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A CHARACTERIZATION OF C*!
FUNCTIONS

Abstract

In this work we provide a characterization of C*! functions on R"
(that is, k times differentiable with locally Lipschitzian k-th derivatives)
by means of (k + 1)-th divided differences and Riemann derivatives. In
particular we prove that the class of C*! functions is equivalent to the
class of functions with bounded (k + 1)-th divided difference. From this
result we deduce a Taylor’s formula for this class of functions and a
characterization through Riemann derivatives.

1 Introduction

In this paper we give some necessary and sufficient conditions for a real func-
tion on R™ to be of class C*'1; that is, k times differentiable with locally Lips-
chitzian k-th derivatives. The relations mentioned above involve the bounded-
ness of the (k+1)-th divided difference or of the (k+1)-th Riemann derivatives.
The authors have studied these concepts in the case of real functions of one
real variable in [18] and in [19] and a first generalization to the case of C'!:!
functions on R™ in [20]. In this paper we extend the results in [20] to the case
of C*1 functions on R™. Furthermore we prove a Taylor’s formula for this
class of functions.
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The class of C*! functions has been studied since the work of Hiriart-
Urruty, Strodiot and Hien Nguyen [13] who introduced the concept of gener-
alized Hessian matrix for C1'! functions proving also second-order optimality
conditions for nonlinear constrained problems. Since that paper many works
have been written on the applications of C'''! functions to optimization prob-
lems. In particular, Klatte and Tammer [14] obtained second-order necessary
and sufficient optimality conditions for mathematical programming problems
in terms of generalized Hessians and Cominetti and Correa [4] introduced a
generalized second-order directional derivative. Thereafter, Yang and Jeyaku-
mar [35], recalling a paper by Michel and Penot [27], introduced a different
notion of second-order directional derivative and, later, Yang [36] used this
notion to obtain optimality conditions in semi-infinite programming. Further-
more C1! functions have revealed their importance in optimization methods
as one can see in [3], [30], [31], [32], [33], [34].

Later, the more general case of C*¥! functions were investigated by Luc
[25] who extended Taylor’s formula, proved higher order optimality conditions
when derivatives of order greater than k do not exist and provided character-
izations of generalized convex functions.

In this section we recall some concepts which are fundamental for under-
standing the proofs of the results. The second and the third sections are
devoted to the main results.

1.1 Divided Differences, k-Convex Functions, Peano and Riemann
Derivatives

Let us consider a function f: Q2 CR™ — R, Q open and let z € 2, h € R and
de St ={veR": |v|] =1}. We define

k

_i(k )
Affash) =Y (-1)* (i)f(x + ihd).
i=0
Definition 1.1. The k-th Riemann derivative of f at a point x € § in the
A¢f(x;h
direction d is defined as Dy f(x;d) = limp_0 %, if this limit exists.
The upper and lower k-th Riemann derivatives are respectively defined as
. Ad -h A4 “h
Dy f(x;d) = limsup Aif(xih) and D, f(z;d) = liminf Af(x:h)
h—0 hk h—0 hk

Similarly we can define differences
k

Spfash) =Y (~1)F" (f)f(x + ihd — %khd).

=0



A CHARACTERIZATION OF C*1 FUNCTIONS 517

The corresponding k-th Riemann-type derivative is defined by

S f(x; h)

k
It is easy to see that A¢f(x;h) = §¢f(x + §hd; h).
Besides these expressions, in the proof of Theorem 2.1, we will consider
differences A¢ f(z; h) defined recursively by

Aff(a:h) = fla+hd) = f(x), Alf(ash) = Af_ f(232h) = 27T AL f(as h).
As observed in [26], we have
AZf(x; hid) = apf(z+25 " hd)+ag_1 f(x+28"2hd)+- - -+a1 f(x+hd)+ao f (z),

where, for any fixed k, a; depends only on j (j = 1,...,k —1) and a; = 1.
The following lemma can be easily deduced from Lemma 2 in [26].

Lemma 1.1. There are constants Cy,C1,...,Cor-1_,, such that Vz,h,d

2k—1_k
Adf(x;h) = Z Ci AL f(x 4 ihd; h).

