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HENSTOCK-KURZWEIL TYPE
INTEGRATION OF RIESZ-SPACE-VALUED
FUNCTIONS AND APPLICATIONS TO
WALSH SERIES

Abstract

Some versions of Henstock-Kurzweil integral with respect to different
derivation bases for functions with values in Dedekind complete Riesz
spaces are studied. Fundamental Theorem of Calculus are proved for
these integrals and an application to Walsh series is given.

1 Introduction.

In this paper we extend some definitions and results of [4] related to Henstock-
Kurzweil integration of Riesz-space-valued functions, to the case of integration
with respect to derivation basis. Considering a wide class of Riesz spaces
we prove for this type of Henstock-Kurzweil integrals some versions of the
Fundamental Theorem of Integral Calculus. In a particular case of the dyadic
basis we apply this theorem to the problem of recovering the coefficients of
Walsh series from their sums by generalized Fourier formulas in which integrals
are understood in the above sense.
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420 A. BoccuTto AND V. A. SKVORTSOV

In the real-valued case the Henstock-Kurzweil integrals with respect to
bases were considered in [22] (see also [6] and [15]). For dyadic Henstock-
Kurzweil integral and for its application to Walsh series with real coefficients
see [16], [19], [20].

The paper is structured as follows. In Section 2 we recall some fundamental
concepts related to Riesz spaces and derivation bases, and introduce some no-
tions of continuity and differentiability of Riesz-space-valued interval-functions
with respect to bases. In Section 3 we investigate some basic properties of the
Henstock-Kurzweil integral for Riesz-space-valued functions with respect to
abstract bases. In Section 4 we prove some version of the Fundamental Theo-
rem of Calculus for this type of integral generalizing some results obtained in
[4]. Finally, in Section 5, we consider Walsh series with coefficients from Riesz
spaces and give an application of the above mentioned theory to the problem
of recovering the coefficients of an order convergent Walsh series from its sum.

2 Preliminaries.

Let N, R, R be the sets of all natural, real and positive real numbers respec-
tively, and let R be a Dedekind complete Riesz space. We add to R two extra
elements, +0o0 and —oo, extending ordering and operations in a natural way,
and denote R = R|J{+o00, —o0}.

A nonempty set ' C R is said to be order bounded from above if there
exists s1 € R such that sy > ¢ for all ¢ € T, order bounded from below if
there exists so € R such that so <t for all t € T', order bounded if it is order
bounded both from above and from below. By convention, we will say that
the supremum of any not bounded from above nonempty subset of R is +00
and the infimum of any not bounded from below nonempty subset of R is —oo.

A net (pg)gen in R, where (A, >) # () is a directed set, is called (o)-net if
it is decreasing (i.e. pg, < pg,whenever (1,02 € A, 51 > (2) and infgpg = 0.
In particular we get the definition of (0)-sequence when A = N.

Definition 2.1. We say that a net (rg)g order converges (or in short (o)-
converges ) to r € R if there exists an (o)-net (pg)s (with the same directed
set A) satisfying |rg — r| < pg for each § € A. We shall write in this case
r = (o)limgrz. In the case A = N we get the definition of (0)-convergent
sequence.

The (0)-convergence of a Riesz-space-valued series is defined in an obvious
way by the (o)-convergence of its partial sum.

It is known (see [1]) that an order bounded net (rg)g in a Dedekind
complete Riesz space is (o0)-convergent to r if and only if (o)liminfgrg =
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(0) lim supg rg.
Recall that each Dedekind complete Riesz space is Archimedean , i.e. if
0<nr<pforalln=12 ... and some positive elements r and p of R then

r = 0. For Archimedean Riesz spaces another type of convergence can be
considered.

Definition 2.2. We say that a net (rg)gea (r)-converges ( relatively uniform
converges as in [13] or converges with respect to a regulator as in [24]) tor € R
if there exists a positive element v € R (a regulator) such that, for every € > 0,
there exists By € A so that |rg —r| <ew for all 3> (y. In the case A =N we
get the definition of (r)-convergent sequence.

It is easy to check that in an Archimedean Riesz space (r)-convergence
implies (o0)-convergence. The converse is true only under some additional
assumption (see Proposition 2.4 below).

A Riesz space satisfies property o if, given any sequence (uy), in R with
u, > 0 Vn € N, there exists a sequence (\,), of positive real numbers, such
that the sequence (A, uy, )y, is bounded in R.

