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ON FUNCTIONS OF (p, α)–BOUNDED
VARIATION

Abstract

In this paper we introduce the concept of (p, α)-bounded variation
which generalizes the Riesz p-variation. The following result is proved:
a function f : [a, b] → R is of (p, α)-bounded variation (1 < p < ∞)

if and only if f is α-absolutely continuous on [a, b] and f
′
α ∈ L(p,α)[a, b].

Moreover it is shown that the (p, α)-bounded variation of a function f
on [a, b] is given by

V(p,α)(f) = ‖f
′
α‖pL(p,α)[a,b]

.

1 Introduction.

Two centuries ago, around 1880, C. Jordan (see [1]) introduced the notion of
a function of bounded variation and established the relation between these
functions and monotonic ones. Later, the concept of bounded variation was
generalized in various directions.
In his 1910 paper F. Riesz (see [3]) defined the concept of bounded p-variation
(1 ≤ p < ∞) and proved that, for 1 < p < ∞, this class coincides with
the class of functions f , absolutely continuous with derivative f

′ ∈ Lp[a, b].
Moreover the p-variation of a function f on [a, b] is given by

Vp(f, [a, b]) = Vp(f) = ‖f
′
‖pLp[a,b].
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In this paper we generalize the concept of bounded p-variation. In order to
do that, we introduce a strictly increasing continuous function α : [a, b]→ R.
Then, we consider the bounded p-variation with respect to α. We called this
new concept (p, α)-bounded variation and denote it by BV(p,α)[a, b].
This space is described as follows: let f be a real function on [a, b]. For a given
partition of the form π : a = x0 < x1 < . . . < xn = b of [a, b], we set

σ(p,α)(f, π) =
n∑
i=1

|f(xi)− f(xi−1)|p

|α(xi)− α(xi−1)|p−1

and

V(p,α)(f ; [a, b]) = V(p,α)(f) = sup
π
σ(p,α)(f, π),

where the supremum is taken over all partitions π of [a, b]. If V(p,α)(f) <
+∞, we say that f is a function of (p, α)-bounded variation. The class
BV(p,α)[a, b] is a normed space equipped with the norm

‖f‖(p,α) = |f(a)|+ (V(p,α)(f))1/p.

It is not to hard to show that
(
BV(p,α)[a, b], ‖ · ‖(p,α)

)
is a Banach space.

Also, we generalize Riesz’s Lemma, that is f ∈ BV(p,α)[a, b] if and only if
f ∈ α-AC[a, b] and f

′ ∈ L(p,α)[a, b]. Moreover V(p,α)(f) = ‖f ′α‖L(p,α)[a, b]
with 1 < p <∞.

2 Definitions and Notations.

In this section, we gather definitions and notations that will be used through-
out the paper. Let α be any strictly increasing, continuous function defined
on [a, b].

Definition 2.1. Let ([a, b], A, µα) be a measure space equipped with the
Lebesgue-Stieltjes measure. A measurable function f : [a, b] → R is said to
be in L(p,α)[a, b] for 1 ≤ p <∞ if∫ b

a

|f |pdα < +∞.

Definition 2.2. A function f : [a, b]→ R is said to be absolutely continuous
with respect to α if for every ε > 0 there exists some δ > 0 such that if
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{(aj , bj)}nj=1 are disjoint open subintervals of [a, b], then

n∑
j=1

|α(bj)− α(aj)| < δ implies
n∑
j=1

|f(bj)− f(aj)| < ε.

Thus, the collection α-AC[a, b] of all α−absolutely continuous functions on
[a, b] is a function space and an algebra of functions.

Definition 2.3. A function f : [a, b]→ R is said to be α-Lipschitz if there
exists a constant M > 0 such that

|f(x)− f(y)| ≤M |α(x)− α(y)|,

for all x, y ∈ [a, b], x 6= y .

By α-Lip [a, b] we will denote the space of functions which are α-Lipschitz.
If f ∈ α-Lip[a, b] we define

Lipα(f) = inf
{
M > 0 : |f(x)− f(y)| ≤M |α(x)− α(y)|, x 6= y ∈ [a, b]

}
and

Lip
′

α(f) = sup
{
|f(x)− f(y)|
|α(x)− α(y)

: x 6= y ∈ [a, b]
}
.

It is not hard to prove that

Lipα(f) = Lip
′

α(f).

