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A FRACTAL PLANCHEREL THEOREM

Abstract

A measure 1 on R" is called locally and uniformly h-dimensional if
w(Br(x)) < h(r) for all x € R™ and for all 0 < r < 1, where h is a real
valued function. If f € L*(u) and F,.f denotes its Fourier transform
with respect to j, it is not true (in general) that F,f € L* (e.g. [10]).
However in this paper we prove that, under certain hypothesis on A,
for any f € L?*(p) the L:-norm of its Fourier transform restricted to a
ball of radius r has the same order of growth as r™h(r~') when r — oo.
Moreover we prove that the ratio between these quantities is bounded by
the L?(u)-norm of f (Theorem 3.2). By imposing certain restrictions on
the measure 1, we can also obtain a lower bound for this ratio (Theorem
4.3). These results generalize the ones obtained by Strichartz in [10]
where he considered the particular case in which h(z) = z°.

1 Introduction.

We will say that a measure p is locally and uniformly h-dimensional (or shortly
& is an h-dimensional measure) if and only if

w(Br(x)) <h(r) VzeR"V0O<r<l, (1.1)

where B,(z) is, as usual, the ball of radius r centered at . We consider
functions h : [0, +00] — R that are non-decreasing, continuous, and such that
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70 U. MOLTER AND L. ZUBERMAN

h(0) = 0. We further require h to be doubling; i.e. there exists a constant
¢ > 0 such that h(2z) < ch(z). Such a function h will be called dimension
function. A particular example is h(z) = ¢, which was analyzed by Strichartz
in [10]. In that case we will say indistinctly that p is h-dimensional or that
1 is a-dimensional. Allowing h to be more general has already proven to be
useful (see for example [9],[8], [3]) and it enables us to obtain a lower bound
on measures which were not included in previous results (see Section 5).

If p is locally and uniformly O-dimensional, meaning that the measure of
any ball of radius one is bounded, then each f € L?(1) defines a tempered dis-
tribution, mapping each test function ¢ in the Schwartz space .% into f fodu.
Therefore its Fourier transform is also a tempered distribution defined by
o — [@f du for ¢ € .7, where ¢ is the usual Lebesgue Fourier transform.
We will denote by F,, f this ‘distributional’ Fourier transform of an f € L?(p).
If f € LY(u) N L?(u), then it is easy to see that F,f(£) = [ f(z)e’*” du(z).
See for example [2].

Strichartz proved in [10] that if f € L?(u) and p is zero dimensional then
Fuf belongs to L2(e~1€1") for any ¢ > 0 and therefore to L? (R%). Note
that if h is one of our dimension functions, we have immediately that p is
0-dimensional.

In this paper, our goal is to prove an analogue to Plancherel’s Theorem
(in L?(R™) with the Lebesgue measure) for any h-dimensional measure u. In
fact we are going to show the existence of upper and lower bounds for the
ratio between 7"h(r~!) and the norm of the Fourier transform of a function
f in L?(p) restricted to the ball of radius r. The hypotheses under which we
obtain the existence of the upper bound are more general than the ones we
need for the existence of the lower bound.

The h-dimensional Hausdorff measure is defined as (see for example [9])

H'(E) = lim (mf { ih((m) EC 91 Ui and U] < 5})

H", will denote its restriction to a set E.
The h-lower density of a set E in x is (see for example [4])

h
Q(Hh\_E, z) = liminf M

mir ") (1.2)

The upper density is defined by taking lim sup in the above equation. We will
introduce one additional definition.

Definition 1.1. A set E will be said to be an h-regular set if both upper and
lower densities are equal to one in H’-almost every point of E. In symbols
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D(H" g,z) = D(H"_g,z) = 1 for H"-almost every point of E. If the lower
density is greater than a positive constant for H"-almost every point of E we
will say that F is an h-quasi regular set.

It is evident that the requirement for a set to be regular is more restrictive
than the one to be quasi regular. Actually it has already been proven (see [8])
that there only exist regular sets for functions of the form z* with k integer.
On the other hand, there are h-regular sets for any dimensional function h.

The lower bound that we obtain (see Theorem 4.2) will be stated for the
measure H" restricted to an h-dimensional and quasi regular set. In section
5 we will show an example of a set E and a function h such that H"_g is
h-dimensional and FE is quasi regular. Additionally we will prove that there
does not exist any « such that H*Lg is z%-dimensional and F is quasi regular
simultaneously. This example satisfies the hypothesis of our Theorem 4.1 but
does not satisfy the hypothesis of the analogous Theorem 5.5 in [10].

