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Abstract

In 2001, Csérnyei, O’Neil and Preiss proved that the composition
of any two Darboux Baire-1 functions [0,1] — [0,1] possesses a fixed
point, solving a long-standing open problem. In 2004 Szuca proved
that this result can be generalized to any f in the class J of functions
[0,1] — [0,1] with connected Gs graph. As a consequence, he proved
that for such functions the Sharkovsky theorem is satisfied.

As the main result of this paper we prove that as for continuous
maps of the interval, any f in J has positive topological entropy if and
only if it has a periodic point of period different from 2", for any n € N.
To do this we show that using Bowen’s approach it is possible to define
topological entropy for discontinuous maps of a compact metric space
with almost all of the standard properties. In particular, the variational
principle is true, and consequently, topological entropy is supported by
the set of recurrent points. We also develop theory of recurrent, w-limit,
and nonwandering points of functions in J since, in general, standard
results from the topological dynamics, are not true. For example, there
is a Darboux Baire-1 function f (hence, f € J) such that neither the
set of recurrent points nor the set of w-limit points of f are invariant.

1 Introduction and the Main Results.

In this paper we show that some classical results concerning dynamical proper-
ties of continuous mappings of the interval are true for more general mappings
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of the interval whose graph is a connected G set; in the sequel we denote the
class of these functions by J. The starting point is the result by Csornyei,
O’Neil and Preiss [CNP] from 2001, that the composition of any two Darboux
Baire-1 functions has a fixed point and its generalization by Szuca [Szuc] for
maps in J.

A nontrivial consequence of this theorem is the Itinerary Lemma, and the
fact that the classical Sharkovsky’s theorem on the coexistence of periodic
orbits for continuous maps of the interval from 1964 (cf., e.g., [BC]), is true
for the more general maps in J [Szu]. The main aim of this paper is to show
that for maps in J another classical result is true — the Misiurewicz’s charac-
terization of continuous maps of the interval possessing no periodic orbits of
period # 2™ for n = 0,1,2,..., as the maps with zero topological entropy
(for reference, cf., e.g., [BC]). To do this it is necessary to develop a theory of
topological entropy of functions (not necessarily continuous) from a compact
metric space into itself; we do this in Section 3. We define topological entropy
for maps in F using Bowen’s approach with (n,¢)-separated sets, and show
that this notion has the usual properties — cf., e.g., Propositions 3.6 and 3.7
below. The key result is the fact, that topological entropy is supported by
the set of recurrent points of the map, similar to the case of continuous maps,
cf. Theorem 3.8 below. Its proof, for maps in F is not simple. The natural
way is to use the Poincaré Recurrence Theorem for measurable maps, and the
Variational Principle which is proved as Theorem 3.18. The proof is rather
complicated, and follows from a sequence of lemmas and propositions. We
apply the Misiurewicz’s approach for continuous maps (cf. [Sz]), with proper
modifications. We also found some useful ideas in [AKLS].

The proof of our main result is in Section 4. The next section, Section
2 contains a sequence of rather elementary results concerning properties of
periodic, recurrent and nonwandering points of maps in 7. Note that dy-
namical properties of systems generated by functions in the Baire class 1 were
considered also in an older paper [K].

In the sequel we use the standard notions and terminology concerning
dynamical systems and real functions, like, e.g., [BC] or [BBT]. We start with
the following definition.

Definition 1.1. Let I = [0,1] and let f be a function I — I. Then f € Conn
if f has a connected graph, f € Gy if the graph of f is a G set, f € D if f has
Darboux property and f € By, if f is a Baire — 1 function. It is well known
that

DB, :=DNBy C ConnNGs =:J CD.

We say that an interval U f-covers V if f(U) D V; in this case we write
U —f V.
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Lemma 1.2. (Itinerary Lemma [Szu].) Let f € J. For every family {I; }1<k<n
of closed intervals which satisfies Iy —y Iy —5 ... —5 I, — I there is an
x € Iy such that f*(z) = x and f'(z) € I;41 for everyi=1,2,...,n— 1.

Recall that, for a continuous map f of the interval, the Itinerary Lemma
is well-known. Its proof follows easily by the fact, that if J is a compact
interval and f(J) D J, then f has a fixed point in J. The Itinerary Lemma
immediately implies the following result, which is the main tool used to prove
Sharkovsky’s Theorem 1.4.

Lemma 1.3. Let f € J, and let 7 = {I,..., I} be a partition of I into
compact subintervals. Let G be a Markov graph of (f,m). Thus, G is an
oriented graph whose vertices are intervals from w. And there is an arrow
from I; to I; in G if and only if I; f-covers I;. Now if there is a loop

Iy =5 Iy =5 oo —p Ii,, =5 Iy

in G of length n which is not repetition of a single smaller loop, then f has a
periodic point of period n.

Theorem 1.4. (Sharkovsky’s Theorem [Szu].) Let < be the linear ordering
of the set of positive integers given by

3<5<7<...<2:3<2.5=<...<22.3<22.5<...<23<22<2<1,

and let m,n be positive integers such that n < m. If f € J has a periodic
orbit of period n, then f also has a periodic orbit of period m.

The following is the main result of our paper.

