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Abstract

In this paper we show that there are close relationships amongst Can-
tor bar totality, non-integer integral and Hausdorff integral. If a singular
function f has zero Lipschitz (1 — v)-numbers on a Cantor set C' with
H-dim C =1—-v,0 < v < 1, then the 1 —v order fractional derivative of
f exists almost everywhere on [0,7]. Moreover, under strong assump-
tions on the function f the 1 — v order derivative of f exists everywhere.
Consequently, the v order fractional integral of f equals f(0)t”. Using
the Concept of th Hausdorff derivative we prove that if a singular func-
tion has a Hausdorff derivative on C, then the fractional derivative of f
exists almost everywhere on [0,T]. Finally, under some assumptions on
f and C, we establish

(DY) :/Ot /Ou v”flf}{(u — ) dv'™V du
:/Ot u VT (07 (= v)) () du

This identity is similar to the identity

(D7 HO) = -t (1.H(O)

which professor R. R. Nigmatullin claimed.
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1 Introduction

In his paper R. R. Nigmatullin [7] pointed out that there is a relationship
between Cantor bar totality and non-integer integral. He claimed that

(DVH)(t) = B—t”(Jyf)(t) B, constant (1)
where
v b t — )" () du
(D f)(t)—r(y)/o(t Y f ) d

(L)) = Jim o ,,t/ i 32 i)y <7 <)

see [7, p. 248]. Some mathematicians doubt identity (1). R. S. Rutman [§]
and S. Kempfle [4] showed that in fact (1) is not true. In my previous work
[2] T have shown that the whole convolutional integral (J, f)(t) is equivalent
to the Hausdorff integral. In this paper we show that there are close re-
lationships amongst Cantor bar totality, non-integer integral and Hausdorff
integral. Moreover, we will give an identity which is similar to the identity
which R. R. Nigmatallin claimed. The identity is

(D f)(t) = / W (0" fly (u — ) (u) ds

B. B. Mandelbrot states “any nondecreasing function can be written as the
sum of a singular function, of a function made of discrete Jumps, and a differ-
entiable function. The last two components are classical in mathematics and
of wide use in physics. On the other hand, the singular component is widely
regarded in physics as pathological and totally devoid of uses. A principal
theme of this Essay is that this last opinion is totally devoid of merit”. Let
us consider the evolution of some physical systems with losses. In the process
there is no loss almost all the time, but there are losses in exceptional time.
(The exceptional time subset has uncountable elements but its Lebesgue mea-
sure is zero.) Therefore, the functions which describe this phenomenon remain
constant in most time and vary in exceptional time. The Cantor type func-
tions (a kind of singular functions) possess this property; so they are suitable
for studying the phenomenon mentioned above.

We begin with a theorem about the existence of the fractional derivatives.
If a singular function f has zero Lipschitz (1 — v)-numbers on a Cantor set C
with H-dim C' = 1 — v, then the 1 — v order fractional derivative of f exist
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almost everywhere on [0, T]. This answers, in one way, an open problem posed
by C. Tricot [10], “Are there any relationships between the Lipschitz n-number
and n order fractional derivative of function f 7”7 Other answers to Tricot’s
question were given by Hardy and Littlewood [3]. Moreover, under strong
assumptions on the function f the v order derivative of f exist everywhere on
[0,T]. By elementary Calculus the 1 — v order fractional integral of f equals
f(0)t¥. That is, if a Cantor type function f has bounded Lipschitz (1 —v+¢)-
numbers on C, then the v order integral of f is equal to the power function
f(0)t”. Using the concept of Hausdorfl derivative we prove that if a Cantor
type function f has a Hausdorff derivative on C, then the sequence derivative
of the Riemann-Liouville fractional integral of order v of the function f exist
almost everywhere on [0, T]. Finally, under additional conditions on f and C,
we establish the identity

(D f)(t) = / W T, (07 (- 0)(u) d

2 Notations and Terminology

The Cantor dust of dimension v is constructed in the usual way. Let [0,T] be
an interval and let 0 < £ < % A partition of [0,7] is given by

al=0<bl =¢T<al=1-&T <b? =T,

write U; = U} U U2, where U} = [a},bl], U? = [a2,b?]. A partition of U7,
7 =1,2, is given by

ay =aj <by<a3<by=>b] <al=al<by<a;<by=0
where
by =aj +&°T, a3 =by — T, by =ai +&T, aj =1b7 - &T.

