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LARGE SETS CONTAINING COPIES OF
SMALL SETS

Abstract

We investigate what large sets of real numbers such as uncount-
able, open, second Baire category, or positive Lebesgue measure contain
copies of small sets such as finite, countable, or bounded. Some remarks
on the related Erdos problem are included.

1 Introduction, Sets with Copies of 3 Element Sets

Let X and Y be sets of real numbers. We say that X is similar to Y if there
exist real numbers b and ¢, ¢ # 0 such that

e X+0Zcatbirex)t =Y

A set of real numbers E contains a subset similar to the set X (or copy of
X for short) if there exist real numbers b and ¢, ¢ # 0 such that ¢- X +b C F.
For example if X is empty, then every set E contains a copy of X. Obviously
if X consists of a single element then every nonempty set E contains a copy
of X. It is also clear that when X consists of exactly two elements, then F
contains a copy of X iff card(F) > 2.

Before we discuss the case with card(X) = 3, we would like to point out
that the concept of similarity is geometric in nature. On the other hand the
sets X and F may originate from any field of mathematics. This gives the
question, “Does E contain a copy of X?” an interdisciplinary character. In
this note we discuss the “classical” types of X and E which involve measure,
the Baire property, and cardinality!.
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! Most definitions and notation can be found in [8].
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Now let X be a set with three elements. Arias de Reyna, using transfinite
induction, proved [1] that there is a large (of the cardinality of the continuum,
full outer Lebesgue measure, and not meager) set E without a copy of X.
Arias de Reyna’s set is very irregular; it doesn’t have the Baire property and
is non-measurable. His result raises the question, “Does there exist a regular
(i.e. measurable and/or with the Baire property) set of the cardinality of
the continuum without a copy of a given three-element set?” A somewhat
stronger result is stated below as Theorem 2. To prove it we need to notice
that Theorem 2 of Mycielski [7] implies the following fact.

Theorem 1 IfK C R is a countable subfield, then there exists an uncountable
closed set E whose elements are linearly independent over K.

Theorem 2 Let X be a countable family of three-element sets. Then there
exists an uncountable closed set E without a copy of any X € X.

PrOOF. By Mycielski’s Theorem 1 there exists an uncountable, closed set E
whose elements are linearly independent over the field Q(|J X'). Now pick any
X € X and suppose that there exist real numbers b and ¢, ¢ # 0 such that
c- X +b C E. For some three different e;,es,e3 € E we have ¢-x1 + b =
e1,c-x2+b = ey, and c-x3+b = e3. By subtracting these equations from each
other we obtain ¢(x1 —x2) = e; —es and ¢(xy —x3) = ez —e3. Now by dividing
the first equation by ¢(z1 — x2), the second by ¢(xo — x3) and subtracting we
get a linear combination with coefficients from Q(|J X),

1 1 1 1
——e1 — + e+ ————e3=0
clzy — a2) <c(3:1 — 9 c(wy — x3)> > (ag — x3) 8

which contradicts the linear independence of FE. ([

The above result leads to the question, “Can we have a regular set that
would be bigger (of positive Lebesgue measure or of second Baire category)
and still not contain a copy of a given three element set?” Here the answer is
negative and it follows from Theorem 3 below.

2 Sets with Copies of Finite Sets

Throughout the rest of the paper all sets will be subsets of the real line R
unless stated otherwise. p will denote Lebesgue measure on R. The following
theorem is due to Steinhaus.

Theorem 3 If X is finite and E is of positive Lebesque measure, then E
contains a copy of X.
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PROOF. Let card(X) = n and let E be of positive Lebesgue measure. It
follows from the Lebesgue Density Theorem (See [8] page 17.) that there
exists an interval [o, 8] such that

2n(B — a).

