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ON FUNCTIONS OF (p,a)-BOUNDED
VARIATION

Abstract
In this paper we introduce the concept of (p, a)-bounded variation
which generalizes the Riesz p-variation. The following result is proved:
a function f:[a,b] — R is of (p,«a)-bounded variation (1 < p < o0)
if and only if f is a-absolutely continuous on [a, b] and fo € Lp,ayla,b].
Moreover it is shown that the (p,a)-bounded variation of a function f
on [a,b] is given by

Vipr (F) = el ar

1 Introduction.

Two centuries ago, around 1880, C. Jordan (see [1]) introduced the notion of
a function of bounded variation and established the relation between these
functions and monotonic ones. Later, the concept of bounded variation was
generalized in various directions.

In his 1910 paper F. Riesz (see [3]) defined the concept of bounded p-variation
(1 < p < ) and proved that, for 1 < p < oo, this class coincides with
the class of functions f, absolutely continuous with derivative f/ € Ly[a,b].
Moreover the p-variation of a function f on [a, b] is given by

Vi(£:[a,8) = V() = 1 15 pray-
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In this paper we generalize the concept of bounded p-variation. In order to
do that, we introduce a strictly increasing continuous function « : [a,b] — R.
Then, we consider the bounded p-variation with respect to . We called this
new concept (p, a)-bounded variation and denote it by BV, [a, b].
This space is described as follows: let f be a real function on [a, b]. For a given
partition of the form 7:a =29 < 21 < ... <z, = b of [a,b], we set

- SRS

i=1

and
V(P,Oé) (f7 [a7 b]) = V(p,oz)(f) = Slip O(p,a) (fa 7T>7

where the supremum is taken over all partitions m of [a,b]. If Vi, q)(f) <
+o0, we say that f is a function of (p,«a)-bounded variation. The class
BV(p,ala,b] is a normed space equipped with the norm

Hf”(p,a) = |f(a)| + (V(p,a)(f))l/p'

It is not to hard to show that (BV{ya)[a,b], || - [|(p.)) is @ Banach space.
Also, we generalize Riesz’s Lemma, that is f € BV{;, 4)[a,b] if and only if
f € a-AC[a,b] and f € Lipa)la,b]. Moreover Vo) (f) = | fallLp.ala:b]
with 1 <p < oco.

2 Definitions and Notations.

In this section, we gather definitions and notations that will be used through-
out the paper. Let « be any strictly increasing, continuous function defined
on [a,b].

Definition 2.1. Let ([a,b], A, o) be a measure space equipped with the
Lebesgue-Stieltjes measure. A measurable function f : [a,b] — R is said to
be in L, q)a,b] for 1 <p < oo if

b
/ [f|Pda < 4o0.

Definition 2.2. A function f: [a,b] — R is said to be absolutely continuous
with respect to « if for every e > 0 there exists some § > 0 such that if
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{(a;,b5)}7_, are disjoint open subintervals of [a,b], then

Z ) —ala;)] < ¢ implies Z|f — fla;)| <e.

Jj=1

Thus, the collection a-ACla,b] of all a—absolutely continuous functions on
[a,b] is a function space and an algebra of functions.

Definition 2.3. A function f:[a,b] — R is said to be a-Lipschitz if there
exists a constant M > 0 such that

[f(z) = f(y)| < Ma(z) — a(y)],
for all z,y € [a,b],x #y .

By a-Lip [a, b] we will denote the space of functions which are a-Lipschitz.
If f € o-Lip[a,b] we define

Lipo(f) = inf{M > 0:[f(z) - f(y)| < Mla(z) - a(y)l,z # y € [a,b]}
and

[f(z) = f(y)l
a(z) — aly)

It is not hard to prove that

L () =sunf o #ve o)

Lipa(f) = Lip, (f).

a-Lip|a, b] equipped with the norm

1l zipe = |f(@)] + Lipa(f)

is a Banach space.

Definition 2.4. Suppose f and « are real-valued functions defined on the
same open interval (bounded or unbounded). Suppose zo is a point in this
interval. We say f is a-derivable at z¢ if

lim f(x) = f(x0)

exists.
z—zo a(x) — ax) *

If the limit exists we denote its value by f., (z0), which we call the a-derivative
of f at xg.
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3 Embeddings.

In this section we include several simple lemmas.
Lemma 3.1. If p > 1, then
a-Lipla,b] — BV o [a,b].

ProOOF. Let f € o-Lipla,b] and 7w :a =29 <21 < ...<x, =b bea
partition of [a,b]. Then

it et
- [ = S a(r;) —a(z
~ Zla(z;) —alw; ) () = alzj-1)|
< (Lipa ()P (a(d) — a(a)) < 400
Thus
Vip.o) () < (Lipa(f))P (a(b) — a(a)).
This completes the proof of Lemma 3.1. .

Take into account that

1l < maa {1, (a(®) = a(@)? } |l ip.