Continue this process to obtain a sequence of intervals {UZ}?",,n = 1,2,....

Let
2’7!,

U, =|JU;, and C = ﬁ Un.-
i=1

n=1
We call the closed set C' a Cantor dust. It is well known that mC = 0,

log 2
v = H-dim C = log 7 and 0 < HY(C) < oo, where H-dim denotes Hausdorff

3 . .
dimension and H” Hausdorff measure. The points a!, or b%,, i = 1,2,...,2",



FracTIONAL CALCULUS FOR SINGULAR FUNCTIONS 125

n = 1,2,... are end points of C; The points t € C\ U {al, b’} are interior
points of C' in the sense of related topology. We call a continuous function f a
Cantor type function on C if f is constant on each open interval of [0, T]\C.
Throughout this paper we will consider Cantor type functions.

The discussion will be related to the concepts of fractional calculus, Haus-

dorff calculus and others.

2.1 Fractional Integral and Fractional Derivative

Let v be a real positive number and f be a continuous function. The expression

(D™Vf)(t) = ﬁ /0 u’ Tt — ) du

is the Riemann-Liouville fractional integral of order v of the function f [10].
The v order derivative of the function f is defined as

d 1 K
D'f)(t) = — o V(i —u)d
D00 = Gy | =W
2.2 Hausdorff Integral and Hausdorff Derivative

For any singular function f on C' [2], we define the net extreme Hausdorff
derivative as

N —HDF(t) = lim L{(a%)7
”%"OH”(ZC:ﬂ[arhbirf)
N - HDF(t) = 1im L0n) = J(@)
m=os HY(C'(as, br)

t € (al,bit),n=1,2,...

n»’n

If N—-—HDf(t)=N — HDf(t), we say that the function f(¢) is net Haus-
dorff differentiable at t; this limit is termed the net Hausdorfl derivative of
f(t) at ¢t and is denoted by ff;(¢).

A real valued function f on C' with H-dim C = S is said to be Hausdorff
integrable on [a, b], if there exists r, such that for every € > 0 there is a gauge
function §(¢) > 0 on C, such that for any net d-fine division D = {([u,v], )}
of C, we have

‘(D) S FOH(C N o)) — 7| < e

As usual, we write f; f@®)des =r.
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2.3 Sequence Derivative

Let {h,}52, be a sequence of positive numbers with b, | 0, let f:[0,7] = R
and let ¢ € (0,7T). The function f has a sequence derivative with {h,}5, at
t if both the limits

lim f(t_hn) _f(t)

n—o0 —h,

and iy 104 1) =0

o0 B

exist and are equal. We will use (q)% to denote the sequence derivative of f
at t.

2.4 Lipschitz Number

The derivative of the form

) : f(z) = fy)

L(f,ty= 1 s

(f:t) yz:nx G
y<r<z

following Besicovich [9, p. 1] we call the Lipschitz s-number.

2.5 Self-Similar Property

For each t € C, there exists a sequence of intervals {[ai{,bfi]} such that
t € [an™,bn"]. A Cantor type function f has the self-similar property if there
exists a constant 8 such that
byin it

) ~ flalt)du
lim —*— =4
n—oo by™

SO (a)du

ay "

. . ity
where t € [an",bi"],t € C; f:{t‘n [ (w)du® # 0 for each n and H-dim C = S.
For example the Cantor te;nary function has the self-similar property.