2 Some Technical Results.

Any h-dimensional measure p is locally finite, which means that for u-almost
every x there exists an r > 0 such that 0 < p(B,(x)) < co. Therefore, as
Strichartz proved in [10], the strong (p,p) estimate (for p > 1) and the weak

(1,1) estimate hold for the maximal operator, defined for each f € L, (1) as

1
M, f(x zsupi/ fl du. 2.1
M ( ) >0 ,U(Br(x)) B () | | ( )
More precisely, we have the following theorem.

Theorem 2.1. Let p be a locally finite measure on R™. For each locally
integrable function f we have:

1op({w: Muf(a) > s)) < o £, VS € L n).
2. For1<p<oo, [Mufll,<c,llfll, VFeLr(u).

This theorem has many consequences which will be useful for our work. In
particular, we have the following two corollaries.

Corollary 2.2. Let f € L*(u). For u-almost every z, }%m fBr(z) fdu
= f(x).

Corollary 2.3. Let E be a h-regular set and let f € L'(u). For H"-almost
every y € E and for all € > 0 there exists § > 0 such that

[ ra-nnsw)| senn <o
Br(y)
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The proofs of the theorem and these corollaries are straightforward appli-
cations of Besicovitch’s Covering Theorem and can be found in [10].

We also need the following quite technical lemma, which will allow us to
bound the ratio between h and its dilation by r (h(rt)/h(t)) by a function in
the weighted space L(e=<"").

Lemma 2.4. Let h : [0,00) — R be a continuous, non-decreasing, and dou-
bling function (h(2z) < cqh(x)). Then there exists a constant k > 0 such that
h(rt) < egh(t) max{l,r*} Vr,t > 0.

ProOOF. First note that ¢4 > 1, since in fact the doubling condition can be
restated as ¢q > h(2z)/h(z) and this quantity is not smaller than 1 because h
is a non-decreasing function.

If r < 1, since h is non-increasing, we have h(rt) < h(t). If r > 1 we
choose the only non-negative integer k such that 2¥=1 < » < 2%, So h(rt) <

h(2kt) < ckh(t). Observe that k was chosen such that k < igg; + 1 and

therefore it then follows that c’; < c¢g.rlogca/1o82  The proof is complete by
taking xk = log cq/ log 2. O

Recall that we are dealing with h-dimensional measures, which means that
the measure of the balls of radius » < 1 is bounded. The next lemma provides
a control of the measure of the “large” balls, i.e. those balls of radius greater
than one for which the estimate (1.1) does not hold.

Lemma 2.5. Let p be a locally h-dimensional measure on R™. If r > 1, then
w(Br(x)) < Cr™ for some C independent of x.

PROOF. Denote by @ the minimal cube centered at x that contains the ball
By(x); ie. Q = Qz,r) ={y € R" : [z —y||, <1} D Br(z). Let k be
the (unique) integer such that £k — 1 < rv/n < k. @ can be divided into k™

smaller cubes of half-side . Each of these cubes is contained in a ball of

radius 79 = /ng < 1. So we obtain u(B,(z)) < u(Q) < k"u(B,,(2") <
k™ h(\/km). Since \/ng < 1, it follows that h(y/ny) < h(1). On the other
hand, by the choice of k, k™ < (ry/n+ 1)" < r™(y/n + 1)" and we obtain
u(Bo(@)) < (VAT + 1" h(1)r, =

3 Upper Bounds.

Our first result is an upper estimate for the L?-norm of the Fourier transform
of a function f € L?(p).
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Theorem 3.1. Let u be a locally and uniform h-dimensional measure, where
h is a dimension function. Suppose that h defines a dimension not greater
than n in the sense that lim;_,0t"/h(t) = 0. Then

\/tTL _tmz 2 2. 2 2
oi‘ié’lh(ﬁ)/e Fuf )2 de < c||f]2 -—c/|f| i Vf e IA().