The proof of the following lemma is straightforward from the previous
result.

Lemma 1.2. If there exist neighborhoods U C R™ of the point xg and V C R

d .
w is bounded on U x V\{0} uniformly with

respect to d € S, then there erxist neighborhoods Uy of xo and Vi of the origin
Aff(x:h)
L

of the origin such that

such that
de St

is bounded on Uy x Vi\{0} wuniformly with respect to

The proof of the following lemma is similar to that of Lemma 6 in [26] and
we give it for the sake of completeness.

Lemma 1.3. Assume that [ is bounded in a neighborhood of the point xq.
If there exist meighborhoods U of the point xo and V of the origin such that
Ad f(x;h
% is bounded on U x V\{0} uniformly with respect to d € S*, then
Ai,lf(ﬂf; h)

also =

is bounded on U x V\{0} uniformly with respect to d € S*.
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PRrROOF. From the hypotheses we obtain that there exists a number 6 > 0,
such that Vo € U, Vh with |h| < d,h # 0 and Vd € S!

Ad k—1Axd h h*
Af 1 f(z;h) =2 Akflf(x§§) <M 3|
~ h L~ h h k
Azf1f(33§§)_2k 1Ai71f(x;1) <M 1l
Ad k—1Kd h h "
RS i) — 2 A flas )| < b | 2

Multiplying these inequalities by 1,2F~1,22(k=1) 9(n=1(k=1) regpectively,
by addition we obtain

hk

< 1y 5 h
‘Az_lﬂz; By — 2 6DAL | f(an 2n>’ o ‘2

b

and hence 5
2nE=DAL | f(a; 27)
!/
pR—1 <M
for %(5 < |h| < 4, by using the boundedness of f. Hence, writing £ = ons We
have _
Az71 f(':l:a 5) / 6 6
— e < M' for ST <g < o n=20,1,...,
and the lemma is established, since n can be chosen arbitrarily. O

Definition 1.2. If there exist numbers fi(xz;d), ..., fr(z;d) such that
h? ¥
f(z+hd) = f(z) + hfi(z;d) + ?f2(1’;d) +o 4 ﬁfk(x;d) + r(z; h; d),

r(w; b d)
hE

at x in the direction d € S'. The number fi(x;d) is called the k-th Peano

derivative of f at x in the direction d € S*.

where — 0 as h — 0, then f is said to admit a k-th Peano derivative

In the following we set

f(z+ hdy) — f(x)
h

f'(w;dy) = lim
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and recursively define f(k)(x; dy,...,di) to be

i fED(x 4 hdy:dy,. .. di_1) — fE D (zdy, ... di_1)
h—0 h ’

where dy,...,d; € St

In particular, we will set f*)(z;d) = f*)(2;d,...,d). Tt is well known
that the existence of the ordinary k-th directional derivative of f at x in the
direction d, f*)(z;d) implies the existence of fi(x;d) and this in turn implies
the existence of Dy f(x;d).

Definition 1.3. If there exist i-linear functions é;(x;-,...,-) : R"" — R,
i=1...k (where R"™* =R" x --. x R" i times), such that

flx+u) = f(x)+ a1 (z;u) + %dg(ﬂ:;u,u) +oo 4 =ap(mu, .. u) (),

r(z;d)
, [[ul[
differential at x.

where — 0 as u — 0, then f is said to admit a k-th uniform Peano

Remark 1.1. The previous definition is equivalent to

h? hF
f(x + hd) = f(z) + héq(z; d) + ?dz(l';d) +e ﬁdk(x;d) + r(x; by d),
shyd
where M — 0 as h — 0, uniformly with respect to d € S' (or equiva-

hk
lently with respect to d € B(0,6) = {d € R" : ||d|| < 6}, whenever § > 0).

Adf(x;h)

Lemma 1.4. [26] If fi.(z;d) exists, then so does limp_q LR and there
Adf(x;h
exists a number \i, depending only on k € N, such that A\ lim,_,g % =

fk(a?;d).

For a survey on Riemann and Peano derivatives one can see for instance
[7], [12], [28] and [38]. Further properties of Peano and Riemann derivatives
are given in [9], [10] and [11].