2.6 Notations from Henstock Integration Theory

Let I be the set of all closed intervals [u,v] in [a,b] having a nonempty in-
terior. An element ([u,v],t) € I X [a,b] is called an interval-point pair. We
write D = {[u,v],t} where ([u,v],t) denotes a typical interval-point pair in
D. Then D is said to be a partition of [a,b] (C resp.) if {[u,v];([u,v],t) €
D} is a finite collection of nonoverlapping subintervals of [a,b] and [a,b] =
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U(a,81,0enl BI(C = U((a,p,)ep e, BINC). Let 6(t) be a positive function on
[a,b](E). The partition D is called a §-fine division of [a, b](E) if ([, 8],t) € D,
then 8 — a < 40(t).

3 Main Result

We assume for simplicity and without loss of generality that in the following,
the Cantor type functions f are nondecreasing.

Theorem 1 Let f be a Cantor type function on C with H-dim C =1 — v,
0 < v < 1. Suppose that the Lipschitz (1—v)-numbers L'~V (f,t) = 0 uniformly
on C. Then

f(O) v—1

1-v _ J\V)
DF) = gt

fort € [0,T)\C. That is the 1 — v order derivative of the function f exists
almost everywhere.

PRrROOF. We can write

(D~ f(t+h) — D~V f(1) :ﬁ/o WU+ h— ) — F(t— )] du
t+h
+ﬁ/t uTrf(t+h—u) du

=I1(t,h) + I2(t, h)
where h > 0. Clearly

f(O) v—1
ro)

for h — 0.
We will show that = 0o(1)(h — 0) for t € [0,T]\C. Let n; be an
index for which ¢ € (b% ,a%*!). Let ¢ > 0. Under the assumption on the

ne? Nt

Lipschitz numbers of f, there is a §; > 0 such that

[f(utPr) = flu—P)|
(Pl + P2)171/

I(t,h)
h

< €1

tibfltt 1—v
%E,PlZO,PQZoandO<P]_+P2S(S]_.

where u € [0,T], 1 =
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t— bt
Let 6 = min(dy, 5 2t). For any h, 0 < h < §, choose an index n such

that h, < h < hyp_1 and h, = £"T. Then the integral I](t,h)(I](t,h) =
ﬁfl(ty h)) may be expressed as

tfb” t— b“ +h t
/ / / Wt h— ) — f(t— )] du
0 t—bit, t—byt, +mh

:/Il+/12_|_..._|_/Im+2u"_1[f(t+h—u)—f(t—u)]du

= Widats —u) — — )] du
= % [t n—w - -l

I;€eDy "%

+3 [wh - g -l

where D; denotes the collection of all intervals for which the functions f(t—u)
and f(t+h —u) are equal for u € I;; and D, the collection of the other terms
of {I;}742. Clearly

Z/ Ft+h—u) — f(t —u)|du=0.

I;€D,

Observe that the number of the terms of Dy is less than 3 x 2™. Therefore

Z/ Flt+h—u)— f(t—u)ldu| <3 x 27—

1;€D2 I

By our choice of the index n,

_ )log2

’DqE Tl v < 2T1 v

2"R' TV <27 <2 x gt
Hence we have

ZIJEszI fit+h—u)— f(t—u)]du _ 6T1-v
S €1 7 =€
h z—bit \1_,
(—)!

for 0 < h < 4 as required. The case for h < 0 is treated in a similar way. O

Theorem 2 Let f be a Cantor type function on C with H-dim C =1 — v.
Suppose that the Lipschitz r-numbers L"(f,t) < A 1 —v < r uniformly on C.

Then
(D7Yf)(t) = f(0)t”.
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PRrROOF. Under the assumption on the Lipschitz numbers of f, we have

L' (f,t)=0
uniformly on C. By Theorem 1
- f0)
D'TVh(t) = v
(D) = Fp
for t € [0,T\C. We will show that D" f(t) = {31 for t € C. Let
r=1—-v4+nn>0,and let tx =t — TZ(;V) . We may write
D™ f(t+h) = D7 f(t)
72D
1 2 ! v—1 h d
F(WA +/Tﬁu [f(t+ *U)*f(tfu)] U
2
1 t+h .
+—/ T f(t+h—u)du
L) J;

= I, (t,h) + Ly(t, h) + I3(t, ).

