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ON THE DIFFERENCES OF LOWER
SEMICONTINUOUS FUNCTIONS

Abstract

Answering one of the real function problems suggested by A. Ma-
liszewski, the existence of a bounded Darboux function of the Sierpiniski
first class which cannot be expressed as a difference of two bounded
lower semicontinuous functions is proved. As the reply to the other
Maliszewski question, we show there exists an almost everywhere con-
tinuous Darboux function of the Sierpinski first class which is not a
difference of two almost everywhere continuous lower semicontinuous
functions.

1 Maliszewski’s problems

In [3], A. Maliszewski was concerned with the class of real functions which
can be written as the difference of two upper semicontinuous functions; i.e.,
the Sierpinski first class. Clearly, this class corresponds to the class of all
differences of two lower semicontinuous functions and to the class of all sums
of a lower semicontinuous function and an upper semicontinuous function, too.
Concluding his paper (similarly in [2]), A. Maliszewski proposed to solve the
following two problems which can be reformulated in the language of lower
semicontinuous functions as follows:

Problem 1. Is there a bounded Darbouz function in the class of all differences
of lower semicontinuous functions which cannot be written as the difference of
two bounded lower semicontinuous functions?
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Problem 2. Is each almost everywhere continuous Darbouz function in the
class of all differences of lower semicontinuous functions the difference of two
almost everywhere continuous lower semicontinuous functions?

Answering the first problem, the existence of a bounded Darboux function
of the Sierpinski first class which cannot be expressed as a difference of two
bounded lower semicontinuous functions is proved. As the reply to the other
Maliszewski question, we show there exists an almost everywhere continuous
Darboux function of the Sierpinski first class which is not a difference of two
almost everywhere continuous lower semicontinuous functions.

2 Difference of two lower semicontinuous functions

We will deal with the classes of real functions defined on the unit interval
I =10,1]. Let C, D, By, lsc, usc and Sy, stand for the class of continuous,
Darbouzx, Baire one, lower semicontinuous, upper semicontinuous functions
and for the Sierpinski first class of functions, respectively. The intersection
D Nisc will be denoted by Dlsc, and applying the same principle we will use
the notation DSy, too.

Let C be the set of all points of continuity of the function f and Dy be
the set of all points of discontinuity of the function f. A point z is said to
be a bilateral c-point of a set A iff for every § > 0, both (x;2 + §) N A and
(x — 0;2) N A have the cardinality of continuum; i.e.,

card ((z;2 +6) N A) = card ((z — §;2) N A) =c.

A set A is said to be bilaterally c-dense in a set B, B C. A, iff each point
x € B is a bilateral c¢-point of the set A.

If a function f: I — R maps connected sets onto connected sets, then f
is said to be Darboux.

With respect to 7], let us recall that the Sierpinski first class S7 of functions
is defined as follows:

Sp = { an: Z | fn(x)] < oo for every x € [0,1] and each f, € C}.
n=1 n=1

Due to [8], the Sierpinski first class coincides with the class of sums of lower
semicontinuous and upper semicontinuous functions. For this reason, the
Sierpinski first class will be denoted either by Sy or, in accordance with [6],
by Isc — Isc. Tt is obvious that Si C By, but Sy G By; see [6], [8].

To prove the two main results we will use Theorem 1 in [5]. Suiting our
purpose, we will use a revised version of this theorem:
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Theorem 3. Let f be a function such that f € lsc and let E be an arbitrary
F, set which is bilaterally c-dense in itself. If the set E is bilaterally c-dense in
the set of points of discontinuity of the function f, then there exists a function
g € Dlsc such that

g(z) < f(z), forx € E
g(z) = f(z), forz e I\ E.

