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CONVERGENCE AND KOLMOGOROV
DIMENSION

Abstract

It is shown that under simple restrictions a series converges provided

it’s set of terms has Kolmogorov dimension strictly smaller than %

1 Introduction

This paper is concerned with the relation between the convergence of an in-
finite series and the Kolmogorov dimension of its set of terms. For positive
series (under a simple assumption), the cutoff occurs at dimension 3. As might
be expected from the situation with the ratio and root tests, at dimension %
a series may converge or diverge.

The restriction to nonnegative real series is required to get something
definitive. Of course, terms must (eventually) be distinct as well, if one is
to say much from knowledge of the set of terms.

The definition of Kolmogorov dimension that will be used is the diameter
form.

Let X be a totally bounded metric space, and let N(g) be the smallest N
for which X can be covered by N sets of diameter < e. Let I = {d > 0 :
3C4 > 0 with N(e) < Cye~¢ for € sufficiently small}. Then [ is either empty
(Kolmogorov dimension o), or I is a semi-infinite interval whose left endpoint
(inf I) is the Kolmogorov dimension. I may be open or closed. It suffices to
check the inequality N(g) < Cye~ on a sequence &, N\, 0, provided ¢, /e, 11
is bounded above. Suppose K > &, /e,1, for all n. Then for € < & one can
choose n with €,_1 > € > ¢,, so that ¢, > ¢/K. Hence N(¢) < N(e,) <
Cye;,? < CgK%~?. The Kolmogorov dimension of X is denoted by dim (X).

Mathematical Reviews subject classification: Primary: 40A05, 54F45
Received by the editors March 14, 1995

264



CONVERGENCE AND KOLMOGOROV DIMENSION 265

It should be noted that the Kolmogorov dimension can also be character-
ized in terms of e-nets. Suppose N’(¢) is the minimal size of an e-net; i.e.
a set such that each point is < € away from a point in the e-net. Then X
is a union of N’(g) balls of radius ¢, so N’(¢) > N(2¢). On the other hand,
N'(e) < N(.9¢) by taking a point in each covering set.

The above, with an argument like that involving the ¢, s, shows that N ()
and N’(g) have the same asymptotic behavior as e \, 0. The definition involv-
ing N'(g) goes by a number of names: Kolmogorov dimension, Kolmogorov
capacity, limit capacity, and entropy to name four. We prefer the first, as it ac-
tually is a dimension. (It is also the form really used to find fractal dimensions
in many applied situations, e.g. coastlines and mountains [1].)

2 The Theorem

Let {a,) be a sequence of real numbers. We assume that a,, > 0 and a,, > ap+1,
for n sufficiently large. Also assume that a, — 0. Let A = {a1,a9,as,...}.
We are concerned with the relation between dimg (A) and the convergence of
Ya,. To this end an additional condition is imposed.

Definition 1 Let {(a,) be a sequence satisfying the conditions above. Then
an — 0 regularly provided a,, — ant1 > apy1 — anyo for n sufficiently large.

The main theorem is as follows.

Theorem 1 Let (a,) be as above and let A = {a1,as,as,...}.

a) If Sa,, converges, then dimg (A) < 1.

b) If dimg(A) < § and a,, — 0 regularly, then Sa, converges.

Discussion: In [2], it is shown that, with a,, = n™? and A = {a1, a9, a3, ...},

then dimg(A) = ﬁ. This paper basically arose from investigating the fact

that the cutoff for convergence occurs at dimension % In the next section,
some examples will be given. In particular, it will be shown with examples
that for dimg (A) = % the series may converge or may diverge. Also it will
be shown in Section 4 that for dimg (A4) < 1 an extra condition, like a,, — 0
regularly is required. The problem is that convergence of Ya, measures how
much the terms accumulate at 0, while dimx (A) measures how much the terms

accumulate around each other.

PROOF. By deleting a finite set, we may assume without loss of generality
that a,, > a,+1 for all n (and, in case (b), that a,, — ap+1 > ape1 — apao). In
particular, a,, > 0 also.