Theorem 1.5. Let f € J. Then f has positive topological entropy if and only
if f has a periodic point whose period is not a power of 2.

ProOF. This follows by Theorem 4.7 and 4.8. O

2 Preliminaries.

In this section we provide a list of simple results concerning maps in 7, which
will be of some use in the sequel, or which exhibit interesting phenomena
impossible for continuous maps.

Definition 2.1. We say that the map f € J is turbulent if there are compact
subintervals J, K with at most one point in common such that

JUK C f(J)N f(K),

and is strictly turbulent if the subintervals J, K can be chosen disjoint.
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Lemma 2.2. Let f € J and J be a subinterval of I which contains no periodic
point of f. If x € J, f™(x) € J for somem >0 andy € J, f*(y) € J for some

n>0, theny < f*(y) if v < f™(x) and y > f"(y) if x > f™(x).

PrOOF. We suppose that x < f™(z) and put g := f™. Then the interval
[z, g()] contains no periodic point of g. If g¥(z) > x for some k > 1, then
g"t1(z) > g(z), since g¥ does not have a fixed point in the interval [z, g(z)].
Evidently g*(z) > x for every k > 1 (by induction). In particular: f™"(z) >
xz. If y > f™(y), then in the same way we would obtain y > f™"(y). But since
feJ, fm™ has a fixed point between x and y, by the Itinerary Lemma, which
is a contradiction. Similarly we can prove that y > f™(y) if z > f™(z). O

Corollary 2.3. Let f € J and J be a subinterval of I which contains no pe-
riodic point of f. Then, for any x € I, the points of the trajectory { f"(x)}n>0
which lie in J form a strictly monotonic (finite or infinite) sequence.

PROOF. Let
{ueties = TN {f" (=)},

where N € N or N = co. We may assume that there are positive integers m;
such that f™i(y;) = y;41 for i < N. By the previous lemma,

y1 < ™ (y1) =y2 < [ (y2) = ys,
or

y1 > " () =y2 > ™ (y2) = vs.
It follows by induction that the sequence {y,}2_; is strictly monotone. O
Lemma 2.4. Let f € J and J be an open subinterval which contains no
periodic point of f. Then (i) J contains at most one point of any w-limit set

wr(x), (i) J contains no recurrent point, (i) if x € J is nonwandering, then

no other point of its trajectory lies in J.

PRrROOF. (i) Let x be a point in I and wys(x) be its w-limit set. Suppose
that u, v € wy(x) N J, w # v. Then there exist sequences {f™*(z)}, and
{f™*(x)}32, such that

{f™(z)}32, — u, and {f™(x)}32, — v.

By Corollary 2.3, {f"™*(x)}72, U{f™*(x)}2, forms a strictly monotonic se-
quence which is a contradiction and u = v.

(ii) Suppose that z € JNRec(f). Let U C J be a neighborhood of z. Then
there is n € N such that f"(x) € U. If V C U is a neighborhood of x without
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f™(z), then there exists m > n such that f™(z) € V. Thus either the point
f™(x) lies between x and f™(x) or x is between f™(x) and f™(x). But this is
a contradiction to Corollary 2.3.

(i) Let x € JNQ(f) and f™(z) € J for some m > 0. Since z # f™(x),
there is an open interval G C J containing z such that f™(G) C J and
GN f™(G) = 0. Assuming that = € Q(f), we can choose y € G and n > m
such that f™(y) € G. Then f™(y) does not lie between y and f™(y) which is
a contradiction. O

The following lemma is stated for f € J, but its proof is valid for any
ferF.

Lemma 2.5. Let f € J. Then Q(f) = Q(f).

PROOF. Let {z,}52 be a sequence in Q(f) and x,, — x. Then x lies in Q(f).
Indeed, if U is a neighborhood of z, then there is an m € N such that z,, € U.
Since x,, € Q(f), fP(U)NU # 0 for some p and thus, z € Q(f). O

Lemma 2.6. If f € J, then Rec(f) C Per(f).
PrOOF. We can write

I\ Per(f) = U Jns
n=1

where every J, is an open interval and J, N Per(f) = . By Lemma 2.4,
Jn NRec(f) = 0 and Rec(f) must be a subset Per(f). O

Lemma 2.7. There is an f € J possessing a finite w-limit set which fails to
be a cycle. (Recall that for continuous maps this is impossible, cf., e.g. [BC].)

PROOF. Let f:[0,1] — [0,1] be a function such that f is continuous on the
interval (0, 1) and satisfies the following properties: f(0) =0, f(z) € (z,1—x)
for every z € (0,1), f(3) = 3, f(z) € (1 — z,x) for every z € (1,1) and
f(1) = 1. Then f is continuous everywhere except for x = 0 and 2 = 1, and
clearly, f € J, but on the other hand, the w-limit set containing only 0 and
1, which do not form a cycle. O

Lemma 2.8. There is an f € J possessing a recurrent point a whose image
f(a) is not recurrent. (Recall that for continuous maps this is impossible, cf.,
e.g. [BC].)