Definition 1.4. A continuous function f: Q2 C R™ — R is said to be locally

Ad ; h
%(f) > 0, Vx in a neighborhood U of xg,

Vd € S* and Vh such that z + (k+1)hd € U.

k-convexr at Tog € Q when
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Remark 1.2. If f is not continuous, the definition of k-convex function has
to be given considering divided differences at arbitrary (not equally spaced)
points (see for instance [2] and [8] for details).

When k = 1 the previous definition reduces to that of convex function.

Az 1(.Z‘,h)
Remark 1.3. Let f: Q — R be a function such that % > M, for

each x in a neighborhood U of xg € 2, h in a neighborhood V of 0 and d € S*.
If M >0, then f is obviously k-convex. If M < 0, let

k+1

AERTTNESED SR SR

J=0 irttin=j

be a polynomial of degree at most k + 1 in the real variables x1,...,T,. It is
known that, letting d = (dy,...,d,), d; € R,

Aerlp(.Z‘; h) Z

— . . il DY Z
hk.;,_l cllwuﬂndl dn"7

i1+ Fin=k+1

so that one can always choose the coefficients of the polynomial so that

£ Ag+1p(x; h)

densl hk-‘rl - -M

for every x and h and hence, with this choice of the coefficients, the function
f(@) + p(x) is locally k-convex at x.

Theorem 1.1. [5] Let f: Q — R be a continuous k-convex function, and let
x € Q. If f admits a k-th Peano differential at x, then f is k times Fréchet
differentiable at the point x and the k-th Fréchet differential of f at x coincides
with ag(x; - ...,-).

1.2 Standard Mollifiers

The function

Cexp(—i—), if|z| <1
0, if [|z|| > 1

is C*°(R™) and we can choose the constant C' € R such that [, ¢(x)dx = 1.

x
¢(=
Definition 1.5. Let ¢ > 0. The functions ¢.(x) = —5— are called standard

mollifiers.
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Definition 1.6. Let f : Q — R. We say that f € C§(Q) if f € C*(Q) and

sptr={z e Q: f(x) #0} C Q.

Theorem 1.2. [1] The functions ¢. are C*°(R™) and satisfy:

Z) fRn ¢€(I) dr =1
ii) spty. C B(0,¢).

For a bounded function f :  — R, and ¢ > 0, we define functions f; :
R™ — R by the convolution f.(z) = [, ¢-(y—z)f(y)dy. Observe that f.(x) =0
if x ¢ Q4 B(0,¢) and that f. € C(R").

Theorem 1.3. [1] Suppose that f € L} (Q). Then f.(z) — f(z) a.e. x € £,

loc
when e — 0. If f € C(Q), then the convergence is uniform on compact subsets

of Q.

Theorem 1.4. [1] Let K be a compact subset of . Then e > 0 such that
Ve <egp and Vo € K, the function y — ¢ (y — x) is C§°(Q).

2 A Characterization of C*! Functions

Definition 2.1. A function [ : Q — R is locally Lipschitz at xo when there
exist a constant K and a neighborhood U of xo such that

|f(x) = f(y)| < K|z =yl .Y,y € U.

Definition 2.2. A function f : Q — R is said to be of class C*' at xy when
its k-th order partial derivatives exist in a neighborhood of xo and are locally
Lipschitz at xg.

Theorem 2.1. Assume that the function f : Q — R is bounded in a neigh-
borhood of the point xg € Q. Then f is of class C*' at xq if and only if there

Ag ACHD)
exist neighborhoods U C R™ of xg and V C R of 0 such that % 18

bounded by a constant M > 0 on U x V\{0} uniformly with respect to d € S*;

AZ+1f(37§ h)

that 1is, s

< M Vx € U, Yh € V\{0}, Vd € S*.

PROOF. i) Sufficiency. From Lemmas 1.2 and 1.3, the uniform boundedness of
AZ+1f (I 5 h)

] on UxV\{0} implies the existence of neighborhoods U; of ¢ and
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. Adf(a;h)

V1 of 0 and a constant M; > 0 such that for j =1,...,k, |—Z % < My,
Adf(a; h)

Vo € Uy, Vh € Vi\{0} and Vd € S'. Observe that — < My,

Vz € Uy, Vh € V1\{0} and Vd € S means that f is locally Lipschitz at the
point zy and hence continuous in a neighborhood of z.