PROOF. First Step. We will prove that
VI [(Fuf @ e dg = a2 [ [ e e @) du@du(y). (3.1)

Recall the inverse Fourier transform for the Gaussian function [ eIl ging g —
tngn/2e=lal? /4t 1f f is integrable, then equation (3.1) follows from Fubini’s
Theorem since

ﬁ/ ‘fuf(f)ﬁeit‘glg dg = \/lfTL///f($)mei(w*y)'567“5'2 dp(x)dp(y)dé
=2 [ [ @) du(o)duty). (32

Now consider any f € L?(u) (not necessarily integrable). Let us define

fe(x) = f(@)X{121<k} (@) X{|f(2) <k} (). This sequence converges to f in L ().
Also since each fj is in L!(u), it satisfies (3.2). Using Beppo Levi’s Theorem,
we get

/ / el /48y () Fo() dpa)dp(y) — / / e8P0 () T dpu()dpa(y).

Since f € L2(p), it follows that F,f € L2(e~'1¢I°d¢). Hence we can apply
the dominated convergence theorem to obtain /&% [ |, fi(€)|* e 1EI" de —
VI [ Fuf (€))7 e €7 de, which yields 3.1.

Second Step. We will prove that for any y € R” and f € L?(u),

U [ o levl/8 £ (0 duaac
i / f(z) dp(z) < CM, £(y).

Using Fubini on the left hand side of the inequality, we obtain

o—yl?/ _ [Ty
[t @) duto) = [ e [ | J) dnte)
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Since fBT(y) f(x) du(z) < pw(Br(y))Myf(y), it follows that

e @) duo) < M) [ B ) . (33)

We need to prove that the last integral is finite. To establish that, we split
the integral into two parts, the first for » < 1 (where (1.1) is valid) and the
second for > 1 (where Lemma 2.5 can be applied). For r < 1 we use the
hypothesis to obtain

! 244 T ! 24 T 1 uve
/ e " /4t—,u(BT(y)) dr < / e " Mt—h(r) dr = f/ e " /4rh(r\/i) dr
o 21 0 2 2 J,

or equivalently

1 1/Vt
1 / e—r2/4t LM(BT (y)) d,},, S % / e_r2/4rhz(7a\/i) d,,,.
0 0

h(V1) 2t h(V?)
This integral is finite by Lemma 2.4.
For r > 1,
oo oo 1 oo
/ e”z/“LN(Br(y)) dr < / e/t Dy g = f\/;”/ e /At gy
. 2t . 2t 2 I

Since lim; .o t"/h(t) = 0, we deduce that v/t"/h(v/t) < C and therefore
ﬁ = e*’"2/4t§u(Br(y)) dr < C, with C independent of ¢. This completes

the second step of our proof.
Third (and Final) Step. We will now prove the thesis. Using the first and
second steps we obtain

;ﬁ) J P 9 g =2 [ e ) o)) 1) )

<c / M, £() ()] du(y). (3.4)

The last term is the inner product in the Hilbert space L?(u). Thus we can
bound it using Cauchy-Schwartz. The L?(u) norm of M, f can be bounded
by using the (2,2) estimate in (2.1). Then [ M, f(y)|f(y)| du(y) < C ||f||§
and this, together with (3.4), gives the desired result. O

Theorem 3.2. Under the hypothesis of Theorem 3.1, for each f € L*(u) we
have

zeR™ r>1 r™h

1
sup swp s [ 1B de < CUAE.
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PROOF. We need to show that for each x € R"™,

1 9 5
s i f, S OF dE < CISIE. 5)

r>1 r"h

Making the substitution ¢ = 7=2 in Theorem 3.1, we obtain exactly (3.5)
for B,(0). Furthermore

/ Fuf ()2 de = / |7, (67 )
B, (z) B,.(0)

which yields the theorem. O

* de < C ||t r|s = C | fII2,

This theorem provides an upper bound but does not tell us whether the
limit for » — oo exists or not. With our definition, if a measure is h-
dimensional it is also g-dimensional for any h < g. For example, if h(x) > 2™,
then the measure u = H"_p+L is an h-dimensional measure. Here £ is the n-
dimensional Lebesgue measure and E is a set of H" finite measure. However in
this case it is clear that p has two distinct parts. One ‘truly’ is h-dimensional
(H"5), but the other (£), while by the previous remark can be considered as
h-dimensional, is in fact n-dimensional.

The next theorem will allow us to split up our measure in order to separate
the part of the measure that is ‘exactly’ h-dimensional from the one that can
also be seen as having bigger dimension.