PROOF. Let f: [0,1] — [0,1] be such that f(z) = 3 for z € [3,1], f(0) =1,
and f(27") =27+ forn =0,1,2,... . Let f be continuous on any interval
I, = [2=(*Y 277] with f(I,) = [0,1]. Then f is continuous everywhere
except for x = 0, and clearly, f € J. On the other hand, a = 0 is a recurrent
point of f but f(a) =1 fails to be recurrent. O
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Lemma 2.9. Let f € J, a € Rec(f), and ng € N. If f*(a) > a for every
n > ng, n € N, then there is a sequence {p,}2, C Per(f) such that p, > a
and lim,_,.c p, = a.

PROOF. Let 6 > 0 be sufficiently small such that, for some k > ng, fi(a) £
(a,a + &) whenever i < k, and f¥(a) € (a,a + d). Let r > ny be the minimal
integer such that f**"(a) € (a, f¥(a)). Such an r exists since a € Rec(f) and
f™(a) > a, for n > ng. Then, for b = f*(a), we have f"(a) > a and f7(b) < b.
By the Itinerary Lemma there is a point p € (a,b), such that f"(p) =p. O

Lemma 2.10. Let f € J and let a € Rec(f). If f¥(a) > a, for some
k € N, and if there is a sequence {p,}5>, C Fix(f) such that p, > a and
lim,, 00 pr = a, then f has a periodic point of period # 2™, n € N.

PROOF. Put aj, = f*(a), and let ¢ € (a,a;) N Fix(f). Consider two cases.

CASE A. Let f"™*(a) < a for some n > 0. Then there is a y € (q,ax)
such that f™(y) = a. This follows since f"[q,ax] D [a,q] and f™ € D. By
the Itinerary Lemma (note that f* € D) there are points a < u < p < v < q
such that f¥(u) = f*¥(v) = y (note that f¥(a) > y), and p € Fix(f). Let
U = [u,p],V = [p,v]. Then f*(U) D [p,y]. Hence

U)o fp,y] D la, g DU UVL

Similarly, f¥*(V) > UUV. Thus, f"** is turbulent (cf. Definition 2.1). By
the Itinerary Lemma (or by Lemma 1.3), f*** has a fixed point and so f has
a periodic point of period (n + k)j, for any j € N.

CASE B. Let f"**(a) > a for all n € N. We may assume a, € (¢, ax)
for some s, otherwise we take smaller ¢. Since f* € D, there is a sequence of
points {u;} such that u; > a, lim; . u; = a, and f*(u;) = a, (note that every
right neighborhood of a contains a fixed point). Choose v = u; < p < u; = v,
where p € Fix(f), and let U = [u,p],V = [p,y]. Then similar to the previous
case we get

ey VY s Uuv

for any m such that a,,+s < u. O
Lemma 2.11. Let f € J. If Per(f) = Fix(f), then Rec(f) = Per(f).

PrROOF. Let a € Rec(f) \ Per(f). By Lemma 2.6, there is a sequence {p,}
of fixed points, converging to a, say, from the right. Then, by Lemma 2.10,
f™(a) < a, for every n > 0, and consequently, by the “converse” version of
Lemma 2.9, a is the limit point of fixed points of f from the left. By (the
“converse” version of) Lemma 2.10, this is impossible. O
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Lemma 2.12. Let f € J, and let a € Rec(f). If there is a neighborhood U
of a such that, for some n € N, any periodic point of f contained in U has
period 2°, with 0 < i <n, then a is periodic.

PROOF. The proof is similar to that for Lemma 2.11. It is based on Lemma
2.9 and a slight variation of Lemma 2.10, since it could happen that, for some
a € Rec(f), a £ Rec(f™), for an m > 0. But, in any case, there is a k,
0 < k < m such that a is a cluster point of the sequence { ¥+ (a)}2,. An-
other possibility is to apply Lemma 2.2.

Before stating the next lemma recall the following. Let (X, M, u) be a
measure space, with p a probability measure on X, and let f : X — X be
an M-measurable map. If, for any A € M, u(f~1(A)) = p(A), then p is an
inwvariant measure for f.

Lemma 2.13. Let X be a compact metric space, f : X — X a measurable map
with respect to a probability invariant measure p on X. Then u(Rec(f)) = 1.

PROOF. This result must be known but we are not able to give a reference. By
the Poincaré Recurrence Theorem (cf., e.g., [SmS]), for any measurable A C X,
a.e. point # € A is recurrent with respect to A. This means that fi(z) € A4,
for infinitely many integers i. Let N = X \ Rec(f), and let B = {B,,} be a
countable base of X. Let N,, be the set of points in B,, which are not recurrent
with respect to B,,. To prove the lemma it suffices to show that N = J77; N,,.
Clearly, N D |JN,. To prove the converse, let z € N. Then there is an n
such that x € B,, and, for any k > 0, f*(z) £ B,. Consequently, z € N,,. [

3 Topological Entropy for Discontinuous Functions.

In the literature, topological entropy is defined for continuous maps of a
compact metric space (or a compact topological space), while metric entropy
is defined for measurable functions which may be strongly discontinuous. In
this section we show that topological entropy with reasonable properties (cf.,
e.g., [AKLS]) can be defined for an arbitrary map f from a compact metric
space into itself. In the sequel, we assume that (X, p) is a compact metric
space, and F is the space of all maps X — X.