If we choose a neighborhood Us of zg such that Uy C Uy, we can find
a compact set K such that U C K C U;. By Theorem 1.4, there exists a
number g7 > 0 such that the function y — ¢.(y — x) is of class C§°(Uy),
Vo € Uy, Ve < gy. Hence, Yz € Uy, Vd € S and Ve < e, by Lemma 1.4 and
the Lebesgue convergence theorem, for 1 < j < k we have

@ d) = (=1) | 60y - d)f(y)dy
=7 [ o=z dy

. Adgp (y — i h
= (—1)7) /U fig 2200 ZTR) s g

L h—0 hJ

S aide(y — x + 207 hd) + agde(y — )

= [ Jim . 1) d
1Ye 22 1hd € -
= (-1)’\ flfi’%/ K etely erhJ )2 000l =) i) ay

Now, putting z = y + 2" 'hd, we obtain

@i¢8(y_$+2i—lhd) . aif(Z_Qi_lhd)d)E(Z—x)
/Ul ni fly)dy = /U B - dz.
Thus
v [ Sl aide(y —x + i}flhd) T a0de W =2) o o
J i—1
=(~1)7)\; aif(z = 27 hd)ge (2 — x) |
U ;~/U1+2i1hd h “
T (—1)i / W dz.
Ui

Since K is a compact subset of Uy, there exists a number hg > 0 such that Vh
with |h| < hg we have K C Uy +2""thd, i =1,...,k. By Theorem 1.4 we
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get that Ve < gy the previous equation equals

J a; f(z —2¢1 (2 —x
(_1)j>\j2/ Zf( 2 hd)¢ ( )dz

i=17/U1 hi
+ (_1)])\j/ aof(z)(f;(z —x) d
Ui
. Alf(z,—h) Adf(z,—h)
=(=1)7)\; 2 h(r—ax)dz =)\ 2 L h (2 —x)dz.
( ) J UL h] 5( ) J U, (_h)] 5( )
Hence we get
. Adf(z, h)
G (- ) — ). Ti J ’ _
Iz d) = A }lbli% . i de(z — x) dz.
| A f (k)
Since JT < My, Vo € Uy, Yh € V1\{0}, Vd € S, by Theorem
1.2 we get s(j)(x;d)‘ < M Ve < gy, Vx € Uy and Vd € S*. In this way we

established that for every 7 = 1,...,k, fg(j)(.; d) is bounded (uniformly with
respect to ¢ < g9 and d € S') on U,. Similarly one can prove that fa(kH)(-; d)
is bounded (uniformly with respect to ¢ < g and d € S') on U,. Hence,
for any x € Uy and d € S', there is a sequence ¢, converging to 0 such that
Vj = 1...k, the sequence fg(f;)(:c; d), converges to a limit which we denote by
aj(x;d). Note that the functions oj(x;d), j = 1,...,k, are bounded on Uy,
uniformly with respect to d € S', by the constant M;.

Let Uz be a neighborhood of xg such that Us C Us. If A is in a suitable
neighborhood of 0, then = + hd € Uy, whenever x € Uz and d € S'. The
functions f., (z) are of class C*°, and hence, for any = € Us, d € S' and h in
a neighborhood of 0, we have

pE+1
(k+1)!
where &, € (z,z+hd). By Theorem 1.3, taking the limit as n — +oo it follows
that fg(fﬂ)(fn; d) converges to a limit which we denote by §(z; h;d) and

k
fen(@+hd) = fo, (x) + hfl (z;d)+ -+ % F8) (@ d) + FE (s d),

k k+1

flx+hd) = f(z) + hoq(z;d) + - - + %ak(x;d) + mﬁ(x;h;d).