Definition 3.3. We say that a measure v is null with respect to (another
measure) p if and only if pu(E) < oo = v(E) = 0. We will denote this by
V<L

Now we will prove a theorem that is analogous to the Radon-Nikodym
Theorem.

Theorem 3.4. Let u a measure on R™ without infinitely many atoms and let
v be a o-finite measure on R™ absolutely continuous (null) with respect to .
There exists a unique decomposition of v: v = vy + vy, where vy (E) = fE fdu
for some measurable and nonnegative function f, with ve < u.

PROOF. Uniqueness. Let us suppose we have a decomposition v = v +v5 with
n(E)=[ g f dpand vo << p. Consider E C R™. Let us analyze separately
both cases; i.e. when FE is o-finite for g and when it is not.

If E is o-finite for i, then F = Uj>1 E; with u(E;) < oo. Since vp << p we
have v5(E;) = 0 for all j > and therefore v5(E) = 0, which gives 14 (E) = v(F).
If we have any other decomposition v = v + v4, then V4 (E) =0 = v5(F) and
Vi(E)=v(E)=1(E).
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If E is not o-finite for p, then 3 may be positive. However by hypothesis v
is still o-finite and then E = U, E; with v(E;) < oo, where E; may be chosen
disjoint if necessary. Suppose we have another decomposition v = v 4+ v} with
VI(E) = [p9 dpand vy << p. In particular, vy — v] = vy — vp. We have
that (v, —})({z € Ej : f(x) > g(z)}) < oo, which by the definition of v; and
vi/ implies that p({z € E; : f(z) > g(x)}) < oo. Since vy and v} are both
null with respect to y we have vo({z € E; : f(z) > g(x)}) = vh({z € E; :
f(z) > g(x)}) = 0. We can do the same calculation for the complementary
set for which f(x) < g(x) and conclude that VQ(E‘;—) =w({zr € E;: f(z) 7&
g(x)}) = v4(E}) = 0 and therefore vy (E}) = v(E}) = v{(E}). In E; \ E
and g coincide and so vy (E; \E’) = v, (E; \E’) Since E; = E U(E; \E’)
follows that 14 and v} coincide on each E and therefore on E if the E were
chosen disjoint. Now it follows that vy = V).

Existence. Let us consider first the case when v is finite. We define the
set &/ = {A C R™ : A is measurable, v(A) > 0, u_a is o-finite.}. If & = 0,
then the theorem follows taking 15 = v and vy = 0. If & # (), define a :=
SUp 4.z V(A). We have that a is finite, since v is finite. Consider the set
sequence (A;)jen C & such that v(A;) — a. Let B := |J;2, A;. We are
going to see that we can take v; = v p and v5 = v_gc. In fact, since p, g is
o-finite, we have f, the Radon-Nykodim derivative of v with respect to uLp.
Now we take a set E such that u(E) < co. If 15(E) > 0, then v(EUB) > a
which is a contradiction. Therefore vo(FE) = 0 and so vo << .

Let us analyze now the case when v is not finite (but still o-finite). Let
(E;) be a collection of measurable sets with v(E;) < co such that UE; = E.
Wlthout loss of generahty, we can assume that F; are pairwise dlSJOlIlt We
define 17 = v g, and W= v o . Then v/ is finite and regarding the prev10us

case, we can decompose 1/ = V1 +V2 Now vy =37, V1 and vy =3 v} satisfy
the desired property. O

Corollary 3.5. If p is an h-dimensional measure, then there exists ¢ > 0
and v <& H" such that p = pdH" + v.

PRrROOF. In view of the previous theorem, we only need to prove that p is
absolutely continuous with respect to H". Let us take a set E with H"(FE) = 0.
Then for any £ > 0, there is a covering (U;);>1 of E with > =, h(|U;]) < e,
where |U;| is the diameter of U;. Then

<> i) Z (Bjy, (i)
i=1 =1
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picking any z; € U,;. Using that u is h-dimensional and the previous estimate,
we have p(E) < Y02 h(|U;]) < e. Since € is arbitrary, u(E) = 0 and the
proof is complete. O

The next technical lemma will be necessary for our construction.

Lemma 3.6. If v is a locally finite measure on R™ and v < H", then

U(}ﬁgg)) =0 for H"- almost every x.