Definition 2.3. A Dedekind complete Riesz space is said to be regular if it
satisfies property ¢ and if for each sequence (r,), in R, order convergent to
zero, there exists a sequence (l,,), of positive real numbers, with lim,, [, =
+00, such that the sequence (1,7, ), is order convergent to zero.

Proposition 2.4. ([14], Theorem 1, p. 350) In a regular Riesz space the
(0)-convergence is equivalent to the (r)-convergence.

An interval is always a compact nondegenerate subinterval of R. If E C R,
then |E| denotes the Lebesgue measure of E.

A collection of intervals is called nonoverlapping if their interiors are pair-
wise disjoint. Throughout this paper, [a, ] is a fixed interval of R and 7 is the
family of all subintervals of [a,b]. A basis on [a,b] is, by definition, any subset
B of T x [a,b] such that (I,x) € B implies z € I (Note that this definition
of a basis is a little bit less general than in [22] or in [15], but this level of
generality is enough for our purpose here).

Given a basis B, an interval I is called a B-interval if (I,z) € B, for some
x € I. We assume that [a, b] is a B-interval. For a set E C [a,b], E # 0, put

B(E)={(I.x)eB:ICE}, B[E|={(I,z)€cB:x¢cE}. (1)

For ) # FE C [a,b] we denote by Ag the directed set of all positive real-
valued functions defined on F and endowed with the natural ordering: given
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two functions §; and o, we say that §; < ds if and only if §;(z) < da(z) for
all z € E. For the set A, we shall often write simply A.

A function § € Ag is often referred to as a gage on E.

For a given gage § € A we denote

Bs={(I,z) e B:IC (z—6(x),xz+d(z))}. (2)

We note that By is also a basis on [a, b], so that it makes sense to define the
sets Bs(E) and Bs[E], similarly as in (1).

We say that a basis B is a Vitali basis if for any 6 € A and x € [a, b] the
set Bs[{x}] is nonempty.

Let ) # E C [a,b]. A finite subset II of B[E] is called a B-decomposition
on FE if for every distinct elements (I, ') and (I”,z") of II, the corresponding
intervals I’ and I” are nonoverlapping. If U I =la,b], for II € B, then

(I,x)ell
we say that II is a B-partition of [a,b]. A Bs-decomposition (or Bs-partition)
is called d-fine .

Throughout this paper we shall assume that each basis B considered here
is a Vitali basis and has the following two partitioning properties : (a) for any
B-interval I and any gage d on I there exists a Bs-partition of I; (b) If I; and

n

I, are B-intervals and I; C I then Io \ I; = U I; where I;,i = 3,...,q, are
i=3
some nonoverlapping B-intervals.

One of the simplest example of a Vitali basis having above partitioning
properties is the so called full interval basis on [a,b] which consists of all
elements (I,z) € T x [a,b] such that x € I (Partitioning property (a) for this
basis is proved for example in [8] and in [12]). Another example is the dyadic

S
basis D consisting of all pairs (I,z), where z € I and I = [;k, Z;), for
keNandi=0,1,...,2F — 1. This basis is widely used in harmonic analysis
(see [19], [20], [7], [6]). We consider this basis in Section 6.
If f:[a,b] = Rand 1T = {(J;,&) :i=1,...,q} is a partition of [a, b], the
q

sum Z f(&)|J;] will be denoted by S(f,II) and will be called Riemann sum
assoczia%ed with II.

From now on in this paper, the notation II will always be reserved to mean
a partition or a decomposition.

We now formulate suitable concepts of continuity and differentiability with
respect to a basis, for Riesz-space-valued interval functions (For corresponding
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concepts concerning Riesz-space-valued point functions and the full interval
basis, see [4]).

Let R be a Dedekind complete Riesz space, B a basis on [a,b] and 7 an
R-valued B-interval function. We say that 7 is additive if 7(I'\JI") = 7(I") +
7(I") whenever I’ and I"” are any two nonoverlapping B-intervals and I' U I”
is also a B-interval.

A function 7 is said to be (0)-continuous at a point xo € [a,b] with respect
to the basis B if

inf [sup {[7(1)[ : (1, z0) € Bs[{wo}]}] = 0. 3)

Given () # E C [a, b], we say that the function 7 is (0)-continuous on E if it is
(0)-continuous at every point z € E.