PRroor. Let Dy be the set of all points of discontinuity of the function f such
that

N

(.¢]
Dy = Dn,
n=1
where {D,}, cy, is an increasing sequence of closed nowhere dense sets. The

set F is the set of type F,, and thus let

E = G F,,
n=1

where {F},}, oy, is again an increasing sequence of closed sets. Due to f € Isc,
there exists a sequence of continuous functions {f.}, oy,

L.,

which converges to the function f pointwise. Let us define the increasing
sequence of functions {gn}, oy, by the formula

1
Gn = fn— —.
n

Obviously, the inequality g, < f holds true for every n € N, and the sequence
{gn}nen converges to the function f. Moreover, let {e,},y be a sequence
of positive real numbers such that €, — 0. The functions g,, are uniformly
continuous on [0,1]. Thus the sequence {e,}, .y determines a sequence of
positive numbers {4, }, o such that for every 1, x5 € [0,1]

|21 — @2 < 6 = |gn(21) — gn(22)| <en (*)
holds. Applying Lemma 2 in [5], let P; be a perfect set,
Fic. P CE,
and let P, be associated to the function g;. Similarly, let P> be a perfect set,

(FgUPl) Ce PQ CcFE
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and let P> be associated to the function gs. Inductively for i = 3,4,..., let P;
be a perfect set associated to the function g;,

(Fi U Pi—l) c. P, CEFE.
Supposing P; is already defined as a perfect set associated with the function
g;, the P; satisfy the conditions

P1CCP2CCP3CC..., E:UP“
=1

and the sequence of associated functions g; satisfies the condition
G <gp<gs<--<f g—Ff
Since the set F is c-dense in Dy, it is possible to require that
V x € D; there exist a,b € P; such that a <z <bAb—a < ;. (k)

Applying the method of the proof of Theorem 1 in [5], let us construct a
system of closed sets P,, a > 1, such that

o1 <ag = P, Cc P,,,
and for each «, i < a < i+ 1, let g, be a function defined by the formula
9o = gi + (o — i) (gi+1 — 9i),
which is associated with the set P,. Clearly,
o1 < 02 = Gay < Jas-

Finally, for x € F, let a(x) = inf {a: = € P,} and let g be a function defined
by the formula

) = Ga(z) (z), forzeF
91 {f(.’L‘), fOrJ:¢E'

Now we show that the function g has the three following properties, and thus
meets the assertion of Theorem 3:

(1) g € lsc
(2) g € D;
(3) g(z) = f(x) forz €e T\ E, and g(x) < f(z) for x € E.
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(1)

The function g € Isc iff for every xyp € I and for arbitrary sequence

{mn}neNv
T — To, = liminf g (x,) > g (x0) .

Tp—T0

Suppose that there exists A € R and a sequence {z,} T, — Tg, such

that

neN?

g(xn) <A <g(zp).

Then evidently
A < ga (z0) < g (20)

for certain o > 1. With respect to the continuity of the function g, for
sufficiently large n, n > ng, the inequality

g (xn) <A< ga(zn)

holds for every n > ng, which implies z,, € P,. Then, ¢ € P,, since the
set P, is closed, and by definition of the function g, we have g, (z¢) >
g (z0) . However, this contradicts A < go (%) < g (x0) -

Since g € lsc C By, for verifying the property (2) it is sufficient to show
(see [1]) that for each o € I there exist sequences {xn}, cny {¥ntnens
Tn X0, Yn \¢ Zo, (for points 0 and 1 it is required only one of these
sequences) such that

g(wo) = lim_g(xn) = lim_ g(yn).

Now let g € I be an arbitrary point. Then either zg € E, or 2o ¢ E.
Let us consider both cases.

If 9 € E, then there exists an integer iy and a real number ag € [0,1)
such that xg € P, for every a > ig+ag and zg ¢ P, for every o < ig+ay.
Hence g(xo) = gig+ao(To). Let us assume that a sequence {a,}
satisfies

neN?

an \ g, 1o <o+ ag <itg+a, <ig+ 1.

Since Pjy+ao Ce Pig+a,, it is possible to deal with points z,, * z¢ and
Yn \(To,n =1,2,..., where x,,, Yy, € Pi,+q,. Thus

9(xn) < Gigran (Tn) and  g(Yn) < Giptran (Yn)-

The sequence of continuous functions {g;,+a.,, }nEN uniformly converges
to the continuous function ¢;,ta,. Therefore

lim g(xn) < nIL)rrologzo+an (xn) = g(xO)

n—oo
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Since the function g € Isc, the following inequality holds true

lim g(zn) > g(xo),

n—oo

and it implies
lim g(z,) = g(zo)-

n—oo

The same is true for the sequence y,,.
If 29 ¢ E, then two cases have to be considered: z¢ € Cy, ¢ € Dy.

