial
datum wug € Xo+1/2 = H} (), satisfying the variation of constants formula

t
u(t) = e Atyg + / A E(u(s)) ds, > 0.
0

It follows that (2.2) generates a local semiflow 7 in the space HE (). More-
over, if u(-):[0,T[— X°*1/2 is a mild solution of (2.2), then u(t) is differen-
tiable into X*+1/2 = H(Q) for t € ]0,T[, and it satisfies equation (2.2) in
X =X~ c H YQ). In particular, u(-) is a weak solution of (1.1).

Assume now that Z C Hg () is a compact invariant set for the semiflow 7
generated by (2.2). If B is a Banach space such that H}(Q) C B, we define

|Z|p := max{|u|g | w € T}.

‘We end this section with a technical lemma that will be used later.

LEMMA 2.8. For every T > 0 there exists a constant L(T) such that, when-
ever ug and vy € I, setting u(t) := 7w(t,up) and v(t) := w(t,vg), t > 0, the
following estimate holds:

lu(t) —v(t)| g < LT YD |ug —vgl2, ¢ €]0,T).

The constant L(T) depends only on |Z|g1, and on the constants of Hypotheses 2.2
and 2.6.

PrOOF. We have

u(t) —v(t) = e At (uy — Vo) +/ e_A(t_S)(f(u(s)) —f(v(s)))ds;

0

it follows that

u(t) = v(t) a1z

t
<t~ (OF/ Dy — vo|x + / (t —s)"@T2f(u(s)) — £(v(s))|x ds
0
t
<t (@ H D |y — 0g|x + / (t — 5)"CFYDC(|Z] 1) u(s) — v(8)|xes1/2 ds.
0

By Henry’s inequality [11, Theorem 7.1.1], this implies that

Xa+1/2 < L(T)t_(a+1/2)|u0 — ’l)0|x, t E]O,T],

|u(t) —v(?)

and the thesis follows. O
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3. Uniform differentiability

In this section we prove some technical results which will allow us to apply
the methods of [23] for proving finite dimensionality of compact invariant sets.
We assume throughout that Z C H{ (€2) is a compact invariant set of the semiflow
7 generated by equation (2.2).

LEMMA 3.1. There exists a constant K such that, whenever ug and vg € Z,
setting u(t) := w(t,ug) and v(t) ;== w(t,vg), t > 0, the following estimate holds:

t
ult) = o(®F s+ o [ fus) = 0(s) s ds < o — .
0

The constant K depends only on |Z|g1, on A\g and Ay (see Proposition 2.4), on
|0uf(-,0)|Le, and on the constants C' and y (see Hypothesis 2.6).

PROOF. Set z(t) = u(t) — v(t). Then
3B+ [ V0@t [ p@l0@) ds

— / (e u(®)(@)) — F(o(t)(@)=(t) () d.

It follows from Proposition 2.4 and Hypothesis 2.6 that

%%z(m; + Xol2(t) 13 s/ﬁ\auf(o:,O)llz(t)(:r)Ide

e /Q(l +u(®) (@) + () (@) )]zt (2)]* da

< /Q 100 (2, 0)]|2(8) (@) 2 di + C')z(0) 22
+ O (@)1 + o)1 202 125

where C” is a constant depending only on C' and . Notice that 2<12/(5—+) < 6.
Therefore, by interpolation, we get that for every € > 0 there exists a constant
ce > 0 such that

3.1 |2(t)|Fa2s 5 < ele(@®ip + cel2(t)]Zo-

Now (3.1) and Proposition 2.1 imply that, for every € > 0, there exists a constant
C?, depending on C’, |Z| 1 and &, such that

1d

(3.2) 5 2(t) |22 4+ Nolz (D)3 < elz(t)]3n + CLlz(1) 3.

Now choosing & = A\g/2 and multiplying (3.2) by e~2%t we get
d _ ’ _ ’
(€2 2OL) + doe 2= (B)7 < 0.