α-Lip[a, b] equipped with the norm

‖f‖Lipα = |f(a)|+ Lipα(f)

is a Banach space.

Definition 2.4. Suppose f and α are real-valued functions defined on the
same open interval (bounded or unbounded). Suppose x0 is a point in this
interval. We say f is α-derivable at x0 if

lim
x→x0

f(x)− f(x0)
α(x)− α(x0)

exists.

If the limit exists we denote its value by f
′

α(x0), which we call the α-derivative
of f at x0.
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3 Embeddings.

In this section we include several simple lemmas.

Lemma 3.1. If p > 1, then

α-Lip[a, b] ↪→ BV(p,α)[a, b].

Proof. Let f ∈ α-Lip[a, b] and π : a = x0 < x1 < . . . < xn = b be a
partition of [a, b]. Then

σ(p,α)(f, π) =
n∑
j=1

|f(xj)− f(xj−1)|p

|α(xj)− α(xj−1)|p−1

=
n∑
j=1

∣∣∣∣ f(xj)− f(xj−1)
α(xj)− α(xj−1)

∣∣∣∣p |α(xj)− α(xj−1)|

≤ (Lipα(f))p(α(b)− α(a)) < +∞.

Thus

V(p,α)(f) ≤ (Lipα(f))p(α(b)− α(a)).

This completes the proof of Lemma 3.1.

Take into account that

‖f‖(p,α) ≤ max
{

1, (α(b)− α(a))
1
p

}
‖f‖Lipα .

Lemma 3.2. If 1 < q < p < +∞, then

BV(p,α)[a, b] ↪→ BV(q,α)[a, b].

Proof. Let f ∈ BV(p,α)[a, b] and π : a = x0 < x1 < . . . < xn = b be a
partition of [a, b]. Next,

σ(q,α)(f, π) =
n∑
j=1

|f(xj)− f(xj−1)|q

|α(xj)− α(xj−1)|q−1

=
n∑
j=1

|f(xj)− α(xj−1)|q

α(xj)− α(xj−1)|(p−1) q1
|α(xj)− α(xj−1)|

p−q
p

(and by Hölder’s inequality)

≤

[
n∑
j=1

(
|f(xj)− f(xj−1)|q

|α(xj)− α(xj)|(p−1)· qp

)p/q]q/p[ n∑
j=1

(
|α(xj)− α(xj−1)|

p−q
p

) p
p−q

] p−q
p
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=

[
n∑
j=1

|f(xj)− f(xj−1)|p

|α(xj)− α(xj−1)|p−1

]q/p
·

[
n∑
j=1

|α(xj)− α(xj−1|)

] p−q
p

=
(
σ(p,α)(f, π)

) 1
p · (α(b)− α(a))

p−q
p .

Therefore (
σ(q,α)(f, π)

) 1
q ≤ (α(b)− α(a))

p−q
pq ·

(
σ(p,α)(f, π)

) 1
p ,

since f ∈ BV(p,α)[a, b] and(
V(q,α)(f)

) 1
q ≤ [V(p,α)(f)]1/p(α(b)− α(a))

1
q−

1
p <∞.

Therefore f ∈ BV(q,α)[a, b]

‖f‖(q,α) ≤ max{1, (α(b)− α(a))
1
q−

1
p }‖f‖(p,α).

This completes the proof of Lemma 3.2.

Corollary 3.1. If p ≥ 1, then

BV(p,α)[a, b] ↪→ BV [a, b],

and
‖f‖BV ≤ max{1, (α(b)− α(a))

p−1
r }‖f‖(p,α).

Lemma 3.3. If p ≥ 1, then

BV(p,α)[a, b] ⊂ α-AC[a, b].

Proof. Let f ∈ BV(p,α)[a, b] and let (aj , bj), j = 1, . . . , n be pairwise
disjoint subintervals of [a, b]. By Hölder’s inequality we have

n∑
j=1

|f(bj)− f(aj)| ≤

 n∑
j=1

(
|f(bj)− f(aj)|
|α(bj)− α(aj)|

p−1
p

)p 1
p
 n∑
j=1

|α(bj)− α(aj)|


p−1
p

=

 n∑
j=1

|f(bj)− f(aj)|p

|α(bj)− α(aj)|p−1

 1
p
 n∑
j=1

|α(bj)− α(aj)|


p−1
p

≤ V(p,α)(f)

 n∑
j=1

|α(bj)− α(aj)|p

p−1
p

.