Definition 3.1. Let f € F, n € Nande > 0. Aset M C X is (n,e)-separated
if for every =,y € M,z # y there is 0 < i < n such that p(fi(z), fi(y)) > e.
A set E C X is an (n,e)-span if for every z € X, there is y € E such that
p(fi(z), fi(y)) < e for every i € {0,1,...,n}. Let S(f,n,e) denote an (n,e)-
separated set with maximal possible number of points, and s,,(¢) its cardinality
and similarly r,,(¢) = min{#F, F' is an (n,e)-span}.
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Let

1 1
5(e) = limsup — log s,,(¢) and 7(¢) = limsup — log 7, (e).
n

n—oo n n—oo
Lemma 3.2. (i) r,(c) < sp(e) < rp(§5) < +oo, (i) if 1 < €2, then 5(e1) >
§(82), F(é‘l) > F(e’:‘Q).

PROOF. (i) If M is an (n,e)-separated set with maximal cardinality, then M is
an (n, ) spanning set. Therefore r,(¢) < s,,(g). To show the other inequality
suppose M is an (n, €)-separated set and K is an (n,e/2) spanning set. Define
¥ : M — K by choosing, for each x € M, some point ¥(z) = y € K with

p(fi(x), () <e/2,

for every 0 < i < m. Then ¥ is injective and therefore the cardinality of M
is not greater than that of K. Hence s,(c) < r,(5). For every ¢ > 0, an
(n,e)-separated set has finite cardinality, since X is a compact interval and
thus (by the first inequality) r,(5) < +oc.

(ii) Let &1 < e3. Then every (n,es)-separated set is also an (n,e1)-
separated set and hence, by the definition of 3(g), 3(e1) > 3(e2). If K is
an (n,e1) spanning set with minimal cardinality, then K is also an (n,ées)
spanning set and hence 7, (g2) < 7,,(e1). Therefore 7(g1) > 7(e2). O

The following definition was introduced by R. Bowen for continuous maps.

Definition 3.3. The Topological entropy of an f € F is the number

h(f) = lim lim sup 1 log s,,(e).

e=0 pooo N

If A C X, then the topological entropy h(f|a) of f|a is given by the same for-
mula, except that s, () means the maximal cardinality of the sets S(f,n,e) C

A.
Proposition 3.4. For any f € F,

lim 5(¢) = lim 7(e) = h(f).

e—0 e—0

PRrROOF. It follows by Definition 3.3 and Lemma 3.2. O

Proposition 3.5. Let f € F, and let A,B C X be arbitrary sets. Then
h(flaus) = max{h(f[a), h(f|B)}

ProOOF. The proof follows easily by Definition 3.3. O
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Proposition 3.6. Let f € F. Then h(f*) = k-h(f), for every positive integer
k.

PRrOOF. First we show

k-h(f) = h(f"). (3.1)
Let #S(f,n,e) = sn(e) and #S(f*,n,e) = sk(e). Since any set which is
(n, €)-separated by the function f*, is also (nk,¢)-separated by the function
f, we have s%(g) < s,x(¢). It follows that

1 k
o log Sﬁ(E) < ok log sk (€),
and consequently,

1 k
;EI%) liyrln_)solip - log s¥(e) < ;Lr% lirrlnﬁsotip o log snk(€),
which yields (3.1). To prove the converse inequality, let M;, 0 < i < k, be a
maximal subset of S(f,nk,e) with the following property. For every distinct
x,y in M; there is a 0 < j < n such that p(fiT7%(z), fi+75(y)) > &; ie.,
p(F7%(fi(x)), f7*(fi(y))) > e. By definition of M;, the points f*(z) and fi(y)
are (n, ¢)-separated by the function f*. Hence, #M; < s¥(¢). Since the union
of the sets M; is S(f,nk,e), we get

spk(e) < k- sk (e),

1 1 ) 1
Ll log s,k (2) < - log (k- sk (e)) = ~ log s (e) + - log k,

nk
k-h(f) <h(f*) + limsup %,
and hence,
k-h(f) < h(f"). (32)
By (3.1) and (3.2), kh(f) = h(fF). O

Proposition 3.7. Assume f, g € F are topologically conjugate via a homeo-
morphism ¢ of I (so that po f =gow). Then h(f) = h(g).

PROOF. Let n € N;e > 0. We have
f=¢togog. (3.3)

Let #S(f,n,e) = s () and #S(g,n,c) = s9(c). Take arbitrary points z,y €
S(f,n,e),x # y. By definition of (n,e)-separated set there is 0 < i < n such
that p(fi(x), f{(y)) > € and (3.3) implies

p(e7 (g o), o7 (g op(y)) >e. (3.4)
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Since ¢ is homeomorphism, ¢~! is continuous. Hence there is a § > 0

such that if p(u,v) < 6, then p (¢~ ¢ '(v)) < e. By (3.4) we have
p (90 p().g" 0 p(y)) >4, s0 p(x), p(y ) 6 S(gm d) and hence,

#S(g,n,0) > #¢ (S(f,n,¢)).

