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FOURIER COEFFICIENTS AND
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UNIFORM METRIC

Abstract

In this paper we give some equivalence relations between behavior
of Fourier coefficients of a special kind and smoothness of functions. A
necessary and sufficient condition for existence of Schwartz derivative is
also obtained.

1 Introduction.

Let {ck}rez be a sequence of complex numbers such that

> x| < oo (1.1)

kEZ

Then

fl) = cre™™ (1.2)

kEZ

is a continuous 27-periodic function (f € Ca,) and series (1.2) is the Fourier
series of f. In the case {cx}rez C Ry (that is for cosine series with nonneg-
ative coefficients) R.P.Boas [2, p.45] showed that f € Lip(a) (0 < a < 1) if
and only if Y27 ¢ = O(n™%) or, equivalently, > ;'_, ke = O(n'~*). The
case @ = 1 is more complicated. Similar results are obtained in [2] for sine
series. S.Yu.Tikhonov [6] proved Boas-type results for moduli of continuity of
an arbitrary order 5 > 0 in the case of sine and cosine series with positive
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coefficients. In his paper there are many references to other generalizations
of Boas’ result. F. Méricz [3] considered series (1.2) where ke > 0 for all
k € Z and established Boas-type results for Lip(a) and lip(a), 0 < o < 1,
and Zygmund classes A, (1) and A.(1) (see below). He also characterized the
differentiability of f at point under additional condition } ., |ck| = o(n™1),
n — oo. In another article [4] F. Méricz extended some results from [3] to the
case of the second modulus of continuity.

The aim of our paper is to generalize F. Moricz’s results for moduli of
continuity of natural orders and some special classes of complex coefficients
{ck}rez. After this article had been completed the author found that F.
Moricz in [5] established Theorems 1 and 2 of the present article for w(d) = 6%,
0 < a <m, and j™¢; > 0 in parts (ii), (ili). However, the methods of proof
in [5] and this article are different and our results are more general.

2 Definitions and Lemmas.

Let g € Car, g(k) = (2m)~! OQWg(t)e_““dt for k € Z and S,(g9)(x) =

> g(k)e'*® for n € Z, . For k € N let introduce
|k|<n

k
Albg(a) = S (-1 (’;)gu T (k=)

and wi(g,t) = |Sl|lp [AYg()||, where ||lg|| = mazejo,24]|9(x)]. Denote by ®
h|<t

the set of continuous increasing on [0, 27] functions w such that w(0) = 0,
w(t) > 0 when ¢ € (0,27] and w(2t) < Cw(t), t € [0,7]. If w € ® and
Yoo kTw(k™!) = O(w(n™!)) for all n € N, then w € B. If w € &, m €
(0,00) and > _; k™ tw(k™) = O(n™w(n™')), then w € B,,. The classes
B and B, were introduced by N.K.Bari and S.B.Stechkin [1]. By definition
];Iw’lc = {f S 0277 : wk(f,t) = O(w(t))} and hw’k = {f € 027‘— . wk(f,t) =
o(w(t)),t — 0}. Spaces H*'! (k1) for w(t) = t*, 0 < a < 1, are called Lip(«a)
(lip(a)) and H**? (h*+2) for w(t) = t are called A, (1) (A\«(1)). A function v(¢)
will be called almost increasing (almost decreasing) if there exists a constant
K := K(y) > 1 such that Ky(t) > ~v(u) (Ky(u) > v(t)) for 0 < u <t < 7.
We need some lemmas.

Lemma 1. (See [6]) If f € Cor, k €N and Vo, (f) = i 1 Sk (f)/n, then
nH V(I < CR)wi(f, 1/n), neN,

where g*%) is the k-th derivative of g.
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Lemma 2. (See [1]). (i) Let w € ®. Then w € B if and only if there exists
a € (0,1) such that t~*w(t) is almost increasing.

(ii) Let w € ®. Then w € By, k € N, if and only if there exists o € (0, k)
such that t**w(t) is almost decreasing.