Arguing as in the proof of Theorem 1 shows that

i 2GR _ 0,

h—0

. I3(tah) _ f(O) v—1
A T L

We decompose I3 (t, h) into two groups as
Li(t,h) = La(t,h) + I o(t, h)

where Iy 1(t, h) is the sum of all integrals [, w”~'[f(t+h —u) — f(t —u)] du

for which the functions f(t —u) and f(¢t + h — u) are equal for u € I;, and
I 5(t, h) the sum of the other integrals. Consequently, I1 1(¢,h) = 0. We will

show that limy,_,q W =0.
By the assumption on the Lipschitz numbers of f, there is a § > 0 such

that
|f(t+P1)— f(t — P)
(P, + Py)r

P,>0,P,>0,0<P+P,<¢éandteC,thent e [0,T]. For any h > 0,
choose an index n such that h, < h < h,_1. By the symmetric distribution of

<A
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{[a?,,b}]2 Y =1 2.... the number of the terms of I 5(t, h) is less than 3[2" el

Consequently
e h"
Ta(t,h)| <3 [2"05 | AT
Therefore
ILQEf’h)’ < 3A2”2(1n—u) h < 3A2n2(177—1/) h:]z—l
n T3 1 n. 1
< 3A2"z0-9 —h2 | <3AT=h? .
27 2(1—v) n "

I .2(t,h)
h

The last inequality shows that limp_¢ = 0 as required.

We have shown that (D=7 f)(t) = %t”_l for each t € [0,7]. By the

elementary calculus we get (D~ f)(t) = f(0)t". O

Theorem 3 Let f be a Cantor type function on C with H-dimC =1 — v.
Suppose that fi;(t) exists and is continuous on C and f has the self-similar
property. Then

0P = s [t wawr+ L0

fort e [0, T\C.
Proor. We may write

(D7Vf(t+hn) = D7V £(t)
:ﬁ/o uTHf (A by —u) = f(t—u)] du
t+hn,
r(ly) / w4 B — w) du

:Il (tv hn) + IQ(tv hn)

_|_

where h,, > 0. Clearly

Ig(t,hn) . (t+9hn)y_1 CI) f(o) v—1
ho ) fad—06h,) — mt

as n — oQ.
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We show that

: Il(t? hn) 1 K v— —v
nl;rrgoT =10 /0 u’ " f(t —w) dut™" for t € [0, T]\C.
Let n; be an index for which ¢ € (bi¢,,ay™"). Let ¢ > 0. By the uniformly
continuity of the function u”~! on [t — bl , T there is a 6; > 0, such that
|uu—1 _ Uu—ll <e (2)

whenever u,v € [t — b} ,T] and |u —v| < é;. By the self-similarity of f, there

is a positive integer Ny such that

b, b,
[ - s@lau=5 [ 7 iyl du

n

i

<e | fuGwde™ (3)

i
a‘IL

for n > Nj. By the continuity of f and f}; there is a positive integer Ny such
that

1 t
h—/ Tt By —u) — f(t —u)] du| <e (4)
n Jt—b,
t_a'/n
/ W f (t— )] du' | <e. (5)
b,
Take an integer (N1, Na).

Let n > N. We decompose I1(t, hy,) as

t—b"+h, t—b"+2h,, t—bm=t42h,
/ +/ / / + o
t—bm t—bm+th, t—bmt t—bm " thy,
t—b2+hy, t—b2 +2h,,
+ / +/ +/ flt+hy, —u)— f(t —u)]du
t—b2 t—b2 +h,

where b, = b
First we compute

t—b +hn,
Il’j:/t u”*l[f(tJrhnfu)ff(tfu)]du

—bvd

t—bJ 4 2h,
+/ WL — ) — F(E—w)]du, 2<j<m
t—bl +h,
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t—b7, +hy, .
=1), WV FB) — F(t - w)] du

b,

t—bJ +2h, _
[ b - ) - (@) d

—bh+hn
t—b +h,

:a7%+&myﬂl F() — f(w)] du

~bh
b,
=0+ TR [ T if) - 1)) du
an
Note that

bl , b7 ' ' o '
[0~ swiaus [0~ saan = 1eh) - s@iw) — ),

J
n

‘We have
Iij = (t = b, + 0;h,)" 7 [f (V) — f(af)](b], — a})

b}, ,
A TR b)) [ )~ fad)] b

n

Using the above identity we show that

Lthy) 1Y
™ F(V)/O u’ gt —uw)du T = o(1).