Integrating (3.3) we obtain the thesis. O

(3.3)
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Let u(-):R — H(Q) be a full bounded solution of (2.2) such that u(t) € Z
for t € R. Let us consider the non autonomous linear equation

ur + B(z)u — Au = 9y f(x,u(t))u, (¢,z) € [0,+o00[ X Q,
u =0, (t,x) € [0, 4o00[ x ON.
We introduce the following bilinear form defined on on the space H}(Q):

(3.5) a(t;u,v):= /QVu(x) -Vou(z)dx +/Qﬂ(:z:)u(x)v(x) dx

(3.4)

- /Q O f (2, 7(1) (@) () () dz,  w,0 € HA(Q).

PROPOSITION 3.2. There exist constants k; > 0, i =1,... ,4, such that:
(a) |a(t;u,v)| < k1lulg|v] g, u,v € HE(Q), t € R;
(b) |a(t;u,w)| > Kalu|? — Kalul2s, w € HY(Q), t € R;
(c) la(t;u,v) — a(s;u,v)| < Kalt — s|julgr|v]gr, u,v € HY(Q), t,s € R.
PROOF. Properties (a) and (b) follow from Hypothesis 2.6 and Proposi-
tion 2.1. In order to prove point (c¢), we first observe that, by Theorem 3.5.2
n [11] (and its proof), the function w(-) is differentiable into Hg(£), with

[u(-)|g1 < L, where L is a constant depending on |Z|z: and on the constants
in Hypotheses 2.2 and 2.6. Therefore we have:

la(t;u,v) —a(s;u,v) S/ |0uf (2, u(t) — Ouf(,u(s))|Ju(z)]|v(z)| dz

/ CA+ [a(t) ()" + [a(s)(x))[u(t)(x) —uls)(@)||u(@)||v(x)] dz
SO+ [at) |7+ [as) ) () — @) g [l vl
< C'(1+ 2/Z 30 ) LIt = sllul g [l
and the proof is complete. O
Now let A(t) be the self-adjoint operator determined by the relation
(3.6) (A(t)u,v) 12 = a(t;u,v), u € D(A(L)), v € Hy(Q).
We can apply Theorem 3.1 in [10] and get:

PRrOPOSITION 3.3. There exists a two parameter family of bounded linear
operators U(t,s): L?(Q) — L*(Q), t > s, such that:
(a) U(s,s) =1 forall s e R, and U(t,s)U(s,r) =U(t,r) for allt > s >r;
(b) Ul(t,s)ho € D(A(t)) for all hg € L*() and t > s;
(c) for every ho € L*(Q) and s € R, the map t — U(t, s)hg is differentiable
into L*(Q) fort > s, and

)
57Ut $)ho = =AU (¢, 8)ho.
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In particular, U(t, s)hg is a weak solution of (3.4).

Given Ty € Z, we take a full bounded solution %( - ) of (2.2), whose trajectory
is contained in Z, and such that w(0) = uwy. Then we define

(3.7) U(ug;t) :=U(t,0), t>0,

where U(t, s) is the family of operators given by Proposition 3.3. Notice that
U (Tp; t) does not depend on the choice of u(-), due to forward uniqueness for
equation (2.2).

PROPOSITION 3.4. For everyt > 0,

sup [[U(tost)|| z(z2,12) < +00.
uo€l
PROOF. Let Uy € Z and hg € L?*(2). Set h(t) := U(uo;t)ho. Then, by
property (c) of Proposition 3.3, for ¢ > 0 we have

d1l
e, + /Q Vh(t)(@)P de + /Q B() (1) (@) ? da

_ /Q B (0, () () () () 2 div,

where @(-) is a full bounded solution of (2.2), whose trajectory is contained in
7, and such that u(0) = ug. It follows from Hypothesis 2.6 and Propositions 2.1
and 2.4 that for all e > 0
d1l
dt2

< / auf(a%O)lh(t)(w)IQd%L/(%f(xﬁ(t)(w))—6uf(x,0))|h(t)($)|2d$
Q Q

[R(®)[22 + Aol h(t)|Fn

<elh(®)fip + celh(®)|72 + /Q C (1 + [a(t) (@) ") [a(t) ()| () (2)]* dz

<eln(®)fip + celh(®)|72 + /Q C'(1+ [a(t) (@) ") |1 (t) (@) da
<elh()lFn + (cc + CR@)IZ2 + CTa) 13 h(E) G125 -