)
Consequently, s9(8) > si(g), and h(g) > h(f). By the symmetry, h(g) < h(f)
and thus, h(g) = h(f). O

The remainder of this section is devoted to the proof of the following The-
orem 3.8 which is essential in proving our main result. Theorem 3.8 is a
consequence of Lemma 2.13 and Theorem 3.18 below.

Theorem 3.8. For f € F, h(f) = h(f|rec(s))-

This result is well-known if f is a continuous map of the interval; the proof
consisting of a sequence of definitions, lemmas and propositions can be found,
e.g., in [Sz]. It can be modified for mappings from F since the major part of
the original argument is based on the fact that a continuous map of the interval
has the Darboux property and is measurable. We start with the definition of
the metric entropy, and an alternative definition of topological entropy.

Definition 3.9. Let (X, M, 1) be a probability measure space (i.e., u(X) =
1), such that p is an invariant measure of a map f: X — X. Let £ = {4;,i =
1,...,m} be a decomposition of X, where 4; € M. If

n—1
)=\ f*
k=0

is the set containing all intersections of the form A; N f~1(4;,) N...N
F~@=1(4; ), then

hu(f,€) = ~ fim > w(B)-logu(B).
BeRn-1(§)

The Metric entropy, with respect to the measure p, is the number

hu(f) = Sgp hu(fv f)

Let X be a compact topological space and «, 3 two covers of set X (not
necessarily by open sets). Then aV (3 :={A;NB;, A; € a,B; € B}, [} (a) ==
{f~1(Ay), A; € o}, and similarly for f=*(a).
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Definition 3.10. Let « be a cover of X with a finite subcover. The entropy
of « is defined to be
Hy(a) = log N(«),

where N(«) is the minimal number of sets in any finite subcover.
Lemma 3.11. Let f € F. Then for every cover o of X with a finite subcover

lim sup %HO (\_/ f_k(a)> =:h(f,a) < Hy(a).

ProoF. Obviously N(\/Z;é f7%(a)) < N(a)", for every n € N. Hence

n—1 n—1
CHo(\/ f ) = S 1o N(\/ 7)) < 1 log N(a)" = log N(a),
k=0 k=0
and consequently, h(f, a) <log N(«a) = Ho(a). O

A cover 3 is said to be a refinement of a cover «, in symbols a < (3, if
every set of § is a subset of a set in a.

Lemma 3.12. Let f € F, and let o be a cover of X with finite subcover. If
a < B, then h(f,a) < h(f,B).

PrROOF. Let a < 5. Then clearly

aV [ Ha) V@) Ve VTN a) < BV FTHB) V) VLV FTB)

so that

Ho(\/ 175(@) < Ho(\/ F4(8)) and h(f,0) < h(f,3). O
k=0 k=0

For f € F, we set
d(f) = sup h(f, @), (3.5)

where the supremum is taken over all open covers « of X.

Proposition 3.13. Let f € F, and let oy, be a cover of X consisting of open
balls with diameter < . Then d(f) = limp,—.o0 h(f, o).

PRrROOF. It follows from (3.5) by Lemmas 3.11 and 3.12. O
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Proposition 3.14. Let f € F. Then h(f) =d(f).

PROOF. Let a. = {C;} be a cover, where each C; is a open ball with diameter
smaller than ¢. Let & be a minimal subcover of the cover

n—1
al = \/ f_k(a6>-
k=0

Choose one point of every element & and let these points form a set F'. Then
F is an (n,¢)-span and hence,

N(al) = N(a2) = #F > r(e),
which is equivalent, for n — oo,

d(f) =z h(f,ce) 2 7(e).
Letting € — 0 we get
d(f) = h(f). (3.6)

Let a = {A;} be an open cover with diam(a) < & and § > 0 be a number
such that for every set A C X with diam(A) < ¢ there is A; € « so that
A C A;. Since X is compact, such a positive § (the Lebesque number of
covering o) always exists. Let F,, be a minimal (n,e/2)-spanning set and

n—1

B = (Vv e X0 (7). ) < 50},
k=0

for every x € F,,. Then diam(B,) < ¢ and each set B, is contained in an
element of cover o”. If x € N}Z; f~*(A;,), then

FH(Ba) (o (£4(2).0) < 56} and F5(B) C Ay,

Hence B, C ﬂZ;S f7*(A;,). The cover 3, = {B, : x € F,,} is a refinement of
o™ and N(B3,) = #F, = r,(30). Thus N(a™) < N(B,) = r,,(56). Hence

h(f,a) = lim llogN(a”) < limsupllogfrn(é) =7(2).

n—oo N n—oo N 2

Letting € — oo we get, by Proposition 3.4,

d(f) < h(f). (3.7)
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By (3.6) and (3.7), h(f) = d(f). O

Let o = {A;} be an open cover. If £ = {C;} is a decomposition of X such
that C; is p-measurable, let

p(a,§) = max#{C €, ANC # 0}

Lemma 3.15. Let f € F, and let i be an f-invariant measure. Then, for
any p-measurable cover a of X with a finite subcover, and any p-measurable
decomposition & of X, h,(f,€) < h(f, )+ logp(e, ).

