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THE NON-UNIFORM RIEMANN
APPROACH TO THE MUTLIPLE
ITO-WIENER INTEGRAL

Abstract

The Riemann approach to integration is well-known for its explic-
itness and directness. In this paper we use the Non-Uniform Riemann
Approach to give an alternative definition of the Multiple It6-Wiener In-
tegral and prove that our definition is in fact equivalent to the classical
definition.

1 Introduction

The theory of Multiple Stochastic Integral was first studied by N. Wiener in
1938, see [11]. This study was followed up in greater details by K. Itd in the
early 1950s, see [5]. Similar to his study of the stochastic integral in one-
dimension, he gave a non-explicit L? procedure in defining what we call the
Multiple It6-Wiener integral.

A natural question that arises is whether it is possible to use an explicit
procedure of defining Multiple It6-Wiener integral by the Riemann approach,
which is well known for its explicitness and directness. In fact, it was proved
that by using Riemann approach with non-uniform mesh, stochastic integral
can be seen as the limit of a sequence of Riemann sums, see [1], [10], [12].

In this paper, we shall show that in fact the non-uniform Riemann approach
can also be used to give an alternative definition to the Multiple It6-Wiener
integral and that this definition, which we shall call Multiple It6-McShane
integral, is equivalent to the classical Multiple 1t6-Wiener Integral.
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2 Classical Multiple It6-Wiener Integral

In this section we shall review the construction and some basic results of
the classical Multiple It6-Wiener Integral. The details of the results can be
obtained from [5], Section 2, Pp 183 - 186 |.

Let T = [0,1] and T™ = [0,1]™. We shall denote Lebesgue measure on
T by A. Let A" be the corresponding Lebesgue measure on T™. For any
interval I of T', we may use |I| or A(I) to denote the length of I. The norm in
L2(T™,A™) is denoted by || - ||m-

Definition 2.1. Let (2, P) be a probability space and W = {Wy(w) : ¢t €
[0,1]} be a family of random variables. Then W is said to be a canonical
Brownian motion if it satisfies the following properties:

1. Wo(w) =0 for all w € Q,

2. it has Normal Increments; that is, W; — W has a Normal distribution
with mean 0 and variance t — s for all ¢ > s (which naturally implies
that W; has a Normal distribution with mean 0 and variance t),

3. it has Independent Increments; that is, W; — W, is independent of
its past; that is, W, 0 <u < s < t and

4. its sample paths are continuous; i.e., for each w € 2, W;(w) as a function
of ¢ is continuous on [0, 1].

Definition 2.2. Let {I, I5, I5, ..., I, } be a collection of left-open subintervals
which form a partition of (0,1]; i.e., the intervals Iy, Io, ... I,, are disjoint and
Ur, I = (0,1]. An elementary function on T™ is a function g : 7™ — R
that can be expressed in the form

n

9= E a'ilvi27--~7im,llil XTip Xeoo X L5, (1)

11,8250y m =1

where {I;,, I;,,...,I;, } is a subset from {I1, I, I3,..., I} and a; 4,,.. =0

if any two of the indices 41,2, ... i, are equal.

M )Z’HL

Note that the definition of an elementary function shows that g vanishes
on the set of elements in 7™ which have some equal components; that is, if
t = (t1,t2,t3,...,t,) € T™ such that t; = ¢; for some i # j, then g(¢) = 0.

The Multiple Ito-Wiener integral of an elementary function g is defined by

n

IW(g) = Z Ay in,eyim HW(Iij)’
j=1

1,82, im =1
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where W is Brownian motion (see Definition 2.1) and W (I) denotes W;, — W,
if I = (a,b]. It is known that E(IW(g))? < m!||g||?,, see [5], p. 162].