Since 2 < 12/(5 — «) < 6, by interpolation we get that for every £ > 0 there
exists a constant ¢, > 0 such that

(W) |72/ < elh(®)[Fps + cL|A(D)[7z-
Therefore we have
d1
38) =5 lh®I + Xolh®)[F < b+ C" (e, [Tl Ih(B)]L2.
Choosing € = A\g and integrating (3.8) we obtain

()22 < €€ ColTlmn)t 2, .
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PROPOSITION 3.5. For everyt > 0,

lim sup |7T(t’60) _W(taﬁo) _u(ﬂo;t)(ﬁo _EO)|L2

e=0 7y TeET [To — To| 12
0<|wp—o]| 2<¢e

=0.

PROOF. Let g, Ty € Z. Set u(t) := w(t,up), v(t) := w(t, Do) and 6(t) :
o(t) — u(t) — U(To; t)(Tp — Up), t > 0. A computation using property (c) of
Proposition 3.3 shows that, for ¢ > 0,

%§I9 |L2+/ |Vo(t) |2dx+/5(x)|9(t)(x)|2dx
/8 f(z,a(t (t)(x)|? dx
+/Q(f(:v,v(t)(w))ff(x,ﬂ( )(@)) =0 f(z,u(t)(x)) (0(t)(x) —u(t)(x)))0(t)(z) dz.

Therefore, by Proposition 2.4
%%\9@)@2 F A0 < 1(8) + () + L (1),
where
/a f(z,0)]0(t)(z)|? d,
I(t) == /Q(auf(%u( )(@)) — Buf(,0))|0(t) ()] de,
Is(t) = /Q(f(xﬁ(t)) = f(z,u(t)) — ouf(z,u(?))(0(t) —u(t)))o(t) da.

Repeating the same computations of the proof of Proposition 3.4, for £ > 0 we
get

Li(t) + Io(t) < el0(®)[3p + Cale, [Z]mn)10(8)[ 72

Concerning I3(t), for € > 0 we have

/ C(+ [at) (@) + [o(t) (@) ")[o(t) (@) — () (@)[0(t) () do
< ClO@)| o [0(t) = T(t)[ 7125 + ClOE) | Lo ([(t) s

+ ()70 0(t) = ()7 12/6-)
<el0@®)|F + Cale, |Z1m ) ([0(t) — a(t)[7rz/s + [0(2) = W(E)| 712/ 65-)
<el0®)|F + Cs(e, | Z1a)([9(t) — a(t) | [0(t) —u(t)|7

+ [5(t) — @) o) — a(t)]72")
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Choosing € = A\y/2, we get

d1
S50 — Cue, Tl 003

< Ca(e | Z]a)([o(t) = ()| [o(2)

— Al + () ﬂ(t”};”ﬁ(t) —1(t) 3;7)
< Cule, || )([o(t) — @ (

7 _
(6)]72 + [B(t) —w() 3 [0(t) —a()]127).
By Lemma 3.1, we get

4l

S0 B — Ci(=, Tl )60 2

< (e, [Z ) (™[00 — To[F2 + BV K u(t) —u(t) 31 [0 — Tol7:").
Writing Cy for Cy (e, |Z|g1) and Cy for Cy(e,|Z|g1), we have

dl, _
S O1E)

< Oy(eBE=M g — |3, + e BIE=OV5(4) — ()| 2 [To — T35 7).