PROOF. Let

H(E) = — 3 ulC)log u(Cy) and € = \/ £7i(¢).
1=0

Cie€

It is easy to see that

p; >0, Zpizl = —Zpilogpiglogm. (3.8)

i=1 i=1

Since £" is a decomposition of X, (3.8) implies the first inequality in

H(§") < log N(£") < log (p(av, &) N (™)),

while the second one follows easily from the definition of p(«, £). To finish the
argument let n — oo. O

Lemma 3.16. Let f € F, and let p be an f-invariant probability Borel mea-
sure on X. Then, for every pu-measurable decomposition § of X there is a
decomposition £ and an open cover « such that (i) h,(f,&) > h,(f,&) —1, (i)

p(o,§) < 2.

PROOF. Let & = {C4,Cy,...,Cs} be a decomposition of X. It is well-known
that any probability Borel measure on a metric space has the property, that
any measurable set is p-approximable by open subsets. Take compact sets
K; C C; with u(C; \ K;) small enough such that the decomposition & =
{Ki,Ks,...,Ks, X \U,_, K;} has the property (i). Put Usy1 = X \U]_, K;
and U; = K; UUg4q. Then a = {Uy,Us,...,Us,Usq1} is an open cover, and
pla,§) <2. O

Theorem 3.17. Let f € F and let p be an f-invariant probability Borel
measure on X. Then h,(f) < h(f).
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PRrOOF. Let £ be a decomposition. Then, by Lemmas 3.15, 3.16 and Theorem
3.14,

hu(f™,€) < hu(f".8) + 1 < h(f™, a) +logp(a, §) +1 < h(f") +log2 +1

and
hu(f™) < h(f") +log2+1.

By Proposition 3.6, since h,(f") = nh,(f), nh,(f) < nh(f) +log2+ 1. Let
n — oo to get h,(f) < h(f). O

Theorem 3.18. Let f € F. Then h(f) = sup, h,.(f), where the sup is taken
over all probability f-invariant Borel measures u on X.

PROOF. For an invariant measure 1 we put S¥(A) = p(f~%(A)). Let € > 0
be given and let E,, for n = 1,2,..., be an (n,¢)-separated set of cardinality
sn(€). Let o, be the atomic measure on the points of E,; i.e.,

1

, where z € E,,.
Sn(€)

on({z}) =

Define py, by pn, = % ZZ;& Sﬁn. Since X is compact and the measures p,, are
probability measures, there is a subsequence {n;} of positive integers such that
pn,; — . Clearly, pu is an f-invariant probability measure on X. Moreover, u
is a Borel measure. This follows by the fact, that the support of every p,; is
a (finite) compact set B;, and hence the support B of p is compact as well.
By Definition 3.3, we may assume that lim; ., 1 logs,,(¢) = 5(c). We show
that h,(f) > 3(¢). To do this we first define a p-measurable partition « of
X consisting of sets with diameter less than ¢ such that the p measure of the
boundary Fr(A) of any set A € a™ is zero, for any n. Solet E = {x1,...,2m}
be an e span. For 1e <r < le let 4;(r) = {y € X;p(x;,y) <r}. Since p is
finite, for any ¢ there are only countably many r such that the py-measure of
the boundary of A;(r) is positive. Hence there is an 7 such that the boundary
of A;(rg) is a set zero measure, for any 1.
Let o = {A4y,...,Ap}, where

Ay ={y: p(z1,y) <o},
Ag ={y : p(w2,y) < 7o} \ A1,

m—1

Ap = {y s pam,y) <mo}\ | A

1=0
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Then « is the partition. It is easy to see that, for every set A;, dlam( i) <
2ro < e and p(Fr(4;)) = 0, for every 1 < i < m (and so, u(U~,Fr(4;)) =
0, u(Ugeqn Fr(A)) = 0). Fix positive integers n,q with n > 2q. Deﬁne s(j),
for 0 < j < q, by s(j) = [(n—7)/q] — 1, where [b] denotes integer part of b > 0,
and put o” = \/?_' f~%(«). Then

s5(4)
a”z\/f kqjaq \/f
k=0 keM
where M = {0,1,...,5 —1}U{¢s(j)+j+q,...,n—1} C{0,1,...,g— 1} U
{n—gq,...,n—1}. Is clear that M has cardinality at most 2q. Let
== v(&)logr(&),
i=1

for some partition £ = {£}; and some measure v. (We define v(;) logv(&;) =
0 for v(&;) = 0.) It is easy to see that

H,, (§Vn) < Hy, (§) + Hoy,, (1) (3.9)
By (3.8) and (3.9),

s(4)
H,, (a") = H,, (\/ f*" () v \/ 7

k=0 keM
s(4)

<Y Ho (5757 (0) + 3 He (o)
k=0 keM

=2 Ho, (f177(a") + #M -log #ta
k=0

s(4)

Z o, (7R3 (a%)) + 2qlogm.

k=

=[((n—3)/q) —1]g+j < n—q. The numbers

For each 0 < j < ¢—1, s(j)g+j = [(
k < s(j)} are mutually distinct and not greater

{i+ke0<j<qg-1,0<
than n — q. Hence

(4)
qH, ZZ o (f7H77 () + 2¢% log m,

7=0 k=0

Q
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and hence,
¢Ho, (a") <3 Hy, (f75(a%)) + 2¢° log m. (3.10)
k

Choose an (n, €)-separated set E,, so no member of o™ can contain more than
one member of E,. Since o,({z}) = 1/s,(¢), for z € E,,

1 1
H, (a")=— Z ——1lo = log s, (€).

