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CONTROLLABILITY FOR SYSTEMS GOVERNED
BY SECOND-ORDER DIFFERENTIAL INCLUSIONS
WITH NONLOCAL CONDITIONS

TrRAN DINH KE — VALERI OBUKHOVSKIT

ABSTRACT. We study a controllability problem for a system governed by
a semilinear second-order differential inclusion involving control perturba-
tions and nonlocal conditions in a Hilbert space. By using the fixed point
theory for condensing multimaps, the (Eg, Xo)-controllability result for the
mentioned problem is proved under the assumption that the corresponding
linear system is (Fo, Xo)-controllable.

1. Introduction
We consider the following control problem

(11)  2"(t) = Ax(t) — Bu(t) € F(t,z(t),u(t)), teJ:=[0,T],
(1.2) 2(0) 4+ g(z) = z0,2'(0) + h(z) = z1,

where the state function x takes values in a Hilbert space X, the control u €
L3(J; V), where V is a Hilbert space of controls. The linear operator A is the
infinitesimal generator of a strongly continuous cosine function family {C(¢) }er,
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the control operator B: V — X is a bounded linear operator and the nonlinearity
F: JxXXV — X is a multivalued map. The nonlocal functions g, h: C(J; X) — X
and the initial data (zg,z;) € X? are given.

The linear system corresponding to (1.1)—(1.2) is the following:

(1.3) 2" (t) = Az(t) + Bu(t), t€J,
(1.4) z(0) = zg,2'(0) = 2.

The mild solution 2 € C(J;X) of (1.3)—(1.4) with respect to a control u is
represented by

z(t) = C(t)zo + S(t)z1 +/O S(t — s)Bu(s) ds,

where {S(t) }+er is the sine family associated to {C'(¢)}:cr. As far as the non-
linear system (1.1)—(1.2) is concerned, a function x € C(J; X) is called a mild
solution with respect to a control u if there exists a function f € L'(J; X) such
that f(t) € F(t,z(t),u(t)) for almost every t € J and

2(t) = C(t)[zo — g(x)] + S(B)[x1 — h(z)] + /0 S(t = s)[Bu(s) + f(s)] ds.

For second-order differential equations in Banach spaces and cosine function
theory, we refer the reader to [14], [26], [29].

The solvability for nonlinear second order differential equations with nonlocal
conditions have been investigated by many authors. We refer the reader to the
works in [2], [4], [17], [18], among others.

Set

W (zo,x1,u)(t) = C(t)xo + S(t)r1 + /0 S(t — s)Bu(s) ds,

and let X(zo, 21, u) be the solution set of (1.1)—(1.2) with respect to a control u
and initial data (zg,z1). It should be noted that there are several concepts of
controllability for second-order differential system (see the survey [3]). We recall
the definition of controllability along trajectory: the linear system (1.3)—(1.4)
is said to be exactly controllable if for given (rg,71) € X2, one has Wp = X,
where

Wr = {W (zo,2z1,u)(T) : w € L*(J;V)}.
Similarly, we say that the nonlinear system (1.1)—(1.2) is exactly controllable if
for given initial data (2o, 1) € X2, we have ¥ = X, where

Yr = {y(T) : y € (o, x1,u), u € L*(J;V)}.

For the notions and facts of controllability for first-order differential systems, the
reader is referred to, e.g. [3], [6], [8], [11], [13], [21].
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Let us mention that there is an increasing interest in controllability of non-
linear second-order differential equations and inclusions in the recent research
literature.

In [5], [10], the controllability results for nonlinear second-order integrod-
ifferential systems were obtained under Lipschitz type conditions imposed on
nonlinearity. The control problem involving neutral functional differential in-
clusions was studied in [22]. The reader can find some controllability results
for nonlinear impulsive differential equations or impulsive neutral functional dif-
ferential inclusions in [8], [23], [25]. Regarding control problems with nonlocal
conditions, we refer the reader to some recent works, e.g. [4], [7], [16].

In order to deal with control problems for systems governed by nonlinear
second-order differential systems in the mentioned works, the authors employed
a crucial assumption that the linear controllability operator

T
Bru :/0 S(T — s)Bu(s)ds

has a bounded inverse By': X — L?(J;V)/kerBr. This requires that By is
surjective and hence W = X.

It is known that, for the linear system (1.3)—(1.4), the reachable set Wr
cannot coincide with X if; e.g. S(-) is compact and X is an infinite dimensional
space (see [27], [28]). In this situation, Wy is a proper subspace of X. Hence the
requirement that Br is surjective cannot be applied, even to the standard wave
equation (see the example in the last section for details).

By this limitation, the concept of exact controllability to a subspace is useful.
Let Xy be a closed subspace of X and Ey C X x X. Then the linear system is
said to be exactly controllable to Xy from Ey (or (Ey, Xo)-controllable for short)
if for any (xg,z1) € Eo,z1 € Xo, there exists a control u € L?(J; V) such that
W (zo,x1,u)(T) = zp. Suppose that

{C(T)xo + S(T)z1 : (w0,71) € Eo} C Xo.

Then the condition R[Br] = X, ensures (Ey, Xo)-controllability for (1.3)—(1.4),
where R[Br] is the range of Br. The aim of our work is to find suitable conditions
imposed on the nonlinearity F' and the nonlocal functions g, h in such a way
that the nonlinear system (1.1)—(1.2) is (Ep, Xo)-controllable provided that the
linear system (1.3)—(1.4) possesses this property.

Let us give a short description of the features in our work. In comparison with
the above-mentioned works, our system allows to have the control perturbations,
that is, the nonlinearity may contain the control function. In addition, instead of
Lipschitz conditions required for nonlinearity and nonlocal functions, we assume
some more general conditions being the regularity properties expressed in the
terms of the Hausdorff measure of noncompactness (MNC) (see Remarks 3.1
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and 3.2 for precise explanations). To prove the controllability results, we are
applying the fixed point theory for condensing multivalued maps (see, e.g. [19]).
More precisely, by constructing a suitable MNC in a product space and then
using the MNC-estimates, we demonstrate the condensivity property for the
solution multioperator, that allows to use the corresponding fixed point result.
It is worth noting that at the present time this approach is widely used for the
study of nonlinear differential equations, inclusions and control problems, see
e.g. [19] and references therein and, among others, [9], [12], [20], [21].