(3.9)

Finally, integrating (3.9), recalling that #(0) = 0 and taking into account
Lemma 3.1, we get the existence of two increasing functions ®4(t) and Po(t)
such that

602 < @1 (1)[70 — o3 + Da(0) 70 — T3
and the thesis follows. -

4. Dimension of invariant sets

Let X be a complete metric space and let X C X be a compact set. For
d € Rt and € > 0 one defines

pr(K,d,e) := inf { er

icl

K C UB(l‘i,’l“i), r, < E},

iel
where the infimum is taken over all the finite coverings of I with balls of radius

r; < e. Observe that pug(K,d,€) is a non increasing function of € and d. The
d-dimensional Hausdorff measure of K is by definition

:U’H(’C7 d) = hH(l) /'(‘H(K:a da E) = Sup ,U/H(K:v d7 8)'
e e>0

One has:

(1) pu(K,d) € [0,+00];
(2) if g (K, d) < oo, then g (K,d) = 0 for all d > d;
(3) if ug(K,d) >0, then pg(K,d) = +oo for all d < d.

The Hausdorff dimension of K is the smallest d for which uy (K, d) is finite, i.e.

dimg (K) :=1inf{d > 0 | pg(K,d) = 0}.



326 M. Prizzi

As pointed up in [22], the Hausdorff dimension is in fact an intrinsic metric
property of the set K. Moreover, if ) is another complete metric space and
0: KK — Y is a Lipschitzian map, then dim g (¢(K)) < dimg (K).

There is a well developed technique to estimate the Hausdorff dimension of
an invariant set of a map or a semigroup. We refer the reader e.g. to [23] and [12].
The geometric idea consists in tracking the evolution of a d-dimensional volume
under the action of the linearization of the semigroup along solutions lying in
the invariant set. One looks then for the smallest d for which any d-dimensional
volume contracts asymptotically as t — oo.

Let Ty € Z and let @(-):R — Hg(Q) be a full bounded solution of (2.2) such
that w(0) = @y and w(t) € Z for t € R. For t > 0, we denote by ag, (t;u,v) the
bilinear form defined by (3.5), and by Az, (t) the self-adjoint operator determined
by the relation (3.6). Given a d-dimensional subspace E; of L?(Q), with E; C
HL(Q), we define the operator Az, (t | Eq): Eq — Eq4 by

<Aﬂo (t | Ed)¢7¢>L2 = aﬂg(t; d)vw)? stw S Ed~

Notice that, if Eq C D(Ag,(t)), then one has Ag, (¢t | Eq4) = Pgr,Aq,(t)Pr,|&,,
where Pg,: L?(Q)) — E, is the L?-orthogonal projection onto E;. We define
Tra(Ag,(t)) == inf Tr(Ag,(t| Ea)).
EqCHg (Q)
dim Eq=d
Let up € Z, let d € N and let vo; € L*(Q), i = 1,...,d. Set v;(t) :=

U(To; t)vos, t > 0, where U(Tp;t) is defined by (3.7). We denote by G(t) the
d-dimensional volume delimited by vy (t),... ,v4(t) in L?(Q), that is

G(t) := |or(t) Ava(t) A+ Ava(t) are = (det((vi(t), v;(1) £2)ig) /2.

An easy computation using Leibnitz rule and Proposition 3.3 shows that, for
t > 0, G(t) satisfies the ordinary differential equation

G'(t) = —Tr(Ag, (t | Ea(t))G(1),

where Eq(t) := span(vi(t),... ,vq(t)). It follows from Propositions 3.4 and 3.5
and from the results in [23, Chapter V] that the Hausdorfl dimension dimy (Z)
of Z in L?(R) is finite and less than or equal to d, provided

1t
lim sup sup 7/ —Trq(Az,(s))ds < 0.
0

t—oo TWoET
In order to prove that dimgy(Z) < d, we are lead to estimate —Try(Az,(¢)). To
this end, we notice that, whenever Ej is a d-dimensional subspace of L?(2), and
B: E; — E, is a selfadjoint operator, then

d

Tr(B) = Y (Béi, ¢i)12,

i=1
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where ¢1, ..., ¢4 is any L2-orthonormal basis of E4. So let E; C H}(Q) be
a d-dimensional space and let ¢1, ..., ¢¢ be an L?-orthonormal basis of E,;. Fix
0 < § < 1. Tt follows that

Tr(Ag, (t | Ea))

