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PSEUDOCONTINUITY IS NECESSARY
AND SUFFICIENT FOR
ORDER-PRESERVING CONTINUOUS
REPRESENTATIONS

Abstract

Using some properties of pseudocontinuous functions - a recent gen-
eralization of continuous functions - and without invoking Debreu’s
Open Gap Theorem, we solve the following problem: given a pseudocon-
tinuous function v, find a continuous function u such that u(z) > u(y)
if and only if v(z) > v(y). We show that this problem can be solved
only for pseudocontinuous functions. Finally, we obtain a new proof
on the existence of continuous numerical representations for continuous,
transitive and total binary relations.

1 Introduction.

Let X be a topological space and let v be a real function defined on X. We are
interested in the following problem P: find a continuous real function u order-
preserving with respect to v, that is: u(x) > u(z’') if and only if v(z) > v(a’).
This problem plays a role in finding continuous numerical representations of
binary relations. Indeed, let R be a total and transitive binary relation defined
on X and let v : X — R. The function u is said to be a numerical repre-
sentation (utility function in Economics) of R if u(x) > u(z') <= (z,2') € R
- see [5, 3, 1, 6]. If R is continuous - that is: {2’ € X : (z,2') € R} and
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{2/ € X : (2/,z) € R} are closed sets for any z € X - and if X is either
connected and separable or second countable, the existence of continuous nu-
merical representations have been obtained in the early papers [5, 3]. More
precisely, X is connected and separable in [5] and second countable in [3]. The
idea in [3] is the following: I) to obtain a numerical representation v of R; II)
to get a continuous function w which is order-preserving with respect to v -
that is problem P. Problem I) has been solved in [9] for X second countable
and, inspired by [9], in [3] for X connected and separable. Problem II) has re-
quired more efforts and it has been solved in [3] with the Open Gap Theorem.
Let us emphasize that only the binary relations which are total and transi-
tive can possibly have numerical representations. Such binary relations, also
called rational preferences, play a significant role in Economics, see, for exam-
ple, [1, 6]. Concerning the existence of numerical representations, we point
out that not all rational preferences have utility functions. For example, the
lexicographic ordering is a non-continuous rational preference on R™ without
numerical representations: see [6, 2]. Moreover, we note that the only conti-
nuity of a rational preference does not guarantee the existence of numerical
representations, as remarked in [10], where it is shown that for every non-
separable metric space, there exists a continuous rational preference which
cannot be represented by utility functions.

The aim of this paper is to propose, without invoking the Open Gap Theorem,
a new solution of problem P in the case in which X is connected and v is a
pseudocontinuous function. Pseudocontinuity is a generalization of continuity
introduced in [8]. This leads to a new proof on the existence of continuous
utility functions for continuous rational preferences. More precisely, in light
of [8, Proposition 2.2], the numerical representations of such binary relations
are pseudocontinuous functions. Thus, a utility function v solving problem
I) is pseudocontinuous and one gets a continuous numerical representation of
the rational preference by solving problem P. Finally, we show that P can be
solved only for pseudocontinuous functions.

2 Preliminaries.

In this section, we recall the class of pseudocontinuous functions and we fix
new properties. In the following, X denotes a topological space.

For a real function f defined on X, given a net (z4)aca C X, we set (see, for
example, [2]):

limsup f(xz,) = inf sup f(zq) and liminf f(z,) = sup inf f(z,).

€A aza, a,€EA azag
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Now, we introduce the pseudocontinuous functions in an equivalent fashion
with respect to [8, Definition 2.1], as one can easily verify: the function f is
upper pseudocontinuous at x € X if for any 2’ € X such that f(x) < f(2')
and for any net (z,)aca converging to x, we have limsup f(z,) < f(z'); f
is lower pseudocontinuous at x if —f is upper pseudocontinuous at x; f is
pseudocontinuous at x if it is both upper and lower pseudocontinuous.

The class of pseudocontinuous functions strictly include the class of continu-
ous functions: in [8, Example 4.1] are presented pseudocontinuous functions
which are neither upper semicontinuous nor lower semicontinuous.

