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Abstract

Given a set M C R of Lebesgue measure zero, let Bi|a be the set
of all restrictions to M of bounded Baire one functions on R and A the
set of all bounded approximately continuous functions on R. We discuss
the existence of simultaneous extension operators for Bi|as and A. We
show that there exists a positive linear operator L: Bi|y — A such that
L(g)|m = g for all g € Bi|m, if and only if M is a scattered set and
this is the case if and only if there exists a continuous linear operator
Ly: Bi|m — A with the same property. Also, we show that there exist
non-regular continuous linear operators 71 : £oo — A and T2: A — A.

Let A denote Lebesgue measure on R. Recall that x € R is a point of density
of a Lebesgue measurable set M C R if limp\ g A(M N (x — h,x + h))/2h = 1.
A point z is a dispersion point of M if limp\ g A(M N(z—h,z+h))/2h=0. A
measurable set M is said to be density open if every point « € M is a point of
density of M. The density open sets form a topology d on R, called the density
topology. It turns out that the so called approzimately continuous functions
are exactly the continuous functions in the density topology.

By B; we denote the set of all bounded Baire one functions on R and by
A the set of all bounded approximately continuous functions on R. Note that
A C By [LMZ, 6.8.b]. For M C R, By|p is the space of restrictions to M of all
functions f € B;. A, By and Bi | are Banach spaces equipped with the norm
I £Il = sup, | f(z)|. By Xas we denote the characteristic function of the set M,
and X, = X{q for a € R. If L is an operator defined on Bi|y and f € By, we
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often write L(f) instead of L(f|as). By an operator we always mean a linear
operator. If L is an operator and L(f) is an extension of f for every function
f in the domain of L, we say that L is a simultaneous extension operator.

Let M C R be a set of Lebesgue measure zero and f € Bi|y. By the
Theorem of Petruska and Laczkovich ([PL, 3.2(iii)], see also [LMZ, 8.3]), there
is a bounded approximately continuous function F'y on R which extends f. Can
Fy be assigned in a nice way; i.e., does there exist a simultaneous extension
operator L: f — Fy which is positive or continuous? This question is inspired
by Borsuk’s simultaneous extension theorem which has been generalized in
many different ways. We present here the following variant which is due to
G.J.0.Jameson [J]. By C,(Y) we denote the set of all bounded continuous
functions on a set Y.

Theorem (Jameson). Let S be a topological space, A be a closed subset of
S such that every function f € Cy(A) can be extended continuously to S. Let
X be a separable linear subspace of C,(A). Then there is a positive, isometric
simultaneous extension operator L: X — C(S). In particular, if A is compact
and metrizable, then such an operator can be defined on the whole of C(A).

In this paper we show that, in the case of approximately continuous func-
tions, a positive and/or isometric simultaneous extension operator exists if
and only if the set M is scattered.

A set M C R is called scattered if it contains no dense in itself non-empty
subset [K, 1.9.VI].

Proposition 1. Let M C R and L: By|y — A be a simultaneous extension
operator. If L is positive or continuous, then M is scattered.

PROOF. The case of continuous operator L is more complicated to deal with.
It will be convenient to index symbols by points of the set M. The first part
of the proof is common for both cases.

Assume that M is not scattered. Let A # 0 be a dense in itself subset
of M. Let ag € A and Iy = Jy be an open interval containing ag. If Iy D
JoD-DI,1DJy_1 and ag,...,a,_1 € A have already been defined, find
an € ANJp_1\{ao,...,an—1}. If L is positive, put

Ga, =Gy = {y ceR: L(Xa”)(y) > ;}

If L is continuous, put

1
G,,= Gy = {y ceR: L(XanqLZXai)(y) > 3 for every D C {1,...,n1}}.

€D
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Since L(X,,) are approximately continuous, L(X,, )(a,) = 1, and L(X,,)(a,) =
0fori=1,...,n— 1, the point a, is a point of density of the set G,,. Hence
there is hq, = h, € (0, %) such that I,, = I,, := (an — hn,an + hy) C Jpa
and! \(G,, N 1,) > (1= 27")2h,,. Lt Jy i= (an — 27 "hp, ap +27"hy).

Let {z} =(o—; In = Ny, Jn- Note that a, — x and, for every n,

n=1

MGn N (2= A,z + hy)) > MG N I,) =27y, > (1 —27"1)2h,.