The rest of our work is organized as follows. Section 2 gives some notions and
facts related to measures of noncompactness, multivalued maps and the control-
lability of linear second-order differential systems. Section 3 is devoted to our
main results: in particular, we prove the controllability assertion (Theorem 3.12)
for the nonlinear system (1.1)—(1.2). The last section presents an application to
the controllability problem for a system governed by the nonlinear wave equa-
tion. We demonstrate that the system is controllable to a dense subspace, that
yields its approximate controllability.

2. Preliminaries

2.1. Measure of noncompactness and multivalued maps. Let us recall
some basic facts from the theories of condensing and multivalued maps, which
will be employed in this paper (for details, see, e.g. [1], [15], [19]).

Let £ be a Banach space. We denote

C(&) ={AeP(&): Ais closed},
K(E&) ={AeP(&): Ais compact},
Kv(€) ={Ae K(£): Ais convex}.

We will use the following definition of the measure of noncompactness.

DEFINITION 2.1. Let (A,>) be a partially ordered set. A function 3: P(€£) —A
is called a measure of noncompactness (MNC) in € if

B Q) = B()  for every Q € P(E),
where €0 2 is the closure of the convex hull of . An MNC g is called:

(a) monotone, if Qp, 1 € P(E), Qo C O implies B(Q) < B();

(b) nonsingular, if B({a}UQ) = B(Q) for any a € £,Q € P(E);

(¢) invariant with respect to union with compact set, if 5(K U Q) = ()
for every relatively compact set K C £ and Q € P(E);

If A is a cone in a normed space, we say that g is:

(d) algebraically semi-additive, if 5(Qy + Q1) < B(Q) + B(1) for any
QOa Ql € P(5)7
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(e) regular, if B(€2) = 0 is equivalent to the relative compactness of €.

An important example of MNC is the Hausdorff MNC, which satisfies all
above properties:
x(2) = inf{e : @ has a finite e-net}.
Based on the Hausdorff MNC x in &, one can define the sequential MNC xq as
follows:

(2.1) X0(€) = sup{x(D) : D € A(Q)},

where A(Q) is the collection of all at-most-countable subsets of Q (see [1]). We
know that
1
(2.2) §X(Q) < X0(2) < x(%),
for all bounded set 2 C £. Then the following property is evident:

PROPOSITION 2.2. Let x be the Hausdorff MNC in & and Q C £ be a bounded
set. Then for every € > 0, there exists a sequence {x,} C Q such that

x(92) < 2x({za}) +e.

Let us remind that X and V are Hilbert spaces of states and controls, re-
spectively. We will denote by xx and yy the Hausdorfl MNCs in these spaces.
For J = [0,T], let xcx and xcy be the Hausdorff MNCs in the spaces of con-
tinuous functions C(J; X) and C(J;V), respectively. We recall the following
facts (see e.g. [1], [19]), which will be used in our paper: for each bounded set
D c C(J; X), one has

o xx(D(t)) < xex(D), for all t € J, where D(t) := {x(t) : x € D}.
e If D is an equicontinuous set then

xcx (D) = ilelg xx (D(1)).

In this paper, we use the MNC k¢ in the product space C(J; X) x C(J; V),
which is defined as follows: let 71 and mo be the canonical projections to C'(J; X)
and C(J; V), respectively, then

(2.3) ko (A) = xex (m1(A)) + xov(m2(A)),

for all bounded set A C C(J; X) x C(J; V). It is easy to check that x¢ has all
properties described in Definition 2.1, including the regularity.

Let us now recall the notion of MNC-norm (see [1], [19]), which will be used
in the sequel. Assume that &, & are Banach spaces and 7:&; — &5 is a bounded
linear operator. Let 8; and B2 be MNCs in & and &;, respectively. Define

170158, = inf{k : B2(T () < k31 () for all bounded sets 2}.
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It is known that, for a linear bounded operator 7, the number |7 ||, 3, is finite
and it is called (81, f2)-norm of 7. In particular,

(24) B2(T(Q2)) < T l|py,8.61 ().
Let Y be a metric space.

DEFINITION 2.3. A multivalued map (multimap) F:Y — P(&) is said to be:
(a) upper semi-continuous (w.s.c) if F~1(V) ={y €Y : F(y) C V} is an
open subset of Y for every open set V C &;
(b) closed if its graph 'y = {(y,2) : z € F(y)} is a closed subset of ¥ x &;
(¢) compact if its range F(Y') is relatively compact in &;
(d) quasicompact if its restriction to any compact subset A C Y is compact.

DEFINITION 2.4. A multimap F: D(F) C £ — K(€) is said to be condensing
with respect to an MNC B (B-condensing) if for every bounded set Q C D(F)
that is not relatively compact, we have 8(F(Q2)) Z 3(Q).

The application of the topological degree theory for condensing multimaps
(see e.g. [19]) yields the following fixed point result.

THEOREM 2.5 ([19, Corollary 3.3.1]). Let M be a bounded convex closed
subset of £ and F: M — Kv(M) an u.s.c. B-condensing multimap, where 3 be
a monotone nonsingular MNC in £. Then the fized point set fix F := {z : x €

F(x)} is nonempty and compact.
DEFINITION 2.6. Let G:J — K(&) be a multivalued function (multifunc-
tion). Then G is said to be

(a) integrable, if it admits a Bochner integrable selection. That is there
exists g: J — &, g(t) € G(t) for almost every t € [0,d] such that

T
[ gt ds < o
0
(b) integrably bounded, if there exists a function & € L(J) such that
IG(@)|| :=sup{|lglle : g € G(t)} < &(¢) for a.e. t € J.

The set of all integrable selections of G will be denoted by S¢,.

The multifunction G is called measurable if G=1(V') measurable (with respect
to the Lebesgue measure on J) for every open subset V of £. We say that G
is strongly measurable if there exists a sequence G,:J — K(£), n =1,2,... of
step multifunctions such that

lim H(G,(t),G(t)) =0 forae. teJ,

n—oo

where H is the Hausdorff metric on K(£).
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It is known that, when £ is separable, the notions of measurable and strongly
measurable multifunctions are equivalent, and they are also equivalent to the
assertion that the function ¢ — dist(x, G(t)) is measurable for each z € €&.
Furthermore, if G is measurable and integrably bounded, then it is integrable.
In this case, we have a multifunction ¢t € J — fot G(s) ds defined by

/OtG(s)ds::{/Otg(s)ds:geS(l;}.

