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CONTINUOUS FUNCTIONS IN
Z(J)-DENSITY TOPOLOGIES

Abstract
This paper contains the properties of continuous functions equipped
with the Z(J)-density topology or natural topology in the domain or
the range.

Let R be the set of reals and N stand for the set of natural numbers. Let
7 be the o-ideal of first category sets in R, S be the o—algebra of sets having
the Baire property in R, and 7,,; be the natural topology in R.

According to paper [4], we shall say that 0 is a density point with respect to
category of a set A € S if the sequence { fy }nen = {XnAn[-1,1]}nen converges
with respect to the o—ideal Z to the characteristic function x[_; 1j. It means
that every subsequence of the sequence {f, }nen contains a subsequence con-
verging to the function x|_1 ;) everywhere except for a set of the first category.
For J = [a, b] let us put

1

5((1—1—1))7

WA, J)(@) = Xz (a-syni-1.1 (),

s(J)

where A+ z={a+z2:a€ A}, ad={aa:a€ A} for z,aa € R,ACR.
By J = {J,}nen we shall denote a non—degenerate sequence of intervals
tending to zero, that means
lim s(J,) =0 A lim |J,| =0.
n—oo
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If a sequence of intervals J = {.J,, }nen is tending to zero and J,, C [0, 00)
(Jn C (—00,0]) for n € N, then we say that the sequence J is tending to
zero from the right (left) side.

The point 0 is called an Z(J)-density point of a set A € S if

WA T)(@) = X(o1(@).

It means that

v 3 3 Vo WA I, )(2) — x—11(®).

ng
{nr}ren {nky,tmen ©OEL  z¢O© ’ km m—o00

It is obvious that 0 is an Z(J)—density point of a set A € S if and only if

2
{nk}ren {"kma}mel\’ li?jllop ([ LA (4 S(Jnkm)> |Jnkm|> €L

We shall say that a point zg € R is an Z(J)—density point of a set A € S
if and only if 0 is an Z(J)—density point of the set A — zg.

A point xg € R is an Z(J)-dispersion point of a set A € S if and only if x¢
is an Z(J)—density point of the complementary set A’.

It is easy to see that if J, = [—%, ﬂ for n € N, then x¢ is an Z(J)—density
point of a set A € S if and only if xy is an Z—density point of A (see [4]).

When J,, = [fi i} for n € N, where (s) = {sp }nen is an unbounded and

Sn ' Sn
nondecreasing sequence of positive real numbers, then the notion of the Z(J)—
density point of a set A € S is equivalent to the notion of the (s)—density point
of A (see [2]).
If A€ S, then we denote

@7(5)(A) = {r € R: z is an Z(J)density point of A}.

Theorem 1. (¢f [5]) If J = {Jpn }nen 18 a sequence of intervals tending to zero,
then the operator ®z(5): S — S is the lower density operator on (R, S,T) and
the family

7-I(J) ={AeS: AC @I(J)(A)}

is a topology on R, which will be called an Z(J)—density topology, such that
Tnat € Tz(a)-

If J = {Jn}nen, where J,, = [an, by], is a sequence of intervals tending to
zero and m € R\ {0}, then mJ = {mJ, }nen, where m.J, = [may,, mb,] for
m > 0 and mJ,, = [mb,, ma,] for m < 0, is the sequence of intervals tending
to zero as well.

From the definition of an Z(.J)—density point and an Z(.J)—density topology
it is easy to conclude the following property.
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Property 2. If J = {J,}nen is a sequence of intervals tending to zero, then
for every set A € § the following properties holds:

(Z) v N xe@I(J)(A)<:>(m+a)EQI(J)(A-i-a);

z€R a€R

(ii) zzR m‘io x € Oz (A) & mx € Pz(y ) (MA);

(iii) 7. AETru < (A+a) € Tr);
() v AETzs & mAE Tz,

Also the next property is a consequence of an Z(J)—density point.

Property 3. (c¢f [5]) If J = {Jn}tnen is a sequence of intervals tending to
zero, then the point 0 is an Z(J)—density point of the set

Ap = {0} U | int(J),
n>k
for every k € N. Moreover Ay, € Tz(y)-

Likewise in the case of an Z—density topology (see [1], [7]) the following
property of an Z(J)—density topology holds.