We say that 7 is (u)-differentiable on E with respect to the basis B if there
exists a function g : F — R such that

g fsu{ |7 - o0

EAE

(L) € B(;[E]H —0. (4)

The function ¢ in (4) will be called the (u)-derivative with respect to B (or
simply derivative) of T on E.
It is easy to prove that the (u)-derivative is determined uniquely.

3 The Henstock-Kurzweil Integral with Respect to a Ba-
sis.

We now introduce a Henstock-Kurzweil-type integral with respect to a basis
for Riesz-space-valued functions (for the real case, see [9], [22], [15], [6]). The
definition below is a generalization of a definition from [4] (For other versions
of definitions of Henstock-Kurzweil integral for Riesz-space-valued functions
see [18], [14]).

Definition 3.1. Let B be a fixed basis on [a,b]. We say that f : [a,b] — R is
Henstock-Kurzweil integrable on a B-interval E C [a,b] with respect to B (in
brief, Hg-integrable ) if there exists an element Y € R such that

inf sup z)|I| = Y| :1I is a Bs-partition of F =0. (5
[ J<PAN
€A a.b]
(I,z)ell

In this case we write (HB)/ f=Y
E
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It is easy to see that the element Y in (5) is uniquely determined and that
the set of all Hg-integrable functions on F is a linear space.

Proposition 3.2. Let R be a Dedekind complete Riesz space, satisfying prop-
erty o, Q C [a,b] be a countable set, and f : [a,b] — R be a function, such

b
that f(z) =0 for all x € [a,b] \ Q. Then (HB)/ f=0.

PRrROOF. Let Q = {t, : n € N} and f(¢,) = u, for all n € N; without loss
of generality, we can suppose that u, > 0 Vn € N. As R being Dedekind
complete is Archimidean, in order to prove the Proposition, it is enough to
show that there exists an element z € R, z > 0, z # 0, such that Ve > 0 there
exists a gage d on [a, b] such that

IS(f, )] < ez (6)

for each Bs-partition II of [a,b] (that means that we are proving in fact (r)-
convergence and therefore also (0)-convergence to zero of sup{|S(f,I)|:II €
Bs}). By property o, in correspondence with the sequence (), there exists
a sequence (M), of positive real numbers and there exists z € R such that
0 < Mup < z for all n € N. Fix now an arbitrary € > 0 and set 6(¢t,) =
€27"72)\, Vn € N, and 6(z) = 1 if x ¢ Q. For every Bs-partition II =
{(J1,21),...,(Jg,2q)} of [a,b] we have:

q

0 < S(f,1)= Z f(@i) i

i=1

< 3 (X wn) <3 (X 2dten)
n=1 \z;=tn, n=1 \z;=t,
< de ) 2" Au, <de (Z 2"2> z=cz,
n=1 n=1
proving (6) and the assertion. O

Now we state the Cauchy criterion for Hp-integrability.

Theorem 3.3. Under the above notation, a necessary and sufficient condition
for Hg-integrability of f on a B-interval E is that

5glAfE [Sup{|5(fa Hl) - S(f7 H2>| :
1,115 are Bs-partitions of E}] = 0.
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PROOF. The necessary part is straightforward.
We now turn to the sufficient part. For every § € Ag, denote

U(6) = {II : II is a Bs-partition of E'},
a(0) =sup {S(f,II) : I € ¥(9)},
b(0) = inf {S(f,II): 1T € T(0)},
r(8) =sup{|S(f,11) — S(f, )| : 11,1 € ¥(§)}.
We have:
S(f,Hl) < T((S) + S(f, Hg) VHI,HQ S \I’(5) (7)
Since by hypothesis

(0) im r(8) = inf r(d)=0, (®)

then there exists a gage 0y € Ag such that r(6) € RVJ € Ag, 6 < Jp. Taking
in (7) first the supremum on the left over II; we observe that a(§) € R for
6 < §p with §y chosen above. Then we take infimum over Iy to get

a(6) < r(6) +b(0) 9)

noting that b(d) € R for the same J.
Moreover, we have:

|S(f.11) = S(f,1I2)| < a(é) —b(8) VIIy, IIx € (4),
and taking the supremum we obtain
r(0) < a(d) — b(9).
In view of (9) this gives
r(8) = a(5) — b(5). (10)

We observe that the nets (a(4))sca, and (b(d))sea are monotone decreas-
ing and increasing respectively, and thus, thanks also to (8) and (10), there
exists in R (0)-limit YV = (o) limsen, a(d) = (0)limsea, b(4). There exists
an (o)-net (25)seay, such that