Lemma 3. Letw € ®, {y1;}32, be a nonnegative sequence and m € N.
(i) If w € By, then condition

> n; = O0(w(1/n)) (2.1)
j=n
implies
S ™ = O(™w(1/m). (22)
j=1
(i) If w € B, then (2.2) implies (2.1).
Lemma 3 is the corollary of Lemma 2 and Lemma 4.4 from [6].
Lemma 4. If the conditions of Lemma 3 are fulfilled then both statements of
Lemma 3 remain valid if O in (2.1) and (2.2) is replaced by o.

ProOOF. (i) Put s := Z§=1 J™u; and ry = Z;’;k ;. For every € > 0 there
exists ko = ko(e) such that rp < ew(1/k) whenever k > ko. This inequality,
condition w € B,, and summation by parts give
n n ko
sn=> (" =G =)™y —n " <CL Yy <Gy T

j=1 =1 j=1
n
+C’1£ij_1w(j_l) < Cy +eC3n™w(n™t)
=1

for n > kq. But from Lemma 2 it follows that n™~“w(n~1) is almost increasing
sequence for some a € (0,m) and lim n™w(n~!) = +oo. Therefore Cy =
o(n™w(n™1)) and s, = o(n™w(n™1)).

(ii) For every ¢ > 0 there exists kg = ko(g) such that s, < ek™w(k™1)
whenever k > ko. Then for n > ky we have by condition w € B

Ty = Z kK7 (sk — Sgp—1) = Z(k‘m —(k+1)"™)sp —n Mspo1 <
k=n k=n
Cy Z k=Mt ekMw(k™Y) < Csew(n™t).
k=n

Lemma is proved. O
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3 Main Results.

Theorem 1. (i) If {ck}rez CC, m €N, w € B and

Z k™| = O(n™w(n™h)), (3.1)
[k|<n
then f € H¥™.
(ii) Let m € N be even and {c;};ez = {a; + bji};jez be a sequence of
complex numbers such that all a;, j € Z, are non-negative or non-positive and
the same is true for b;. Then f € H™ implies (3.1).

(1ii) Let m € N be odd and {c;}jcz = {a; + bji};jcz be a sequence of
complex numbers such that all ja;, j € Z, are non-negative or non-positive
and the same is true for jb;. Then f € H*™ implies (3.1).

PrOOF. Further we shall consider the symmetric m-th difference
. m _ m .
Ayt a) = 317 () -+ (202,
§=0
If f has Fourier series (1.2), then in view of (1.1)
AR f(z) = (20)™(sin kh/2) " cre’®™. (3.2)
kEZ

We set n = [1/]h|] for h # 0. Using the inequality |sinz| < |z| and Lemma
3(ii) we have

Ap ) < D Jerll2kh/2™ + > ek = O(IR™ > K™ ex| + w(n™h)) =
|k|<n [k|>n |k|=1
= O(|h|mnmw(n*1) +w(n™t)) = O(w(nfl)). (3.3)

Applying the standard procedure we obtain f € H“™.
(ii) By definition we find for h € (0,7) and n = [1/h] that

Cro(h) > |ATF(0)] = |3 cx(2sinkh/2)™

kEZ

>

Z ag(2sinkh/2)™

kEZ

>0y Y agllkh|™

|k|<n
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and
Z |k™ar| = O(h™"w(h)) = O(n™w(n™1)). (3.4)
k|<n
Similarly to (3.4), the relation
D E™ b = O(nMw(nh)). (3.4')
|k[<n

is valid. Combining (3.4) and (3.4) gives 3o, o, [K™cx| = O(n™w(n™")).
This proves (ii).
(iii) Using the definition of V,,(f) we have

2n—1

VIM()0) =i | D> K™ (ak +bei) + Y (2= [k|/n)k™ (ar, + byi)

k| <n |k|=n+1
Similarly to (3.4) and (3.4") by Lemma 1 the following estimates hold:

Csw(n™) = ™[VI (N 2 n VI (O] = n7™ Y K" arl, (3.5)

kl<n
Csw(n™) = n ™V ()0)] 2 0™ Y K"y (3.5)
|k|<n
Combining (3.5) and (3.5") gives 3_ -, [k™cx| = O(n™w(n~1)). This proves
(i) 0
Theorem 2. (i) If {cx}rez CC, w € B, m € N and
D E k| = o(n™w(n™h)), (3.6)

|k|<n

then f € h*™.
(i1) If m and {ci}rez satisfy the conditions of either Theorem 1 (ii) or
Theorem 1 (iii), then f € h*"™ implies (3.6).