= Sn(€) & Sn(€)

Next, H,, (f~*(a?)) = Hgy. (af) and by (3.10) we get

n

qlog s, (e Z ky (a?) + 2¢*logm,
k=0
or equivalently,
1 < 2
] log s, (g) < RSP Hgi (af) + 1 log m. (3.11)

which, applied to (3.11), yields

log sp(e) < H 1

n+1 n+l

2q
Hﬂn«i»l( ) + n +

2
q sp_ sk, (@f) + n%qu logm

(3.12)

log m.

The members of a? have boundaries of y-measure zero, so lim;_.o H,,, (a?) =
J

H,(a?). Therefore replacing n by n; in (3.12) and letting j — oo we have
¢s(e) < H,(a?). We can divide by ¢ and let ¢ — oo to get

() < Jim S, (a%) = hy(f.0) < hu(1).

Since p = u(e),
h(f) =sup3(e) < sup hue)(f) < Sup hu(f)-

e>0
By Theorems 3.14 and 3.17, h,(f) < h(f) and hence sup, h,(f) < h(f).
Consequently, h(f) = sup,, h.(f). O
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4 Proof of the Main Result.

Lemma 4.1. Suppose for some n € N, any periodic point of an f € J have
period 2¢, 0 <i <n. Then h(f) =0.

PROOF. Put g = f2". Then, by Proposition 3.6, Theorem 3.8 and Lemma

211,
1 1 1
h(F) = 5 hl(9) = 5 hglRec(e)) = 5 Mglring)) = 0. U
Proposition 4.2. If f € J is turbulent, then h(f) is positive.

PROOF. Since f is turbulent, there are closed intervals J, K for which JUK C
F() N f(K). Let J = [a,b] and K = [e,d],a < b <c<d Iftb#c(f
is strictly turbulent), we take ¢ = ¢ — b and an arbitrary n € N. For every
T = ToT1T2...Tp_1 € {0,1}" there is y, € J U K such that fi(y,) € J if
x; =0 and f'(y,) € K if z; = 1. The set M = {y,,z € {0,1}"} containing
2" elements is (n,€)-separated. Thus s, () > 2™ and h(f) > log2 > 0.

If b = ¢, then there is a compact interval Jo C J such that f(Jy) = J or
f(Jo) =K, and b £ Jy. By the choice of Jy,

JOUK C JUK C f*(Jo) N f(K),

and hence, f? is strictly turbulent. By the first part, h(f?) > 0, and by
Proposition 3.6, h(f) > 0. O

Lemma 4.3. If f € J has periodic point of period 28q, where ¢ > 1 is odd
and k > 0, then f2k+2 is turbulent.

PRrROOF. If f has a point of period 2¥¢, then, by Theorem 1.4, f has a point
of period 3 - 2**1. Thus ka+1 has a cycle of period 3. Put g = f2k+1. There
are points a < b < ¢ such that either

gla) =b, g(b) = ¢, g(c) = a (4.1)

or
g(a) = ¢, g(b) = a, g(c) =b.

Without loss of generality assume (4.1). Let J = [a,b] and K = [b,¢]. Then

obviously J UK C g2(J) N g?(K) and hence, g> = f2° is turbulent. O

The following result is crucial in proving that a map of type 2°° in J has
zero topological entropy. For continuous maps of the interval the result was
proved in [S], but the argument is not transferable to J. However we are able
to provide a new, self-contained argument.
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Lemma 4.4. Let f € J have only periodic points of periods 2™, for positive
integers m, and let a be a periodic orbit of f with period 2%, k > 1. Let ag
and oy be the left and right half of o, each possessing 281 points. Let p be a
fixed point of f separating ag and oy, and finally, let J; be the convex hull of
a;, 1 =0,1. Since a is a simple orbit (cf. [BC| and [Szu]),

flay) = a4, and f2(ai) =q;, fori=0,1. (4.2)

Put - -
Uo = J r*"(Jo), U = [ (), (4.3)

n=0 n=0

Vo = Uy, Vi =U;. Then Vy and Vi are compact periodic intervals forming a
periodic orbit of f; i.e., f(V;) =Vi_;, i =0,1 such that Vo N Vi C {p}.

PROOF. By (4.2), f2(J;) D J;, which yields f2(U;) = U;. Similarly, by (4.2),
f(J;) D Ji_; and hence, f(U;) = U;_; since f2 € D. Now, p £ Uy UU;. To
show this assume, e.g., that p € Up. If Jy = [a,b], let V' = [b,p]. Obviously,
b < psince b € a has period > 1. By (4.3) there is an n such that p € f2"(Jy).
Hence

£ (Jo) D Jyu V. (4.4)

Since b is a periodic point in the orbit o of f2, there is an m < 2¥~1 such
that f2™(b) = a, and consequently,

£2(V) D a,p] = JoUV. (4.5)

By (4.4) and (4.5), f*™" is turbulent and hence f has a periodic point of
period # 2%, i € N. This is a contradiction. To finish the argument note
that, for any Darboux function f, the closure of an f-invariant interval is
f-invariant. O

Lemma 4.5. Let f € J, and let U,V C I be mazximal compact intervals with
the property, that, for some k > 0,

FrU)=U, ff(V) =V, but f/(U) £ U, f/(V) £V, for 0<j <k.
Then either U =V, or UNV contains at most one point.