—zs <inf {S(f, 1) : M e ()} =Y <sup{S(f, 1) : M€ ¥(§)} -Y < z
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for every § € Ag. From this it follows that
IS(f,II) = Y[ <z VIL€ ¥(),

and hence

0 <sup{|S(f,II) —Y|: T € U(0)} < 25
for any § € Ag. This completes the proof. O

Proposition 3.4. If [a,b], [a,c] and [c,b] are B-intervals and f is Hg-inte-
grable on [a,c] and on [c,b], then f is also Hp-integrable on [a,b] and

(Hs>/abf=<HB>/:f+<HB>/cbf.

PROOF. For every 01 € A, and d2 € A, we can define § € A, ) putting
min(dy(z),c —z) ifz <ec,
d(z) = ¢ min(d2(x),x —c) ifzx >c¢,
min(dy (z), 62(x)) ifz=c.

Note that with this § we have Bs[[a, ¢)] = Bs([a,c)) and Bs[(c, b]] = Bs((c, b])

(see notations (1) and (2)). Then each sum S(f, II) related to any Bs-partition
of [a,b] can be written as

S(f’H) :S(f7H1)+S(faH2)a

where II; and IIy are two suitable Bs,- and Bs,-partitions of [a,c] and [c, b]
respectively (In case of need we are splitting here the term f(c)(8 — «) of the
sum S(f,II) into two terms f(c)(c — «) and f(c)(8 — ¢)). By this we get

S(f,) - ((Hw/: f+<HB>/Cb f)‘

sup
II
c b
< sup|S(f.IL) — (Hz) / f‘Hu S(f,T) — (H) / /.
II; a 112 c




INTEGRATION OF RIESZ-SPACE-VALUED FUNCTIONS 427

and so

0 < inf |sup
0€AL | T

S(fm) - <(HB) [ o [ f) H

() - () [ fH

IN

inf sup
51€A[a,c] I

+ inf  [sup
02€A L p] | TI,

(1) - (i) [ 1] =o.

O
Proposition 3.5. If f is Hg-integrable on a B-interval [a,b], then f is also
Hp-integrable on any B-interval I C [a,b].

ProOOF. Note that, according to the partitioning properties (a) and (b) of
basis B, any Bs-partition of I with 6 € A, can be extended to Bs-partition
of [a,b]. Having two Bs-partitions of I, say II; and I3, we can extend each of
them by the same partition of [a, b] \ I getting two Bs-partitions II} and II), of
[a,b]. Then we get

[S(f, 1) = S(f, )| = [S(f,11}) — S(f,115)| <
sup {|S(f,117) — S(f,115)] : (11)
I}, 11}, are Bs-partitions of [a, b]}
Taking the supremum over all pairs (II;,II5) of Bs-partitions of I on the left
and then the infimum over all 6 € A, ;) on both sides of (11) we get, using

the necessary part of Theorem 3.3 for f on [a, ], that the left side is equal to
zero. Therefore

5122 [{sup{|S(f, Hl) - S(f7 H2)| :
I1,, 115 are Bs—partitions of I}] = 0,
and the assertion follows by the sufficient part of Theorem 3.3. O

It follows from the last two Propositions that for any Hg-integrable func-
tion f : [a,b] — R the indefinite Hp-integral is defined as an additive R-valued
B-interval function on the family of all B-intervals in [a,b]. We shall denote it
by

F(I) = (Hp) / ;. (12)

We now prove the following version of the Henstock Lemma (for similar
versions existing in the literature, see also [14], Lemma 12, pp. 353-354):
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Lemma 3.6. If f is (Hg)-integrable on [a,b] and F is as in (12), then

inf )| I - t1 =0.(1
Jnf | sup (Iz):en x) [I| — F(I)] is a Bs-decomposition of [a,b] 0. (13)

PROOF. By (5), there exists an (0)-net (ps)sea such that

b
sup Z flx) |1 - )/ f|: I is a Bs-partition of [a,b] p < ps (14)
(I,z)€ll @

for every 6 € A. Let 6 € A and Il = {(J;,&),i = 1,...,q} be a Bs-partition
of [a,b]. By Proposition 3.5, f is integrable on J;, i = 1,...,q. Thus for each
i there exists an (0)-net(ps, )s,ea,, such that

supq | Y. f(@)|I| - (Hp) / f| : T is a Bs-partition of J; » < ps,. (15)
(I,z)€m Ji