Let f € L*(T™,\™). Then there exists a sequence {f,} of elementary
functions on T™ such that lim, o [|fn — fllm = 0. On the other hand,
E(IW(f, — f)* <ml||fy — f4l|2,. Hence {IW (f,)} is a Cauchy sequence in
L?(Q). By completeness, the limit exists and hence the Multiple It6-Wiener
integral W (f) of f is defined by lim,, ..o E (IW (f,) — IW(f))* = 0, see [5],
p. 162].

Definition 2.3. Let f : T™ — R be a real-valued function. For each m €
Sm where S, is the set of all permutations on m objects, let f, denote the
permuted function of f under m, which is the function

fﬂ(tlat%t& cee 7tm) = f(tw(1)7t7r(2)7 s 7t7r(m))

for each (t1,t2,...,tm) € T™. ) )
The symmetrization of the function f, denoted by f, is the function f :
T™ — R defined by

~ 1

bt ooitm) = — > faltasta, .t
TESm

where the summation is over all w € S,,.

Theorem 2.4. [See, for example, [5]] Let f: T™ — R and g : T™ — R be
Multiple Ito- Wiener integrable. Then

(i) f is Multiple It6- Wiener integrable and IW (f) = IW (f),
(it) E[IW(f)] =0 and
(iii) af + bg is Ito- Wiener integrable for any constants a,b € R, and further

IW (af +bg) = alW(f) +bIW (g).

3 Multiple Ito-McShane Integral

In this section we shall use the non-uniform Riemann approach to define the
Multiple Ito-McShane integral. First we shall define the non-uniform division
of T™ that we shall consider. This type of division in one-dimension was
considered by McShane. Hence we call our integral the Multiple It6-McShane
integral.
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The intervals of 7™ that we shall consider in the rest of this paper are of
the form I = ﬁ[i, where each I; is a left-open interval of [0, 1] of the form
(as, bi). -

Definition 3.1. Let § be a positive function defined on 7™, £ = (£1, &2, ..., &m)
eT™and I = ﬁ I; be an interval of T™. An interval-point pair (I,£) is said
to be d-fine if f:lc [€x — 0(E), &k +6(8)] for each k=1,2,3,...,m.

Note that & may or may not be in I for each £k =1,2,3,...,m. A finite
collection D of interval-point pairs {(I®"),£®) :i=1,2,3,...,n} is said to be
a o-fine division of T™ if

(i) I, i=1,2,3,...,n, are disjoint left-open intervals of T’
(i) (JI1% = (0,1
i=1

We remark that for any given positive function 6 on 7™, a d-fine division
of T™ exists, which is a direct consequence of the Heine-Borel open covering
theorem or can be proved directly using continued bisection.

Notation. It can be seen that T consists of two parts; namely, the diagonal
part of T™

D={(z1,...,2m) € T™ : x; = z; for some i # j},
and
D ={(x1,...,xm) € T™ : x; # x; for any i # j},

which is the non-diagonal part of 7. The non-diagonal set D¢ plays a basic
role in the construction of the multiple It6-Wiener integral, as can be seen in
Definition 2.2 that the elementary function vanishes on the diagonal set D.
The non-diagonal set can be decomposed to m! open connected sets in T".

For each 7w € S, the group of all permutations of m objects, we let
Gr={(z1,72,23,...,Zm) ET™ 1 271y < Tr2) < Tr(z) <o+ < Tr(m) J

and there are m! such sets. Each of these sets is said to be contiguous to the
diagonal D.
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In this paper, we shall focus on the integral on the non-diagonal D¢ of T".
The classical treatment of the integral on the diagonal D can be found in [9].
Let f be a real-valued function on T™. Define a function by

folw) = {f(:c) if x € D¢

0 otherwise.

Then fy is called the non-diagonal part of f.
Let f be a real-valued function on T™. If D = {(I®,z")} is a d-fine
division of T, then we let S(f,d, D) denote the Riemann sum

S(f,6,D) = (D) f(ayw(I®),

where W(I") = [/, W(Ij(«i)), 9 =11, IJ(»i) and each Ij(.i) is a left-open
interval of T

Definition 3.2. A function f: 7™ — R is said to be Multiple It6-McShane
integrable to a function M (f) on T™ if for every € > 0, there exists a positive
function d such that E(|S(fo, 8, D)—IM(f)[?) < e whenever D = {(I®), 2(®)
i=1,2,3,...,n} is a d-fine division of T™.