:é((1—5)(/Q|V¢i2dm+/9ﬁ($)|(bi|2dx) —/Qauf(a:,O)|¢i|2dx>
+5§;</Q|V¢i|2d9€+/ﬂﬁ(x)¢i2dx>

d
+ Z /Q((?uf(x,ﬂ(t)) — O0uf(2,0))|¢i]* dx.
i=1
We introduce the following bilinear form defined on the space H}(Q):
as(u,v) :== (1 — 5)(/ Vu(z) - Vo(z) dx —|—/ B(x)u(z)v(x) dx)
Q Q

—/Qauf(m,O)u(m)v(x) dr, wu,v € Hi(Q).
Let A be the self-adjoint operator determined by the relation
(Asu,v)r2 = as(u,v), u € D(As),v € Hy ().
Given a d-dimensional subspace E,; of L?(2), with E; C H(Q2), we define the
operator As(Eq): Eq — E4 by
(As(Ea)¢, ¥)r2 == as(9, ),  ¢,% € Ea.
It follows that

d
Tr(As (1| Ea) = Te(As(Ea)) +6 </Q V|2 da

d
+ [ slopa) + Y [ @us@) - o 0)lo P as
i=1
We introduce the proper values of the operator As:

w;(As) = sup inf as(V, ) j=1,2,...
Y1y pj 1 EHY(Q) YE,-.. abi—1]t
[¥],2=1,9€H;(Q)

We recall (see e.g. Theorem XIII.1 in [19]) that:

PROPOSITION 4.1. For each fized n, either

(a) there are at least n eigenvalues (counting multiplicity) below the bot-
tom of the essential spectrum of As and u,(As) is the nth eigenvalue
(counting multiplicity);
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or

(b) 1n(As) is the bottom of the essential spectrum and in that case .+ ;(As)

= pn(As), j=1,2,... and there are at most n—1 eigenvalues (counting
multiplicity) below p,(As). O
Let p;(As(Eq)), j = 1, ..., d, be the eigenvalues of As(Ez). By Theo-

rem XII1.3 in [19], we have that
wi(As(Eq)) > pi(4s5), j=1,...,d.

It follows that
d
T (¢ Ba) = 3o m(4) +5Z</|V¢i|2da?+/ﬂ(x)|¢i2dx>

+Z/ (Duf(z, (1)) — B f(2,0))] 5] da.

To proceed further, we need to recall the Lieb—Thirring inequality (see [13]).

PROPOSITION 4.2. Let N € N and let p € R, with max{N/2,1} < p <
1+ N/2. There exists a constant K, n > 0 such that, if ¢1,...,¢q € H'(RY)
are pairwise L%-orthonormal, then

d 1 2(p—1)/N
4.1 / Voi(x)|* dx > (/ p(az)P/(P—1) dx) ,
an [ werdez ([ o

d

where p(x) = 2:1 i ()%
1=
Now we have:

LEMMA 4.3. Letw € T and let ¢y,...,pq € H'(RN) be pairwise L?-ortho-
normal. Then

d
o> ( [ wakar+ [ >|¢i|2d)
+Z/ 0uf (2, (x)) — Ouf (2, )i dir > —D(v, Aoy, [T,

where

3/2
5
D(v, 20,0, |Z|g1) = 5 (0> (C|I\L5/2K5/2,3)5/2

(v+1)/(3=7)
3—y(~v+1 2 _
( ) (CITIE Koy (y1)8) .
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ProOOF. We observe first that

d d
|2 12 2
5 12212( / Vil da + / B(o)|é] dx) zaxo; / V|2 d.

On the other hand,

’/<8fxu ) — 8f(:c0)>()dm

< / C(L+ [aM)[allpl dx < Clals/21plsrs + Clal7E " |pl pore—-
Q

By Lieb—Thirring inequality (4.1), we have

’/8fxu — O f(x,0))p(z) dz
d 3/5

C|Z| 5,2 K, vﬂd)

< C|Z|ps/ 5/2,3<§/RN| ¢il” dx

d
+CI|Z?1K6/@+1)73<Z/N Vil dae
i=1 /R

) (v+1)/4

The conclusion follows by a simple application of Young’s inequality. O

Thanks to Lemma 4.3, we finally get:
d
T( To tlEd Z ’77)‘075 |I|H1)

Therefore, in order to conclude that dimg (7) is finite, we are lead to make some
assumption which guarantees that 2?21 1i(As) can be made positive and as
large as we want, by choosing d sufficiently large. This is equivalent to the fact
that the bottom of the essential spectrum of As be strictly positive. We make
the following assumption:

HYPOTHESIS 4.4. For every € > 0 there exists V. € L"(Q), r > 3/2, V. >0,
such that Oy, f (x,0) < Ve(x) + ¢, for x € Q.