We have the following x-estimate for the multivalued integral in the case when
£ is separable.

PROPOSITION 2.7 ([19, Theorem 4.2.3]). Let £ be a separable Banach space
and G: J — P(E) an integrable, integrably bounded multifunction such that

X(G(t) < q(t)

for almost every t € J, where ¢ € L*(J). Then

x(/otcxs)ds) < [ ats)as

forallt € J. In particular, if G: J — K(&) is measurable and integrably bounded
then the function x(G(-)) is integrable and

o [ewas) < [x@eas

Consider an abstract operator L: L*(J; &) — C(J; &) satisfying the following

for allt € J.

conditions:

(L1) there exists a constant C' > 0 such that

IL(H)(#) = Lg)@)]le < C/O 1£(5) = 9(s)le ds,

for all f,g € LY(J;€),t € J;

(L2) for each compact set K C £ and sequence {f,} C L*(J;€) such that
{fn(t)} C K for almost every t € .J, the weak convergence f, — fo
implies L(f,) — L(fo) strongly in C(J;&).

As mentioned in [19, Remark 4.2.3], the integral operator

(2.5) Gi(f)(t) = / £(s) ds,

presents an example of operator which satisfies (L1)—(L2).
One has the following assertion, which is a basic MNC-estimate for our pur-

pose.
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PROPOSITION 2.8 ([19]). Let L satisfy (L1)—(L2) and {&,} C LY(J;€) be
integrably bounded, that is
1€n())le < v(t), for a.e. t € J,

where v € LY(J). Assume that there exists g € L*(J) such that

x({&n(®)}) < q(t),  for a.e te ).
Then

e <20 [ 46)

for any t € J, where C' comes from assumption Ll)
Using Proposition 2.8, we have the following result:

PROPOSITION 2.9. Let Q C LY(J;E) be a bounded set such that

(a) for all £ € Q, ||E(t)]le < v(t) for almost every t € J,
(b) x(02(t)) < q(t ) for almost every t € J,

where Q(t) = {&(t) : € € Q}, v and q are functions in L'(J). Let L satisfy
(L1)-(L2). Then

X(L@Q)(1)) < 4C / a(s) ds.

PROOF. Using Proposition 2.2, for any € >0, there exists a sequence {£,,} CQ
such that

(2.6) X(L()(1) < 2x({L(&:)()}) + &,
for any ¢ € J. Since € is integrably bounded, so is {£,}. Furthermore,
X({&(1)}) < x(Q(1) < q(t), forae. te

Applying Proposition 2.8, one has
X({L(&)®)}) < 2C / eJ

Putting this into (2.6), we have

X(L( <4o/ s)ds+e, te.

Since ¢ is arbitrary, we get the conclusion as desired. O
In what follows, we employ the notion of semicompact sequence:

DEFINITION 2.10. A sequence {&,} C L'(J;&) is called semicompact if it
is integrably bounded and the set {£,(¢)} is relatively compact in £ for almost
every t € J.

Following [19, Theorems 4.2.1 and 5.1.1], we have
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PROPOSITION 2.11. If {&,} C LY(J;€) is a semicompact sequence, then
{&,} is weakly compact in LY (J;E) and {L(&,)} is relatively compact in C(J;E).
Moreover, if &, — & then L(&,) — L(&).

2.2. Cosine function and controllability of a second-order linear
system. Let us recall that a family {C'(¢)}+cr of bounded linear operators in X
is called a strongly continuous cosine family if

(a) C(0) =1I;
(b) C(t+s)+C(t—s)=2C()C(s), for all t,s € R;
(c) for each x € X, the map ¢t — C(t)x is strongly continuous.

The sine family {S(¢) }+cr, associated to a given strongly continuous cosine family
{C(t) }1er, is defined by

¢
S(t)z:/ C(s)xds, zeX, teR.
0

The operator A: D(A) C X — X is said to be the infinitesimal generator of
a cosine family {C(t)};er if and only if

d2

Az = @C’(t)z

t=0

We have the following proposition.

PROPOSITION 2.12 ([26]). Let {C(t)}ier be a strongly continuous cosine
family in X. Then there exist constants M > 1 and w > 0 such that
(a) [|[C@H)|| < Me“!tl for all t € R;
(b) [1S(t2) = S(t1)[| < M [ eIl ds for all t1,ts € R, t1 < to.

For more details on the cosine function theory, the reader is referred to [14]
and [26].

Let Xy, Fy be the spaces mentioned in Section 1. It is known that the
linear system (1.3)—(1.4) is (Ey, Xo)-controllable if and only if R[Br] = Xy. The
following result is useful for our purpose:

LEMMA 2.13 ([11, Corollary 3.5]). Let V, W, Z be reflexive Banach spaces
and Gy € L(V; Z), Gy € L(W; Z). Then the following statements are equivalent:

(a) R[Go] C R[G:],

(b) there exists v > 0 such that \/7||G52*||v- < [|GT2*|lw=, for all z* € Z*.

By using this lemma with V = Xo, W = L2(J;V), Z = X, Gy being the
injection from X into X and G; = By, the controllability condition is equivalent
to the inequality

(2.7) 1Bzl 2(5vy = VAlZlxG v >0,
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for all z € X§. Here B3 : X — L2(J;V) is the adjoint operator of By. The last
inequality implies that (BrBjz,z)x > ’Y”Z”?ng for all z € X. Moreover, the
arguments in the proof of [11, Theorem 3.7] show that B} = B*S*(T — -), and
then the operator I'l: X — X, defined by

T
(2.8) I2(2) = BrBhz = / S(T —s)BB*S*(T — s)zds, ze€X
0

is invertible and

(2.9) D)) < %

By the hypothesis that the linear system is (Ep, Xg)-controllable, for given xr €
X, the feedback control is defined by

u(t) = B*S*(T —t)(TE) oy — O(T)xg — S(T)x1].

