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NONMEASURABLE ADDITIVE
FUNCTIONS

Abstract

By assuming the Continuum Hypothesis, it is proved that there ex-
ists a subgroup of R® of cardinality strictly greater than the cardinality
of the continuum, all nonzero members of which are absolutely nonmea-
surable additive functions.

The existence of Lebesgue-nonmeasurable sets and functions on the real
line R is a very important fact of analysis and plays a seminal role for the
foundations of contemporary mathematics (because, e.g., this fact is closely
connected with uncountable forms of the Axiom of Choice). In some ques-
tions of analysis nonmeasurable sets and functions turn out to be endowed
with additional algebraic structure. For instance, one may be required to have
a Lebesgue-nonmeasurable subgroup of the additive group R or a Lebesgue-
nonmeasurable homomorphism of R into itself. As a rule, one needs more del-
icate constructions for proving the existence of such Lebesgue-nonmeasurable
algebraic objects. The following example illustrates this circumstance.

Example 1. Denote by A the standard Lebesgue measure on the real line R.
As is well known (see, e.g., [11, Chapter 1, p. 4]), R admits a partition {A, B}
such that the set A is of A-measure zero and the set B is of first category in
R. This fact easily implies that there exists a subset B’ of B which is not A-
measurable. Consequently, B’ is of first category, but is not Lebesgue measur-
able. The analogous question can be posed for subgroups of R. Namely, does
there exist a subgroup of R which is of first category, but is not A-measurable?
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The answer is positive under the Continuum Hypothesis (or under the much
weaker Martin’s Axiom), but the corresponding techniques need the method
of transfinite induction. Moreover, assuming Martin’s Axiom, there exists a
subset S of R that is a generalized Sierpinski set and simultaneously a vector
space over the field Q of all rational numbers. This set S is of first category
in R, but every subset of S of cardinality continuum is not A-measurable. Ex-
tensive information about Sierpiriski sets and generalized Sierpinski sets may
be found in [9] (see also [11, Chapter 20]).

A number of works are devoted to algebraic properties of various families
of nonmeasurable functions (see, e.g., [1, 2, 5, 10, 12]). In this paper we
will construct, with the aid of the Continuum Hypothesis, a family 7 ¢ RR
of functions such that card(F) is strictly greater than the cardinality of the
continuum, F itself is a group with respect to the standard addition operation,
and each nonzero member from F is an absolutely nonmeasurable additive
function.

For our further purposes, we need some auxiliary notions and statements.

Let i be a nonzero measure defined on a o-algebra of subsets of a nonempty
set F. As usual, we denote by the symbol dom(u) the domain of p (i.e., the o-
algebra of all u-measurable sets) and by the symbol Z (1) the o-ideal generated
by the family of all y-measure zero sets.

We say that p is a continuous (or diffused) measure on E if {z} € dom(u)
and p({z}) = 0 for all elements x € E.

Let M be some class of measures on E (in general, their domains are
various o-algebras of subsets of F) and let f : E — R be a function.

We shall say that f is absolutely nonmeasurable with respect to M if there
exists no measure from M for which f is measurable.

Accordingly, we shall say that a set X C F is absolutely nonmeasurable
with respect to M if the characteristic function (i.e., indicator) of X is abso-
lutely nonmeasurable with respect to M.

Example 2. Recall that a measure p on the real line R is translation quasi-
invariant if both dom(p) and Z(u) are translation invariant classes of subsets
of R. If, in addition, the values (X)), where X € dom(u), are preserved under
all translations of X (i.e., (X 4+ h) = pu(X) for all h € R), then p is called
a translation invariant measure on R. Denote by M;(R) (respectively, by
M3(R)) the class of all those translation quasi-invariant (respectively, trans-
lation invariant) measures on R which extend A. Clearly, we have the proper
inclusion M3(R) C M;(R). Recall that any selector of the quotient-group
R/Q is called a Vitali set in R. It is widely known that all Vitali sets are
absolutely nonmeasurable with respect to the class Ms(R). Moreover, there
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exists a Vitali set that is absolutely nonmeasurable with respect to the class of
all nonzero o-finite translation quasi-invariant measures on R. On the other
hand, there exists a Vitali set that is not absolutely nonmeasurable with re-
spect to the class M;(R). (For more details on the above-mentioned facts,
see [6].) Notice also that the class My(R) is quite large (cf. [3, 13]). Among
its members one may encounter even nonseparable extensions of A (see, for
instance, [4] and [8]).