266 M. ScoTT OSBORNE

1
(a) Suppose s = Xa, < 0o, and suppose € > 0 is given. Let m = [1 + 7}
€
Set S = {n:a, > me}. Then |S| ms<zl ~1an < 8550 |S| < -2 Now

A can be covered with |S| sets of the form {a,}, n < m, together w1th m
sets of the form [(k 1)e, ke] for k=1,...,m. Hence N(s) < m+s/me.

1
Then — <m < 4+ 1; so

F<mE

s 1
N(e) < <4l ———=1+(1 —1/2,
(5)—m+mg—ﬁ+ tE =t

(b) Fix p with dimg(A) < p < 3. For k € N the set A can be covered by
< C - 2%P sets of diameter < 27% for a number C independent of k. Set
ny = max{n : a, — any1 > 27%}. Then a, — a,1 > 27F for n < ng, and
ap — Apt1 < 27F for n > ny. Further, n; <ng < nsz--- and ng — oco.

Now, if n < ny, then no set of diameter < 27 which contains a, can
contain any other a,,. So any cover of A by sets of diameter < 2% must have
at least n; members. Hence nj < C - 2kP.

Further, the set {a, : n > n;} has no gaps wider than 27%. Thus if this
set is minimally covered by N sets of diameter < 27 then

i) these sets may be replaced without loss of generality by closed intervals
[bj,bj —+ 27]6], with bj < bj+1 for all j,_] = 1, .. .,N;

ii) b; = 0 since a, — 0; and
iii) bj41 < (b; +27%) +27F due to the lack of gaps.
Hence by induction, b; < (j—1)-2'7%. Thus by +27% < (2N—-1)27% < 2N27*.
But N < C - 2FP; 50 for n > Nk,
a, < by +27F <202k 27k = 9C . 2k,

Combine the above to get

Ng41

Z an < ngyq - 2C - 2k(p=1)
n=ngp+1

<C- ok+1)p 9y . gkp—k
_ 21+Pc2 . 2k(2p71)'

Hence )7 a, <2'TPC?377 2k(2P=1) < 50, since 2p — 1 < 0. O
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3 Some Examples

First, a theorem that computes Kolmogorov dimension.

Theorem 2 Let a, \, 0, and let A = {a, : n € N}. Suppose ¢,p, and q are
positive.

a) If a, < ¢/nP for n sufficiently large, then dimg (A) < ﬁ.

b) If an, — any1 > ¢/ (n+ 1)? for n sufficiently large, then dimg (A) > %.
ProoOF. Without loss of generality assume the inequalities hold for all n.

a) Without loss of generality suppose ¢ is a positive integer. Set &, =
1/nPTL. Then e, /e,41 — 1. So it suffices to consider these e’s. Now
{an,ant1,...} C U, [fp%ll, n,]—’il] while {a,...,a,-1} is covered by
the sets {a;} for j =1,2,...,n — 1. Hence

N(en) < (c+1)n = (c+ 1)e, /D),

b) Set e, =¢/m%. n+1<m= a,— apny1 > c/(n+1)7 > ¢/m?. Hence
any two points in {a1, ..., a;—1} are more than £, units apart. So given
any cover of A (and hence of {ay,...,am—1}) by sets of diameter < &,,,
each set can contain at most one a, with n < m. Hence N(e,,) is at
least m — 1, i.e., N(e,,) > m — 1. Now N(g,,) < ke, @, m sufficiently
large = m — 1 < ke, = ke™? - m9 all m sufficiently large = qd > 1,
ie., d>1/q. 0

Corollary 1 Under the same hypothesis as in Theorem 1, if a, = f(n), f:
[1,00) = R, and if —f'(x) > cx™9, then dimg(A) > 1/q.