Because

t t— af
/ uy_lfllt[(t 1 v Z/ u’~ lfH u) dul—l/7
0 t

we may write

T t
l(tahn) _/ u”_lf;{(t _ u) dul="
hn 0
as
m bl t—ad
> |t =)+ 0;hn) “/ far( —/ Cwl T (- w) dut T
=2 t—>b,

+§:[( t— bl + 1+ 0;h,)" " — (t— bl +0;h,)" )
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J

b,
[hl " fw) — f(ad)] du— B ,fH<> ]

b,
+6§: (t—b +1T+0;h,)"" @—hﬁ+@h@”ﬂy/vﬁAMdM*”
t_avlz
_|_7/ ft+h, —u)— f(t—u)]du—/ u’ " (t— ) dut Y.
t—bl

This expression combining (2), (3), (4), (5) yields

t
Il(t7h’ﬂ) _/ u”_lf}{(t—u) dul—y
hn, 0

m bZL .
<3 [ 0 (= )
j=27an
m | | v,
e |(t—b, +T+05hn)" " = (t = b, + 0;h,)" | / far(u) du
j=2 an

b,
+ﬁ2|<t—bg+1+9jhn)v-1—(t—bz;+9jhn)v—1| - fi(u) du

an

+f/ WS+ o — ) = f(E - )| du

+/ u’~ 1f ( u) dulfu
bl
t t t
Se/ frr(w) dur™ +52/ frr(w) du™ Jrﬂe/ frr(u) du'™" + 2
0 0 0
t
=c {(1 +e+ ﬁ)/ frr(u) du'~™ + 2}
0
as required. O
Remark 1 The Hausdorff integral fot wTHfL(t — uw)dul™Y  exists  for
t € [0,T)\C, since the integrand function u*~! f1;(t —u) is a continuous func-

tion.

Remark 2 Let G(t fo vl (t—u)du'™". Then G is defined on each in-
terval (bl att1],i = 1,2,...,2 ,n=12 ... Smce|f0 w T (t—u)dut | <
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. . i+1
At t € (b, i, the integral [;* G(t)dt exists at least in the improper

ny“n
SENSeE.

Lemma 1 Let f be a Cantor type function on C' with H-dim C = 1 — v.
Suppose that

1. fi(t) exists uniformly and is continuous for t € C.
2. fot w7 f(t — u) du' ™Y exists and is bounded fort € C.
3. f has self-similar property.
4. f(0)=0and ¢ < %
Then there is a constant A such that

(D= )bim) = (D" Hlan™)] _
(bl) — (ait) -

where alt <t < bt t e C.

PROOF. We may write (D~ f)(bi*) — (D" f)(an™) as

ﬁ /Oann Wb —w) — flak — )] du

pitn

1 " v—1 it B
+ ) /Gi}n u T f(bnm —u)du = I (t, hy,) + Io(t, hy).

IQ(ta hn)
h

n

12(t; hn)
hp

Note that as n increases the ratio tends to zero. Therefore, there is
a constant A; such that

<A (6)

Il (ta hn)

n

may be expressed as

ha bytn —byin bytm —byin "' on byin —byin
[ [ e e e
0 bn b ™ —by ™ b =by" " +2h

o it _ |
+ /. + /. uTHf (b — ) = flan® — )] du
bim —b2 b

b2 +-2h

1
hn
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it ip, —2
b —bp ™

1 n tn _ tn +2h !
— + [ 4o
hn / \/"tn _ ”n b;tn 7b;f7z 71+2h

—b24+2h biin —bL , )
v—1 Ltn _ Ytn
/bit" —b% + b:f” _b%+2h " [f(bn U) f(an U)} dul