Let 29 ¢ F and zg € Cy. Let ¢ be an arbitrary positive real number.
Since g, (o)  f(z0) = g(x0), there exists ng such that

£(@0) = 5 < gao (@0)-

Because the function gy, is continuous, the function f is continuous at
the point z¢ and zg ¢ P,,. So there exists a neighbourhood O(x¢) of
the point z¢ such that O(zg) N P,, = 0, and for every x € O(zo) the
following inequalities hold true:

I wo) =5 < J (@) < f (@) + 5,
G (20) = 5 < Guy (&) < gy (20) + 3.
guo (@) < 9 (@) < f (2)
Therefore
9(w0) =& = f(@0) = 5 = 5 < guo (20) = 5 < o (@)

<g(x) < f(z) < f(wo) + & =g(x0) +&.
Thus for every z € O(zg) the inequality
|9(z0) — g(x)| <e

holds true, which means that the function ¢ is continuous at the point
xzg. Therefore

g(wo) = lim g(zy) = lim g(yn)
for arbitrary sequences x,, / xg, Yn \( Tg, N € N.

Let g ¢ E and x9 ¢ Cy. Then there exists ng such that o € D,, for
every n > ng. Because

(o)
2o ¢ E= | P,
n=1
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where P,, are perfect sets, there exist sequences of points
Tp =max{z € Pp; x < 20} A yp, =min{y € Pp,; 29 < y}.

If « < n, then P, C. P,, and thus x,,y, ¢ P, for every a < n.
Therefore,

9(7n) = gn(zn) and  g(yn) = gn(yn)

due to the definition of the function g. According to (xx), |z, — yn| < On,
and since z is the bilateral c¢-point of the set E, z,, ' xq and y,, \, xg.
Moreover, applying (*) the following is true:

19(20) = gn(20)| = [gn(Tn) — gn(z0)| < €0

Since gn(zo) — f(x0) = g(z0) and &, — 0 for n — oo, the equality

lim g(z,) = g(xo)

n—oo

holds true. Similarly,
Tim g(yn) = g(wo)-

Thus g € D.

(3) To verify the property (3) of the function g, it suffices to apply the
suitable part of the proof of Theorem 1 in [5].

O
Let us proceed with a useful lemma;:

Lemma 4. Let f*, g* € lsc be functions defined on the interval [0,1] such
that the function |f* — g*| is bounded by a constant M, and let E C [0,1] be
a set of type Iy, bilaterally c-dense in itself. If Dy« U Dg« C. E, then there
exist functions f, g € Dlsc such that the function |f — g| is bounded by the
constant 3M, and

{z; f(z) # [ (@)} = {a; g(z) # g"(2)} = E.

PROOF. According to assumptions |f*(x) — g*(x)| < M, for every = € [0, 1].
Because f*, g* € lsc, there exist sequences of continuous functions

N<fh<f<...=f,
g1<g93<g3<... 29"
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Let us define sequences of continuous functions {fn}, cns {9n},en > in the
following way:

o) =max {1 (o) - % = M. £ - 2
o 2) = { f70) ~ < M.gi(o) - 2
The inequality
fola) =max g ) = & = M. fie) - 1 < max (" (o) = M. £} < 170
implies f; — 1 < f, < f*, so that f, — f*. The inequality
w{gie) — = M.f30) - 1

<max {4 () - — M) - |

implies f,, < fny1 for n € N. The same holds true for the sequence {g,}, cy;
therefore

f1<f2<f3<...—>f*,
G1<g<gs<..—>g".

Because
max fn(x) - E - M7gn<$) - E -M < max gn(x) - E - M7 fn(x) - E
< max{fn(x) e M, g (x) — n} + M,
obviously,
gn(l') - M < fn(x) < gn(:E) + M;
i.e.,

| fn(x) — gn(x)] < M for every x € [0,1], n € N.