From this the proof follows easily.
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Finally, from Lemmas 3.1, 3.2 and 3.3 we have

α-Lip[a, b] ⊂ BV(p,α)[a, b] ⊂ BV(q,α)[a, b] ⊂ α-AC[a, b]

for 1 < q < p <∞.

4 Maligranda-Orlicz’s Lemma.

The following lemma is due to L. Maligranda and W. Orlicz (see [2]). We
will use this result to show that BV(p,α)[a, b] becomes a normed Banach
algebra with pointwise multiplication of function under an appropriate choice
of norms.

Lemma 4.1. Let (X, ‖ · ‖) be a Banach space whose elements are bounded
functions, which is closed under multiplication of functions. Let us assume
that f · g ∈ X and

‖fg‖ ≤ ‖f‖∞ · ‖g‖+ ‖f‖ · ‖g‖∞
for any f, g ∈ X. Then the space X equipped with the norm

‖f‖1 = ‖f‖∞ + ‖f‖

is a normed Banach algebra. Also, if X ↪→ B[a, b], Then the norms ‖ � ‖1 and
‖ � ‖ are equivalent. Moreover, if ‖f‖∞ ≤M‖f‖ for f ∈ X, then (X, ‖ · ‖2)
is a normed Banach algebra with ‖f‖2 = 2M‖f‖, f ∈ X and the norms ‖ · ‖2
and ‖ · ‖ are equivalent.

Lemma 4.2. If f, g ∈ BV(p,α)[a, b], then f · g ∈ BV(p,α)[a, b].

Proof. Let π : a = x0 < x1 < . . . < xn = b be a partition of [a, b]. Then

σ(p,α)(fg, π) =
n∑
j=1

|(fg)(xj)− (fg)(xj−1)|p

|α(xj)− α(xj−1)|p−1

≤
n∑
j=1

∆j · |f(xj)||g(xj)− g(xj−1)|
|α(xj)− α(xj−1)|p−1

+
n∑
j=1

∆j · |g(xj)||f(xj)− f(xj−1)|
|α(xj)− α(xj−1)|p−1

( where ∆j = |f(xj)(g(xj)− g(xj−1)) + g(xj−1)(f(xj)− f(xj−1))|p−1 )

≤ ‖f‖∞
n∑
j=1

|(fg)(xj)− (fg)(xj−1)|p−1

|α(xj)− α(xj−1)|
(p−1)2
p

· |g(xj)− g(xj−1)|

|α(xj)− α(xj−1)|
(p−1)
p

+ ‖g‖∞
n∑
j=1

|(fg)(xj)− (fg)(xj−1)|p−1

|α(xj)− α(xj−1)|
(p−1)2
p

· |f(xj)− f(xj−1)|

|α(xj)− α(xj−1)|
(p−1)
p
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(and by Hölder’s inequality)

≤ ‖f‖∞

 n∑
j=1

 |(fg)(xj)− (fg)(xj−1)|p−1

|α(xj)− α(xj−1)|
(p−1)2
p


p
p−1

p−1
p

×

 n∑
j=1

(
|g(xj)− g(xj−1)|

|α(xj)− α(xj−1)|
(p−1)
p

)p 1
p

+ ‖g‖∞

 n∑
j=1

 |(fg)(xj)− (fg)(xj−1)|p−1

|α(xj)− α(xj−1)|
(p−1)2
p


p
p−1

p−1
p

×

 n∑
j=1

(
|f(xj)− f(xj−1)|
|α(xj)− α(xj−1)|

p−1
p

)p 1
p

=
[
σ(p,α)(fg, π)

] p−1
p

[
‖f‖∞

(
σ(p,α)(g, π)

) 1
p + ‖g‖∞

(
σ(p,α)(f, π)

) 1
p

]
.

Thus, (
σ(p,α)(fg, π)

) 1
p ≤ ‖f‖∞

(
σ(p,α)(g, π)

) 1
p + ‖g‖∞

(
σ(p,α)(f, π)

) 1
p .

Therefore, (
V(p,α)(fg)

) 1
p ≤ ‖f‖∞

(
V(p,α)(g)

) 1
p + ‖g‖∞

(
V(p,α)(f)

) 1
p

and fg ∈ BV(p,α)[a, b]. This completes the proof of Lemma 4.2.