We observe that 8(x; h;d) is bounded for each & € Us, h in a neighborhood
hk+1

of 9 and d € S!; so that, putting r(z;h;d) = mﬂ(z;h; d), we have
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. Ip.
that limp_.g W = I/_gr’%_)o w = 0, uniformly with respect to
d € S* (or equivalently with respect to d € B(0,d), whenever § > 0; see also
Remark 1.1). It is easy to see that for each j = 1,...,k we have o;(z, su) =
sjaj(x,u) for every s € R and v € R™. Now we prove that, for each x € Us
there exist j-linear functions &;(;-,...,-) : R™J — R, j = 1,...,k, such
that &;(z;u,...,u) = aj(z;u), Yu € R™; so that f admits a uniform Peano

differential at . We begin proving that a;(z;u) is linear with respect to u €
R™. We have only to prove the additive property. In fact from the boundedness
of fI (x;d) =< Vf.,(z),d >, for z € Us and d € S* (uniformly with respect
to € < g9), it follows that there exists a constant K for which ||V f(z)|| < K in
Us. Hence, without loss of generality we can think that V f. (z) — a; so that
aq(zyu) =limy 400 < Ve, (), u >=< a,u > whenever u € R"™ and hence is
linear. Inductively suppose that there exist multilinear functions s (x; w1, ug),

o 0po1(xur, ug, . .., ug—1) such that &;(z;u,...,u) = oj(z;u), Yu € R”,
j=1...k—1. Let x € Us, v,w € R™, h and s in suitable neighborhoods of
0 € R; so that 4+ sw € Uz and = + sw + hd € Us. We consider the following
estimation of f(z 4+ sw + shv) in two ways, by expansion about z and by
expansion about x 4+ sw, obtaining

k
1
f(z + sw + shv) zf(a:)—kzﬁoz (x; sw + shv) + ri(x; s;w + ho)
=7
g
:f(m—i—sw)—l—zf' (z + sw; shv) + ro(x + sw; s; hv)
— j!
=

ri(w; ;w4 hv) lim ro(x 4 sw; s; hv)

=0
s—0 Sk s—0 Sk ’

uniformly with respect to v, w € B(0, ), whenever § > 0 and h in a neighbor-
hood of 0 (let us say h with |h| < ¢). Hence

k
1
o (3 sw + sho) =k![ f(z + sw) Z —aj(x + sw; shv) — f(x)

M

-1

- S0 (w3 sw + shv) + ra(2 + sw; s; hv)

>
==

Il
—
o

J
—ri(z;s;w + ho)]
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k
=k![f(z + sw) Z l x + sw; shv) — f(x)

k

N

-1

| =

|6<J(:E;sw + shv, ..., sw+ shv) + ra(z + sw; s; hv)

Q

1

J
—ri(x; s;w + ho)].

Then
(st 1) =5207 (o 4 o) 43 Lo+ swisho) - £00)
ag(r,w + hv —[f(z + sw) —aj(x + sw; shv x
o | =
=1
—Zf'dj(x;sw—l—shv,...,sw+shv)
=
+ ro(x + sw; s;hv) — (@ 5w + ho)].
Since &;(z,-,...,-) is multilinear for j < k —1 and o, (2 + sw;-) is homo-

geneous of degree j for j < k, the terms on the right, except for ro — 71, form

2t = 0 and the limit
is uniform for || < ¢ and w, v fixed vectors in any ball of center 0 and radius
d, it follows that ay(z;w+ ho) is a uniform limit of polynomials in h of degree
less than or equal k if |h| < c¢. Hence ag(z;w + ho) is itself a polynomial
in h of degree less than or equal k if |h| < ¢. Now let ey, ea,...,e, be the
vectors of the canonical basis of R™. Putting hie; +- -+ hype, = w4+ hv where
w=hie;+- - +hp_1em_1+hmsiem~+- - -+hnen, by, = hand e,;, = v, for every
m = 1,...,n the function defined by v(hq,..., h,) = ar(z;hier + - + hpeyn)
is a polynomial of degree less than or equal k in h,, if |h;,| < c¢. Hence
v(h1,...hy) is a polynomial in hy, kg, ..., hy, of degree less than or equal nk.
Since 7 is homogeneous of degree k; that is, y(sh,...,sh) = s*y(h,...,h),
Vs € R, every non zero term in the expression of v has degree exactly k. It
follows that

a polynomial in h of degree at most k. Since lim,_.q

Yy hn) = Y @it i

i1t tin=k
Now let hi = (h11,---shni)s - hie = (R, ..., hy k). Consider the term
h;j, j=1,...,n, and in the previous sum substitute it with the product
Sia