Now, fix arbitrary 0 # L C {1,...,¢}. Let II; be a Bs-partition of J;, and set

Mo = {(J;,&) € Wi e L} J(|J ).

igL

Having fixed the chosen § we can suppose that §;(z) < §(z) for all z € J;.
Then IIj is a Bs-partition of [a, b] and hence by (14)

< ps-

b
S(f.To) — (Hz) / f
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Thus we have

0 < S A - Y e [ f|
icL i€l Ji
b
= Istrno) = s) [ F+ s [ F-Y S
[+ [ %
< |S(f, o) — (Hg) [ fl+|> (Hp) [ =) S(f1L)
’ ° a igL ’ Ji igL
b q
< st~ ) [ S|+ 3 ) [ =i

q
< pst Z Ds; -
i=1

Considering this inequality for a fixed § and for any §;’s we can pass to the
(0)-limit as the J;’s "shrink to zero”, to get

> el -3 ) [ f

iel i€l Ji

0< < ps. (16)

We now observe that, since R is a Dedekind complete Riesz space, by virtue
of the Maeda-Ogasawara-Vulikh representation theorem (see [?]) there ex-
ists a compact extremely disconnected topological space €2, such that R can
be embedded Riesz isomorphically as a solid subset of Coo(Q) = {f : Q@ —
R : f iscontinuous, and theset {w € € : | f(w)| = 400} is nowhere dense in Q}.
From (16), for all w € Q and for each d-fine partition IT = {(J;,&;) : i =
1,...,q} of [a,b], we have (using the same notations for elements of R and for
the corresponding elements of C(£2))

S e -3 ) [ f

i€l i€l Ji

0< (w) < ps(w)

for all L C {1,2,...,q} (with the convention that the sum along the empty
set of any quantity is zero).

Fix now w € Q. If ps(w) = 400, there is nothing to prove. Suppose that
ps(w) € R. Let L [resp. L'] be the sets of all indices i € {1,...,¢} such that

[f(&-) - (et [ f] (@) >0 [resp. < 0]

i
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‘We have:

0 < Z &)1~ 1) [ e
- T [f(@) 0= (1) | f] ©-3 [f@) 4= (1) | f] ()
< 2p5(w)

for each w € €. Coming back to the corresponding elements of R we get
(13). O

4 The Fundamental Theorem of Calculus for the Hpg-
Integral.

In this section we prove two versions of the Fundamental Theorem of Calculus
for the Hp-integral. The first one refers to any Dedekind complete Riesz space
while in the second one we put an additional restriction on the considered
Riesz space assuming that it is regular (For similar theorems existing in other
abstract settings, see [21] and [23], and for the H-integral in the real case see
[17], [10] and [12]).

Note that if (X,H, p) is a measure space with u positive, o-additive and
o-finite, then the spaces L°(X,H,u) and LP(X,H, 1), with 1 < p < 400, are
regular; furthermore the space of all real sequences, with the usual coordinate-
wise ordering, is regular (see [13], pp. 478-481). So the class of spaces, for
which Theorem 4.2 is valid, is rather wide.

Theorem 4.1. If R is a Dedekind complete Riesz space, B is a basis and T
is a B-interval R-valued function, (u)-differentiable with respect to B on [a, b
with derivative 7/, then 7' is Hp-integrable on [a,b], and

b
(HB)/ 7 = 7([a,b]).

PROOF. By (u)-differentiability of 7 in [a,b] (see (4)), there exists an (0)-net
(ps)sen, such that

T - r(@)

:(I,x)EB(;Ha,b]]}gpg Ve A. (17)

Choose a d-fine partition II = {(I;,x;) : i = 1,...,q} of [a,b], VS € A. From
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(17) we get:
0 s|ﬂﬂn>7ﬂmm::2]uw%m—rmﬂ
< > {5 -

IA
lng
=
~
i
>
[
=
|
£
bS]
>

O

Theorem 4.2. Let R be a reqular Riesz space, B a fized basis, f : [a,b] — R
and let 7 be a R-valued B-interval function, such that for some countable set
Q C la,b] the function f is the (u)-derivative of T on [a,b] \ Q with respect to
B and T is (0)-continuous on Q with respect to B. Then f is Hg-integrable in
[a,b], and

b
(Hm/‘f:ﬂhﬂl

PRrROOF. Let Q = {x, : n € N}. As R satisfies property o (thanks to regularity,
see Definition 2.3), then without loss of generality we can assume that f(z,) =
0 for all n, because this will not change the value of the considered integral
(see Proposition 3.2).