Dy(v,x) == limsup, _,,

ProOF. For each k € N we define the sets E}, = {x ER":Ve>0,dr<e

with % > 1} Since {z € R™ : Dy(v,x) > 0} = Uy~ Bk, it is enough
to prove that H"(Ey) = 0 for all k.

We can suppose that v(E}) is finite since Ej, = J;5, (E;~C N Bl(O)).

Let k be fixed and let € > 0. For each = € Ej, we can pick an r(z) < ¢
such that h(2r(z)) < kv(By(q)(2)). {Br@)(?)}zecr, is a family of balls with
uniformly bounded radii. Therefore by Besicovitch’s Covering Theorem ([8])
we can take a countable subcover { B, (x;)};>1 of Ej, such that at most c(n)
of the balls intersect at once (i.e. > XB,, < c(n)).

Since r; < g, it follows that B,, C Ej. := {z € R" : dist(z, E}) < €}.
So we have 372, h(2r;) < k3272, v(By,(2;)) < ke(n)v(Ej,c) and therefore
HMER) < c(n)kv(Ey.).

However since Ej, C Ne>oEk,. and v(Ey) is finite, we have that HMN(Ey) <
c(n)kv(Ey). In particular, H"(E}) is finite, which implies v(Ej) = 0 by the
hypothesis on v.

Using again that H"(E) < c¢(n)kv(E}), we obtain the desired result. [

We are now able to establish a finer bound for certain hA-dimensional mea-
sures (compare with Theorem 3.1 and Theorem 3.2).

Theorem 3.7. Let p be any h-dimensional measure and let p = pdH" 4+ v
(with v <& H") be the decomposition of Theorem 3.4. If f € L*(u), then

. Vi —t|¢]? 2 2
imsup X7 [ ESOF i < ¢ [ @) dr @)

and

sup lim sup /B ARG / (@) Po(z) dH ().

yER™ r—oo

ProOF. It suffices to prove that lim; g h\(/\t;) fe_t|5|2|.7:,,f(§)|2 dé = 0 and

limy o T% [ e e F, £(€) Fagn () dE = 0.
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For this proof we will use the maximal operator M,, as defined in (2.1).
Doing the same type of computations as the ones used to obtain (3.3), we have

1 / —lz—y|?/4t lulff(y) /OO —r2/at "
—— fe f(x) dv(z) < —/— e v(Br(y)) dr. (3.6)
h(/t) (@) ) h(Vt) Jo 2/ (Br¥))
On the other hand by Lemma 3.6, for H"-almost every y

Dp(v,y) = limsup V(}fz;g)) =0

and therefore for all € > 0 we can choose 0 < § < 1 such that v(B,(y)) < eh(r).

We split the integral on the right of (3.6) into two parts, f05 + [5°. For the
first one, using that v(B,(z)) < wu(B,(x)) and therefore v is h-dimensional,
we obtain

& R /vt 2
M. fy) /0 e" Mt%l/(&«(ﬂ:)) dr < Muf(y)E/O e" /4rh(r\[t) dr
< ceM, f(y)

by hypothesis.
For the second one, we split again yielding

M, j () / T LB, () dr

h(\/{) 2t
1V 2 h(rﬁ) e Vi
r?/4 r“/4, n+1
< M, f(y)e </5/¢z vy dr—i—/l/\/ze T ) dr | ——0

So if we set

N I T T
Hity) = h(m/ f(@) dv(a),

we showed that lim;_,g H(t,y) = 0. Using dominated convergence in the same
way that it was used in the first step of the proof of Theorem 3.1, we obtain

: IR : 1 —|z—y|? /4t YR
0= [ tim 1(t.5)7) () = fimy s [ @) dv(a) T dvt)

o VP e >
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In the same way, if we integrate with respect to u, we obtain

i VO [ e _
fim s [ RS FS€ de =0

Now the thesis is a consequence of Theorems 3.1 and 3.2. O

4 Lower Estimate.

In this section we estimate the lower bound for the p-Fourier transform. We
start by the following theorem.

Theorem 4.1. Let = H"_g for an h-regular set E (see 1.2). Suppose that
the function h satisfies both h(t) < t™ fort > 1 and lim;_ t—t = 0. Also

h(t)
suppose that the limit lim;_.q % := p(r) exists. Then for f € L?(u),

. \/ﬁ —t)¢]? 2 _ 2
ti 5 [ SO de = Con [ 157 an @)

where Cp = [3° e~ 2rp(r) dr.