We need the following lemmas:

LEMMA 4.5. Letr > 3/2 and let V € L"(Q). If r > 3 let p:=2; if r < 3 let
p = 6/5. Then the assignment u — Vu defines a compact map from Hg(2) to
LP(Q), and hence to H=1(£).

PROOF. Let B C H(2) be bounded. If B is a Banach space such that
H} () C B, we define |B|g := sup{|u|p | u € B}. If u € H}(Q) we denote by
% its trivial extension to the whole R3. Similarly, we denote by V the trivial
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extension of V to R3. For k > 0, let ; be the characteristic function of the set
{z € R? | |z| < k}. Now, for u € B and k > 0, we have:

~ - p/r (r—p)/r
/ (1 = ) ViIlP da < (/ |V|de> (/ i pr/ (=) dx) .
RS | >k a2k

It follows that
(1= xi)Vale < |Blporoc-w|(1 = x6)V|er, uwe B, k>0.
Similarly, we have:
(4.2) Ik Vile < [V [xatil porro-n,  u € HY(Q), k>0,
Now, given € > 0, we choose k > 0 so large that |(1 — Xk)1~/|Lr < ¢e. Then
{(Vii|ue B} = {xxVi+ (1 —xx)Vi|ue B}
c{xxVi|ue B} +{(1-xx)Vi|ue B}
c{ve LP(R®) | |v|wr <&} + {xxVi|ue B}
We notice that 2 < pr/(r — p) < 6: therefore, By Rellich’s Theorem, H!(By(0))
is compactly embedded into LP"/("=P)_ Tt follows that the set {x;u | u € B}
is precompact in LP"/("=P) By (4.2), we deduce that {x,Vu | u € B} is pre-
compact in LP(R3). A simple measure of non compactness argument shows then

that the set {V | u € B} is precompact in LP(R3) and this in turn implies that
the set {Vu | u € B} is precompact in LP(£). O

LEMMA 4.6. LetV be as in Lemma 4.5. Let A+V be the selfadjoint operator
determined by the bilinear form a(u,v) + [, Vuvdz, u,v € H5(). Then, for
sufficiently large A > 0, (A+ X)"1 — (A+V + \)~! is a compact operator in
L2(Q).

PrOOF. Take A > 0 so large that A + V + X be strictly positive. Let u €
L3(9). Set v := (A+V + A)"tu, w:= (A + \)"'u and z := v — w. This means
that

a(v, @) + A(v, ¢) +/ Voodr = / u¢dx, for all ¢ € H ()
Q Q
and
a(w, ) + Mw, ¢) = / u¢dx, for all ¢ € HY(Q).
Q
It follows that
a(z,®) + Mz, 9) +/ Vvpdr =0, forall ¢ € H} ().
Q

Choosing ¢ := z, Proposition 2.4 and Lemma 4.5 imply

Ao
)‘0|Zﬁ{1 <zl [Volg-1 < ?|Z‘%{1 +K>\0|VU|%171-
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Therefore we obtain the estimate

(A+N " u— (A+V + N g <K VA+V + ) ulg, ue LA(Q),

and the conclusion follows from Lemma 4.5. ]
Now we can prove:

PROPOSITION 4.7. Assume Hypothesis 4.4 is satisfied. Then the essential
spectrum of As is contained in [(1 — 8)A1, +o0].