Lemma 3.3. Let § be a positive function on T™ and {Dy} be a finite family
of 6-fine divisions of T™. Then there exists a partition {A1,As,..., Aq} of
[0,1] and a finite family of 0-fine divisions of T™ denoted by {D;,} such that
each interval of any Dy, is of the form A;, x Ay, x --- x A;,, and each Dj, is a
refinement of Dy. Furthermore, S(fo,d, Dy) = S(fo,0, D},) for all k.

PROOF. The assertion follows from the following facts. First, if (I,&) is d-fine
inT™, and if I = JUK, where J and K are two disjoint left-open subintervals,
then (J, ) and (K, &) are d-fine. Second, f()W(I) = f(E)W(J)+ fF(E)W(K),
and by taking {A4;As, As, ..., A} to be all the intervals formed by taking all
the division points of Dy, the proof is easily completed. (I

Definition 3.4. A finite collection of d-fine division of 7™ of the form Dj,
(in Lemma 3.3) is said to be a standard §-fine division of T™; that is, all the
partitions of {Dj.} have the same division points on 7.

In view of Lemma 3.3, we shall assume that all finite collections of é-fine
divisions of T™ that we consider in Definition 3.2 are all standard divisions.

Remark 3.5. From standard properties of Brownian motion, we know that

(A): if I; = (u;,v;] and I; = (uj, v;] are disjoint, then E(W (I;)W (I;)) =0
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while
(B): if I; = I; = (u,v], then E(W (I;)W(I;)) is a function of |[v — ul.

By using a standard division (as in Definition 3.4) of 7™, we ensure that that
(A) occurs. Thus we are able to have Lemma 4.9, which is crucial to prove the
Equivalence Theorem. This is the rationale for using standard §-fine divisions
instead of the J-fine divisions of Definition 3.1.

Proposition 3.6. The Multiple Ité6-McShane integral, if it exists, is unique.

PROOF. The proof is standard in the theory of Henstock integration. For
details, see for example [7, p. 32, Theorem 2.4.6] for the proof. O

In view of Proposition 3.5, we may let IM(f) denote the Multiple Itd-
Wiener integral of f for our subsequent sections.

4 Basic Properties of Multiple It6-McShane Integral

In this section we shall state and prove the basic results of the Multiple-1t
Stochastic Integral.

Proposition 4.1. A function f is Multiple It6-McShane integrable on T™
if and only if given € > 0, there exists a positive function § on T™ such
that E(|S(fo, 8, D1) — S(fo,0,D2)|?) < & whenever Dy, Dy are standard §-fine
divisions of T™.

Definition 4.2. A function f : 7™ — R is said to be Multiple It6-McShane
integrable on an interval I of T if f1; is Multiple I[t6-McShane integrable on
m.

Using Cauchy’s Criteria (Proposition 4.1), we have the following two results
on the integrability of subintervals. The proof is standard in the theory of
Henstock integration and hence is omitted.

Proposition 4.3. Let f be Multiple It6-McShane integrable on T™. Then f
is Multiple Ité6-McShane integrable on any interval I of T™.

Proposition 4.4. Let f be Multiple Ito-McShane integrable on T™. Suppose
that I = JU K, where I,J and K are intervals from T™, then f is Multiple
Ité-McShane integrable on T™ and IM(f,I) = IM(f,J) + IM(f, K) where
IM(f,I) denote the Multiple Ito-McShane integral of f over I in T™.
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Lemma 4.5. Let f be Multiple Ito-McShane integrable function on T™. Then
there exist positive functions d, on T™, n=1,2,3,..., with d,11 < 0, for all
n=1,2,3,... such that IM(f) is the limit of S(f,0n,Dy) in the Lao-norm.