To construct functions f and g of required properties we use the approach
of Theorem 3.
The set Dy~ U Dy~ is of type Fy, and thus let

(o]
Df+U Dy = | J Da,

n=1
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where {D,}, .y, is an increasing sequence of closed nowhere dense sets. Let
{En}nGN be a sequence of positive real numbers such that ¢, — 0. The
functions f, and g, are uniformly continuous on [0,1]. Thus the sequence
{en},en determines a sequence of positive numbers {d,},y such that for
every x1,x2 € [0,1]

|z1 — 22| < 0p = |fulz1) — fu(z2)| < €0 (%)
lgn(21) — gn(x2)] < en

holds. The set F is of type F, bilaterally c-dense in itself, and therefore there
exists a family of closed sets {P,; « > 1} satisfying the following conditions:

(4) UPa:E§

a>1
(5) for every x € D, there exist a,b € P, such that a <z <b A b—a < dy;
(6) Pa, C¢ Pa,, fora; < as.

If n < a < n+1, then the set P, is said to be associated to the pair of
functions

f(x = fn + (Oé —’I’L) (fn-‘rl - fn)
o = gn + (@ = 1) (gns1 = gn) -

Now, define the function f by

f(z) = fa@) (x), forz e E, a(r)=inf{a,z € P,}
[*(x), forx € [0,1]\ E

and, analogously, the function g. The construction of f and g coincides with
the fitting function of Theorem 3. Thus

f,9 € Disc, f < f*, g<g7,
{z, f(x)# [ (@)} ={z,9(z) #g" (v)} = E.

Now we show that the function |f(x) — g(z)| is bounded by the constant 3M.
If ¢ F, then

[f (@) = g(2)] = [f*(z) — g"(x)] < M.

If x € E, then there exists a real number a(x) > 1 such that € P, for
a > ax), and ¢ ¢ P, for a < a(x). Let us assume that n < a(x) < n+ 1.



132 R. MENKYNA

Then

[f (@) =g (@) = |fu (@) + (a (x) = n) (frr1 (2) = fn (2)) = gn (2)
= (o (@) = n) (gn+1 (%) = gn (2)) |
< (a(@) = (n=1)|fo (@) = gn (@) + (a (@) = 1) [fas1 (2) = gni1 ()| < 3M.
It means that
|f(z) — g(z)] <3M for each z € [0,1].
O

In what follows we will show the existence of the function answering Ma-
liszewski’s questions.

Let F be a perfect, nowhere dense subset of the interval [0,1], A(F) > 0,
such that

F=0.1\ | 1.
n=1

where I,, are open contiguous intervals of the set F. Let
o0
>
k=1

be any convergent series of positive real numbers. Let {k, } ., be an increasing
sequence of natural numbers such that the sequence

k
n 1
Ok, = Z (E 70[]6)3 ne Na
k=n
diverges to co. For every n € N, in the open interval I,,, define a finite sequence
of perfect sets
P C Py Co--Ce P!y,
such that the Lebesque measure A(P}! ;) = 0. Next, we will deal with func-
tions f; and f5 defined as follows:
ForxzeIl,, neN,

1, for x € Pl

fi@) =kt g0 forae PPAPL,, k=23, .k + 1
kn + 2, forx € I, \ Py, +1
1+ 1 for x € P/

5 (@) =kt gy, forz e PP\ Py, k=23, .k, +1

kn + 2, forxz € I, \ Py, +1
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and
fi(@)=f5(x)=0, forz € F.

Obviously, ff, f5 € lsc,

Dy; =Dygy; = FUP, where P = | J P! 1,

n=1
and
—%7 forxz € P/
fi(@) = f5(z) = ,f;,i),kp forz € PP\ P |, k=2,...k, +1,n€N,
0, for z € I, \ P

fi(@)—f5(xz)=0, forz €F.

Thus
1

[fi(z) = f2(@)] <
Now let E be a set of type F,, such that A(E) = 0, E is bilaterally c¢-dense in
FUP, and
EMNFEYP) =0

(With respect to Lemma 7 in [4], it is possible to require that the set F is
bilaterally c-dense in itself.) According to Lemma 4, there exist functions
f1, f2 € Dlsc such that

{z; filz) # f{(2)} ={x; fo(z) # f3(2)} = E,

for every z € I,,.

and

S|lw

(1) |fi(@) = falz)| <
(8) fi(x) = fa(x) =0, for every x € F.