w(EN o, B]) > 1

1)
Let By = EN|a, 8]. Without loss of generality let us assume that X = {z; <
g < ... < zp} and 1 = 0. Pick ¢ > 0 small enough to make cz, < 25”10‘1
Since for every b € Ey —cx;, i =1,2,...,n we have cx; +b € F; C E, it suffices

to show that

n

m(El —cxy) # 0. (2)

i=1
To see this, let J = [ — czyp, 0] and observe that Ey — cx; C J for every
1=1,2,..n. Then

mﬁ(El —en)) 2 pld) - anuu \ (B - )
Z(ﬂ—a)—n<(ﬁ—a+cxn)—27;(nﬁ_:la)>
> (3= =0 (16 -a+ 55 - 20
g 2B L

= >
2n+1 2n+1

which proves (2) and completes the proof for the ¢ selected above. For any
beNie,(E1 — cx;) we have ¢- X + b C E. O

The next natural task would be to prove an analogous theorem for sets F
with the Baire property. It turns out however that a stronger theorem holds.

3 Sets with Copies of Countably Infinite Sets

The following theorem is due to H. I. Miller and P. Xenikakis [6].

Theorem 4 If X is a countable and bounded set and if E is a second Baire
category set with the Baire property, then E contains a copy of X.

PROOF. Proceed as in Theorem 3 except that now we can do better in inequal-
ity (1). Namely there exists an interval [a, 8] such that [, 8] \ E is meager.
(See [8] page 19.) Let Ey = [, 5] N E. To simplify the rest of the argument,
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assume that X C Ry and let ¢ > 0 be such that sup(c- X) < O’Tfﬁ Now it
suffices to show that ()¢ x (E1 — cz) # 0. For 2 € X it is easy to see the set
a+p

E1 — cx is residual in [o, =] and since X is countable, the desired assertion

follows. As in Theorem 3 b € (), ¢y (£ — cz) implies that ¢- X +bC E. [
It is worth noting (Also see [6].) that a similar proof gives an analogous
fact.

Theorem 5 If X is a countable and bounded set and if E is of full measure
in some open set (uW(V\ E) =0 for some open set V'), then E contains a copy
of X.

Now, if in Theorem 5 we weaken the assumption “of full measure in some
open set” to “is of positive measure”, then it is no longer true. The strongest
result in this direction is due to K. J. Falconer [3].

Theorem 6 Let {x,},_, be a decreasing sequence converging to zero such
that lim inf % = 1. Then there exists a set of positive measure E such that
(c-{xn :n=1,2,3,...} +b)\ E is infinite for every number b and every number

c#0.

Falconer’s theorem partially answers an old problem of P. Erdos.
Problem ([2], [5], and also see [4]) Is it true that for every infinite set X there
exists a set of positive Lebesgue measure without a copy of X?

The rest of this note is devoted to the discussion of Erdcs’ problem. The
case of unbounded X is trivial. If X is bounded, then it contains a convergent
sequence. Theorem 6 gives a positive answer if X contains a sequence which
converges “slower than geometrically”. It is worth noting that an intriguing
case when X = {3 : n = 1,2,3,...} remains open (see [4]). Below I would
like to present a different partial answer to Erdos’ problem. Its proof is quite
straightforward (geometric) and well illustrates the nature of the problem.
The following lemma converts the Erdés problem to a “tiling puzzle”.

Lemma 7 Let X C (0,1) be a set. The following conditions are equivalent.
1. There exists a set E, u(E) > 0 such that
VOV ¢ # 0(c- X +bN E° #0) (3)
2. There exists a set 1 C (0,1), u(E1) > 0 such that

VO<c<1l(Ef+c-X)=R (4)
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PROOF. Assume 1. Pick an arbitrary ¢ # 0. Then statement (3) implies that

Vbdy € EGz € X(cx +b=1y)
Yoy € EGr € X(—cx+y=10) (5)
(—¢- X + E =R)

All statements in (5) are equivalent. It is easy to see that F; = (E+t)N(0,1),
where ¢ is such that u((E +t) N (0,1)) > 0 satisfies 2.