Let Q¢ = [a,b] \ Q. We shall use Proposition 2.4 now. As f is the (u)-
derivative of 7 in ¢, then there exists an element u > 0 of R, u # 0, such that
Ve >0 a gage ( € Age can be found such that, if Il = { (I;,2;) :i=1,...,¢}
is a B¢[Q°]-decomposition, then

| f(zi) = 7(L) | < [Li]eu

foralli=1,...,q.

Moreover, by (o0)-continuity of 7 in @ (see (3)) and since (0)- and (r)-
convergence coincide in the considered case, for each n € N there exists a
positive nonzero element u,, of R such that Vn >0, 34, € A, y:

Sup{|7—([u7v])| “n — 5»”(33”) S u S Tn S v S Tn + 571(37”)} S 7 Unp- (18)

By property o, there exists a sequence (M), in R* and a positive nonzero
element w € R, such that A, u, < w for all n € N. Now, we use (18) with
17 =€27" )\, and obtain the corresponding §,,. In such a way we have obtained
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for each fixed e > 0, a gage g € Ag defined by setting dg(z) = 6, (z) if
x =, (n € N) with
sup{|7([u, v])| : @ — 6@(2n) S u < T <0 < 2y +60(20)} < £ 27"\ U
For each € > 0 we define now a gage § on [a, b] by putting

((x) ifz e Q@

og(z) ifzeq.

o(x) =

For every Bs-partition II of [a,b], IT = {(I;,z;),i = 1,..., ¢}, we have
q

0 < [Z 2] f ()
i=1

= Z {I] f (i) — T(Iz)}|

_T([avb})

< DAL @) =@} + D ()]
z;ZQ T, €Q
o0
< eulb—a)+ Z €27 Aup <cu(b—a)+ew.
n=1
From this the assertion follows. O

5 Applications to Walsh Series.

In this section we consider Walsh series with coefficients from a Riesz space and
give an application of Theorem 4.2 to the problem of recovering the coefficients
of a convergent Walsh series from its sum by generalized Fourier formulas. The
integral in these formulas will be the Henstock-Kurzweil integral for Riesz-
space-valued functions defined with respect to the dyadic basis D.

We begin with the following:

Lemma 5.1. Let (an)n be a sequence (0)-convergent to zero in a Dedekind
complete Riesz space R. Then the sequence (0;); of its arithmetical means
also (0)-converges to zero.
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PROOF. We have, for each natural number n, |a,| < r,, where (r,), is an
(0)-sequence of elements of R. For k € N and k! < j < (k+ 1)! we get

J j (k—1)! j
lojl = |1/3 <Z ai> < 1/j (Z ai|> <yl > m+ >
=1 i=1 i=1 i=(k—1)14+1

S (k — 1)‘7‘1/]{1' + (] - (k’ - 1)!)T(k—1)!/j S Tl/k + T(k—l)!~

So we have |o;| < p;, where (p;); is an (0)-sequence defined by p; = r1/k +
r(e—1y for k! < j < (k+1)!, j > 2 (Note that (r1/k)y is an (0)-sequence because
R is supposed to be Dedekind complete and therefore Archimedean). O

To define the Walsh functions (see [2], [7] for details) we use dyadic ex-
pansions of natural numbers as well as those of real numbers of the half-open
interval [0,1). Let n = 3372 ¢;2/ with e; = 0 or 1, and & = 3772 ja;277 71
with £; = 0 or 1, with a stipulation that for the dyadic rationals = we use only
finite expansions. With this notation we put

Wy (x) = (—1)2=0%%  pneN, xzel01).

Note that for n < 2¥ the functions w,, are constant on each interval Af,
where

Ak —

3

v i+1 . L
{Qk’ oF ), keN,i=0,1,...,2% — 1.

Let
n—1
Sn = Z a; wj (19)
7=0

be the partial sums of a Walsh series

Z aj wj (20)
7=0

with coefficients a; belonging to a Dedekind complete Riesz space R. Because
of the above mentioned property of Walsh functions, the sums S,, are constant
for n < 2% on each interval A¥.