, for every z € I,,, n € N,

The function f = f; — fo € Disc — Dlsc, and, due to Proposition 3 in [3], the
function f has the Darboux property. If a point z € Cy and x ¢ FE, then
according to the part (2) in the proof of Theorem 3, x € C'y,. Therefore

Dj CEUFUP,

and the same holds true for the set Dy,. Let I, = (an,b,), n € N, and let
al bl ¢ F be such that

n»’n

an < a), < min P <max P < b, < by,.
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Since
f7 (@) = f5 (), for every @ € [an,al] U [bL,b,],

it is possible to require that
f1(x) = fa (), for every x € [an,aﬂ U [b}“ bn} ;
that is,

fi (@) = f2(z) =0, for every z € [an,a,]| U [b},bs], n €N,

n

From the foregoing, together with (7) and (8) it follows that
xhjgo fi(@) = fa(z) = 0= fi(20) — f2 (x0) for every zo € F.

Obviously, the set /' C (Y, so that the set of discontinuity points of the
function f is a subset of E|J P. Since A(E'|J P) = 0, the function f is bounded
and a.e. continuous. Because f € lsc — lsc there are infinitely many pairs of
lower semicontinuous functions such that the function f equals their difference.
Let [, d € lsc be any such pair; i.e. f =1—d, or l = f + d, respectively. We
will proceed similarly to the proof of the Proposition 2 in [6]. Since a function
is bounded or a.e. continuous iff the sum of the function and constant is
bounded or a.e. continuous, we may assume [ > 0, d > 0. Choose a point
x1 € PI* C I,. Then

flz1) = fi(z1) — fa(z1) = fi(z1) — fo(x1) = ,%.

Since

l(z1) = f(21) + d(z1),
and by assumption [(z1) > 0, we obtain d(z1) > 1. The function d is lower
semicontinuous, and thus there exists a neighbourhood U} C I,, of the point
1 such that d(z) > 2 — a,,, for every z € Uf'. We will use the notation

d(UJ) > = — ay,. (1)

S|

Since P} C, P», subsequently choose the point x9 € P N U. Then
f(x2) = fi(w2) = falw2) = fi (@) = f5(22) = =
and, from (1), it follows

1
n+1

l(z2) = f(x2) +d(z2) > % —ay, +
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The function [ is lower semicontinuous. Therefore there exists a neighbourhood
Ul c Uy C I, of the point xs such that

1
UPY> = —qp + —— — ey 2
(U) 2 = = an+ —— — Qs (2)

1
f(ifs)——n+2
From (2) follows
i )>1 n 1
T3) > — —Qp + —— — Qny1,
=0 n+1 +
and, consequently,
d(zs) = Uzs) — F(23) > © — a4 — — g +
x = {lx — X — — Qp — Qp .
8 8 =0 n+1 R

Thus there exists a neighbourhood U3 C U* C Uy C I,, of the point x3 such

that
1

n+2

Applying the same algorithm we find a neighbourhood Uy’ C I, of a point
Tk, +1 € P}, such that

1
AU > ——apn+ —— —apt1 + — Qo
n n

— oy, =0y, if ky, is even,

1 1
AUR) 2~ =+ — = — gy 4o

n+1 n+k,

or

1
Z(U]:L)Zf_an_k _an+1_|__|_ aknzakn’lfknlsodd
n n )

n+1 n—l—kn_

Consequently, it follows that, for every zo € F, there exists a sequence of
points zp,, € I,,, 1 =1,2,..., z,, = o such that

lim d(z,,) > lim oy, = o0
i—00 1—00 K

or
lim (x,,) > lim oy, = oo.
1—00 1—00 o

Because the function f is bounded and f =1 — d, the equalities

lim d(xy,,) = lim l(z,,) = oo
71— 00 1— 00
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hold true. Hence the functions [ and d are necessarily unbounded on [0, 1] and
discontinuous at each point of the set F' with positive Lebesgue measure.

Thus, finally, in Isc—Isc there exists a bounded, Darboux, a.e. continuous
function such

a) it cannot be written as the difference of two bounded lower semicontin-
uous functions,

b) and it cannot be written as the difference of two a.e. continuous lower
semicontinuous functions.
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