3. Controllability result

We start this section by giving our assumptions on the control problem (1.1)—
(1.2). The following suggestion will be used in this section:

(SA) The linear system (1.3)—(1.4) is (Eo, Xo)-controllable. Furthermore,
(a) {C(t)xo + S(t)x1 : (xo,21) € Eo} C Xo,
(b) [ S(T — s)f(s)ds € X, for all f € L*(J; X).
In addition, let us impose some regularity conditions on F', g and h. Concerning
the multivalued nonlinearity F', we assume that:
(F1) F: J x X xV — Kv(X) is such that F/(-,z(-),v(-)) admits a strongly
measurable selection for each (z,v) € C(J; X) x L?(J;V);
(F2) For almost every t € J, F(t, -, -): X x V — Ko(X) is us.c.;
(F3) There exists a continuous nondecreasing function ¥:RT — R* such
that

1E(E,n, Ol == sup{l|zllx : 2 € F(t,n,¢)} < u(®)¥([Inllx +[I<llv),

for almost every t € J, (n,() € X x V, where p € L(J);
(F4) There are functions k,q € L'(J) such that

xx (F(t,9,Q)) < k(t)xx () + q(t)xv(Q), forae. teJ,

for all bounded subsets 2 C X and @ C V.

REMARK 3.1. We now give a comment on hypothesis (F4). If X is a finite
dimension space, one can drop (F4) since it can be deduced from (F2)-(F3).
That is F(t, -, -) maps bounded set in X x V into bounded set in X, and
therefore xx (F(¢,€,Q)) = 0 for all bounded sets @ C X and Q C V.
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Now we show that if F'(¢, -, -) is a Lipschitz multifunction with respect to
the Hausdorff metric H on K(X), that is for all z,y € X, £, n e V:

(3.1) H(E(,2,8), F(t,y,m) < k()lle —yllx +a®)lIE = nllv,

then (F4) is satisfied. Indeed, by definition of the Hausdorff MNC, for given
€ > 0, one can choose {y1,... ,ym} C X and {n1,... ,np} C V such that

m p
1=1 k=1

Now for any z € F(t,Q,Q), there exists (z,&) € Q x @ such that z € F(¢t,x,§).
Taking y; and 7 such that
2 —villx < xx(Q) +e, 1€ = mllv < xv(Q) +e,

we obtain
|z = zikllx < k@ llz—yillx +a@OIE—mellv < EE)(xx () +e)+q(t)(xv(Q)+e),
due to (3.1), here z;; € F(t,y;,nx). Thus

Ft,2,Q)C  |J Bz, k() (xx () + ) + q(t) (xv (Q) + ¢))-

1,....m

1=
k=1,....,p

—

The last inequality implies (F4).

Concerning g and h, we suppose that:
(GH1) g¢,h:C(J; X) — X are continuous and for x € C(J; X), (g(z), h(x)) €
Ey;
(GH2) There exist numbers Cy, C, > 0 and nondecreasing functions ¥,, ¥p,:
R* — R* such that

lg@)lx < Co¥y(llzlle),  h@)llx < Ca¥alll]c),

where [[z]lc = [[2]o(s:x);
(GH3) We have

xex(C(+)g(D)) < mgxex(D),  xex(S(-)MD)) < muxex (D),
for all bounded subsets D C C(J; X), where mg, my, are nonnegative
constants.
REMARK 3.2. (a) If g and h are Lipschitz continuous, then (GH3) is true.
Indeed, we can show this fact, e.g. for g. Let

l9(z) —9()lx <lllz—ylle, ;g =0, foralx,yeC(J;X).

Then

Sup [C(t)g(z) — C)g)llx <y Sup CH)lz —yllc-
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It implies

1C()g(z) = C()gWlle < mgllz —ylle,

where my, := lgsup C(t). This leads to the first inequality in (GH3). In addition,
teJ

it is easy to check that g and h satisfy (GH2), due to the fact that

lg@@)llx <lgllzlle + g(0)]x,

and a similar estimate for h.

(b) If g and h are completely continuous, i.e. they send any bounded set in
C(J; X) to a relatively compact set in X, then (GH3) is fulfilled with m, =
myp = 0. Indeed, let D C C(J; X) be a bounded set. Then g(D) is a relatively
compact set in X. It follows that C(-)g(D) is equicontinuous and then

xex(C(+)g(D)) = Sup xx(C(t)g(D)) =0,

due to the fact that C(t)g(D) is relatively compact for each ¢ € J. The same
arguments show that

xex (S(+)g(D)) = Sup xx (S(t)g(D)) = 0.

For each (z,u) € C(J; X) x L*(J; V), set
Sh(z,u) ={f € L*(J; X) : f(t) € F(t,z(t),u(t), t € J}.

DEFINITION 3.3. A function z € C(J; X) is said to be a mild solution of the
nonlinear system (1.1)—(1.2) if there exists f € Sk (x,u) such that

£(t) = C(®)[xo — g(@)] + S®)[1 — h(x)] + / S(t — 5)[Bu(s) + f(s)] ds

For the sake of convenience, to obtain the controllability of (1.1)—(1.2), we
will divide our arguments into steps. As the first step, we define a solution
mutioperator, whose fixed points are the solutions of the control problem (1.1)-

(1.2).
Define the evaluation operator Q:C(J;X) — X by Quy = y(T) and the
integral operator £ as follows:

(3.2) L: L'(J;X) — C(J; X),

(33) / S(t—s)f

In addition, define the operator G on C(J; X):

(3.4) G(x)(t) = C(M)[xo — g(x)] + S(t)[z1 — h(z)].



CONTROLLABILITY FOR SECOND-ORDER DIFFERENTIAL INCLUSIONS 389

We are in a position to construct the multioperator

(3.5) F:C(J; X) x L*(J; V) — P(C(J; X) x C(J;V)),
(3.6) F(xyu) = {(y(z,u, f), 2(x,u, f)) : [ € Sp(x,u)},
where

(3.7) 2(z,u, f) = B*S*(T — - )(T5) " zr — QG(x) — QL(f)],
(3.8) y(x,u, f) =G(x) + LBz(x,u, f) + L(f).

Here the operator I'} is defined by (2.8) and x7 € X is given.

Notice that the multioperator F is well-defined by virtue of assumption (SA).
Let us mention also that the projections of F on C(J;X) and C(J; V), respec-
tively, can be written as

mF(z,u) = {y(z,u, f) : f € Sp(x,u)},
moF(x,u) = {z(x,u, ) : f € Sk(z,u)}.

Moreover, if (z*,u*) is a fixed point of F, then there exists f € Sk(z*,u*) such
that

(3.9) et =G(a") + L(Bu” + f),
(3.10) u' = B*S*(T — )(I5)  ar — QG(a") — QL(f)].