PROOF. For each n = 1,2, ..., there exists a positive function §,, on T™ such
that the inequality in Definition 3.2 holds with ¢ = % Foreachn =1,2,3,...,

fix a d,,-fine division D,,. We may assume that §,41(§) < ,,(§) for each n and
each & € T™. Hence we have lim,, .o E(|S(fo,0n, Dn) —IM(f)|?) =0. O

Proposition 4.6. Let f be Multiple Ito-McShane integrable on T™ with prim-
itive IM(f) € L*(Q). Then E[IM(f)] =0.

PROOF. By using Lemma 4.5, we have E[IM(f)] = lim,— 00 E [S(fo,n, Dn)]
and it is clear that E[S(fo,d,, Dy)] = 0 for all n. O

Proposition 4.7. Let f be Multiple Ito-McShane integrable with value IM(f)
and let f denote the symmetrization (see Definition 2.3) of the function f.
Then f is also Multiple Ité6-McShane integrable and IM(f) = IM(f).

PROOF. Given ¢ > 0 there exists a positive function § such that

n

(03 @ TI W) - 1) < oo

i=1

for any é-fine standard division D = {(H:,n:l Ii7,7§i) i =1,2,3,... ,n} of
T™. For each m € S, let (fo)r denote the permuted function of f under m
(see Definition 23), that iS, (fo)ﬂ—(tl, tQ, N ,tm) = fo(tﬂ.(l), tﬂ-(g), vee ,tﬂ(m))
for any (t1,ta,...,tm) € T™. Let d, be the permuted function of §, so that
considering any d,-fine standard division D, = {(Hzl Li (s 5;)} of T™ we
have

B(|(Dn) X (o) (€) [T W(hie)) = IM(D) < s

i=1 r=1

Note that [[W(IL,) = [[W(,,,). Let 6(¢) = minges,, 6-(&) for all
r=1 r=1

& € T™. Consider any d-fine standard division D = {(HTzl Il-r,fi) D=
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1,2,...,n} of T™. We have

n

=B(|0)Y (7 3 ol€) [T W) - 1))
i=1 TESm r=1
<GP X {Z;fﬁ)o(sl)ljwa ) - () )
<Gz ™) ZS: E(!(D Z; HW ) (f)’2>
<% Z E=¢ O
" TESm

Lemma 4.8. Let f be Multiple Ito-McShane integrable on T™, and let F(I)
be the Multiple Ito-McShane integral of f on the subinterval I C T™. Let I
and J be two disjoint intervals from T™ in the same contiguous set G, for
some ™ € Sy, such that the components of I and J are either disjoint or equal;

that is, sz—HI and J = HJ and if I; (J; # ¢, then I, = J;. Then

() EW (W) =0,

(ii) F has the orthogonal increment property; that is, E[F(I)F(J)] =0,
(i) E(W(I)F(J)] =0 and
(iv) E[(W(I) = F(I))(cW(J) = F(J))] = 0.

PrOOF. Let I and J be as defined as in the above statement of the lemma.
Then it is clear that there exists an I;;i = 1,2,3,...,m such that I, (I
is empty for all £ = 1,2,3,...,m, since both I and J are from the same
contiguous set G,. By the orthogonal increment of the Brownian motion, (i)
follows easily.

The proofs of parts (ii), (iii) and (iv) follow from Part (i) using Lemma 4.5
and hence are omitted. O

Lemma 4.9. Let f be Multiple It6-McShane integrable on T™ with F(I) de-
noting the integral on the interval I. Let a positive function § on T™ be given
and D = {(1,£)} be a standard §-fine partial division of T™ (recall Definition
3.4). Then
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0 5 (| e @] ) = X Pieoln

) £ (| f1e W - F0f ) =8 (e own - F).

PROOF. First, we remark that the condition that the components of I and
J are either disjoint or equal (see the statement of Lemma 4.8) is guaran-
teed by using standard o-fine partial division (see Definition 3.4) since all the
components have the same division points.