Property 4. A set A is compact with respect to an I(J)-density topology if
and only if A is finite.

Much more interesting properties of Z(J)-density topologies can be found
in the papers [5], [6]. We recall those of them which are necessary in further
considerations.

Theorem 5. (cf [6]) If J = {Jp }nen is a sequence of intervals tending to zero
from the right (left) side, then every set [a,b) ((a,b]), for a,b € R and a < b,
belongs to the topology Tz(y) whereas every set (a,b] ([a,b)) is not the member
of the Z(J)—density topology.

Theorem 6. (cf [5]) Let J = {Jn}nen, where J, = [apn,b,] for n € N, be a
sequence of intervals tending to zero and

Krll = |an + g(bn —ap),an + i(b” —an)|,
lo lO

forneN,lpeN,ie{l,...,lo}. Then the family {K}l} ordered

in the sequence

i€{1,...,lo},nEN

K= {K%,K%,...K{O,K%,KS,...,K@O,...}

is tending to zero and Tz(5) = Tz(k)-
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Let J = {Jn}nen be a sequence of intervals tending to zero. Then we
obtain four families of continuous functions defined as follows:

Cnat nat :{f ( ) nat) (Ra %at)}
Cnat Z(J) {f (R7 7;Lat) (R 7—1 )}
Cz(p)mat =1f R, Tz(sy) = (R, Trat)}

(

Coenzy =4 (R, Tzeyy) — (R, Tzeny)}-

Functions of the family Cz( ) nq¢ Will be called Z(.J)-approximately contin-
uous functions and functions of Cz( ) z(s) will be called Z(.J)-continuous.

Property 7. The family Cpqt,7(5) consists of constant functions.

PROOF. Let f € Cpaiz(s) and a,b € R such that a < b. Then f([a,b]) is
nonempty, compact and connected set with respect to the topology 7z(s). By
Property 4 this compact set is finite. Moreover the set f([a,b]) is connected
and as a result f(a) = f(b). For that reason the function f is constant and
the proof is completed. O

The next property is an easy consequence of the inclusion Tnat C Tz(J)-
Property 8. For every sequence of intervals J the following inclusions holds:
(1) Crat,z(7) C Cnat,nat C Cz(J)nat
(4) Chat,z(5y C Cz(ay,z(5) C Cz(ynat-

Moreover inclusions Cpat,7(7) C Cnatnat and Cpar 75y C Cz(y),z(s) are
proper. Indeed, the identical function is the member of Cpat,nat and Cz(yy (.1
but not Cy¢,7(.1)-

Property 9. If J = {J,}nen is a sequence of intervals tending to zero from
the right or left side, then:

(i) Cratnat \ Cz(p),z(s) # 0;
(”) CI(J),I(J) \Cnat,nat 7é 0.

PRrROOF. Let us suppose that the sequence J is tending to zero from the right
side. To show the first inclusion we consider the function f(z) = —z%. Ob-
viously f € Chatnat- This and inclusion Cpatnat C Cz(J)na¢ imply that
[ € Cz(J)nat- Further the set A = [~1,1) € Tz (by Theorem 5), whereas
fﬁl(A) =[-1,1] ¢ 'TI(J). It means that f ¢ CI(J))I(J).
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To prove the second inclusion we define the function
hz)=xz—k for x € [k,k+ 1),k € Z.

It is easy to see that for every set B C R holds

hY(B) = (BN[0,1)) +k).

keZ

Thus for every set B € Tz(;) we have that h™*(B) € Tz(s) (by Theorem 5
and Property 2). Therefore h € Cz() z(s). Moreover inclusion Cz(yy 7y C
Cz(J),nat implies that f € Cz(j) nas- Simultaneously

o ((8) Yo

Hence h ¢ Cpat net and inclusion (i4) is proper.

If J is tending to zero from the left side, then we consider the sets A =
(=1,1], B = (3,2) and the functions f(z) = 2%, h(z) = z—k for z € (k, k+1],
keZ. O

An immediate consequence of this proof is the following corollary.

Corollary 10. Let J = {J,}nen be a sequence of intervals tending to zero
from the right or left side. Then the inclusions

(i) Cz(1).z(7) CCz(y)nat
(”) Cnat,nat - CI(J),nat
are proper.