Proor. By the Mean Value Theorem, there is a (, between n and n + 1 so
that an — ant1 = f(n) = f(n +1) = =f(Cn) 2 ¢, 7 > e(n+1)77, O

Example 1 Let a,, = m and let A = {a, : n € N}. (It will be shown
in the next section that a, — 0 regularly.) Since a,, < %,dimK(A) < % But

. 1 .
lf q > 2, then f(.’I,') = m gives
—xlf(z) = I (1—|—10gat:)2—|—33-2(1—|—logac)l
22(1 + log x)* x
g—2 S3tlogz

(1+logx)?
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Hence 3 ¢ > 0 with —27f’(x) > ¢. Thus ¢ > 2 = Kolmogorov dimension is

> %. Letting ¢ ™\, 2 gives Kolmogorov dimension %

Example 2 Let a, = m and let A = {a, :n € N}. If ¢ > 1, f(z) =
(1+logz)~1, then —x9f/(x) = 297 (1 +logz)~2 — o0, so again 3 ¢ > 0 with
—2f'(x) > ¢. Hence dimg (A) > %. Letting g \( 1 gives dimg (4) = 1. It can
get that large.

4 Regular Decrease

In both examples above it is assumed that the sequences tend to 0 regularly;
that is, ap41 — an > @n42 — apy1. That they do tend to 0 regularly can be
established using that there is a twice differentiable function, f : (1—6,00) — R
with a, = f(n) such that f(z) > 0, f'(z) < 0 and lim,_,o f(2) = 0. These
properties imply that a, > 0, a, > an+1 and lim, ., a, = 0. Further, if f’
has only finitely many roots, then f(z) > 0 and f(z) — 0 implies f'(z) < 0 for
large x, since f’(x) > 0 is untenable for large x. Similarly, a,, — 0 regularly
provided —f’(z) decreases, i.e., f”(x) > 0. Finally, if f’ and f” have only
finitely many roots, then f(z) > 0 and f(z) — 0 implies f”(z) > 0 for large
x, since f’(x) < 0 is untenable for large z. (f”(x) < 0 would imply —f’(z)
increases, i.e., a,, —a,11 increases [and is positive; see above on why f’(z) < 0
for large x|, contradicting a, — an4+1 — 0.)
So the following theorem results.

Theorem 3 Let 6 > 0 and let f : (1 — d,00) — R be twice differentiable.
Suppose for each x € (1 — §,00) we have f(x) >0, f(z) = 0, and f' and f"
have only finitely many roots. Then f(n) — 0 regularly.

For example, generalized rational functions (with any nonnegative real
exponent allowed) of z and log(x) satisfy the conditions of Theorem 3, since
eventually one term will dominate in the numerator (and denominator), giving
constant sign. Consequently, the sequences in Examples 1 and 2 do go to zero
regularly.

Example 3 There is a sequence a, \, 0 with A = {a,, : n € N} having
Kolmogorov dimension zero, while Xa,, diverges. Needless to say, a,, does not
go to zero regularly.

Forn=2F+j, 0<j<2Fseta, =2"%+(2k—j—1).-27%.272",
T e R

_1 1 7
ar =7, a8 =3+ 3043 -
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Note that

. —k ok+1_q o0 .

i) ap, >27% Thus ) .« a, > 1. Hence >, a, diverges.
il) a, decreases for 2k <p <26+l _ 1 and

a2k+1 — 2—(k+1) + (2k+1 _ 1)2—(k+1) . 2_2k+1

1 +1 1 1
<2*’€.§+2'2"+ :2%«§+2“ﬁ+)

< 2_k = Agk+1_1,

since % + 2k~2 <1 de, 262 < 35 de, B —2M1 < —1; e,
k+1 <2k,

Claim: A = {a, : n € N} has Kolmogorov dimension zero.
PROOF OF CLAIM. Set g; = 27!, Divide A into three parts:

i) If n = 2% + j as above, and k > [, then a,, < ax41_; = 27! = &;. Hence
a, € [0,27!]. That’s one set.

ii) If logy ! < k <, then by the formula, a,, € [27%,27% + 2_2k], which has
length 92" < 9—2'%821 _ ol _ ;. That’s at most | more sets.

iii) If k < logy 1, then a, € {a,}. Now k < logyl = 2F <1 = n < 2l — 1.
That’s at most 2] — 2 more sets.

Combining, N(g;) < 3l — 1. Hence, for any d > 0, there is a Cy with
N(El) < CdEfd.
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