H hj,'m

r=(2i2) i) +1
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where we set Z?:l 47 = 0. In this way we construct a multilinear function
F(hi,. .., hg) on R™F and Y(h, ..., h) = v(h1,..., hy), where h = (hq,..., hy).
Putting &g (x;-,...,-) = F(z;-,...,-), it follows that f admits a uniform k-th

Peano differential at each point z € Us. By Remark 1.3, without loss of gen-
erality (by eventually adding a polynomial of degree k + 1) we can always
assume that f is k-convex. Hence, by Theorem 1.1 it follows that f is k& times
differentiable for each x € Uz and the k-th differential of f at = coincides with

) .
+

Furthermore since the functions f¢ (z;d) are bounded on Us (uniformly

with respect to € < gg and d € St), the functions fe(f) (z; d) satisfy the uniform
Lipschitz condition

F ¥y d) — f9(2;d)| < Blly — z|,Yz,y € Us, Vd € S

En

Eventually extracting subsequences we can assume that fg(f ) (z;d) and fg(ff ) (y;d)
converge to f*)(z;d) and to f*)(y;d). So, taking the limit for n — +oco we
obtain that f*)(z;d) is Lipschitzian on Us whenever d € S*.

ii) Necessity. Assume that f is of class C*! at zg. Set

Aqlfssidi](z) = flz+ s1dy) — f(x),

and recursively define
Apgalfist, .o Skp1sdy, . dia () =

Aplfistyeeysiidi, .o di](x + spe1dps1) — Dglf; 81,0, 8851, .., di)(2),

where z is is a neighborhood of zg, d; € S* and s; € R, s; “small enough”,
i=1,...,k+ 1. Observe that, for any d € S*

Ai[fisisdi]' (a3d) = f'(x + s1disd) = f'(23d) = A [f'(5d)s s13da] ()
and in general
Aplfist,osirdi,. o di) (@3d) = Dg[f (5 d); sty seida, - di(2).
Now, we have, using the mean value theorem and by the definition of Ay

ZkJrl[f; S1,-- 'aSkJrl;dla R 7dk+1]($)
81 Sk+1
:Ak[f; Sty Sk A1y di) (24 Opp1Skr1dir; di1)
81 “ .. sk
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AL Cidig)i 1, Sk da, o ) (@ + Oy 1 Sprdi)
S1- - Sk ’

where 011 € (0,1). Now we prove by induction that Vk > 2

Aglfssty...yspsd, ... dgl(z)

81+ Sk

_Zl[f(k_l)(~; dg, ce dk)7 S1, d1](1’ + 92d2 +--- 4+ Gkskdk)

)

S1
where 0o, ...,0; € (0,1). In fact, the previous equality holds for k = 2, as
A [f;s1,82;dy, do] ()
51852

f(.’ﬂ —+ 81d1 —+ SQdQ) — f(iL’ —+ Sldl) — f({E —+ SQdQ) —+ f(ac)
S$182

and setting ¢(7) = f(z + s1dy + 7d3) — f(x + 7d2), we have

Ao[f;s1,s0;d1;da] — g(s2) —g(0)  g'(B2s2)

8152 8182 51
— f(x + s1d1 + O252d2; d2) — f/(x + O252d2; d2)
S1
_ A [f'(5da)i 51, di] (@ + O352ds)
S1 ’

where 65 € (0,1). Now we assume that the stated equality holds for Aj_; and
we prove that it holds also for Ag. In fact

Aplf;styeeoysgsd, ..., dgl(z)
81-.-Sk

{Ak—l[f§317~-~a5k—1§d17---7dk—1]($+5kdk)_}/(sl sy

Ak—l[f;slv s 78k—1;d17 s 7dk;_1]($)
:Zk_l[f; S1yeeeySp—_1;d1,..., dk_ﬂ/(x + Ok skdy; dk)

81 ...sk71
:Zkfl[f%'adk);(sly-~'75k71§d17~-~adk71}($+9k5kdk)
81+ Skp_1

_Zl[f(k_l)(-; dg, ... ,dk_1); S1; dl](x + Oos0dy + -+ - + kakdk)