Therefore, it is easy to check that the control u* given above steers the initial
profile (zg,x1) to xp = a*(T).

Since we are searching for a fixed point of F satisfying (3.9)-(3.10), the
multioperator F can be restricted to C(J; X) x C(J; V). We call F the solution
multioperator.

As the second step, we will study some properties of the solution multiope-
rator F. The following results will be useful in the sequel:

PROPOSITION 3.4. The operator L defined by (3.2)—(3.3) satisfies (L1)—(L2)
with constant C = My := sup ||S(t)||. Furthermore, it maps any bounded set in
teJ

LY(J; X) into an equicontinuous one in C(J; X).

ProOOF. Taking the arguments from [19, Lemma 4.2.1], we see that £ fulfills
(L1)—(L2). On the other hand, if Q@ C L'(J;X) is a bounded set, then for all
fe@andty,ta € J, ta > t1, we have

1E(F)(t2) — £()(E)]]x = H st -asras— [ stn-ose)as

0

X
to

S/Otl \‘S(tsz)*S(h75)||||f(5)||de+/ 1S (t2 — $)|I1£(s)||x ds.

t1
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Using Proposition 2.12, one obtains that

tg—s
||S(t2—8)—S(t1—S)H SM edeCSM(tQ—tl)eWT.

tl—S

Making use of this estimate, we arrive at

ILC)(t2) — L)) x < Mt — t2)e" / 1 F8)llx ds + My / () ds.

0 t1

The last inequality ensures the second conclusion of Proposition 3.4. (]

PROPOSITION 3.5. Let A be a bounded set in C(J; X) x C(J;V). Then the
set moF(A) is equicontinuous in C(J; V).

PrOOF. Let D = m1(A). Then D is a bounded set in C(J; X). For any
v € mF(A), there exists an (z,u) € A and f € Sk(z,u) such that

v(t) = B*S"(T — )T for — QG (x) — QL(f)].
Then
(B.11) [olta) — vltn) v < 1B - 187(T = ta) — $*(T — )]
AED) Wllzrllx + 1Q6@)x + 1Q£(H)1x)
< B IS~ ta) = S(T = 1)
(lerllx +1Q9@)lx + 1QL(f)1x)
< IBIMIt2 = ale" (Jorllx + Q8@ + QL)

Here we have used (2.9) and Proposition 2.12. Applying (GH2), we have

1QG(x)llx = IC(T)[xo — g(x)] + S(T)[x1 — h(z)]l|x
<[IC)lzollx + Co¥y(llzllc)) + IS (lz1llx + Cr¥a(lzllc))-

Thus one can find M; > 0 such that
(3.12) 196G (x)||x < M, forallze D.

In addition, by (F3), we see that

||Qc<f>||X:H / ST — ) f(s)ds|| < MW (llalc + Julle) / u(s) ds

X

for any f € Sk(z,u). Since A is bounded, there is a number M, > 0 such that

(3.13) 1QL(f)llx < Mo,

for all (z,u) € A. Hence putting (3.12) and (3.13) into inequality (3.11), we
obtain that moF(A) is equicontinuous in C(J; V). O
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LEMMA 3.6 ([19, Lemma 5.1.1]). Let F satisfy (F1)—=(F2) and {(z,,un)} C
C(J;X) x C(J; V) be a sequence converging to (z*,u*) € C(J; X) x C(J; V).
Suppose that the sequence {¢n} such that ¢, € Sk(xp,u,) weakly converges to ¢*
in LY(J; X), then ¢* € Sk(x*,u*).

LEMMA 3.7 ([19, Theorem 1.1.12]). Let X and Y be metric spaces and
G: X — P(Y) a closed quasi-compact multimap with compact values. Then G is

u.8.C.
We can describe now the first property for the solution multioperator.

LEMMA 3.8. Let (F1)—(F3) and (GH1)—(GH2) hold. Then the multioperator
F given by (3.5)—(3.8) is a quasi-compact multimap.

PRrROOF. Let K C C(J;X) x C(J;V) be a compact set and D = m(K),
C = ma(K). It follows from (3.7) that
xv (maF(K)(t) = xv(B*S*(T = t)(I§) [z — QG(D) — QLSE(K))
< IB*S(T = )(T5) ™ lxxxw Xx (27 — QG(D) = QLS p(K))
< |IB*S(T = )(T5) ™ llxx v [Xx (QE(D)) + xx (QLSE(K))].

Here we used the MNC-norm estimate (2.4) and the fact that zr is singleton.
We have

xx(Q4(D)) = xx(C(T)[wo — g(D)] + S(T)[z1 — h(D)])

< [[C(D)lIxx (9(D)) + [IS(T)lIxx (M(D)) = 0,

due to the fact that g,h : C(J;X) — X are continuous and D C C(J;X) is
compact, which leads to the compactness of g(D) and h(D). On the other hand,
(3:14) xx({f(s): f € Sp(K)}) < xx(F(s,D(s5),C(s))) =0 for each s € J,

thanks to the fact that F(s, -, -) is u.s.c and D(s) C X, C(s) C V are compact.
Thus, the use of Proposition 2.9 yields

(3.15)  xx(QLSE(K)) = xx ({/0 S(T —s)f(s)ds: f € s}mo}) =0.
Hence
(3.16) xv(mF(K)(t)) =0 foreachte J.

Since K is a bounded set, by virtue of Proposition 3.5, moF(K) is equicontinuous
in C'(J; V). Taking into account (3.16) and using the Arzela-Ascoli theorem, one
concludes that mF(K) is a relatively compact set in C(J; V).