For these partial sums we shall consider pointwise (0)-convergence (order
convergence) as well as the following (u)-convergence on a set.
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Definition 5.2. Let A be any nonempty set, R be any (arbitrary) Dedekind
complete Riesz space and D = N We say that the sequence of R-valued
functions (S, (z))n, * € A, (u)-converges to the function S : A — R (with
respect to order convergence) if there exists an (o)-net (p,),ep such that
Vv € D we have:

sup{|Sn(z) — S(x)|:x € A,n>v(z)} < p,.

Note that (u)-convergence of a sequence on a set implies (0)-convergence
of this sequence at each point of the set.

The crucial step to the solution of the coefficient problem for the Walsh
series is to observe that the integral | ax OS2 defines an additive interval func-

tion v on the family D of the dyadic intervals (As Syx is constant on AF
keN,i=0,1,...,2% — 1, the integral here can be understood in the usual
Riemann sense (see [5])).

To prove this it is enough to show
that

G(AT) = (A5 + w(ASHY),

where

AF=ASFUALE, keN,i=0,1,...,2" - 1.

1 e AkJrl

Note that, if € A’;fl, then x + ok 241"

The function w,,, for 28 < n < 2¥+1 — 1, is constant on cach Af“ and if
T € Ag;”l then

1
wy, | 2+ 5T ) = —wp(z).

This implies for z € A’;;H

1 1
52k+1 (.T + QkH) — Sgk <.’L' + 2k+1> = —<52k+1 (l‘) — SQk (I))
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Then

¢(A’2“1+1) + w(AIQC#l) /Ak+1 82k+1 ({E) dx

21

+
S
£
£
n
)
B
£
S~—"
U
8
Il
S
s
—
J
B
—
—
P
B
t
~—
n
)
B
~—
S~—
S~—"
U
8

= Sor (x) dz + /Ak.“ (Sor+1 () — Sor (2)) dx

1 1
—+ /Ak+1 <SQk+l <x+ 2k‘+1) — SQk (:E + 2]@-}-1)) dfl:'
= / Sor () dz = (Af) .
Af

As the sum Sy« is constant on each A, then

¥ (AF)
| A%

Sor (x) = , where 2 € AF. (21)
It follows from this formula that, if the Walsh series is (0)-convergent at a
dyadic-irrational point z, then the function % is (0)-differentiable with respect
to the basis D at this point and if the Walsh series is (u)-convergent on some
set of dyadic-irrational points, then the function ¢ is (u)-differentiable with
respect to D on the same set.

Proposition 5.3. If the coefficients of a Walsh series form a sequence (0)-
convergent to zero, then the corresponding function ¢ is (0)-continuous with
respect to the basis D at each point of [0, 1].

PROOF. Under the same notations as above, we have:
2k 1 2k 1

(AT = ‘/ Sor| <IAFI Y lagl = 1/25 > Jay).
=0 =0

The last expression (0)-converges to zero as k — +o0o by Lemma 5.1. O

We are ready now to prove the following theorem on recovering the coeffi-
cients of a Walsh series from its sum.

Theorem 5.4. If R is a regular Riesz space and a Walsh series (20) is (u)-
convergent to a function f on a set [0,1) \ E, where E is a countable subset
of [0,1), then f is Hp-integrable on [0,1] and the series (20) is the Fourier
series of f in the sense of the Hp-integral.
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PROOF. Our series being (u)-convergent is also (0)-convergent on [0,1) \ E.
Note that the (o0)-convergence of a Walsh series at least at one point im-
plies that the coefficients of this series (0)-converge to zero. Then the func-
tion 1 defined for our series is (o0)-continuous with respect to the basis D
everywhere on [0,1] according to Proposition 5.3. Denote by @ the set of
dyadic-rational points. It follows from the definitions of (u)-convergence, (u)-
differentiability and from equality (21) that the function ¢ is (u)-differentiable
with (u)-derivative f in [0,1)\ (F'U Q). So we can apply to functions ¢ and
f Theorem 4.2 to get

B8
(Hp) / f = (o, B)

for any dyadic interval [o, 8] = AF. Note that for n < 2* the coefficients a,,
are the Fourier coefficients of the partial sum Syx. Then, denoting by w,; the
value of the function w, on A¥, we get

1 2k _1 2k_1
Qp, . 2k Wnp, ; Af ok W, Jz:;) Wni AF ok
2k _1 2k _1 1
= 3wt () = 3 wailtn) [ f= (o) [ fu,
i=0 i=0 Af 0
This completes the proof. O
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