To prove (i), observe that

E(‘ 3 f(g)W(I)r) =3 E(f*(©W(I)?) by Lemma 4.8(i)
=> 29I

To prove (ii), by Lemma 4.8 (iv) we have

g (|Su@wn - rof ) =e(Sisewn -rof). o

In other words, Lemma 4.9 says that we have orthogonal increment prop-
erty if all the intervals from 7" that we consider are from the same set G
contiguous to the diagonal. The next theorem we are going to prove is Itd’s
isometric inequality. Before we proceed further, we quote one result of classi-
cal Henstock integration theory for Euclidean space about the equivalence of
McShane and Lebesgue Integrals on T™. We remark that by Lemma 3.3, we
may replace a d-fine division by a standard d-fine division.

Proposition 4.10. A function f : T™ — R is Lebesque integrable to A € R if
and only if for every € > 0, there exists a positive function § on T™ such that
for every standard §-fine division of T™, denoted by D = {(I,x)}, we have
(D) 3. f(z)|I] — Al <e.

Lemma 4.11. Let f be a function defined on T™. Then flg, € L*(T™,\™)
if and only if there exists a real number B, a decreasing sequence {6,} of
positive functions on T™ such that for any sequence of d,-fine division D,, of

T™, we have lim,,_, ‘S’(f, 0nDyp) — B‘ =0.

The proof of Lemma 4.11 is similar to that of Lemma 4.5; hence we shall
not repeat the proof here.
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Proposition 4.12. Let f : T™ — R. Suppose that f is Multiple Wiener-It6
integrable. Then f? is Lebesgue integrable there and

E(IM(f*) <m! [ f2d\™ (2)
Tm

where the integral on the right hand side is the Lebesgue integral on T™.

PROOF. We just need to prove that E (IM(flg,)?) = (L) [;m [*1e, () dt
for any contiguous set G of T™. Thus

E(IM(f1g,))* = lim E(|S(fIG”,Dn,6n)|2> = lim E(Zf Ve W(I )2

n1LII;OZf x)1g, |I| by Lemma 4.9.

The Riemann sum Z f*1¢_|I| converges to Jm f?1g, d\™ by Lemma 4.11.
Hence [, f*1g, d\™ = E (IM(flc,)?). O

Lemma 4.13. Let A be a set of A\ -measure zero in T™. Suppose that ANB =
¢, where B is the diagonal set in T™. Then 14 is both McShane and Ito-
McShane integrable on T™ and IM(14) = 0.

PRrROOF. We remark that the condition AN B is empty is necessary. It is suffi-
cient to consider the case where A lies entirely in one of the sets G contiguous
to the diagonal. Let € > 0. Then there exists an open set O C G such that
A C Oand ONB = ¢ with A™(0) < e. Now we shall define 6(§) > 0 on
Tm. If £ € A, define 6(€) > 0 such that I C O whenever (I,¢) is d-fine. It is
possible since O is open. If £ € A, then 6(¢) can take any positive value. Let
D= {(I%, ¢9):i=1,2,...,n} be any standard d-fine division of 7. By
Lemma 4.8,

m

21,4 N w ,ﬁ”)|2): 3 ﬁA(I,S>)<Am(0)<e

k=1 @A k=1

Hence IM(14) = 0. O

5 Equivalence Theorem

The objective of this section is to establish that the Multiple It6-McShane
integral defined in this paper is in fact equivalent to the classical Multiple
It6-Wiener integral. The idea of the proof is a generalization of that from [1].
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Lemma 5.1. Let g be an elementary function on T™ in the form (1). Then
g 1s Multiple It6-McShane integrable on T™ and