The following properties will be used in the next section. We omit the proof
of the first proposition since it is similar to the proof of [7, Proposition 2.3].

Proposition 2.1. A function f: X — R is pseudocontinuous if and only if
it satisfies the following property:

f(z) < f(2') and 2, — z and 2}, — 2’ = limsup f(z,) < liminf f(z}).

Proposition 2.2. If X is connected and f : X — R is pseudocontinuous,
then:

f@) < (&) =11 (@), f@)NFX) #0 (1)

PRrROOF. In light of [8, Proposition 2.1], the sets {z € X : f(z) > A} and
{z € X : f(z) < A} are closed for every A € f(X). Assume that (1) does
not hold: so, there exist two elements z and z’ such that f(z) < f(z') and
1f (@), f@)Nf(X)=0. Set Ay ={z€ X : f(z2) < f(z)} and Ay = {z € X :
f(2) > f(2")}, we have that A; and As are non empty, closed and such that
AiNAs = fand X = A;UA,. Since X is connected, we get a contradiction. [

Proposition 2.3. Let f : X — R be pseudocontinuous and let D be the set
of points of discontinuity of f. If f is one-to-one over D, then D is at most
countable.

PrOOF. Let « € D. Since the function f is not continuous at z, at least one
of the followings holds:

there exists a net 1z, — x such that liminf f(z,) < f(x) (2)
there exists a net z, — x such that f(z) < limsup f(z4) (3)

If (2) occurs, let g(z) be a rational number belonging to | liminf,, f(x), f(z)[.
If (2) does not occur, let g(x) be a rational number in |f(z),limsup,, f(za)[.
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So, we obtain a function ¢ : x € D — ¢(x) € Q. Let 2’ and z” be two ele-
ments of D and suppose that f(z') < f(z”). If ¢(2') €]liminf, f(z,), f(z)],
the function f being lower pseudocontinuous at z”/, one has:

q(z') <
q(z') <

If (') €]f(2'),limsup,, f(x.,)], in light of Proposition 2.1 and the function f
being upper pseudocontinuous at x’, one has:

") <liminf f(z)) < ¢(z") < f(z") if (2) holds for 2!, — z”

f(x
f(@') < f(2") < q(z") < limsup f(z7) if (3) holds for ) — 2"

q(z’) < limsup f(z),) < liminf f(z)) < q(2’) if (2) holds for z!, — 2"
q(z') < limsup f(x)) < f(2") < q(z") if (3) holds for z! —

So, ¢ is a one-to-one function with values in the countable set Q. Therefore,
the set D is at most countable. O

We remark that, in order to have a set of discontinuities at most countable,
pseudocontinuity is not a superfluous condition. In fact, let f be the function

defined below: \
_ z if e R\Q
flz) = { —x if ze€Q

The function f is one-to-one but not pseudocontinuous and the set of discon-
tinuities is uncountable.

Finally, we note that some of the above results could be also deduced by
using the continuity of a binary relation. For example, Proposition 2.2 could
be easily obtained in the following equivalent way: one defines the total binary
relation R such that [(x,2') € R and (2/,z) € R] if and only if u(x) > u(z’)
and the result follows being R continuous from [8, Proposition 2.2] and X
being connected. However, following the spirit of the paper, we prove the
properties of pseudocontinuous functions through real function arguments.

3 Continuous Order-Preserving Functions for
Pseudocontinuous Functions.

Let X be a connected topological space. In this section we solve problem P:
given a pseudocontinuous real function v defined on X, find a continuous real
function w which is order-preserving with respect to v, that is u(z) > u(z’) if
and only if v(z) > v(a’).

First of all, let us remark that pseudocontinuity is a necessary condition for
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the existence of continuous order-preserving functions. Indeed, assume that a
continuous function u is order-preserving with respect to a function v. If we
define the total binary relation R as follows: [(z,2') € R and (2/,z) ¢ R] if
and only if u(z) > u(z’), we have that R is continuous and the function v
is a numerical representation of R. So, in light of [8, Proposition 2.2], v is
pseudocontinuous.