If L is positive, {n,,} is an arbitrary increasing sequence, b, := a,,  and
m = Gn,,., then L(3>_0_ X, ) > % on the set {J,,, Hy,. (It is easy to see
that > X, is a Baire one function since b,, — z.) Furthermore, for every m,
MUy, He) N (@ = hy,, @ + by, ) /20y, > 1 —27"mF ! and h,  — 0. Hence
x is not a point of density of R\ |J,, Hmm. By our assumptions and because
>y X, € By we have that L(>"°_, X;,,) is approximately Continuous SO
LY 1 Xy, )(z) > 1. For i,m € N put m(w) = 2¢(2m — 1). Then {n$)}_,
(i =1,2...) are disjoint increasing sequences. By the linearity and positivity
of L,

L(gxan>(m)>§: (ixam> > N—>oo (as N — o0),

which is a contradiction.
If L is continuous, let K € N be such that f € B[y and ||f|| < 1 implies

< K. Let a;’ := a; for © € N. Proceed by induction. Assume n €
L(f)| < K. Let oV for i € N. Proceed by induction. A N
is fixed and {az(.n_l)}z?’i1 is already defined. For k =1,2,...,4K put

AZ—l —ﬂ{yéf (n-1) : L ZX[, ) > _1},

n—1

where the intersection is taken over all subsequences {b;}5°, of {afgﬂir)k} .
=1

Every set A* | is measurable since it is an intersection of closed sets in the

k

density topology. Hence closed itself. Furthermore UiI:{lA =1 -

—1

Indeed, if y € Ia<n:11> does not belong to A*_, for any k = 1,2,...,4K,
then there is a subsequence {b;}5°, of {a(n_l)}c’ol such that L(}, Xy, )(y) <
4K - (—7) which is contrary to the definition of K. Hence there exists k €
{1,2,...,4K} such that A(A%_,) > A(I u-1)/4K. For such k, let a(™ :=

n—1

aggﬁi)k and A, := Ak _|.

LFor our purposes it is enough to have \(Gp, N1y) > c¢-2hy, where ¢ € (0,1) is a constant

depending on the norm of L, or, say, ¢ = % in the case L is positive.
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Let @, := a%n) be the diagonal sequence. Let {n,,} be an increasing se-

quence, by, := d,, . Fix mg € N. Then?

7 (’ﬂm +1)1 0o
(o} cmort C LA} SN2, C )

i= nmo—i-l

and L(Y_,5mm, Xbm) > —1on An,,, C I, - Recall that by definition of Gy,
L(Y <o Xb,,) > 5 00 Gbm Thus L(Y ooy Xp,,) = jon A, NGy, C Iy,
which has measure at least A(A,,, ) — A(lp,,, \ Gb,.) = (57 — 270 )2hy,, .
This implies

1

1
NGy, N(@—hs,  2+hy, ) > (=27 "m0 =270 )2hy, > —2hy,

A (A 4K mo T 8K

Nmg

oo

if mg is large enough. Hence L( > "7,

For i,m € N put n{) = 2¢(2m — 1). Then {n }m (=12, ) are disjoint
increasing sequences. Let f; = Y. Xg - Then L(fi)(z) > 7. As >, %fz

m=1
converges uniformly, >, % fi € By and we obtain by the continuity of L that

Xb,, (:v)) > 1 7 by approximate continuity.

N
1 1
Zf _ > - -
L(E - fi)(2) ngrgnLlef) ngnoo4§
7 i=
This is a contradiction for the case of continuous extension operator. O

Recall that a family {A,},cz of subsets of a topological space (X,7) is
discrete if for every x € X there is a 7-neighborhood U of x such that U
intersects A, for at most one ¢« € Z. Note that every discrete family is disjoint.

A subset M of (X,7) is called strongly discrete if there exists a family
{G4}zenm of T-open subsets of X, discrete in (X, 7), such that € G, for every
x € M. (However, some authors give a non-equivalent definition replacing
“discrete in (X, 7)” by “disjoint”.)

Lemma 2. Let M be a scattered subset of R. Then M is a strongly discrete
subset of (R,d).