+

Using the identity in the proof of Theorem 3, we have

it L
an™ =bp™ " +2hy

itn =2 apm —bin " gh,
>0 / +/ e
n an ™ —bp ™ —j an™ =bp,™ " +hp

j=1
x u? ! {f(bi{" —u) — f(aif" - u)} du

B, —2 ) ) ) . ) .
= > (@i =i 05h) b ) = flann )]
j=1
— . .
+ > [(an*" by 4+ T+ 0;h,)" " = (anm — by ™ +0jhn)”*1}
j=1
1 byin 7
oo [ ) = fla ) du.
ILi(t,h
Now 1(h, ) may be displayed as
Lo bt i
. " —u) — f(an" —u)} du
n Jo

i, —2

+ Z W = b Ohn) T F (b ) = fan )]

lt""_2 . . . y y
+ Z (a;ﬁn B b“"_] +1 Jrajhn)ufl _ (a,:;n _ b;tn —j Jrajhn)yf
o
x hf Lt —J f( e J)]dU_Il 1(t h )+Il_2(t,hn)+11.3(tvhn)'
Clearly
C1 " 11— _G hy e
La(thy)| <= | w7 'hh ™" du “shy, U < A
H1.1(t, ha)| hn/o T haT(w) ™ 2 (7)
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where As is a constant.
By condition (ii) there is a constant C3 such that

¢
/u”_lf}{(t—u)dul_” < Cs.
0

Let K = 11 2(t, hy) — fot u’ "1 f(t —u) dul=". To show that K is bounded, we
may write K as

itn -2 bfntn -J

Yoo [ e =0 4 ) T = (=) () du

j=1 Jan
t—aif" t—a;’
—/ u’ "t (t—u) dutY —/ u’ " (t— ) dut .
0 t—bl
Note that
UJhn
(v — 1)(an™ = byin ™ 4 \jh,)2—v

(i — by 4 0;h,) " = (t—u) T =

u € lan™ 7’ —bpn 7], 0<wuj,A <2

and _
by,
/_ u’ " (t—u)du'TY < D3hy D3 constant.
Since & < %,
(an™ — by 4+ 0jhyn) > jhy,.
We have
2 e o
Yoo M = b 4 05h) 7 = (= w)" ] iy (w) du
= altn =
1—2
2Dshl=Vh
< .23 ng_un E3-
= 3
Therefore,

|K| SE3+C3:A3.
Final, let us estimate I5(¢, hn). As in the proof of Theorem 3, I5(t, hy) may
be expressed as

ir, —2
S [(al b TR~ (ol b )]

j=1
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Uty —J
bn

o byin~?
x % / s 00 = Flai )] du— / s S0 AT

i, —2

+B8 " lan™ = b+ T+ 0;h,)" " = (@ = b =+ O5h)
j=1

pitn =9
X /  f(u) dutTv.
ain ™
By the self-similarity of f, we have

ir,—2

I3(t, h)l <F5 > [(an™ = byin ™ + T+ 05hy) "
j=1
, , pitn 7
= (an™ =y = j+ k)" ) [ S () dut™

By an argument similar to that in the above paragraph
[3(t, hn )| < Ag, (8)
combining (3), (6), (7), (8) we have
(D= F)b") — (D7 f)(an”)|

ity Tty
bn* — an

<A+ A+ A3+ A, +Cs=A. O

We need one more concept to finish this article. Let [a,b] be a closed
interval, let {h,, }22; be a sequence of positive numbers with h,, | 0. A division
D of [a,b] is called an admissible division if u =t — a,v =t + §,a = h,, or 0,
B = hy, or 0 in the interval point pairs for all the ([u,v],t) € D but associated
point ¢ = b.

Theorem 4 Let f be a Cantor type function on C with H-dim C =1 — v,
suppose that [ satisfies the conditions 1, 2, 3, 4 in Lemma 1. Then

(D~ (1) ::jﬁ /ﬁ oL 1 (0 — 0)do ' du.