Regarding 71 F(K), one has

(3.17)  xx(mF(K)(1) = xx(G(D)(t) + L[BmF(K) + Sp(K)))
< Xx(G(D)(1) +xx (LBmF (K)(t)+xx (LSE(K)(#))-
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By the continuity of C(t), S(t), g, h and the compactness of D, one has

(3.18) xx (G(D)(t)) = xx (C(t)[xo — g(D)] + S(t)[x1 — h(D)])
< xx(C()g(D)) + xx (SH)h(D)) = 0,

for t € J. Since moF(K) is relatively compact and B is linear bounded, we have
(3.19) xx (LBmF(K)(t)) =0, telJ
Moreover, by using the arguments as in (3.14)—(3.15), we get
xx(LSE(K)(t) =0, teJ.
This fact together with (3.18)—(3.19) implies
xx(mF(K)(t) =0, tel

In order to show that m F(K) is a compact set in C'(J; X), it remains to prove
that m F(K) is equicontinuous. In view of the compactness of g(D) and h(D),
we deduce that G(D) = C(-)[xg—g(D)]+S(-)[x1 — h(D)] is equicontinuous. In
addition, By F(K) and Sk (K) are bounded sets in L!(J; X ), then, by applying
Proposition 3.4 we see that £LBmF (K ) and LS (K) are equicontinuous as well.
Therefore w1 F(K) is an equicontinuous set in C(J; X). O

LEMMA 3.9. Let the hypotheses of Lemma 3.8 hold. Then the solution mul-
tioperator F s u.s.c.

PrOOF. Using Lemmas 3.7 and 3.8, it suffices to prove that F is a closed mul-
timap. Let {(xn,u,)} C C(J;X) x C(J; V) converge to (z*,u*) and (yn, zn) €
F(xn,un). Suppose that (y,,z,) converges to (y*,z*). We will show that
(y*,2*) € F(z*,u*). Indeed, by the definition of F, for each n > 1, there
exists f, € Sk(xp,u,) such that

(3'20) Yn = g(xn) + ‘C(Bun + fn)>
(3.21) 2 = B*S* (T — - )(I5) " or — QG(xn) — QLSx).

Let K = {(xyn,u,)}. Then K is a compact set in C(J;X) x C(J;V). Noting
that f,(t) € F(t,K(t)), we see that {f,(¢f)} C X is compact. In addition, it
follows from (F3) that {f,} is integrably bounded, thanks to the fact that K is
a bounded set. Thus {f,} is a semicompact sequence. By Proposition 2.11, {f,}
converges weakly to a function f* in L!(J;X) and then Lf,, converges to Lf*
strongly in C(J; X). Now one can pass to the limits in equalities (3.20)—(3.21)
to get that

(3.22) y" =G(a") + L(Bu" + %),
(3.23) 2 = B*S*(T — - )(TT) ar — QG(a*) — QLF].
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Finally, by using Lemma 3.6, we have f* € SL(z*,u*) and then (3.22)—(3.23)
guarantees that (y*, z*) € F(x*, u*). O

For the sake of simplicity, we set

(3.24) No = sup [[C(2)]],
teJ
(3.25) M* = ilelg)HB*S*(T7t)(F,(1)“)71||XX»XV7
T
(3.26) ko = myg +my, + 2M0/ k(s) ds,
0
T
(3.27) qo = 2M0/ q(s) ds.
0

We are in a position to present the following key statement.

THEOREM 3.10. Let the nonlinearity F satisfy (F1)—(F2) and (F4), g and h
obey (GH1), (GH3). Then the solution operator F is kc-condensing, provided

(3.28) l:= max{2k0(1 + 2MOM*T||B”XX’XV)7
2QO(1 + 2M0M*T||B||XX7XV)} <1,

where the MNC k¢ is defined in (2.3).
PROOF. Let A be a bounded set in C(J; X) x C(J; V) such that
(3.29) ko (F(A)) > kc(A).

We will demonstrate that A is relatively compact. By the definitions of k¢
n (2.3) and F in (3.5)—(3.8), we have

(3.30) o (F(A)) = xox (mF(A)) + xev (meF(A)).

We first give some estimates for xcov(meF(A)). In view of Proposition 3.5,
maF (A) is equicontinuous. Let D = 71(A), C = mo(A). Then

(3.31) xov(mF(A)) = sup xv (maF(A)(t))

< sup |B*S*(T — t)(TF) " lxx v Xx (a1 — QG(D) — QLSE(A))
< Sup | B*S*(T = )(T5) ™ lxx v [Xx (QG(D)) + xx (QLSE(A))].

Dealing with xx(QG(D)), one gets

(3.32) xx(QG(D)) = xx(C(T)[xo — g(D)] + S(T)[z1 — h(D)])
T)g(D)) + xx (S(T)h(D))
< xex(C(-)9(D)) + xex (S(-)h(D))

(mg +mp)xcx (D),

PN

IN
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according to (GH3). On the other hand, by (F4) we have
Xx (F(s,D(s5),C(s))) <k(s)xx(D(s)) + q(s)xv(C(s))
< k(s)xex(D)+q(s)xev(C), se .

Therefore,

(3.33) xx(QLSE(A))

T
< vx ( | ST =95 ds: 1 € L0, (5) € Fls. D), c<s>>)

< 4My (XCX(D) /OT k(s)ds + xcx (C) /OT q(s) ds) )
due to Proposition 2.9. Putting the last inequality and (3.32) into (3.31), we get
(3.34) Xev(mF(A)) < M*(koxex (D) + qoxcv(C)).
Now we implement estimates for yox (71 F(A)). One can write
(335)  xex(mF(A) = xox(G(D) + LIBmaF(A) + Sp(A)))
< xex(G(D)) + xox (LBmF(A) + xex (LSE(A)).

Taking similar estimates as in (3.32), we have

(3.36) xex (G(D)) < (mg +mp)xex (D).

Moreover, by virtue of the boundedness of BmaF(A) and Proposition 3.4, the
set LBmyF(A) is equicontinuous. Then

xox (LBmaF(A)) = Sup xx (LBmyF(A)(t)).

In order to get estimates for the last term, we observe that
xx (BraF(A)(1) < IBllxx xv xv (T2 F(A)(E)) < |Bllxx.xv Xov (m2F(A))
< |[Bllxxxv M*(koxcx (D) + goxcv(C)),

thanks to (3.34). Accordingly, by Proposition 2.9 we have
337 Xox(£BmF(A)) < AMoT||B|[xx xv M (koxox (D) + qoxcov(C)).

Since the set Sk(A) is integrably bounded, £S5} (A) is an equicontinuous set and
the last term in (3.35) is proceeded similarly to (3.33):

(3.38)  xex(LSp(A)) = sup xx (LSE(A)(t))

tedJ

<supXX</S t—s)f(s)ds: fe L' J;X), f(s) 6F(S,D(8)7C(8))>

teJ

< 41ty xex (D) / 46 s+ xev(©) [ afs)ds).