PrOOF. Hypothesis 4.4 and Proposition 4.1 imply that, for every € > 0, the
bottom of the essential spectrum of Ay is larger than or equal to the bottom of
the essential spectrum of (1 — §)A —e — V.(z). We observe that the spectrum
of (1 —0)A — ¢ is contained in [(1 — §)\; — €, 4+00[. By Lemma 4.6 and Weyl’s
Theorem (see [19, Theorem XIII.14]), the essential spectrum of (1—9§)A—e—V.(x)
coincides with that of (1 — §)A — e. It follows that the bottom of the essential
spectrum of Ay is larger than or equal to (1 —§)A\; — ¢ for arbitrary small € > 0,
and the conclusion follows. O

Whenever Hypothesis 4.4 is satisfied, for 0 < § < 1 and A < (1 — §)A\g we
introduce the following quantity:

N (8, )) := # eigenvalues of As below A.
Then, for d > N (5, (152 A1) we have:

Zd:ui(A(;) ZN(5,125>\1>M1(6) + <d—N<6, 1;5 /\1>) 1;5&.

i=1

We have thus proved our first main result:

THEOREM 4.8. Assume Hypotheses 2.2, 2.6 and 4.4 are satisfied. Let T C
HY(Q) be a compact invariant set for the semiflow m generated by equation (2.2)
in HE(Q). Then the Hausdorff dimension of T in L*(Y) is finite and less than
or equal to d, provided d is an integer number larger than max{dy,ds}, where

d1 = ./\/(57 1776 )\1>

and
2 1-9 1-9
= i (V(5 50 (50 M = 40 + DA ) ).

REMARK 4.9. The first proper value pj(As) of As can be estimated from
below in terms of Ag and |0, f(+,0)|zs. The explicit computations are left to the
reader.

REMARK 4.10. By Lemma 2.8, also the Hausdorff dimension of Z in H}(Q)
is finite and it is equal to the Hausdorff dimension of Z in L?*(Q).
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5. Estimate of N (5, 152))

In this section we shall obtain an explicit estimate for the number A/ (5, 1%‘5)\1)
in terms of the dominating potential V. of Hypothesis 4.4. Our main tool is the
celebrated Cwickel-Lieb—Rozenblum inequality, in its abstract formulation due
to Rozenblum and Solomyak (see [21]). In order to exploit the CLR inequality,
we need to make some assumption on the regularity of the open domain €.
Namely, we make the following assumption:

HyPOTHESIS 5.1. The open set ) is a uniformly C? domain in the sense of
Browder [7, p. 36].

As a consequence, by elliptic regularity we have that
D(—A) = H*(Q) N H(Q) € L>=(Q).

In this situation, if w € L7 (R?) then the assignment u — wu defines a relatively
bounded perturbation of —A and therefore D(—A + w) = H2(2) N H (). Tt
follows that X* C L*°(Q) for o > 3/4 (see [11, Theorem 1.6.1]).

Set € := (1 — d)A1/4. Define the bilinear forms

asz(u,v) == (1—-9) (/ Vu-Vvdx+/ ﬂuvc&) —3?/ uv dz,
o Q Q

for u,v € HE(Q), and
bs.z(u,v) := —/ Veuv d.
Q
Moreover, set
asz(u,v) == a5z (u,v) + bsz(u, v)
and denote by Av57§ and Asz the selfadjoint operators induced by a5z and asz,

respectively.
A simple computation shows that

N(&l_

1)
)\1> < nsg,

where n;z is the number of negative eigenvalues of A;z.

By Theorem 1.3.2 in [8], the operator ﬁg,g is positive (with g&g > zl) and
order preserving. Moreover, since D(A§;) C L>(€2) for v > 3/4, then for every
such o and v < € we have

le oz u| oo < Moyt M ul2, ue L3(Q),

where M, is a constant depending only on «, v and on the embedding constant
of H?(Q) into L>(Q). It follows that

M~

(/N ~ e
Aé’g(t) = |le (t/2) E'EH?C(L?,LOO) < M§7722at 20—t
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We are now in a position to apply Theorem 2.1 in [21]. We have thus proved the
following theorem:

THEOREM 5.2. Assume that Hypotheses 2.2, 2.6, 4.4 and 5.1 are satisfied.
Letg:= (1 —9)\1/4. Then

1-6
/\/(57 5 )\1> <nsz < CyaMysa /Q Ve()? dx,

where Cy, is a constant depending only on «, for a > 3/4.