We give a new solution of problem P in the following Theorems 3.1 and 3.2.
First, we need the following results.

Proposition 3.1. Let v : X — R be pseudocontinuous and for each x € X
let Zy = {z € X 1 v(z) > v(x)}. Now define the function f, : X — R by
fo(x) =inf,ez, v(2) if Zp, # 0 and f,(x) = v(z) if Z, = 0. Then, f, is upper
semicontinuous and lower pseudocontinuous.

PRrROOF. Let x € X. First, we prove that f, is upper semicontinuous at
2. The case Z, = () is obvious. Let Z, # () and assume that f, is not
upper semicontinuous at x. So, there exists a net (x4)aca converging to x
and such that f,(z) < fo(z) + ¢ < fu(zs) for any a € A, where ¢ is a
suitable positive real number. Moreover there exists 2z’ € Z, such that v(z’) <
fo(x) + e < fy(zy). For any a € A, by definition of f,, two are the possible
cases: (1) v(za) < fu(za), which implies that Jv(za), fo(za)[W(X) = 0, so
v(2) < v(xy); (i) v(za) = fo(xa), which leads to v(z') < v(z,). Hence, in
both cases we have v(z") < v(z,) for any a € A. Since the function v is upper
pseudocontinuous at x, we get a contradiction. This proves that the function
fo, is upper semicontinuous at z'.

Finally, we prove that f, is lower pseudocontinuous at z. Let y € X such that
fo(y) < fu(x) and let (z4)aeca be a net converging to z. So, there exists ¢’ €
Z, such that v(y) < v(y') < fo(x). If v(z) = f,(z), one has f,(y) < v(y) <
liminfv(z,) < liminf f,(z,) and f, is lower pseudocontinuous at x. On the
other hand, if v(z) < f,(z), we have Jv(z), f,(z)[W(X) = 0 and v(y') < v(z).
Now, if v(y’) < v(x), one gets f,(y) < v(y') < liminfv(z,) < lIminf f,(z.),
and f, is lower pseudocontinuous at z. Finally, let v(y’) = v(x). If f,(y) =
v(y") = v(z), we have Ju(y),v(z)[Nv(X) = @ and, in light of Proposition 2.2,
we get a contradiction. So, we have f,(y) < v(y’) and there exists y’ € X
such that v(y) < v(y") < v(y’) = v(z). Proceeding as above, one obtains that
fv is lower pseudocontinuous at x. O

Proposition 3.2. Ifv: X — R is pseudocontinuous, then the function f,
defined in Proposition 3.1 is order-preserving with respect to v.

1Let us remark that the function f, is upper semicontinuous even in non-connected
spaces.
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PRrROOF. First, let f,(z) > f,(y). So, there exists y’ such that v(y) < v(y’) <
fo(x). If v(z) < v(y) one has f,(z) < v(y') < fu(x), that is a contradiction.
So, v(x) > v(y). Finally, let v(x) > v(y). In light of Proposition 2.2, there
exists ¢’ such that v(y) < v(y’) < v(z) and so f,(z) > fu(y). O

Consider the function f, deﬁned in Proposition 3.1 and let x € X. We
set 0(z) = fo(x) —sup{fo(2) : fo(x) > fu(2)}. Let D be the set of points of
discontinuity of the function f, (it is easy to check that D contains the points
in which the function v is discontinuous). For any x € D, we consider the
following functions g (z,-) and g,(z,) defined on X:

g, z2) =

v

{ fo(2) it fu(2) > fo()
fo(2) +8(x) i fol@) > ful2)

and
g@d:{nwamifﬁwznm
v fv(z) if fv(x) > fv(z)

Proposition 3.3. Let v : X — R be pseudocontinuous. The functions
gv(x, ) and G, (x,-) are order-preserving with respect to v and continuous at x
and on X\D.