In the sequel, for a given nonempty set F, we shall denote by M(FE) the
class of all nonzero o-finite continuous measures on E.

Of course, any function f : F — R that is absolutely nonmeasurable with
respect to the class M(FE) can be regarded as an utterly nonmeasurable real-
valued function on F. In order to describe such functions, we need the classical
notion of a universal measure zero subset of R.

Let Z C R. We recall that Z has wuniversal measure zero if for any o-
finite continuous Borel measure p on R, the equality p*(Z) = 0 holds, where
u* denotes the outer measure associated with u. Equivalently, we may say
that Z C R has universal measure zero if there exists no nonzero o-finite
continuous Borel measure on Z (where Z is assumed to be endowed with the
induced topology).

Some important properties of universal measure zero sets are discussed in
[9].

The following auxiliary proposition yields a characterization of absolutely
nonmeasurable functions with respect to the class M(E).

Lemma 1. For any function f: E — R, these two assertions are equivalent:
(1) f is absolutely nonmeasurable with respect to M(E);
(2) the range of f is a universal measure zero subset of R and, for each
point t € R, the set f~1(t) is at most countable.

The proof of this lemma is not difficult and may be found in [7].

Remark 1. Denote by c the cardinality of the continuum. It directly follows
from Lemma 1 that if card(E) > c, then there exist no functions on E which
are absolutely nonmeasurable with respect to M(E). More precisely, the
existence on E of an absolutely nonmeasurable function with respect to M(E)
is equivalent to the existence of a universal measure zero set Z C R with
card(Z) = card(F). Thus, the following two assertions are equivalent:

(a) there exists a function f : R — R absolutely nonmeasurable with
respect to the class M(R);

(b) there exists a universal measure zero set Z C R with card(Z) = c.

Every Luzin set on R has universal measure zero and, under Martin’s
Axiom, every generalized Luzin set on R also has universal measure zero.
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Extensive information about Luzin sets and generalized Luzin sets may be
found in [9] (see also [11, Chapter 20]).

Remark 2. Several classical constructions (within ZFC theory) of uncount-
able universal measure zero subsets of R are known. Those constructions
belong to Luzin, Hausdorff, Sierpiriski, Marczewski, and others (see also a
more recent paper [14] where a quite short argument is given). According to
them, every nonempty perfect set P C R contains an uncountable universal
measure zero subset. It was also shown that there exists a model of ZFC the-
ory in which the Continuum Hypothesis fails to be true and every universal
measure zero subset of R has cardinality less than or equal to wy, where wy
stands, as usual, for the least uncountable cardinal number (for more details,
see [9] and the references therein).

Uncountable universal measure zero subsets of R can carry a certain al-
gebraic structure. The following auxiliary proposition will be useful for our
purposes.

Lemma 2. There exists (within ZFC theory) an uncountable universal mea-
sure zero set Z C R which simultaneously is a vector space over Q.

This lemma is well known (see, e.g., [12] where a much deeper result is
presented).

Remark 3. The assertion of Lemma 2 directly follows from one general state-
ment of metamathematical character. We would like to formulate this state-
ment as a metatheorem.

Let S(X) be a property of a subset X of a Polish space. Suppose that the
following conditions are satisfied:

(a) if S(X) and Y C X, then S(Y);

(b) if {X; : i € I} is a countable family of subsets of a Polish space and
S(X;) for all i € I, then S(U{X; :i € I});

(c) if S(X) and S(Y), then S(X x Y);

(d) if By and Bs are Borel subsets of Polish spaces, h : By — By is an
injective Borel mapping and X is a subset of By with S(X), then S(h(X));

(e) there exists at least one Polish space containing an uncountable set X
such that S(X).

Then there exists an uncountable vector space Z C R (over Q) such that
S(2).

Let us sketch the proof. As is well known, there exists a nonempty perfect
set P C R that is linearly independent over Q. The conditions (d) and (e)
imply that there exists an uncountable set X C P satisfying S(X). Clearly,
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this set X is also linearly independent over Q. The conditions (b), (¢) and (d)
imply that for the set

Y:{(qlxh"'a(htxn) 10<n< w, (ql,...7qn)€(Q\{0})“,(1’1,...,;&1)6)(”}

the property S(Y') holds true. Consider an arbitrary element (¢121,. .., gn®n)
of Y, where n > 0 is a natural number, (¢1,...,¢,) € (Q\ {0})" and
(z1,...,2,) € X™. We shall say that this element is admissible if x; # z;
for any two distinct natural indices ¢ € [1,n] and j € [1,n]. Let Y’ denote the
set of all admissible elements of Y. In view of condition (a), we have S(Y”).
Now, for every natural number n > 0, define the set T,, by the equality

T, ={(z1,...,zn) € P*: (Vi€ [L,n])(Vj € [L,n])(i #j = x; # x;)}
and also define the set

T = {171,y qnrn) = (X1, 20) € Thy (q1,--.,q0) € (Q\ {0})"}.