n

IM(g) = Z Qi1 ,ig,...rim H W(I’Lk)
k=1

i1eim=1

Proor. It is sufficient to prove the special case when g = 15, x1,x--x1,,,
where I;,i = 1,2,...,m, are disjoint left-open subintervals of [0,1]. Let I =
Iy X I3 x - -+ x I, and OI be the boundary of I. It is clear by definition that g
does not vanish only on one of the set G contiguous to the diagonal. Denote
[Tiey W(Ix) by W(I). By Lemma 4.9, we need only consider g = 1,47 since
01 is a set of measure zero. Let € > 0. There exists an open set O D 9 and
G D O such that A™(0O) < e. Now we shall define §(§) > 0onT™. If ¢ € I\ 91,
define the positive function § to be such that J C I\OI whenever (J, &) is d-fine.
If £ € 91, define §(§) > 0 such that J C O whenever (J,§) is d-fine. If £ &€ I,
then §(£) can take any positive value. Let D = {(J®,£®) i =1,2,...,n}
be a d-fine division of 7™, where J®) = Jl(i) X Jz(i) X e X Jf,i). Then

£ (|0 L oo -wa|')
=E(I(0) Y g€w D) —wn)

£ eI\oI
£l > W) -w?)
g enoar
<2E(|(0) > wI) —w)*) +26(/(D) > wID))
e@er cWedr
§2E<|(D) S wIo) - W(I)}Q) + 2¢ (since A™(0) < ¢ )
cWer
§4E<|(D) S [W(J“))—W(m,]@)} ’2)
Eer
+4E(|(D) S W(I\J@))f) + 2
eer

<4e 4+ 0+ 2¢, (since A" (0) < €) = 6e.

Hence IM(f) = H W (I)). From the classical definition, IW (f) = H W (I).
k=1 k=1
IW(f). O

Therefore f is Multiple It6-McShane integrable with IM(f)
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Lemma 5.2. Let f be Multiple Ité-McShane integrable on T™ and IM(f17) =
A(I) for every subinterval I of T™. Then for every e > 0, there exists a

positive function § on T™ such that for any partial standard d-fine division
D={(ID ®):i=1,2,...,n} of T™ we have

EB(|(D) Y {fo MW (D) — AT} ) < e
i=1

The proof of Lemma 5.2 is standard in the theory of Henstock integration,
see for example [6, p. 11, Theorem 3.7] or [7, pp. 81-82, Theorem 3.2.1].

Definition 5.3. Let A, A" n =1,2,3,..., be real-valued functions defined
on the set of all left-open intervals of 7. Then A(™ is said to be variationally
convergent to A if for every € > 0 there exists a positive integer N such that
for any finite collection of disjoint left-open intervals {I) : i =1,2,3,...,¢}

we have E<| Y {AWI®) A(I(i))}|2) < & whenever n > N.

Theorem 5.4. Let f, ™, n = 1,2,... be real-valued functions defined on
T™ such that f converges to f a.s. on T™. Suppose that each f) is Mul-
tiple Ito-McShane integrable to A™ . Let A" (I) be the Multiple Ité-McShane
integral of f™ on subinterval I. If A"™) wariationally converges to A, then f
is Multiple Ito-McShane integrable to A(T™) on T™.

PRrROOF. We may assume that f and f() vanishes on 7™ except over a
particular set G contiguous to the diagonal. Given £ > 0, by the variational
convergence property, we may assume that for each n =1,2,3,4, ...,

E(|(D)Y_AA™ (1) = ADY) < 55

for any finite collection of disjoint intervals {/} of T™. By Lemma 5.2, for
each positive integer n, there exists a positive function 6" on 7™ such that for
any 0"-fine partial McShane division of 7™, denoted by D,, = {(I,£)} we have

n n g
(|( n) > 4 fo ( )( W(I) — IM(f™) }‘ ) o By Lemma49 we may
assume that f(") — f everywhere on T™. So, for each & € T™, there exists

a positive integer n(£) such that |f "(5)( &) — f(&)] < v/e. Take §(¢) = 51 )
and let D = {(I,&)} be a §-fine McShane full division of 7™. Then

E(|(D)S fo©W (D) - Af) <3B(|(D) Y_[fo(6) — O D))
+3E(/(D)Y £ ©w(r) - MO 1))
+ 3E(|(D) 3 {A”(@(I) - A(I)} |2) =3(L + I, + Is).
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1 =E(]|(D) Y159 ~ fo W (D)
gaE(|(D) 3 |W2(1)|}2) <3¢ 3|17 < 3e.