CONTROLLABILITY FOR SECOND-ORDER DIFFERENTIAL INCLUSIONS 395

The combination of (3.35)—(3.38) gives

T
Xex (mF(A) < (1my + 0, + A KT By +40Mo [ 1(5)ds ) o (D)
0

T
+ <4M0M*quIIBIIXX,XV +4Mj / q(s) ds) xov(C)
0
= (ko + 4AMo M koT || B|lxx .xv ) Xcx (D)
+ (g0 +4MoM*qoT|| Bllxx xv ) Xcv (C).

The last inequality together with (3.34) implies

ko (F(A) =xex(mF(A) + xov(mF(A))
< 2k0(1 + QMOM*T||B||XX7XV)XCX(D)
+2q0(1 + 2MoM™*T| Bl x xv )XoV (C)-

It means that ko (F(A)) < lxex(D)+xcv(C)) = €k (A). Taking into account
(3.29) and the fact that £ < 1, we obtain kc(A) = 0 and then A is a relatively
compact set, due to the regularity of k¢. O

REMARK 3.11. If S(t) is compact for ¢ € J and X is separable, one can
drop hypothesis (F4). In fact, we use (F4) for estimates (3.33) and (3.38). Now
with the assumptions of this remark, one gets estimate (3.33) directly due to
Proposition 2.7:

Xx (QLSE(A))
T
_ XX(/O S(T = 8)f(s)ds : f € L'(J; X), f(s) € F(s, D(s), C(s)))

S/o xx(S(T —s)f(s): f € L'(J; X), f(s) € F(s,D(s), C(s))ds =0

due to the compactness of S(T — s). Estimate (3.38) can be obtained by the
same manner. Thus, in this case g9 = 0, kg = my + my, in (3.28) and then
condition (3.28) is reduced to

2ko(1 4+ 2MoM™*T||Bllxx xv) < 1.

It should be noted that, the situation mentioned in this remark appears in numer-
ous models of control problems involving PDEs, including parabolic equations.
It follows that the exact controllability for these models cannot be obtained.

We are in the last step to prove the main theorem of this section. It is the
controllability result, that is, we will demonstrate the (Ey, Xg)-controllability of
the system (1.1)—(1.2).
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THEOREM 3.12. Let (SA), (F1)—(F4) and (GH1)-(GH3) hold. Suppose that
(3.28) and the following inequality

T
lim 1 <NOC’g\Ifg(n) + MyCrn(n) + Mo (n) /O 1u(s) ds>

n—oo n

1
<
1+ M~*(1+ MyT| BJ|)

hold. Then the nonlinear system (1.1)—(1.2) is (Eo, Xo)-controllable.

ProOOF. We will apply Theorem 2.5 to show that the solution multioperator
F has a fixed point. We have proved in Lemma 3.9 and Theorem 3.10 that F is
u.s.c. and k¢-condensing. It remains to show that there exists R > 0 such that
F(Bgr) C Bgr, where

Br ={(z,u) € C(J; X) x C(J; V) : ||z|lc + ||ullc < R}.

Assume to the contrary that for each n € N, there exists (z,,u,) € C(J; X) x
C(J;V) such that

(3.39) [znlle + llunllo < n,
(3.40) lynllc + llznllc > n,

for some (yYn, 2n) € F(Tn,un). Let fn, € Sk(xn,uy,) be such that

Yn = g(xn) =+ l:(BZn =+ fn)a
zn = B*S*(T — )(TT) ar — QG(xn) — QL(fn)].

Estimating z,, one has
(341) izl <M*([lzz]lx + [C(T)[z0 — g(zn)]llx)
w01 (IS~ hells + | [ 8= 95,060

<M ([lzr|lx + [CD[Izoll + Co¥y(llznllc)))
+ME([S(D) 1]l + Cr¥n([lznllc)])

J

+ MM / H(S) B (2 () 5 + l[un(5)[1v) ds
<C* + M*(|C(TD)|Cy¥y([2allc) + ST [ChA(Iallc)

T
MM (oo + unll) [ nts)ds,
0

where C* = M*(||lzr|x + |C(D)||||zol| + IS(T)||z1||x)- In the foregoing esti-
mates we have used (GH2) and (F3).
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Regarding y,,, we have
lyn(®)llx <NC(H)[z0 — g(zn)] + S(E)[21 — h(zn)]l|x
’/St—s)an ds ’/St—sfn )ds
< No([lzollx + Cg\Ifg(Hfanc)) + Mo([lz1 | x + Ch\I’h(Hanc))

t
+M0T||B||||Zn||c+Mo/O p(s)¥(llzn(s)lx + llun(s)llv) ds

where Ny = sup ||C(t)]|, again due to (GH2) and (F3). Hence
teJ

(3:42) lynllc <Cg + NoCo¥y([lznllc) + MoCr¥n([nllc)

T
+ MoT||Blllznllc + Mo¥([lznllc + Hun\lc)/o p(s)ds,

where C§ = No||zollx + Mol|z1]x-
It is convenient to denote

T
A@O:N&ﬁ%ﬂ+%ﬂmﬂﬂ+%ﬂ@+@/;wM&
0
Then it follows from (3.41) and (3.42) that

Iznlle < C* + M*A([[znllc; l[unlle),
lynllc < Co + MoT||B[[znllc + Alllznllos l[unllo)-

Therefore

(3.43) Nlynllc + llznlle <C5 + (1 + MoT||B)llzallc + Allznlles lluallc)
<C; + (14 MoT||B|)C*
+ [1+ M1+ MT||BI)IA([[znllc, [[unllc)-

Taking into account (3.39)—(3.40), one deduces from (3.43) that

(C5 + (14 MoT||B||)C)

S|

1

< ~(lyallc +llznlle) <
. 1

+ 1+ M1+ MoTIBI] ~Alllealle, lualle)-

Then

1
14+ M*(1+ MoT||BJ)

< lim A(Ilwnllcvlluan)

< lim (NOC U, (n )—&-MOC’h\I!h(n)—i-Mo\I’(n)/o w(s) ds),

n—oo N

which is the contradiction. O
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4. Application

Consider the following control system

O*x(t,0)  0%x(t,0)

(4.1) otz 062

u(t,0) + f(¢, z(t,0),u(t,0)),
te[0,T],0 €[0,m],

(4.2) z(t,0) = z(t,7) =0,

(4.3) z(0,6) = zo(0 Z/ gr(m)x(te, n) dn,

thel0,T), k=1,...,m,
0 K
(4.4) &x(o 0) =x1(0 Z/ / hi(0,m)x(s,m) dnds,

where control u € L*(0,T; L*(0, )).
Let X = L?(0, 7). Define A: X — X by Ay = y" with the domain

D(A) = H*(0,7) N H (0, ).