Proor. First, let us prove that g, (x,-) is order-preserving with respect to
fvo: it is sufficient to observe that ,(@,2") < fy(x) for any 2’ such that
fo(2') < fuo(x). In fact, if g (z,2") = fv( ) for some 2’ with f,(z') < fy,(z),
we have f,(z') = sup{fu(2) : fo(z) > fu(2)}. Now, Proposition 2.2 implies
that there exists 2 such that f,(z') < f,(2") < f.(z), and we get a con-
tradiction. On the other hand, there are no z’ such that f,(z') < f,(z) and
g, (z,2") > fy(x). Similarly for the function g, (z, ).

?1nally, we show that g (z,-) is continuous at x. If g, (z,-) is not upper semi-
continuous at x, then there exists a net (Ta)acA convergmg to x such that
folz) = gv(x,x) < limsupg (z,z4). Consequently, there exists a subnet
(o )arear converging to = such that f,(x) > f,(z) for any o/ € A’ and
fo(z) < limsupg (z,za) = limsup fy(zas). The function f, being upper
semicontinuous at x, we get a contradiction. If g (z,-) is not lower semicon-
tinuous at z, we have liminfyg (z,2.) < g (z,2) = fu(z) for at least a net
(a)aca converging to x and such that fo(za) < fo(z). Since f, is lower
pseudocontinuous at x, we have sup{f,(z) : fo(z) > fu(2)} = Iiminf f,(z.).
So: fy(z) > liminfg (x,xs) = liminf f,(z,) + d(x) = f,(x), which is a con-
tradict(ior)l. % ) (o) 002) o

On the other hand, it is obvious that g (z,-) is continuous on X\D and by
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using the same arguments, one can obtain that g, (z,-) is continuous at  and
on X\D. O

Finally, the solution of problem P follows from the next results: the first
theorem concerns one-to-one pseudocontinuous functions and the second one
deals with the general case.

Theorem 3.1. Let v be a pseudocontinuous and one-to-one function defined
on X. Then, there exists a function u continuous on X and order-preserving
with respect to v.

PROOF. First, we note that, in light of Propositions 3.1 and 3.2, the function
fv 1s pseudocontinuous and one-to-one over X. Therefore, in light of Proposi-
tion 2.3, the set D of discontinuity points of f, is at most countable. So, the
following are the possible cases:

i) D is countable and there is neither a point € D such that f,(x) >
fo(z') for all 2’ € D nor a point € D such that f,(z') > f,(z) for all
z' € D;
ii) D is countable and there exists a point € D such that either f,(z) >
fo(2!) for all 2’ € D or f,(2') > f,(z) for all ' € D;
iii) D is finite.

Case i): assume that D = {...,Z_p,...,Z0,...,Zn,...} and ... < fy(z_p) <

e < fomo) < oo < fulzy) < ... For any k € Z, let 6, = fo(zx) — sup{fo(2) :
fo(zr) > fu(2)}. In this case, problem P is solved by the function u defined
below:

fol) + 35000 i fo(z—n) > fu(2) = fo(z—n-1)
u(x) = fv(m) if fv(xl) > fv(‘r) > fv(xO)
fv(-T) - Z?:l 51 if fv(anrl) > fv(x) Z f'u(xn)

In fact, let us prove that u is continuous. Assume that xz_, € D with, for
example, n # 0 and let (z4)aca be a net converging to z_,. Since f, is
upper semicontinuous and lower pseudocontinuous at x_,,, we have f,(x_,) >
lim sup fv(Ia) > hmlnffv(zoz) > fv(x—n—l)' If fv(x—n) > limsupfv(xa), we
get fu(x_p) > fo(xa) > fo(z_pn_1) for a > a,, where @, is a suitable index.
Hence, for any a > a,

n n—1
u(za) = fo(za) + Z‘Li = gv(wfn,xa) + Z 0_; .
i=0 i=0
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In light of Proposition 3.3, the function gv(w,n, -) is continuous at x_,, and
we have