Lemma 3.2. If 1 < ¢ <p < +o0, then

BV(p’a) [a, b] — BV(q’a) [a, b]
PROOF. Let f € BV, q)fa,b] and m:a =20 <21 <...<2, =b bea
partition of [a,b]. Next,

n

f:n f(z; q
(i) =3 | J i1l

oz (% et

(and by Holder’s inequality)

" ¢ \P1YPr b2 | T
3 (e=tectt ]5: -t o)

j=1 a(z;) — 0‘(733)
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Therefore

(g (™) 7 < (@(b) — (@) T - (0(pay (f7)) 7 ,

since f € BV(; q)[a,b] and

(V(qva)(f))
Therefore f € BV, q)la,b]

Q=

VARIATION

< Vi, (DIYP(a(b) — ala)) s~

=

S =

< 00.

1£1lg.y < max{l, (a(b) — a(@))s ™7} £l (pa)-

This completes the proof of Lemma 3.

Corollary 3.1. If p > 1, then
BY,

pya)[

and

IfllBv < max{l, (a(b

Lemma 3.3. If p>1, then
B‘/(p,a)[av b]

PROOF. Let f € BV, la,b] and let (aj,b5),5 = 1,.

2.

a,b] — BVa,b],

) — ala))

C a-AC[a, b)].

disjoint subintervals of [a,b]. By Holder’s inequality we have

D_1F(b;) = flag)| < 2:( )_aﬂ%ﬂ )]

(a7

From this the proof follows easily.

[Z la(b;) — a(ay)|

53
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Finally, from Lemmas 3.1, 3.2 and 3.3 we have
a-Lipla,b] C BV ola,b] C BV(4 qla,b] C a-AC[a, b]
for 1 < g <p< oo

4 Maligranda-Orlicz’s Lemma.

The following lemma is due to L. Maligranda and W. Orlicz (see [2]). We
will use this result to show that BV(,)[a,b] becomes a normed Banach
algebra with pointwise multiplication of function under an appropriate choice
of norms.

Lemma 4.1. Let (X,]|-||) be a Banach space whose elements are bounded
functions, which is closed under multiplication of functions. Let us assume

that f-g€ X and

£l < [ flloe - llgll + L1~ [lglloo
for any f,g € X. Then the space X equipped with the norm

11l = 1 lloe + 1A

is a normed Banach algebra. Also, if X — Bla,b], Then the norms ||.||; and
||+ || are equivalent. Moreover, if ||f|lcc < M| f]| for f e X, then (X,| - |2)
is a normed Banach algebra with || f|l2 = 2M || f]|, f € X and the norms || ||2
and || - || are equivalent.

Lemma 4.2. If f,g € BV(;, o)[a,b], then f-g € BV, 4)la,b].
PROOF. Let m:a=x9 <21 <...<Z, =b be a partition of [a,b]. Then

o (o) Z‘ ~ (fg)(as-1)I”

% _a(% )Pt

IN

x] Zj Tj—1 " Aj' Xy Zj)— Tj—1
Z i | (y)llg(x;) — g( )|+Z (@) f(x;) = fj-1)]

;) — alwj—1)[P~! = leleg) —alz-)Pt

(where Aj =[f(2;)(g(x;) — 9(xj-1)) + g(z;-1)(f ;) = fz;-1))IP~")

Ti_1 p—1 Tj) —g(xj—1

= '“W a% L R
. —1 N _
PN (61 Gy €17 (S G Y B G2

i=1 |a(z;) —alz;-1)| 7 () — el 0)| 7
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(and by Holder’s inequality)

—1
P p—2

< |3 (I(fg)(rcj) - (fg)(wjl)lp—l>

(p—1)2
la(zj) — afwj—1)] 7

s <|a(|g<xj>—g<xj_1(>p|” )

j=1 zj) —afzj—1)| P

Jj=1

p—1

P

= ) — xj_q)Pt T

=1\ la(z;) —alz;-1)|

[ 1f () — fag) )
X —1
[;(W(ﬂfj)a(xj_l)% }

p—1

= [06w (9] T Il (0a0(9:m) " + lglloo (70 (f:m) 7] -

Thus,

D=
S

(U(pta)(fgvﬂ-)) < HfHOO (a(p,a)(gﬂr))% + ||g||00 (U(p,a)(f’ ﬂ-))

Therefore,

=

1 1
(Vip) (£9)) 7 < 1flloe (Vip,ay(9))” + llglloc (Vip,ay (f)) 7
and fg € BV, o)[a,b]. This completes the proof of Lemma 4.2.
Theorem 4.1.
i) BV(pala,b] equipped with the norm

1fllr = flloe + 1flp.a)> | € BVipaylas bl
is a normed Banach algebra.

i) BV ala,b] equipped with the norm

1£1l> = 2max{1, (a(b) = a(a) T H fllpays  f € BVipoylasb]

is a normed Banach algebra.

55



56 RENE ERLIN CASTILLO AND EDUARD TROUSSELOT

i) The norms |- ||(p.a), ||-ll1 and ||-[|2 are equivalent.