It is well known that A is the infinitesimal generator of a strongly continuous
cosine family {C(¢)}+er on X. More precisely,

(C(t)y)(9) = ; - </07r y(n) sinnn dn> cos nt sin nb.

Here {¢,(0) = \/2/msinnd : n = 1,2,...} is the orthonormal basis of L?(0, )
and its elements are the eigenfunctions corresponding to the eigenvalues {\, =
n?:n=1,2,...} of —A. The norm in L?(0, ) is defined as:

2

lyll* = ii(/ow y(0) sinn@d@) .

n=1
In addition, the associated sine family {S(¢)}+cr is given by
o0 2 T
(4.5) (St)y)(9) = Z — (/ y(n) sinnn dn) sin nt sin nf.
0

nm
n=1

Noting that —A is positive definite and self-adjoint, one can define the fractional
operator (—A)%, o € R as follows:

oo

Z Yy On)L2(0,5)Pr = Z n?*Z (/ (n) sinnn dn) sin n#.

n=1 n=1

This implies
2

Al =32 2 ([ ssinnn)

n=1
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On the other hand
19123 (0.m) = (—A¥ 1) 120.m) = {(—A)20, (=) /%9 120,y = [|(—A) /212,

Then

0o 2

2n? 4 .
9l 0.m) = D — (/O y(n) Smnndn>

n=1
and, moreover, we have D((—A)'/?) = H}(0, 7). Let H~' be the dual space of
H(0,7). Then one can easily see that H~! = D((—A)~'/2) and the norm in
H~!is given by

o) 2

2 ™
2 .
1= — dn| .
[ z::l n2ﬂ</0 y(n) sinnny 77)
Notice that S(t) is compact. Indeed, since the embedding H}(0,7) C L?(0, ) is
compact, it suffices to show that S(¢)D is bounded in H{ (0, 7) provided that D
is bounded in L?(0, 7). We deduce from (4.5) that
e’} 9 T 2
||S(t)y|\zé(0m) = Z </0 y(n) sinnny dn) sin® nt < ||yll720.n)-

™
n=1

Thus, we obtain that S(t)D is bounded in Hg (0, ).
Let Xo = H}(0,7) and Eq = H}(0,7) x L?(0,7). Then we can verify the
(Eo, Xo)-controllability for the linear system

%x(t,0)  0%x(t,0)
oz 08>
x(t,0) = z(t,m) =0,

+u(t,0), tel0,T], 6€l0,n],

x(0,0) = xo(0), —x(0,0)=xz1(0).

Indeed, we have

T
1B*S*(T = )ylliz(rix) = 1™ (T = )yl :x) :/O IS(T = s)yll% ds

T 2 T
2 ( / y(n)sinnndn> / sin® n(T — s) ds
™ 0 0

n2m

M
‘w

n=1

WK

n=1

due to the presentation of S(¢) in (4.5). Therefore, if T > 1/2, one can find
a number vy > 0 such that

IB*S*(T = 8)yll72(5,x) = VYl -1
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Now taking into account (4.5) again, one observes that S(t)y € HZ(0,) for all
y € L?(0,7). Additionally, if y € H}(0,7) then C(t)y € H(0,7) as well. Hence

{C(t)zo + S(t)w1 : (xo,21) € Hy(0,7) x L*(0,m)} C Hy(0,)
and condition (SA)(a) is satisfied. Now for f € L(0,T; L?(0, 7)), we have
S(T —s)f(s,-) € H}(0,m) for a.e. s € [0,T].
Thus fOT S(T — s)f(s, -)ds € H}(0,7) and condition (SA)(b) is verified.
As far as the nonlinear system (4.1)—(4.4) is concerned, we assume that

(N1) The nonlinearity f:[0,7] x R? — R is continuous. Furthermore, there
exists a function p € L*(0,T) such that |f(t,&,n)] < u(@)(|£] + |n]) for
all £,n € R;
(N2) For each k=1,... ,m, gr € L?(0,7) and hy, € L?([0, 7]?).
It is easy to check that f satisfies (F1)—(F3) due to (N1). Since S(t) is compact
and X is separable, one can drop (F4) as it was mentioned in Remark 3.11.
Now setting
6

tnqs

tka d777

>
Il
—

J, ot
I

we see that g, h: C([0,T]; L?(0,7)) — L?(0,7) are Lipschitz functions. Indeed,

anﬂs

/ hi(0,n)x(s,n) dnds,

92)0) 90 <3 [ " 1900 2tism) — y(tesm)] d
k=170

< el omllatte ) — ulte zom < (Z |gk||L2(o,ﬂ>) —
k=1

(4.6) l9(2) — 920 < (ﬁz |gk|m<0,ﬂ>) e — yle.
k=1

For the nonlocal function h, we have

a)(0) = O < D / '“ / b0, m) 2(s,m) — y(s,m)| dnds

<Z / 10, 2 0m 1205, ) — (s, )20 ds

(th ||L2<0W>)|xyc
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Then

WD) k() = )l o < (ﬁ Ty ||hk||Lz<[o,ﬂz>) e = ylle-

k=1

Hence, by Remark 3.2, g and h satisfy (GH2)—(GH3). It is obvious that g(z) €
H}(0,7) for all z € L?(0, ), thanks to the definition of g. Then (g(z), h(z)) €
Ey = H}(0,7) x L*(0,7) for all z € L2(0,7) and (GH1) is verified.

Let

Co =V Y _lgrllrzoms  Ch=V2TY |hkllz2(o,m2),
k=1 k=1

M* = sup ||S*(T —)(T5) Yy
te[0,T]

mg = NoCy, mp = MoCh, ko =mg+my.

We have the following controllability result for (4.1)—(4.4).

THEOREM 4.1. Assume (N1)—(N2). Let the following inequalities hold:

Qk()(]. + 2M()M*T) <1,
1
1+ MT)

T
N M, M, d
OCg + Och + OA /’L(S) 5 < 1 +M*(

Then the nonlinear system (4.1)—(4.4) is (H} x L2, H})-controllable.
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