PROOF. First let us show that for each interval [b, ai*!], i = 1,2,...,2",
n=1,2,... and given € > 0, there is an admissible division D such that
ai+1
(D7) = (D)) - [ M)

b
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~ @ i ne - [ uwa

where M (t fo vY Lt —v) dvt .
Since M (t) is a gauge integrable function in the interval [b¢,, ai*] [6, p. 112],
for § > 0 there is a d;(t) such that

O M@E-a) - [ drd

<z ©

For every §,-fine division D.
By Theorem 3 for each ¢ € (b, a’t!] there is a d2(t) > 0 such that

n? ’I’L

(D7) = (D™ 1(e) = [t ple =yt~
< (8—a) (10)

&£
3(&?«#1 - b?n)

where o =t — hg, 8 =t + hpm, 0 < B — a < d2(t). Evidently there is a d2(b,)
such that
t
M (u) du
b

< % (11)

and

(D7) () = (D" F)(bn)] <

where 0 < t — b, < d(b%).
Let §(t) = min(d1(t), d2(t)). It is a routine argument to check there is a
d-fine admissible division D of [bf,, a’]. We may write

n? ’I’L

(12)

S| ™

(D™ f)(ai+1) = (D~ £)(b1) / Mt

77

as

(D) S (D) (B) — (D ()] - (D) S / Mt

/

=(D)Y_ (D7) = (D7 (@) + (D" f)(B,) = (D7 f)(b},)

_ D)Z/: /ﬂM(t)dt/:;M(t)dt
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where ([b},, 8;],0,,) € D and (D) 2" = (D) S \([b,, 8], by,)- Then

8
(D) YD 1)(B) = (D™ f)()] = (D) Z/ M(t) dt

=(D) z/: [(D_”f)(ﬁ) — (D7) - /Ot u’ = (= ) du” (B — a)}

/

t B
+(D)Y VO uV*lf;J(t_u)duV*l(ﬁ_a)_/ M(t)dt]

L (DB — (D)) / Mt
=1 + 1+ Is.

Compute I by (2)

!

(D)} s (B <

W ™

By Henstock’s lemma, we have |I| < §. Combining (3), (4), gives |2 < § as
required.
By changing the index we may write {[0,, alt' 7271152 | as {[om, BmS_1 }-

For each [y, Bm] there is a d,,,(t) defined on {[cn, 8] such that

Bm

D)> M) - a) - M(t)dt| <

A

#, m:172,...

for every §,,-fine division D.
Let A be the constant in Lemma 1 and let §(¢) = n be small enough. Let

- b, t € C
ot) = { Sun(£), € [, fim]-

By a coverlng lemma [2, p. 4], there is a net d-fine division D of [0,7]. The
fo u)du may be displayed as

<D>Z[< “1B) /M ]
[(DI)ZHDQ)ZH ~NB) /M ]
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=Ji+J2

where D; denotes the collection of elements with associated point ¢t € C' and
Dy the collection of elements with associated point ¢ € [0, T]\C. Clearly

1| < (D)) JA(B—a)+ (D1) Y Cs(8—a) < (A+ Cs)(29)",
where C3 denotes the upper bounded of M (t).

3

T2 < (D)) 5 < 5. (13)
Take 7 small enough such that
(A+Ca)(20)" < 5. (14)
Combining (13), (14)
‘(D”f)(t) — /Ot M(u)du| < e.
Since e arbitrary, we have
(D7VF)(t) = /Ot /Ou v f(u — v)dvt TV du. O
Corollary 1 Let f be the function in Theorem 4. Then
(D)) = /Ot u gy (v (u = v) du.
ProOF. Using the identity [2, p. 7]
/0“ " (u—v)do' T = wr T (o (u - v)). O

Remark 3 Let f € Ct, f(0) =0, It is easy to show

i - | t [ e

This identity is similar to the above identity, but the function f is smooth.
Note that in our discussion the function f is singular.
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