PROOF. (This simpler proof was suggested by L. Zajicek.) We know that M
is countable ([K, 2.23.V]) and Gs ([K, 2.24.1II.1a]). Let 2,, n € I C N, be
the points of M. Let f: M — R be defined by f(z,) = n for n € I and
f(z) =0 for x € R\ M. Then f is obviously F,-measurable; i.e., f € By.
By the unbounded version of the Theorem of Petruska and Laczkovich ([PL
3.2(iii)]), f|am can be extended to an approximately continuous function g on

2We write {¢m} C {dm} if sequence {cm} is a subsequence of {dm }.
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R. Forn € I and x = z,, let G, = g7 '((n — 1/3,n + 1/3)). Then z € G,
and {G.}senm is a family of density open subsets, discrete in the density
topology. O

Lemma 3. Let M C R. Let {Gy}zem be a family of density open subsets of
R, discrete in (R,d), such that x € G, for every x € M. Then there exists
a family {fz}zem of approximately continuous functions f,: R — [0, 1], such
that fz|M = X{z}|M fO’f‘ every x € M, {y : fIl(y) 7é 0} N {y : frg(y) 7& 0} =0
whenever x1 # x3, x1,x2 € M, and for arbitrary function g: M — R, the
function Fy(y) =3, car 9(x) f2(y) is approvimately continuous and Fy|p = g.

PROOF. By complete regularity of the density topology (cf. [LMZ, 6.9]), for
each x € M there is an approximately continuous function f,: R — [0,1],
such that f,(r) = 1 and f,(y) = 0 for y € R\ G,. Thus fi|yr = Xy |M.
Since the family {G;}zcnr is discrete in the density topology, the function Fy
is approximately continuous for an arbitrary function g on M. O

Remark 3.1. By the Lusin-Menchoff property of the density topology (cf.
[LMZ, 6.9.g]), there exist density open sets H,,, (r € M), x € H, C H, C G,.
Using complete regularity for each pair (x, H,) we obtain f, such that the
family of closed supports of functions f, is discrete in the density topology.

Theorem 4. For a set M C R, the following conditions are equivalent:
(i) M is scattered,

(ii) M is a strongly discrete subset of (R,d),

)
)
(iii) there exists a positive simultaneous extension operator L: Bi|y — A,
(iv) there exists a continuous simultaneous extension operator L: By|ay — A,
)

(v) there exists a positive isometric simultaneous extension operator L: By |as

— A.

PROOF. By Lemma 2, (i) implies (ii) and Lemma 3 shows that (ii) implies
(iii), (iv), (v). The implications (iii) = (i), (iv) = (i) and (v) = (i) follow
from Proposition 1. O

Remarks 4.1. 1. Notice that we did not need to restrict ourselves to bounded
functions. A could be the space of all approximately continuous functions
on R and By | the space of all restrictions (to M) of Baire one functions. All
results of this paper hold in this setting as well. (The continuity of L is to be
understood as continuity in the topology of uniform convergence).
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2. The proof of Proposition 1 cannot be based on the assertion that A C By
only but must use other properties of approximately continuous functions. In-
deed, if M C R is an ambivalent set (both F, and Gg), then there exists
a positive isometric simultaneous extension operator L: Bi|y — By (for ex-
ample given by the formula L(f|a) := f-Xa for f € By; note that X € By).

Since the proof of Proposition 1 is much more complicated in the case of
continuous simultaneous extension operator L, the following idea arose which
was inspired by a well developed theory of operators on Banach lattices: Could
we prove first that L is regular, thus reducing to the case of positive simulta-
neous extension operator? We will see that this idea fails.

Recall that, for F, F Banach lattices, we say that a continuous operator
T: E — F is reqular if it can be decomposed as T' = P, — P, where P, P,
are positive and continuous. In [X], the question is discussed, whether every
continuous operator £ — F' is regular, for cases in which each E and F' is one
of Banach lattices £, (1 < p < ), loo, Co, ¢, C[0,1] and C(K).

Example 5. There exists a continuous operator Ti: oo — A which is not
reqular.

PROOF. Let r,(x) = sgnsin(27nz) be the Rademacher’s functions on [0, 1].
They form an orthonormal set in Lo[0, 1] and consequently || >0 | anry||z, =
{arn} 1 |le,. In particular, for ¢t > 0

A({z € 10,1+ |55 320 anrn (@) > t}) < [l S0ty antall,

= mrzl{antica 7, < = l{an iz,

Furthermore, for almost every x € [0, 1],

max{ Z anrn(x) @ |ay] < 1}

FormeNlet p,,=1+2+---4+m,po=0. If n mENandpm 1
P, let s, () = Zrp_p, (2™ (x — 27™)) for x € |5, za=) and s, (z
otherwise. Fix {a,} € ls and let f =", a,s,. Note that f(0) = 0. The
function f is approximately continuous at 0 since for every ¢t > 0 and every
m e N,

<n<
) =0

M{r €[5 gamr) V@1 > 1)) < g lH{and 7.