Let J = {Jn}tnen and K = {K,},en be sequences of intervals. Then
the sequence ordered in an arbitrary fashion containing all intervals of the
sequences J and K, denoted by J U K, is called the union of sequences J
and K.

Remark 11. If J and K are sequences tending to zero, then the sequence
J UK s also tending to zero. It is evident from the definition of an Z(J)—
density point that an Z(JU K)-density topology is independent of the ordering
of intervals in the sequence J U K.

Property 12. If J = {J,}neny and K = {K,, }nen are sequences of intervals
tending to zero, then
Trrury = Tz N Tz (k)-
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Properties 12 and 7 yields to the following property.

Property 13. Let J = {Jp}tnen and K = {K,, }nen be sequences of intervals
tending to zero. Then

(Z) CI(J),nat N CI(K),nat = CI(JUK),nat;
(”) Cnat,I(J) N Cnat,I(K) = Cnat,I(JUK);'

(ii1) Cz(yy,z(1) N Cr(r),z(x) C CI(JUK),T(JUK)-

Moreover there are sequences J and K for which

CI(JUK),I(JUK) \ (CI(J),I(J) mCI(K),I(K)) 7£ 0.

PROOF. The conditions (4), (i7) and the inclusion (éi¢) are evident. We prove
that CI(JUK)7I(JUK) \ (CI(J))I(J) n CI(K),I(K)) is nonfempty. Putting Jn =
[0, %], K, = [—%, 0] for n € N we obtain the sequences J = {J,, }neny and K =
{Ky }nen of intervals tending to zero. By Theorem 6 the topology Tz(juk)
is the Z—density topology. Hence the function f(x) = —z belongs to the
family Cz(juk),z(JuK)- Since the sequence J is tending to zero from the right
side, thus [0,1) € Tz(s), whereas f~1([0,1)) = (=1,0] ¢ Tz(s) (by Theorem
5). It implies that f ¢ Cz(s),z(s). Using similar argument we can show that

I ¢ Crr) (k) O
Now we will investigate Z(J)—continuity of a function f(z) = ax.

Theorem 14. A function f(x) = ax is Z(J)—continuous for every sequence
of intervals J = {Jy}nen tending to zero if and only if a € {0,1}.

PRrROOF. Sufficiency is obvious because the constant function and the identity
function are Z(J)—continuous for every sequence J tending to zero.

Necessity. If a < 0, then for every sequence J tending to zero from the
right side the function f is not Z(J)—continuous. Indeed, if we consider the
set A = [0,1), then A € Tz and fH(A) = (—a,0] ¢ Tz(sy by Theorem 5.
Thus the function f is not Z(.J)—continuous.

Ifa > 0 and a # 1, then we define J,, = [b>" 1 "], where b = min{a,a" '},
and put J = {Jp, }nen. The sequence J is tending to zero and by Property 3

the set
A={oruJ @0
neN
belongs to the topology 7z(s), whereas
FHA) ={oyu | (@'t a7 ) C R\ | Jn.

neN neN
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It shows that 0 is the Z(J)—density point of the set (R\ f~(A4)) D U, ey Jn-
It implies that 0 is not the Z(.J)-density point of the set f~1(A). Therefore
f7Y(A) ¢ Tzs). It follows that f is not the Z(J)-continuous function. O

The following corollary is an immediate consequence of the last proof.

Corollary 15. For an arbitrary number a € R\ {0, 1} there exists a sequence
of intervals J = {Jn}nen tending to zero and a set A such that A € Tz(;y and
a 'A¢ Tz

Theorem 16. For any sequence of intervals J = {J, }nen tending to zero and
any number a # 0 the function f(x) = ax is Z(J)-continuous if and only if
Tz(s) C Tz(ar)-
PROOF. Necessity. Let A € Tz(;). By the Z(J)-density continuity we have
that
fTHA) =a7 A€ Tr).

Theorem 2 implies that A € Tz(,s). Hence Tz(5) C Tz(as)-

Sufficiency. Let A € Tz(;) and a # 0. Then A € Tz(,s) and by Property
2 (iv) we have that a=*A € Tz(,). Since f~'(A) = a~'A, therefore f~1(A) €
Tz It follows that the function f is Z(J)-continuous. O
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