- 9

S1



528 DAvIDE LA TORRE AND MATTEO RoccA

where 0o, ...,0; € (0,1). Hence

Apglfsst, oo Spp1da, - diga](@)
81 P Sk?+1
:Zl [f®)(5da, ..., di); s1;da)(x + Oas2da + - - + Opy15k41dps1)
S1 ’
where 0y, ...,0,41 € (0,1). Since f is of class C*1 at xg, there is a constant

M, a neighborhood U of zy and a number § > 0 such that

Api1lfi 81500 Sk415d1, - ooy digr) ()
81 Sk41

<M,

Ve eU, |sil < 8,8 #0,d;€S',i=1,...,k+ 1. Now the conclusion follows
easily observing that if 51 = so = -+ = sp41 = hand dy = -+ = dy41 = 4,
then Agi1[f;s1,---, Skr15d1, .-, drs1](z) = Anglf(x; h). O

Corollary 2.1. Assume that the function f is bounded on a neighborhood of

xg. Then f is of class C*' at xq if and only if there exist neighborhoods U
§¢ ih

of xg and V' of 0 such that %j_f) is bounded on U x V\{0}, uniformly

with respect to d € S*.

PROOF. The proof is straightforward recalling that

Ag-uf(l"%h) :(Y)‘1(¢1,+1f(ﬂv+ 9 ;

Theorem 2.2. Assume that f is continuous and D, f(x;d) exists on a
neighborhood of the point xo, Yd € S'. Then f is of class C*' at xq if and
only if there exists a meighborhood U of xo and a function g € L*(U) such
that:

i) AM > 0 such that |Dyy1f(z;d)| < M, Vz € U, Vd € S,

Agﬂf(ﬂ h)
hEk+1

reU.

ii) < g(x), for |h| “small enough” (h # 0), d € S and a.e.

PROOF. i) Sufficiency. Arguing in a fashion similar to that of the previous
theorem and using Lebesgue’s theorem, for £ “sufficiently small”, for every x
in a neighborhood of zy and d € S* we obtain

AZ . f(zih)
(k+1) (.. 1 k+1 ) o
JT (@ d) —}ng})/gihkﬂ Pe(z —x)dz
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Ad ih
= /Q}ILIE%J %(f)qbs(z —z)dz = -/S;Dk-+1f(z; d)pe(z — x) dz.

For each d € S! f¥*1(x,d) is bounded on U (uniformly with respect to ¢).
Using the integral representation of divided differences (see for instance [16],
ch. 6, th. 2), we have

A -h 1 t1 tr
’”h%(fc’):/ dtl/ dt.../ FED (2 4ty hd + -+ t1hd; d) dtgy .
0 0 0

For x and h in suitable neighborhoods of =y and 0 respectively, the left member
in the previous inequality is bounded by a constant M (uniformly with respect
to €). Sending & to 0 by Theorem 1.3, we get the existence of neighborhoods

A i h
U of 2o and V of 0 € R such that ¥d € S, %(f)

U x V\{0}. The conclusion now follows from Theorem 2.1.
ii) Necessity. The proof is similar to that of the necessary condition in
Theorem 2.1. [

is bounded on

Remark 2.1. Theorems 2.1 and 2.2 extend the elementary condition which re-
lates the Lipschitz condition on f*)(z;d) and the boundedness of f*+V (x;d).
We generalize this relation without requiring any differentiability hypothesis
and linking the existence and the Lipschitz behavior of f*) (z;d) to the bound-
ng+1f(x§h)

edness of s

or of the upper and lower Riemann derivatives.

Remark 2.2. Conditions similar to those of Theorem 2.2, expressed in terms
of Di+1f(x;d) can be proved in an analogous way.