n—1 n—1
limu(zqe) =limg (z-pn,za) + Z 6_i =g, (Ton,z-n) + Z 0 =ul(z_y) .
i=0 i=0

If the net (z4)aca is such that f,(x_,) = limsup f,(z4), we can restrict to
the case of a subnet (4/)arcas such that f,(zq) > fo(x_p) for any o € A’
So, we have f,(2_nt1) > fo(Tar) > fo(x_p) for any o/ > ol and

n—1 n
(@) = folTar) — 0—p +0_p + Z 0_i =Gy (@—n,zar) + Zd_i )
i=0 i=0

The function §G,(z_,,-) being continuous at x_,, - see Proposition 3.3 -, we
obtain:

n

n
limu(zy ) =limG, (T—pn, Tor) + Z 0_i =Gy (@_p,z_p) + Z i =u(r_y) .
i=0 i=0

Obviously, the function u is continuous on X\D. Finally, Proposition 3.2
guarantees that u is order preserving with respect to f,, which is order pre-
serving with respect to v.

Case ii): assume that D = {...,z_,,...,2z0} and ... < fy(x_y) < ... < fu(z0)-
As in the previous case, for any n € Ny, let §_,, = fy(x_y,) — sup{fu(2) :
fo(x—pn) > fu(2)}. Using the same arguments of the previous case, it is easy
to prove that problem P is solved by the following function:

{ fo() if fo(x) = folxo)
fol@) + 300 0— i folz—n) > fu(2) > fo(z_n_1)

If D={xo,....,2n,...} and f,(z0) < ... < fo(zn) < ..., let &, = folxy) —
sup{fv(2) : fo(zn) > fu(2)} for any n € Nyg. As above, one can prove that
problem P is solved by the following function:

u(z) = { fo(z) if fo(z0) > fu()
fv(x) - Z?:O 51 if fv(xn—O—l) > f'u(x) Z fv(xn)

Finally, case iii) becomes trivial after cases i) and ii). O

u(x) =

Theorem 3.2. Let v be a pseudocontinuous function defined on X. Then,
there exists a function u continuous on X and order-preserving with respect
to v.



PSEUDOCONTINUITY IS NECESSARY AND SUFFICIENT 247

PRrOOF. If v is one-to-one, the thesis follows from Theorem 3.1. Otherwise, we
consider the quotient topological space X = X/ ~, where ~ is the equivalence
relation on X such that x ~ y <= v(x) = v(y). We denote by T the equivalent
class to which x belongs. Now, let v be the one-to-one function defined on X
by v(Z) = v(x).

We claim that v is pseudocontinuous in the quotient topology. In fact, in light
of [8, Proposition 2.1], we have that the sets:

{zeX:v(z) <v(z)} and {z€X:v(z)>v(z)}
are open for any z € X. On the other hand, set

o) ={eX:03) <@} and X@) ={Ze€X:9(2)>0@)},

we obtain:
U z={ze€ X :v(z) <v(x)} and U z={ze€ X :v(z) >v(x)},
Teo(®) TeS(@)

which implies that o(Z) and 3(Z) are open sets in the quotient topology for
any I € X. Hence, in light of [8, Proposition 2.1], ¥ is a pseudocontinuous
function. N

Now, since the topological space X is connected (see, for example, [4, Corollary
5.9]), Theorem 3.1 ensures that there exists a function & continuous on X and
order-preserving with respect to v. Set u(x) = () for any = € X, we obtain
that u is continuous and order-preserving with respect to v. O

We conclude observing that Theorem 3.2 allows to obtain a new proof of
Eilenberg’s Theorem [5]: Any continuous rational preference R defined on a
connected and separable topological space admits continuous utility functions.
In fact, following [3], the function v:

1
v(z) = Z on if M(z)#£0 and v(z) =0 if N(z)=0,
neN(z)
where N(z) = {n € N: (z,2,) € R and (z,,z) € R} and {2z, : n € N} = X,
is a numerical representation of R, which is pseudocontinuous in light of [8,
Proposition 2.2]. So, Eilenberg’s Theorem follows from Theorem 3.2.
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