6. Dissipative equations: dimension of the attractor

In this section we specialize our results to the case of a dissipative equation.
We make the following assumption:

HYPOTHESIS 6.1. There exists a non negative function D € L1(Q)), 2> q >
3/2, such that

(6.1) flz,w)u < D(x)ul, (x,u)eQxR.

REMARK 6.2. Hypotheses 6.1 and 2.2 together are equivalent to the struc-
ture assumption of Theorem 4.4 in [4].

An easy computation shows that |f(z,0)| < D(z) for z € , and that
F(z,u) = [ f(z,s)ds satisfies

F(z,u) < D(x)|ul, (x,u) € QxR.

By slightly modifying some technical arguments in [17], one can prove that the
semiflow 7 generated by equation (2.2) in Hg(£2) possesses a compact global
attractor A. Moreover, 7 is gradient-like with respect to the Lyapunov functional

L(u) :=/Q|Vu|2dx+/gﬁ(x)|u|2dx—/QF(at,u) de, ue H'(Q).

Assuming Hypothesis 6.1, we shall give an explicit estimate for |A|g: in terms
of |D|q«. Moreover, we shall prove that Hypothesis 6.1 implies Hypothesis 4.4,
and we explicitly compute the dominating potential V; in terms of D. Therefore,
we are able to obtain an explicit estimate for the number N (4, 352\;) in terms
of |D|pa. As a consequence, the estimate of the dimension of A given by Theo-
rem 4.8 can be made completely explicit in terms of the structure parameters of
equation (1.1).

We have the following theorem:
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THEOREM 6.3. Assume Hypotheses 2.2, 2.6 and 6.1 are satisfied.
(a) Let ¢ € H} () be an equilibrium of w. Then

M,
0l < 5L IDle

where My is the embedding constant of H}(R?) into LY (R3).
(b) There exists a constant S > 0 such that

|ulgr < S forallu € A.

The constant S can be explicitly computed and depends only on C, v, o,
Aos Mo, [Dlpa, [0uf(-,0)|[ze and on the constants of Sobolev embeddings.

PROOF. Let ¢ € HE(2) be an equilibrium of 7. Then, for € > 0, we have

MM%S/WWM+/MMWM=/NMWMS/DMWM
Q Q Q Q
1 1
< IDlzaldlpw < eldlpy + ZI1DILe < eMg|glin + 2 IDIL

choosing € := \o/(2M,) we get property (a). In order to prove (b), we notice
that, since £ is a Lyapunov functional for 7 and A is compact in Hg (£2), there
exists an equilibrium ¢ such that, for every u € A,

/ |Vul? dz + / B(x)|ul? dx — / F(z,u)dx
Q Q Q
< [IVoP s [ p@lofde— [ Flao)do

Q Q Q

Then, for € > 0, we have:
Ml < [ D@l o+ Aolo + [ Flo.o)ds
Q Q
1
<M fulfs + 1D+ Aololis + [ F(o.0)d
Q

We choose € := \o/(2M, q2,) and the conclusion follows. O

Finally, we have:

THEOREM 6.4. Assume that Hypotheses 2.6 and 6.1 are satisfied. Then for

every 0 <e <1,

B f(2,0) < %D(z) Fio@ e,

PRrROOF. For ¢ > 0 we have:

f(z,e) = f(z,0) +8uf(a;,0)5+/06 (/08 auuf($77’)d7"> ds.
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It follows that
f(2,0)e 4 0 f(x,0)e* + s/ (/ Oun f(x,7) dr) ds = f(z,e)e < D(x)e.
0 0

Therefore

Buf(z,0) < W+i/0€ (/080(1+r|7)dr) ds,

€

and the conclusion follows. O

REMARK 6.5. Theorem 6.4 shows that Hypotheses 2.6 and 6.1 together im-
ply Hypothesis 4.4, with V.(z) = %D(ax)
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