Assume 2. By the Lebesgue Density Theorem (See [8] page 17.) there exists
a real number s such that pu(FEy N (—FE; +5)) > 02. Select E C Ey N (—FE; +35)
such that diam(F) < diam(X). The last inequality gives (3) for ¢ with |¢| > 1.
If -1 < ¢ < 0, then (4) yields (E°+(—c)-X = R) and (5) implies (3) for such c.
On the other hand if 0 < ¢ < 1, then by multiplying the equation (E{+c¢-X) =
R by (—1) and adding s to both sides we obtain ((—Ef 4+ s) + (—¢) - X) =R.
E° contains (—F¢ + s) and as before (5) completes the proof.

Part 2. of Lemma 7 may be viewed as a “puzzle”. To better understand
this comparison, suppose we are given an infinite set X C (0,1) and we are
looking for a set E; as in the lemma. Recall that every set of positive measure
contains a closed set of positive measure. (See [8] page 15.) So we may as well
look for a closed set Fy. This is equivalent to finding its complement, namely
an open set G such that

p((0,H)\G) >0andV0<c<1(G+c¢-X)=R (6)

Now G as any open set is a countable union of disjoint open intervals G; (tiles),
say G = |J;2; G;. Our job is to choose the length and place for each G; in
such a way that when each is replaced by the set (G; + ¢+ X) they will cover
the entire numberline. Notice that while the G; do not overlap, the (G;+c¢-X)
may. Also observe that the whole action takes place between zero and one as
we may choose G to include G; = (—o00,0) and Gy = (1, 00).

G32

)’
——t—t—t—t—t——t—t——1—1t=
0o .1 2 3 4 .5 6 .7 8 9 1 1.11.2
Gs3+c- X:
| o | | Ny | | | L
| N | | | 7 N A | | | N A
0o .1 2 .3 4 5 .6 .7 .8 .9 1 1.11.2

Figure 1: X = {2/n:n=1,2,3,...},Gs+ (.1,.2),c=.5

2-Fy = (-1)-E;.
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The increasing distances between components of G; + ¢ - X shown in Fig-
ure 1 above make them difficult “puzzle pieces”. We are going to simplify
the problem by using only the biggest connected component ((0.1,0.533...) in
Figure 1). To be able to put a finger on its right end, we define k(§) = min{k :
Vi >k (x; —x41) < 0}. We also need to account for the variable ¢ and to do
so we shall cover (0,1) infinitely many times. In each round the placement of
G;’s is designed to work for ¢ > %, n=1,2,3,... . We shall sometimes write
x(n) instead of z,.

Theorem 8 Let X = {z, :n=1,2,3,..} C (0,1) be a decreasing sequence
converging to zero. If there exists a sequence {0,}22 ; such that

Z dn <1 and Zx(k(én)) = 00, (7)
n=1 n=1
then there exists a double sequence of intervals {Gnm};l“jmzl such that G =

Unom=1 Gnm has property (6) .

PROOF. Assume that {6,}2%, has property (7). Let 0 : N> — N be a
bijection such that

Z 2(k(0p(n,my)) > nforalln=1,2,3,.. (8)

m=1

Now fix an n and define G = (Gnm, Gnm + o (n,m)) as follows:

an1 =0
m—1 1

Apm = Z [§a(n,i) + Ex(k(éa(nvi)))} =
=1

1
=0n m—-1T 60‘(?7,,’”7,71) + Ex(k((scr(n,mfl)))

Since p(Gnm) = do(n,m), we have p((0,1)\ G) > 1 -3 6, > 0. To
verify the second part of (6) pick a 0 < ¢ < 1 and select a natural number n
such that 2 < c. Due to (8) for any x € (0,1] we can find an index m such
that apm < & < ap, m1- It suffices to prove that G +¢- X 2 (anm, @n mt1]-
For all k > k(g (n,m)) the intervals Gy + cxy and Gy, + cxpq1 overlap. It
follows that Gy + ¢+ X 2 (@nm, Gnm + 0 (n,m) + T (k(05(n,m))). Since ¢ > %,
we obtain anm + do(n,m) + C2(k(0o(n,m))) > @n mi1- O



764 JAKUB JASINSKI

Corollary 9 If both {x,}°, and {(zn — Tni1) 52, are decreasing sequences
. & . -
converging to zero and anl T, = 00, then there exists a set of positive mea-

sure without a copy of X = {xp:n=1,2,3,..} .