PROOF. i) We just need to check Maligranda-Orlicz’s Lemma hypothesis. In-
deed, from Lemma 4.2 we already know that if f,g € BV(, [a,b], then
fg € BV(;.q)la,b] . Moreover

19l pay = 1(F9) (@] + (Vipay (F9)) 7
<2/ F(@)lg(@)] + | Flloe (Vip.a) (9))7 + 1 glloe (Vip.a) ()7
< 1F@gllso + 19(@) 1 llso + 1 lse (Vipay(9)) 7
+ lglloe (Vipay ()7
= 1/ lloo 19l ey + g lloo | Fllp.y-

By Corollary 3.1 we have

1£llBvias < max{1, (a(b) = (@) 7 H flpay, [ € BVipalasb],

but [[fllec < |[fllBvia.p), therefore

1f oo < max{L, (a(b) — (@)% H fllpa): | € BVipala,b]-

(This shows that BV, [a,b] — Bla,b].) By the Maligranda-Orlicz Lemma,
we have thus shown that (BV(,q)[a,b],| - [l1) is a normed Banach algebra
with ”le = Hf”oo + ”fH(p,a)af € B‘/(p,a)[aab] and the norms ” : ||1 and

. . p—1
|l - [l(p,a) are equivalent; since |[|f|loc < max{1,(a(b) — a(a))pp HI N p,a)
for f € BV, q)la,b], we obtain immediately that (BV(, qla,b],] - []2) isa

normed Banach algebra with ||f||2 = 2max{1, (a(b) — oz(a))ijl}||f||(p7a)7 fe

BV(p.a)la,b] and the norms |- |z and |- |(p.a) are equivalent.
Finally, from (i) and (ii) we have (iii). This completes the proof of Theorem
4.1. O

5 Characterization of the Space BV, 4)[a, b].

In this section we generalize the characterization due to F. Riesz (see [3]). Our
characterization is as follows:

Theorem 5.1. For 1 < p < 400, f € BV, q)la,b] if and only if f € a-
ACla,b] and f,, € L(p.a)la,b]. Moreover

Vip.o) (F) = I1Fall% oy 0,01
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PROOF. Let m:a=x <21 <... <z, =b be a partition of [a,b]. Next,
the fundamental theorem of calculus holds true precisely for the a-absolutely
continuous function, thus by Hdélder’s inequality we have

Fa) — flag) ) dat
< </| £()] da )),,
g( / If;(t)lda(t)>p [/ da(t)r,; p
~la(e;) ~ ale-)P ™ [ 1RO dato)
Hence, a

7() = Sl o)I” </z' £ ()P da)

Ia(ffj)—a(wg 1)Ip o

;) ~ 1(z-1) / ()P da(t)

|a(xj)fozxj 1 |p te

- / If;(t)l” da(t)

Since this holds for any partition of [a,b] we obtain

Vip.a) () S IFGIL,, 0y < 00 (5.1)

Thus f € BV, qla,b].

If fe BVyala,b], then f is a—absolutely continuous; by Lemma 3.3 fa
exists almost everywhere on [a,b]. For each n € N we have to consider the
partition of the interval [a, b]

Tni0=20n <Tip <...<Tpp=2>0

defined by
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Next, let (fn)nen be the sequence of step functions given by

f($i+1,n) — f(ffzn)
fn(x) = a(xi-i-l,n) - O‘(xi,n)

any value if z =b.

ife,p <z<ziyr, t=0,---,n—-1

(5.2)

Now, we are going to show that (f,)nen converges to f(; almost everywhere
on [a,b]. In order to do that, let us consider the following set:

A={zelab): fi(z) exists}\{zin:neN, i=0,1,...,n}

Let x € A; then, for each n € N there exists k € {0,...,n — 1} such that
T <2 < Tgg1,n; thus

f(karl,n) - f(xk,n)

O‘(Ik+1,n) — (g n)
(@pr1n) — (@) f(@ry10) — f2)
(Tpt1,n) — (@hp)  (Tps1) — (@)
a(@) —o(@en) (@) = f(@rn)

a(@pr1n) = a(Tkn) (@) = (Thn)

fn(x) =

Next, one can see that f,(z) is a convex combination of the points

f(xk+1,n) B f(:L') and f(l‘) B f(xk,n)
a(zpy1n) — ol a(z) — a(zgn,)’
a(Tp+1,n) — (@) a(z) — a(Tk,n)

=1.
a(Trt1n) — (Thn)  UTht1n) — (Thn)

/

Now, xpn, — z and Tp41, — & as n — oo. Then lim, .o fn(z) = f, (),
x € A
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By Fatou’s Lemma we obtain

t[ﬁm”mmzlmmmnmvwm
gmmfmwwm>
_ hmmfZ/ l+1"|fn )P da(z)
S B
:mmzdﬁﬁlﬁﬁmemm
:mmﬁ§:Ki:xb_ﬁiﬁLm@Hu»—MmM|
s ity
< V(p@)(f) < 4o0. (5.3)

Therefore f, € Lp,ala,b].
Finally, by 5.1 and 5.3 we have

‘/(;ma)(f) = ”fa”L(p,a) [a7 b]
Hence, the proof of Theorem 5.1 is now complete. O

Remark 5.1. For p = 1, then the conclusion of Theorem 5.1 does not
remain valid, because there is a bounded variation function which is neither
continuous nor «a—absolutely continuous.
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