Obviously, both T, and T, are Borel subsets of the Euclidean space R™.
Since all spaces R™ (n < w) are canonically embedded in the space R“, the
set U{T} : 0 < n < w} is a Borel subset of R¥, and Y’ C U{T}, : 0 < n < w}.
Further, consider the Borel mapping

g:U{T,:0<n<w}—R
given by the formula

I, Yn) =Y+t Yn, (0<n<w, (y1,...,yn) €T)).

This mapping g is such that, for any ¢t € R, the set g~1(¢) is finite. According
to a classical theorem of descriptive set theory, g admits a representation in
the form g = U{gx : k < w}, where all g; are injective Borel mappings and are
defined on pairwise disjoint Borel sets. It can easily be checked that the set

Z =g(Y)U{0} = (UW{gr(Y") : k <w}) U {0}
is an uncountable vector space over Q and the relation S(Z) holds true.

The next auxiliary proposition belongs to infinite combinatorics and states
the existence of a quite large almost disjoint family of subsets of a given infinite
set. This proposition is crucial for obtaining the main result of the paper.

Lemma 3. Let = be an arbitrary infinite set. There exists a family {Z; : j €
J} of subsets of E such that:

(1) card(J) > card(E);

(2) card(E,) = card(E) for each index j € J;

(3) card(Z; NE;/) < card(E) for any two distinct indices j € J and j' € J.
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We omit the proof of this lemma. It is based on a rather standard argument
by transfinite recursion, and we refer the reader to the classical monograph by
Sierpiniski [15, pp. 451-452], where Lemma 3 is proved in detail.

Let (V,+) be a vector space (over some field of scalars) and let {V; : j € J}
be a family of vector subspaces of V.

We shall say that this family is admissible if, for any finite sequence jo, j1,
jo2, - .., ji of distinct indices from J, the relation

card(Vy, N (Vj, + Vi, + -+ Vj,)) < card(V))

holds true.
The next proposition guarantees the existence of a large admissible family
of vector subspaces of an uncountable vector space (over Q).

Lemma 4. Let V be an uncountable vector space over Q. There exists an
admissible family {V; : j € J} of vector subspaces of V' such that:

(1) card(J) > card(V);

(2) card(V;) = card(V) for all j € J.

PRrROOF. Let = be a basis of V. Clearly, we have the equality
card(E) = card(V).

Let {Z; : j € J} be a family of subsets of = satisfying the relations (1) - (3)
of Lemma 3. For each index j € J, let us put

V; = spang (E)).

It is not difficult to check that the obtained family {V; : j € J} of vector
subspaces of V' is as required. O

Now, we are ready to establish the following statement.

Theorem 1. Under the Continuum Hypothesis, there exists a family F C R®
satisfying the following relations:

(1) card(F) > c;

(2) F is a vector space over Q;

(3) all functions from F are homomorphisms of the additive group R into
itself;

(4) all nonzero functions from F are absolutely nonmeasurable with respect
to the class M(R).
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PROOF. Let V be an uncountable universal measure zero set in R which
simultaneously is a vector space over Q. As was already mentioned, such a V'
does exist (see Lemma 2).

Let {V; : j € J} be an admissible family of vector subspaces of V' satisfying
relations (1) and (2) of Lemma 4.

Consider R as a vector space over Q. In view of the supposed equality
¢ = wq, the vector space R is isomorphic to each vector space from the family
{V; :jeJ}

For any j € J, denote by f; : R — V; some isomorphism between R and
V.