Theorem 4.1.

i) BV(p,α)[a, b] equipped with the norm

‖f‖1 = ‖f‖∞ + ‖f‖(p,α), f ∈ BV(p,α)[a, b]

is a normed Banach algebra.

ii) BV(p,α)[a, b] equipped with the norm

‖f‖2 = 2 max{1, (α(b)− α(a))
p−1
p }‖f‖(p,α), f ∈ BV(p,α)[a, b]

is a normed Banach algebra.
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iii) The norms ‖ · ‖(p,α), ‖ · ‖1 and ‖ · ‖2 are equivalent.

Proof. i) We just need to check Maligranda-Orlicz’s Lemma hypothesis. In-
deed, from Lemma 4.2 we already know that if f, g ∈ BV(p,α)[a, b], then
fg ∈ BV(p,α)[a, b] . Moreover

‖fg‖(p,α) = |(fg)(a)|+ (V(p,α)(fg))
1
p

≤ 2|f(a)||g(a)|+ ‖f‖∞(V(p,α)(g))
1
p + ‖g‖∞(V(p,α)(f))

1
p

≤ |f(a)|‖g‖∞ + |g(a)|‖f‖∞ + ‖f‖∞(V(p,α)(g))
1
p

+ ‖g‖∞(V(p,α)(f))
1
p

= ‖f‖∞‖g‖(p,α) + ‖g‖∞‖f‖(p,α).

By Corollary 3.1 we have

‖f‖BV [a,b] ≤ max{1, (α(b)− α(a))
p−1
p }‖f‖(p,α), f ∈ BV(p,α)[a, b],

but ‖f‖∞ ≤ ‖f‖BV [a,b], therefore

‖f‖∞ ≤ max{1, (α(b)− α(a))
p−1
p }‖f‖(p,α), f ∈ BV(p,α)[a, b].

(This shows that BV(p,α)[a, b] ↪→ B[a, b].) By the Maligranda-Orlicz Lemma,
we have thus shown that (BV(p,α)[a, b], ‖ · ‖1) is a normed Banach algebra
with ‖f‖1 = ‖f‖∞ + ‖f‖(p,α), f ∈ BV(p,α)[a, b] and the norms ‖ · ‖1 and

‖ · ‖(p,α) are equivalent; since ‖f‖∞ ≤ max{1, (α(b) − α(a))
p−1
p }‖f‖(p,α)

for f ∈ BV(p,α)[a, b], we obtain immediately that (BV(p,α)[a, b], ‖ · ‖2) is a

normed Banach algebra with ‖f‖2 = 2 max{1, (α(b)−α(a))
p−1
p }‖f‖(p,α), f ∈

BV(p,α)[a, b] and the norms ‖ · ‖2 and ‖ · ‖(p,α) are equivalent.
Finally, from (i) and (ii) we have (iii). This completes the proof of Theorem
4.1.

5 Characterization of the Space BV(p,α)[a, b].

In this section we generalize the characterization due to F. Riesz (see [3]). Our
characterization is as follows:

Theorem 5.1. For 1 < p < +∞, f ∈ BV(p,α)[a, b] if and only if f ∈ α-
AC[a, b] and f

′

α ∈ L(p,α)[a, b]. Moreover

V(p,α)(f) = ‖f
′

α‖
p
L(p,α)[a, b].
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Proof. Let π : a = x0 < x1 < . . . < xn = b be a partition of [a, b]. Next,
the fundamental theorem of calculus holds true precisely for the α-absolutely
continuous function, thus by Hölder’s inequality we have

|f(xj)− f(xj−1)|p =

∣∣∣∣∣
∫ xj

xj−1

f
′

α(t) dα(t)

∣∣∣∣∣
p

≤

(∫ xj

xj−1

|f
′

α(t)| dα(t)

)p

≤

(∫ xj

xj−1

|f
′

α(t)| dα(t)

)p[∫ xj

xj−1

dα(t)

] p−1
p

p

= |α(xj)− α(xj−1)|p−1

∫ xj

xj−1

|f
′

α(t)|p dα(t).