PRrOOF. Note that §,, = (x,, — 1) satisfies condition (7). Corollary 9 follows
from Theorem 8 and Lemma 7. (|

With a more careful choice of d,, Theorem 8 can be applied to sequences
{z,}22, for which the series Y~ | z,, converges.

Corollary 10 For any real number o > 0 there exists a set of positive measure
without a copy of X = {7= 1k =1,2,3,...}.

PROOF. We only need discuss the case of & > 1. Let z(k) = k~*. It turns

out that if we let 8, = n~"a", then z(k(5,)) behaves like L and here is why.
First we find an upper bound on k(é,). There exists a constant £ such that

! L /wc T iy (S ) I
I TR T A R

Now since the inequality % < n= implies k& > o'na for some other
constant o/, we obtain k(,) < [a/n=] < Bn*/® for some constant 8 > 0 and

n > ng . Therefore

k(0,)) = > )
IR pRESE s
n=1 n=1 n=ngo
and the last series is divergent. Hence condition (7) is satisfied. O
It should be pointed out that both Corollaries 9 and 10 follow from Fal-
coner’s result 6. Also no sequence {0, }52 , satisfies condition (7) if {x,}>2
is a convergent geometric sequence.

Example 1 If " | 8, is a convergent series with positive terms and x(k) =
q "% for some constant ¢ > 1, then Y oo, x(k(6,)) is also convergent.

PROOF. To see this we must first estimate k(d,). By solving the inequality
gk —q B+ <6, for k we obtain k > n — log, d;, for some constant 7. Thus
k(0n) > [n] + | —log, dn] and z(k(5,)) < ¢~ LHmLm108 0] < yyglosaon — 5,
for some constant 7’. O

On the other hand there exist sequences {x,} for which Theorem 6 does
not apply but Theorem 8 does.
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Example 2 For every sequence 6, \, 0 with > 6, < 1 there exists a sequence
Zn \¢ 0 with property (7) such that lim inf % < %

PRrROOF. Let §,, N\, 0. By induction we shall define increasing sequences of nat-
ural numbers {s,}52, and {¢,}>2 , and a decreasing sequence of real numbers
ZTp \ 0 such that for n =1,2,3, ...

Te,41 1

T, 2
k(s,) < tay +1 9)

n

i=Sp—1+1

Set so = tg = 0. To start the induction select an arbitrary x; € (0,1),

let i = [%W and s; = r;. Now find a natural number ¢; and a decreasing

arithmetic progression 1, %2, ..., s, such that z; —x;41 < ds, and %% < s, -
Also set x4, 11 = %mtlg’.

Now assume that s,_1, t,—1 and x1, 22, ...,2¢,_,+1 are defined and meet
conditions (9) (provided z,, \, 0). Set r, = [——1], s, = 8,1 + 7, and

Tt,, _1+1
find a natural number t,, > t,_1 with a decreasing arithmetic progression
Tty 141y Tty 142505 Tty such that Tj— Tj41 < 5571, for Jg=th1+ 1,1+
2,..,tn, — 1 and 32, <J,,. Also set z;, 41 = x4,. Again conditions (9) can
be easily verified. O

It should be noted that the above example may be modified to obtain
lim inf 2+ = 0.

We would like to conclude with a remark on arbitrary infinite sets X. Let
C be a countable set not containing zero. Lemma 7 can be used to show that
there exists a set of positive measure not containing any of the sets ¢c- X + b
for all b € R and all ¢ € C. We deal with each ¢ individually. Observe that the
ratio u(Gp+c- X)/u(Gp) — oo as diam(G,,) — 0. So even though u(G) < oo,
>0 1(Gn + ¢+ X) = oo and we shall have enough “extra length” to cover
(0, 1) infinitely many times. We leave the details to the reader.

I am grateful to Irek Rectaw for an interesting discussion.

3Without having all z,, defined it is impossible to determine x(k(5,)) and verify condi-
tions 9. However, assuming that x, \, 0 it follows that 9 hold for n = 1.
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