PROOF. In view of (3.1), we will estimate

t > —7"2/4t£
h(\/f)/o e 5 /BT(y) f(z) du(x)dr.

We write the first integral as sum foé + 500. For any § the second term tends
to zero, since

71 m67T2/4tl T x)dr
no /5 a /B I duta (4.2)

1 > —7‘2/4tr
< /5 e (B () My ) dr

1 Vo s, T
< — M —r /4t h d / —r</4t n
- h(\/l?) wf) </6 ‘ 2t (r) dr + 1 ‘ QtT i

tn ( ) 1/Vt ( ) 2/4 0o 1 24
=—FM,f(y / rh(r)e™" /% dr +/ e/t dr | — 0,
h(\/i) : 5/t 1/VE t—0

using that lim;_q % =0.
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To analyze the other integral, note first that since E is regular by Corollary
2.3, we have that, for H"-almost every y € E (fixed) and for all £ > 0, there
exists § > 0 such that

/ fdu—nh(r)f(y)| <eh(r) Vr < 4. (4.3)
By (v)
On the other hand,
s 26/V1
1 ey _,2 h(rvt
[ ime i mnr ar =) [ et g
o h(V1) 2t 0 h(V?)
and so, since 6_7"27“};((7"\/\/{? is dominated by e~ rlts (see Lemma 2.4), we have

! 2y T <
e r— e " rp(r) dr.
/0 h(v/t) ! ch( )f(y)d t—0 f(y)/o p(r) d

We conclude that

8 1 2 r
e T /4t T x)dr — . .
J R o 1) 0 g Cont 0 )

Combining (4.2) and (4.4) we obtain that

1 o 24 T
H(t, ::7/ e /At dudr — C, .
(t,v) WD) Jo 5 Br(y)f pdr —= Cnf(y)

Since H(t,y) is dominated by f(y) [° e rp(r) dr and f € L2(p), it follows
that

tiy [ (T dut) = [ i 5 Tdn(s) = Co [ 17 i

O

Note that equation (4.3), which was very important in our proof, is a re-
formulation of Corollary 2.2 substituting (B, (y)) by h(r). We are allowed to
make this substitution only because F is a regular set. However this hypothesis
on F is too restrictive.

Actually it has already been proven (see [8]) that there only exist regular
sets for functions of the form 2* with k integer. So in order for the last
theorem to be meaningful, it will be necessary to obtain a result with a weaker
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hypothesis. We will therefore consider h-quasi regular sets, meaning that there
exists a constant @ > 0 such that for H"-almost every z € E,

.. HMB.(z)NE)
llirl_}(r)lf ) > 4. (4.5)

For this case, instead of the equality in (4.1), we obtain a lower bound.

Theorem 4.2. Let p=H% +v. If v << H" and E is h-quasi regular, then

nminf/e—ﬂﬂz Faf (O de > c/E 2 dH" (4.6)

t—0

PROOF. By the proof of Theorem 3.7, we can suppose p = H" .
Since F is quasi regular, there exists §; > 0 such that if » < §; then

(B (x)) = ch(r). (4.7)

On the other hand, there exists do > 0 such that if » < dy (and f(y) # 0),
then
1

(B (y))

Taking § = 0, . (satisfying both estimates), we may write

/ f(2) dp(z) — F)] < 21 Fw)].- (4.8)
B (y)

h(lﬁ) / / e o=Vt () Fg () duly) = / F@)E H .t ) du(y)+R(t,),

6y)5 —T T
where H(y,t,e) = [, h(i/z)e 2/4t27 (B,(y)) dr and

h(Vi) 2t

— [ 1 e yras
[T e T ety

We are now going to bound |R(t,¢)|. Using (4.8) and the fact that there exists

e—r2/4t

a bound independent of ¢ for foé Wiﬂ(Br(y)) dr, we can bound the first
term by Cie||f||>. The second term is bounded by

Oy e—r2/4t r
Rite) = [ 70 [ ( [, St - f(y)u(Br(y))> drdufy)

J1WL [ e B ) dr Mot ) )
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—r2 /a4t

Recalling a previous calculation, the integral [~ eh(i\/t)%,u(Br(y)) dr can be

bounded by ¢ if we take t small enough. Therefore by Cauchy Schwartz and
the (2,2) strong estimate, the second term is bounded by Csl/f]|?. So both
estimates tell us that |R(¢,¢)| < C||f]|? for small enough t.