Hence,

|f(xj)− f(xj−1)|p

|α(xj)− α(xj−1)|p−1
≤
∫ xj

xj−1

|f
′

α(t)|p dα(t)

n∑
j=1

|f(xj)− f(xj−1)|p

|α(xj)− α(xj−1)|p−1
≤

n∑
j=1

∫ xj

xj−1

|f
′

α(t)|p dα(t)

=
∫ b

a

|f
′

α(t)|p dα(t)

= ‖f ′α‖
p
L(p,α)[a,b]

.

Since this holds for any partition of [a, b] we obtain

V(p,α)(f) ≤ ‖f ′α‖
p
L(p,α)[a,b]

< +∞. (5.1)

Thus f ∈ BV(p,α)[a, b].
If f ∈ BV(p,α)[a, b], then f is α−absolutely continuous; by Lemma 3.3 f

′

α

exists almost everywhere on [a, b]. For each n ∈ N we have to consider the
partition of the interval [a, b]

πn : a = x0,n ≤ x1,n < . . . < xn,n = b

defined by

xi,n = a+ i

(
b− a
n

)
, i = 0, 1, . . . , n.
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Next, let (fn)n∈N be the sequence of step functions given by

fn(x) =


f(xi+1,n)− f(xi,n)
α(xi+1,n)− α(xi,n)

if xi,n ≤ x < xi+1,n i = 0, · · · , n− 1

any value if x = b.
(5.2)

Now, we are going to show that (fn)n∈N converges to f
′

α almost everywhere
on [a, b]. In order to do that, let us consider the following set:

A = {x ∈ [a, b] : f
′

α(x) exists} \ {xi,n : n ∈ N, i = 0, 1, . . . , n}.

Let x ∈ A; then, for each n ∈ N there exists k ∈ {0, . . . , n − 1} such that
xk,n ≤ x < xk+1,n; thus

fn(x) =
f(xk+1,n)− f(xk,n)
α(xk+1,n)− α(xk,n)

=
α(xk+1,n)− α(x)
α(xk+1,n)− α(xk,n)

· f(xk+1,n)− f(x)
α(xk+1)− α(xk)

+
α(x)− α(xk,n)

α(xk+1,n)− α(xk,n)
· f(x)− f(xk,n)
α(x)− α(xk,n)

.

Next, one can see that fn(x) is a convex combination of the points

f(xk+1,n)− f(x)
α(xk+1,n)− α(x)

and
f(x)− f(xk,n)
α(x)− α(xk,n)

,

since

α(xk+1,n)− α(x)
α(xk+1,n)− α(xk,n)

+
α(x)− α(xk,n)

α(xk+1,n)− α(xk,n)
= 1.

Now, xk,n → x and xk+1,n → x as n → ∞. Then limn→∞ fn(x) = f
′

α(x),
x ∈ A.
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By Fatou’s Lemma we obtain∫ b

a

∣∣∣f ′α(x)
∣∣∣p dα(x) =

∫ b

a

|lim inf fn(x)|p dα(x)

≤ lim inf
∫ b

a

|fn(x)|p dα(x)

= lim inf
n−1∑
i=0

∫ xi+1,n

xi,n

|fn(x)|p dα(x)

= lim inf
n−1∑
i=0

∫ xi+1,n

xi,n

∣∣∣∣ f(xi+1,n)− f(xi,n)
α(xi+1,n)− α(xi,n)

∣∣∣∣p dα(x)

= lim inf
n−1∑
i=0

|f(xi+1,n)− f(xi,n)|
|α(xi+1,n)− α(xi,n)|p

∫ xi+1,n

xi,n

dα(x)

= lim inf
n−1∑
i=0

|f(xi+1,n)− f(xi,n)|p

|α(xi+1,n)− α(xi,n)|p
|α(xi+1,n)− α(xi,n)|

= lim inf
n−1∑
i=0

|f(xi+1,n)− f(xi,n)|p

|α(xi+1,n)− α(xi,n)|p−1

≤ V(p,α)(f) < +∞. (5.3)

Therefore f
′

α ∈ L(p,α)[a, b].
Finally, by 5.1 and 5.3 we have

V(p,α)(f) = ‖f
′

α‖L(p,α) [a, b].

Hence, the proof of Theorem 5.1 is now complete.

Remark 5.1. For p = 1, then the conclusion of Theorem 5.1 does not
remain valid, because there is a bounded variation function which is neither
continuous nor α−absolutely continuous.
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