The proof of part (i) is similar to that of theorem 1 (i) with using Lemma

4 (ii) instead of Lemma 3 (ii).

PROOF. of (ii). Let m be even and wy(f,1/n) < ew(n~1t) for n > ng(e). Then
we have for n > ng (see (3.4))

ew(l/n) > |A§’;n| >

Z ag(2sink/2n)™

kEZ

> (2/m)™ Y law(k/n)™|

|k|<n
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and -, [K™ax| = o(n™w(n1)). Similarly, we find that 2o iki<n (K™ bk] =
o(n™w(n1)) and 2 jkj<n [K™erk] = o(n™w(n=1)). If m is odd, then we have

analogously to (3.5)

Crew(n™") = n= ™V, (£)(0) = ™™ > [ ax]
|k[<n

and ew(n=1t) >n=" 2 ikj<n [E™bi|. These two inequalities give 3, ,, [k™ck| =
o(n™w(n~1). Theorem 2 is proved. O

Corollary 1. Let {ci}rez C C and m € N satisfy the conditions of Theorem
1 (i1). If w € BN By, then statements f € H™ and

Y lexl = Ow(n™) (3.7)

|k|>n
are equivalent.

PROOF. The implication (3.7) = f € H“™ follows from (3.3) and Lemma 3
(i). Conversely, if f € H*"™, then by inequality || f — V,.(f)|| < Crw(n™1) (see
[7, chapter III, Theorem (13.5)] and Jackson-Stechkin Theorem (D) in [1]) we
have

Crw(n™') > £(0) = Vu(£)(0)]
2n—1 00
=| > (kl/n—1)(ar +bi) + Y (ax +byi)
|k|=n+1 |k|=2n
>0 2 (ST Jagl+ D ol
[k|=2n |k|=2n

By the property w(2t) < Cw(t) we have 3° 0 |ax| = O(w(n™")) and 3517, |bx| =
O(w(n™")). These relations imply > _, [ex| = O(w(n™)). O

Corollary 2. Let {cx}trez € C and m € N satisfy conditions of Theorem 1
(it). If w € BN By, then statements f € k™ and 3_ -, cx| = o(w(n=1))
are equivalent.

The proof is similar to that of Corollary 1, but we use Lemma 4 (i) instead
of Lemma 3 (i).

For the last theorem we need the so called Schwartz derivative of order m
instead of the ordinary derivative. By definition, function f has the Schwartz
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derivative of order m € N in point = and this derivative equals to A if there
exists %ir% h=mAP f(x) = A.

Theorem 3. If {ct}rez CC, m €N, and

> el = o(n™™), (3.8)

|k|>n

then Schwartz derivative of order m exists in point x and equals to A if and
only if the formally differentiated series

Z(ik)mckeikw
kEZ

converges to A.

PRrROOF. By (3.2) we have for n = [1/|h]], h # 0,

Ajrfx) = > (2isinkh/2)cre’™ + 3 (2isinkh/2)"cre’*™ =: Ay + By.
|k|<n |k|>n

In virtue of (3.8), we see that [B,| < 2™ 37, ., |cx| = o(h™), h — 0. Further
we use the estimate sint =t 4+ O(t3), t € [0, 1], and find that

Ap =3 (i) ere™hm 437N e T O((kh) ™ (kh)¥) = A+ AP

Jk|<n =1 k[<n i=1
Since w(t) = t™ € Bpt25, j € N (see [1]), then by lemma 4 (i) the relation
D ikjsn lck| = o(n™™) implies 3, -, [k cx| = o(n™+*In~"). Therefore
\Aglj)| = o(n¥1|h|?*™) = o(|h|™) and }llir% h=™A™ f(z) exists if and only if
there exists

: —m 4(0) _ . S \m ikx __ 1 \m _ikx

%ﬁr})h A7 = lim Z (ik) " epe™™™ = Z(zk) e

n—oo

|k|<n kEZ

Theorem is proved. 0

Remark 1. For m = 2 part 7if” of Theorem 3 follows from regularity of
Riemann’s method of summation (see [7, chapter IX, Theorem (2.4)]).
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