‘We have also
max{ Z anSn () : lan| < 1} =1

Pm—1<N<pm
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for almost all x € [%7 27,%1] Now, for n,m € N, p,,_1 < n < pm, let s, be

a continuous function on R, supported in the same interval as s,, ||S,] < %,
such that A({z € R : 5,(z) # sn(2)}) < —35=. Let Ti: log — A be defined
by T1 (a1, 81,0, B2, ...)) = > (aty — Bn)Sn. Then obviously ||T3]| < 2.

In order to prove non-regularity of 77, assume that there exists a positive
operator P: {o, — A, P >Tj. Let My, k € N, be disjoint and infinite subsets
of N, N, = {n: pjm—1 < n < py, for some m € My}. Set bgfL)_l = bé’fl) =1if
n € Ny, zero otherwise. Fix k € N and let fi, = P({b%k)}ff:l) € A. Then, for
every m € My,

fr(x) > max Z (an — Bn)sn(z) : 0 <, <1, Ogﬂngl}l

Pm—1<n<pm

for all z € [2%, Qm%l] \ A,, where A,, is a set of measure at most ——. Thus

m2m

fx(0) > 1 since fi is approximately continuous. Let ¢, = 1 for all n € N. By
positivity and linearity of P, P({c,})(0) > P({Zsz1 b%k)})(O) > K for every
K € N, which is a contradiction. O

Corollary 6. There exists a continuous operator To: A — A which is not
regular.

PROOF. Note that if M = {z,, : n € N} C R is infinite and scattered (and
ZTp F# Ty for m # m) then the map ¢: Bily — loo: f — {f(2n)}52, is an
order preserving isometry Bi|js onto £, (since every function on M extended
by zero on R\ M is a Baire one function by the same argument as in the proof
of Lemma 2). Therefore we will not distinguish between these two spaces.
For f € A, let To(f) = Ti(r(f)) where T;: ¢, — A is the continuous
non-regular operator from the previous example and r is the restriction map
to an infinite scattered set M C R (e.g. M = N). Let L : Bi|psy — A be a
positive simultaneous extension operator (Theorem 4). Then 75 is not regular
since otherwise T7 = TirL = T, L were regular, too. O

Now let M C R be an infinite set of Lebesgue measure zero. Let M1 C M
be an infinite scattered set (e.g. a sequence converging to € RU {£o0}) and
My = M\ M. Then, since f = f- Xy, + f - (1 — Xpp,) for every f € By
and Xpg, € By, By is isometrically and order isomorphic to By |a, @oo Bilas,
and hence to loo @oo Bi|ns,- If T is as in Example 5, then T3((z, f)) = T1(x)
(x € s, f € Bi|n,) provides a continuous non-regular operator By |y — A.
Furthermore, assume we have a continuous simultaneous extension operator
L: By|py — A. Then it can be easily modified (using the above ideas) to
a non-regular one. Thus the idea of simplification of the proof of Theorem 4
using the notion of regular operator fails.
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Finally, we would like to note that it is not difficult to show directly that
any of conditions (iii), (iv), (v) of Theorem 4 implies that M is countable.

References

[J] G. J. O. Jameson, An elementary proof of the Arens and Borsuk ez-
tension theorems, J. London Math. Soc. II. Ser. 14 (1976), 364-368.

K] K. Kuratowski, Topology I, Academic Press 1966.

[LMZ] J. Lukes, J. Maly, L. Zajicek, Fine Topology Methods in Real Analysis
and Potential Theory, Lecture Notes in Mathematics 1189, Springer-
Verlag 1986.

[PL]  G. Petruska, M. Laczkovich, Baire 1 functions, approzimately continu-
ous functions and derivatives, Acta Math. Acad. Sci. Hung. 25 (1974),
189-212.

[X] Hong-Yun Xiong, On whether or not L(E,F) = L"(E,F) for some
classical Banach lattices E and F, Indagationes Math. 46 (1984), 267—
282.