1 =0 Y- {5 ©w) - A"@(I)} I
<(ID) S {R@w ) - A1} )) < (f;)

k=1

I, =E(|(D) Y- {4 ) - A} *) = [(0) > {4 @) - A } [
s(iH(Dk)Z{A%7A<I>}||)2s(i;)ks .
k=1 k=1

We are now ready to prove the equivalence Theorem.

Theorem 5.5. (Equivalence Theorem). Let f € L?>(T™,\™). Then f is
Multiple Ito-McShane integrable on T™ and IM(f) = IW(f).

PrOOF. By Theorem 5.1, the result of Theorem 5.5 holds for any elemen-
tary function of the form (1). Let f € L?*(T™,\™). By the definition of
the Multiple It6-Wiener integral, there exists a sequence of elementary func-
tions {f(™} such that f(") converges to f a.s. on 7™ and lim,_ ||f™ —

fllm = 0. Furthermore E (IW(f™ — £))* < m!||f™ — f||,, for all n, and
limy, oo E (IW (f™) — IW( f))2 = 0. Let A™(I) and A(I) be the Ito-Weiner
integrals of f("™) and f on a subinterval I respectively. Then

B (IW(15 - 11))° < mUI(F — HLeIR, < mi|f) — fIF,

where F is the union of finite disjoint left-open subintervals. Hence A(™) vari-
ationally converges to A. Note that A (I) is also the Multiple It6-McShane
integral of f(™ on I by Theorem 5.3. By Theorem 5.4, f is Multiple Ito-
McShane integrable on T™ and IM(f) = IW (f). O

6 Characterization of Integrable Functions

We have shown that if f is L2-integrable on 7™, then f is Multiple It6-
McShane integrable on T". We shall next characterize the class of all Multiple
It6-McShane integrable functions.
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It can be seen from classical integration theory that f € L2(T™, \™) if and
only if given any € > 0, there exists a positive function ¢ such that for any
o-fine belated division of T™, denoted by D = {(I,z)}, we have

’(D) ST P - dx”‘ <e.
T?‘n.
Also since the diagonal is a set of Lebesgue-measure zero, f is integrable if
and only if fj is integrable there. R

Given a positive function §, we shall let S(f,d,D) = (D)3 f2(z)A™(1)
where D is a d-fine division of 7. Let flg, be a function on 7. Then, by
Lemma 4.9(i), we have F (\S(flgw,é, D)|2) =S(f1g,,6, D).

Theorem 6.1. Let f be a function on T™. Then flg, is Multiple Ito-
McShane integrable on T™ if and only if flg, € L*(T™,\™). Furthermore,

BUIM(flg,)?) = (L) [ f*lg,d\™
Tm
PRrROOF. By Proposition 4.10, if flg, is Multiple It6-McShane integrable,
then flg, is square-Lebesgue integrable there. We just need to prove the
converse. Suppose flg, is square-Lebesgue integrable. By Theorem 5.5, flqg,
is Multiple It6-McShane integrable. Then by Proposition 4.10,

(L) | [, d\" = T S(f,0,, Dy) = lim E ((Dn)Zf(:c)lc;WW(I))Q

Tm n— o0

= lim B (IS(f1c, Da,6a)°) = IM(f1g, ). 0

n—oo

7 Conclusion

We have used the Non-Uniform Riemann approach to give an equivalent def-
inition to the classical Multiple Wiener integral. We remark that the Non-
Uniform Riemann approach can also be used to give an alternative definition
to the Stratonovich integral and Fubini’s Theorem and the classical Hu-Meyer
Theorem can be derived. This will appear as a paper elsewhere.
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