—r2 /4t
On the other hand, H(y,t,¢) is bounded bellow by f05 eh(\/gt s7h(r) dr,
h(rv't)

using (4.7). Substituting and using that liminf, .o (Vi < 00, we conclude

that liminf; .o H(y,t,e) > Cs.
Therefore by Fatou’s Lemma

imin 1 el /gy x c ?
iigt - [ F@)f ) du(o)dnto) = [ 177 d

O

Theorem 4.3. Let i an h-dimensional measure such that j = H"g+v with
v <& H" being E h-quasi reqular. Then the following inequality holds:

. 1 2

tmint o [ RS dez e [ 0P ant,
r—00 ’r"h(?“_l) B, (y) " E

where the constant ¢ does not depend on y.

PROOF. For any A > 0 such that A\ < t£|?, we have et < e=A/2=(1/2)tl€)?
Then

\/En —tlg? F 24
h(Vt) /{5:t|e|QzA}e Fuf ()1 ot

a2 (/22 @/ ) o~ (/)11 2
R R L Sl

S c e—)\/2/ |f‘2 dHh
E

by Lemma 2.4 and Theorem 3.7. Using 4.6 and picking A big enough, we
obtain

\/7”/ el N
liminf Gl T
=0 h(vt) Jieag<n : E

picking the constant ¢ smaller if needed. Now taking t = \/r2, we obtain

h(/\1/2) \/tTI _t|5|2 2 1 9
d T d
N2 (YD) /{£:t|€29}e 1 Fu ()l gSCArnh(r_l) /BT(O) | F(6)|2d,

where ¢ is such that h(r=1)/h(A/2r=1) < ¢. This completes the proof. [
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5 An Example.

We conclude the paper by exhibiting an example of a function h and a set E
such that ’HfE is h-dimensional and F is quasi regular. For this example The-
orem 4.3 holds. However, since E is a-dimensional but with zero H® measure
the results of Strichartz in [10] do not apply. This shows that by considering
more general dimension functions we obtained a useful generalization.

Let h: [0,00) — R be a dimension function such that h(2z) < 2h(x). Let
sk be such that h(sg) = 27%. We will construct a set of Cantor type. Consider
the two (closed) subintervals of [0,1], I;; and I 2, of length s; obtained
by suppressing the central open interval of length 1 — 2s;. In each of these
intervals we take the two closed subinterval of length s, obtained by removing
the central interval of length s; — 2s5 this time. (Note that this number is
positive because h(2z) < 2h(z).) We obtain four intervals denoted by Is 1,
Is9, 123, I2 4. These intervals will be called intervals of step 2. Following in
the same manner at each step, we obtain 2* closed intervals of length sj. Our
Cantor set will be

2k
E= s

k>1j=1

We assign to each interval I, ; measure 2~* obtaining a probability measure
p supported on E. We can see ([4]) that this measure is H"_ .

We are going to show that this set satisfies the hypothesis of the Theorem
4.2, which means essentially that it is h-quasi regular. It suffices to see that
% > ¢ (where c is a positive constant) for all © € E and for all p > 0.

Given z € E and p > 0, denote by k the minimum integer such that there
exists j between 1 and 2" satisfying I ; C B(x, p). By minimality s;_1 > p.
Then

pB,p) _ plley) _ 275 _ea 1 cd 1 cd

R20) © h@p)  h(Zp) = 2 Th(p) © 2 2 Th(sp 1)

using that I, ; C B(x, p), the definition of x , Lemma 2.4, the minimality of
k, and the definition of sj. Therefore (4.5) follows.

We also need to prove that u = H"_p is an h- dimensional measure. In
fact, E N B,(x) C Iy_1,; for some j. Consequently p(B,(z)) < pu(lx—1;) =
2=(k=1) = 21 (s,) < h(p).

If we take h(xz) = x*log(1/x), then we obtain a set E of dimension a but
such that H%(FE) = 0. Therefore for any «, F will not be a-quasi regular and
hence we cannot apply Strichartz’s Theorem.
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However since F is h-quasi regular for h(x) = z*log(1/z), we can apply

Theorem 4.3.
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