PRrROOF. The argument is easy and follows from the fact that if U and V have
non-empty intersection, then U UV is a periodic interval of period k, or k/2 if
the intervals belong to the same periodic orbit, k is even, and fk/Q(U) =V. O

Lemma 4.6. Let f € J be a function. If there is € > 0 and m € N such
that for every k > m there is a compact interval I, C I with the following
properties:
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(i) € < diam(I}) < 2¢,
(i1) Iy O Ix41
(i) 2 (I) = I and f™(Iy) # Iy for every 0 < n < 2%,

(iv) 2" (In41) = Jos1 C I,

where Iyy1 and Jpi1 are nonoverlapping intervals, and S(n,e) C I, is the
mazimal (n,€)-separated set with respect to the function g = f2". Then

1
limsup — log s, (¢) = 0,
n

n—0o0
where sy (€) is cardinality of S(n,¢).

PrROOF. We show by mathematical induction that s,(¢) < n + 1 for every
n € N. Evidently if n = 1, the maximal (1,¢)-separated set S(1,¢) C I,
contains 2 points. Suppose that s, () < n+1 and show that s,1(e) < n+2.
Let J = (2, I, and S(n,e) = {xg,21,...,7p}, where p < n. Let g = f>".
Assume that there are u,v € S(n + 1,¢) such that u,v & S(n,e). Thus there
exist x;,z; € S(n,¢) such that

p(g"(w),g"(z:) > A p(g'(u),g'(z:)) <e, (4.6)

p(g"(v),9"(x;)) > A p(g'(v), g (x;)) <e, (4.7)

for every | < n. Thus a pair of points g™ (u) or ¢"(x;) and g™ (v) or g"(z;) lie
in J. (If not, some of them are not separable.)
CASE A. If g"(x;) € J and ¢"(z;) € J, then x;,x; € Jj for some k and
there is no s < n such that p (¢°(z;), g°(z;)) > e. This is a contradiction.
CASE B. If g"(u), ¢"(z;) € J, then z;,u € Jy for some k and

p(g°(u),¢°(x;)) <e, forevery 0 < s < n.
By (4.6) we get
p(9°(xi), g°(x;)) < e, for every 0 < s <mn,
and this is a contradiction. Similarly if ¢"(v), ¢"(x;) € J.
CASE C. If g"(u), g"(v) € J, then u,v € Jy, for some k. By (4.7) and by
the fact, that p(¢™(u), g™ (v)) has to be greater than e, we have

p(g°(u),¢°(x;)) <e, for every 0 < s <mn,
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which is a contradiction.
Since for all n € N, S(n,¢) can contain at most n + 1 points, we get

1 1

lim sup — log s,,(g) < limsup —log(n+ 1) = 0. O
n—oo N n—oo N

Theorem 4.7. Let f € J. If the period of any periodic point of f is a power

of 2, then h(f) = 0.

PrOOF. By Lemma 4.1 we may assume that, for any n € N, f has a periodic
orbit of period 2". Let M; be the system of maximal compact intervals U C I
such that f2(U) = U, but f(U) # U. By Lemmas 4.4 and 4.5, M; # 0, and
consists of nonoverlapping intervals. Letting M; = |JM; we can see, by
Lemmas 4.4 and 2.11, that Rec(f)\ M; C Fix(f). Consequently, by Theorem
3.8, h(f|na,) = 0. By Proposition 3.5, h(f) = h(f|ar,). Thus, it suffices to
show that

h(flar,) = 0. (48)

To do this, fix an ¢ > 0. If every interval in M has length less than ¢,
then (4.8) is true. (Actually, we have h(f?|5s,) = 0.) If not, let My, be the
system of maximal compact intervals which are fixed by f2° but not by f,
0 <i<2F Let My = |JMy. Then arguing similarly as before, we can see
that (4.8) is satisfied if h(f2k|Mk) = 0. Now if, for some k the intervals in
M. have diameters less than ¢, we are done. Otherwise, there is an m > 0
such that in every My, for k > ko, there is the finite system JF, J5 ... Jk of
intervals with diameter greater than €. Moreover, for any ¢, 1 < i < m, the
intervals {Jf}g‘;ko form a nested system. By Proposition 3.5, to prove (4.8)
it suffices to show that

h(f¥ | 0) =0, 1<i <m.
But this follows by Lemma 4.6. O

Theorem 4.8. If f € J has a periodic point of period 2*q, where ¢ > 1 is
odd and k > 1, then h(f) > 0.

Proor. By Lemma 4.3, ]”2’c+2 is turbulent, by Propositions 4.2 and 3.6,
h <f2k+2) > 0, and hence, h(f) > 0. O
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