3 Taylor’s Formula for C*! Functions

In this section we give a Taylor’s formula for C*! functions expressed by
means of Riemann derivatives. The proof of the following lemma is included
in that of Theorem 2.1

Lemma 3.1. If f is of class C*' at xq, then for every d € S' there exist
sequences &, converging to 0 and &, € (xo,xo + hd) such that fs(fﬂ)(gn;d)

converges to a limit B(xo; h;d) and

2
Pl + hd) =F(zo) + hf (w3 ) + o " s ) + -

k hk+1

h
+ ﬁf(k) (w05 d) + mﬂ(mo; h;d).
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Theorem 3.1. Let f be of class C*' at xg. If the function x — Dyyq(x;d) is
upper semicontinuous in a neighborhood of xq, then there exists £ € [xg, xo+td]
such that

B2 R+l
fzo +hd) < f(x0) + hf'(x0;d) + 3f//(xo;d) ++ kaHf(f;d)-
If the function x — Dy (x;d) is lower semicontinuous in a neighborhood of
xo, then there exists & € [xg, xo + td] such that

hk+1

2
f(zo + hd) > f(zo) + hf' (z0;d) + %f”(ﬂfo; d)+---+ m2k+1f(f§ d).

Proor. Without loss of generality, the term [(zo; h; d) in the previous lemma
can be expressed as [(zo; h;d) = lim, 4o fe(fﬂ)(é“n;d) for some sequences
&n — & € [z, 20 + hd] and €, — 0. As in the proof of Theorem 2.1, one can
write that!

a(ferl)(gna d) = (_1)k+1 /Q ¢§i+1)(y —&n; d)f(y) dy

Ad e - n?h
’”1%,&1 ; )f(y)dy

AL f(&n +enys h)
= ¢e, (y) dy

. A f(gn + eny; h)
R e
B(0,1) h—0

= (=1)**! lim
h—0 B(0,1)

= (=1)*! lim
h—0Jp(0,1)

— [ Dras(n+ cndiolw v
B(0,1)
Now using the upper semicontinuity of Dj1f(:;d) we have

Blash;d) < / lim sup D1 /(60 + enys )b(y) dy
B(0,1) n—+o0

< / Disr f(€:d)d(y) dy = Dy f(€:d)
B(0,1)

and the proof of the first inequality is complete. The proof of the second
inequality is analogous. O

n the proof of this theorem we will use the following generalized version of Fatou’s
lemma: if f, is a sequence of measurable functions, fn, > M and E C R™ is a subset of
finite measure, then limsup,, ., [ fn < [glimsup, | fn
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When Djy1f(+;d) exists in a neighborhood of zy and is continuous, the
previous theorem reduces to the classical Taylor’s formula, as one can easily
deduce from the following result.

Theorem 3.2. Let f : Q — R be a function of class C*1 at zo. If Dyy1f(+;d)
exists and is continuous in a neighborhood of xo, then f*+V (xq;d) exists and
D1 f(wo;d) = fEHD (05 d).

PROOF. From the previous theorem it follows that

k+1

k
f(xo + hd) = f(xo) + hf (wo;d) + -+ + %f(k)(:vo;d)Jr (;4_ 5

1 D1 f (& d),

where & € [xg,x¢ + hd]. Considering the expansion of the terms f(xo + ihd),
i1=1,...,k, about zy and about xy + hd we obtain

k
A i) = 314 () o) + i i) -
=0
(ih)* (ih)h+1
k! (k+1)!

k Lk
- Z(—1)’H (l> [f (o + hd) + (i — D)hf (w0 + hd; d) +

(i — 1)hJ*
!

8 (2o d) + Diy1f(&;d)]

(i = Ve

(k) .
f (1‘0+hd,d)+ (/{1+1)!

Dk+1f(gi; d)]
where & € [zg,z0 + ihd] and &, € [xo + hd,xo + ihd]. From [6] we have
Simo(DF(R)F = 0 for j = 0,1,k =1, and 30 (-1 (§)i* = kL
after simple calculations from the previous equalities we get

k

) . B (K (ih)FH
70 o) O D =30 () G D)

k i — k+1 _
e (A Do

Dividing by h¥*! and taking the limit as h — 0 using the continuity of
Dy11f(+;d) we obtain

¥ (2o + hd;d) — FF) (20;d
f(k+1)($0;d) _ }llll% f ( 0 h) f ( 0 )
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A R Y]
= D41 f(z0;d). O

b k41 SNkt
:Dk+1f($0;d)2(—l)k—i<k) { (i)FF B [(i — 1)]k+
i=0

K3
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