Notice that the family of functions {f; : j € J} is linearly independent
over Q. Indeed, consider any linear (over Q) combination

qQfjo +arfj + -+ aufi,

where k > 1, all coefficients qg, q1, - .., qr are nonzero, and jg, j1, .., jx are
distinct indices from J. Since we have

Card(vjo) =G, Card(vjo N (VJ1 +o Tt V] )) Sw,

there exists y € Vj, \ (V}, +---+Vj,). Since f;,(R) =Vj,, we can find z € R
such that y = f;, (z). Now, it readily follows that

(@ fjo + a1 fj +- -+ aufj)(x) #0,

so qofj, + q1fj + -+ qxf;, is not identically equal to zero.
Further, we put
F =spang{fj:j € J}
and we claim that F is the required family of functions.

Notice that the relations (1), (2), and (3) of the theorem trivially hold by
virtue of the definition of F. So it remains to verify the validity of relation
(4).

In view of Lemma 1, we must check that if f is an arbitrary function from
F\ {0}, then the set ran(f) is universal measure zero and the set f~1(¢) is at
most countable for every point ¢ € R.

First, observe that if f € F, then ran(f) C V, hence ran(f) is indeed
universal measure zero.

Further, if f € F\ {0}, then f admits a unique representation in the form

f=afjo +afi+ - +afs,

where k is a natural number, jo, j1, jo, - - -, Ji are distinct indices from J, and
qo, q1, - - -, qx are nonzero rational numbers.
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It suffices to demonstrate that, for any ¢t € V, the set f~1(t) is at most
countable. We will show this by induction on k.

If £ =0, then f = qofj,, where gy # 0. In this case f is an isomorphism
between R and Vj,, and the set f~!(¢) either is empty or is a singleton.

Assume that our assertion has already been proved for natural numbers
strictly smaller than k& and suppose to the contrary that, for f represented in
the above-mentioned form, there exists 7 € V such that

card(f~1(1)) > wi.
It is not difficult to see that, in this case, the set

{reR:qfj(x) = (—a1fj —afjp — —afi) (@)}

is uncountable. Since the Continuum Hypothesis is assumed and the family
of vector spaces {V; : j € J} is admissible, the vector space

‘/joﬁ(‘/]l—i_‘/h—i_—i_‘/]k)
must be at most countable. But we obviously have
I‘an(qujO) C ‘/jo’

ran(—q1fj, — q2fj — - — @ fi) C Vi, + Vi, + -+ Vi,

The latter two inclusions readily imply that there exists a point
tlex/}om(‘/}1+‘/}2+"'+‘/}k)

such that
card((—qufj, — @2fjo — - — arf) (1) = wi,

which contradicts the inductive assumption on ¢1 fj, + q2fj, + -+ + @i fjs -
The obtained contradiction finishes the proof of Theorem 1. O

Remark 4. Denote by c¢™ the least cardinal number strictly greater than c.
As a straightforward consequence of Theorem 1 we obtain that if 2¢ = c™,
then card(F) = card(RR). We do not know whether the assertion of Theorem
1 remains valid under Martin’s Axiom (instead of the Continuum Hypothesis).

Remark 5. Let K be an uncountable subfield of R and consider R as a vector
space over K. Then there does not exist a vector space G C RR over K such
that:

(1) card(G) > ¢;

(2) all g € G are K-linear homomorphisms of R into itself;



A LARGE GROUP OF ABSOLUTELY NONMEASURABLE FUNCTIONS 475

(3) all g € G\ {0} are absolutely nonmeasurable functions with respect to
the class M(R).

Indeed, suppose to the contrary that such a G does exist and choose a point
z € R\ {0}. Obviously, there are two distinct elements g € G and h € G,
for which we have g(x) = h(x) and, consequently, (¢ — h)(x) = 0. This fact
directly implies that

(g—h)(yz) =y((g —h)(x)) =0

for any y € K, i.e. the set (g — h)~1(0) is uncountable, which contradicts the
absolute nonmeasurability of g — h (see Lemma 1).

As was mentioned earlier, the existence of at least one function from R
that is absolutely nonmeasurable with respect to the class M(R) necessarily
needs additional set-theoretical hypotheses (see Remarks 1 and 2). For the
class Mo(R) of all nonzero o-finite translation quasi-invariant measures on R,
a certain analogue of Theorem 1 can be established within ZFC theory.

Theorem 2. There exists a family F C RR satisfying the following relations:

(1) card(F) > wy;

(2) F is a vector space over Q;

(3) all functions from F are homomorphisms of the additive group R into
itself;

(4) all nonzero functions from F are absolutely nonmeasurable with respect
to the class My(R).

The proof of Theorem 2 is very similar to the proof of Theorem 1, so we

omit it here.
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