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BLEI’'S INEQUALITY AND COORDINATEWISE
MULTIPLE SUMMING OPERATORS
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Abstract: Two inequalities resembling the multilinear Holder inequality for mixed-
norm Lebesgue spaces are proved. When specialized to single-function inequalities
they include a pair of inequalities due to Blei and a recent extension of Blei’s in-
equality. The first of these inequalities is applied to give explicit indices in a known
result for coordinatewise multiple summing operators. The second is used to prove a
complementary result to the known one, again with explicit indices. As an applica-
tion of the complementary result, a sufficient condition is given for a composition of
operators to be multiple summing.
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1. Introduction

A mixed-norm Lebesgue space is a space of complex-valued p x v-mea-
surable functions defined on the product of two measure spaces (X, u)
and (Y, v) and satisfying

J(/ |f<x7y>pdu<x>)m w) <

for given indices p > 1 and ¢ > 1. These spaces and the closely re-
lated amalgam spaces have a prominent place in harmonic analysis. For
example, the Littlewood 4/3 theorem is proved in [1] using two mixed-
norm inequalities for matrices. (To get mixed norms on matrices simply
take p and v above to be counting measures on finite sets.) The multilin-
ear Holder inequality for mixed-norm spaces follows easily by iterating
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the usual one, so

JE Y ﬁ(/(/Ifjl”jdu)qj/pj dy)

provided 1/py + -+ 1/p, = 1/q1 + -+ 1/q, = 1. Tt is important
to note that the order of integration is the same in each factor. In [1,
Lemma 2, p. 430], two mixed-norm inequalities appear in which the
order of integration differs in the factors. They are expressed as matrix
inequalities:

1/q;

1/2 1/2

et (o)

(1.2)

5/6 12\Y?
<Z|aijk|6/5> < Z(ZWMP)
ik ij Nk
12\ 172\3
x Z<Z|aijk|2) Z(Z|aijk2>
ik N g ik N

In Theorem 2.1 we present a pair of multilinear Holder-type inequali-
ties in which the order of integration differs in the mixed-norm factors.
When specialized to single function inequalities, they include the two
inequalities above, and a recent generalization from [9]. It appears that
investigation of such inequalities in the past has been mostly restricted to
the single-function case, see [2], [3], [11], and [14]. In [11], the author in-
troduces permuted mixed norms and proves a Minkowski-type inequality
for them. Although still a single-function result, this inequality is appli-
cable to our situation and may be used to give alternative proofs of our
Theorem 2.1. We prefer to present the concrete, elementary proof given
in the next section.

The motivation for extending Blei’s inequalities from [1] comes from
the theory of multiple summing operators, which began with the compar-
ison between unconditional and absolute convergence in Banach spaces
and developed into an essential tool of functional analysis. Bohnenblust
and Hille, in Theorem I of their ingenious 1931 paper [4], proved that
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for each natural number m there exists a constant BH,, such that for
every N and every m-linear mapping U: £ x --- x {5 — C

NN s
2m_
(Z 2D |U<ez-1,...,eim>|m+l> < BH,||U]
i1=1 =
and, moreover, proved that the exponent 7721—:11 isoptimal. Hereeq,...,en

denote the standard basis vectors in /2. The case m = 2 is Littlewood’s
famous 4/3-inequality from [12] and is closely connected with (1.1). In
modern terminology, see [15, Corollary 3.20], the Bohnenblust-Hille the-
orem may be stated as follows: For each natural number m there ex-
ists a constant BH,, such that if Xy,...,X,, are Banach spaces and
p: X3 x -+ x X, = C is bounded and multilinear, then ¢ is multiple

2 .
(7244, 1)-summing, and

T35t () < BHu|@l.

mult
rl

For definitions and basic results, including the definition of 7 see
Section 3.

In [9], coordinatewise multiple summing operators were introduced
and studied, then applied to give a multilinear extension of Kwapien’s
theorem, a multivariate polynomial version of the same result, and a the-
orem on products of vector-valued Dirichlet series. Their main result on
coordinatewise multiple summing operators, Theorem 5.1 of [9], shows
that if an operator is coordinatewise multiple summing in each subset of
some partition of the coordinate set, then the operator is multiple sum-
ming. Unfortunately, the indices in this result are recursively defined,
making them difficult to handle except in special cases. In Theorem 3.2,
below, we prove a version of Theorem 5.1 of [9], giving explicit values
for the indices, and simplifying its proof by applying Theorem 2.1. The
simplification comes at the expense of the careful control of the con-
stants established in [9]. Theorem 3.2 also includes a companion result,
which involves operators that are coordinatewise multiple summing in
the complement of each subset of the partition. As an application of the
companion result, it is combined with the Bohnenblust-Hille theorem to
give a sufficient condition for a composition of operators to be multiple
summing, see Theorem 3.5.
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2. Multilinear Blei’s inequalities

Let (Mj, ;) be o-finite measure spaces for j =1,2,...,n, and intro-
duce the product measure spaces (M", u") and (M}, u?) by

n n n n
wo= [T w=Tlme v =TT w=Tme
k=1 k=1

k=1 k=1
k#j k#j

Note that M = M"~1,

The following two theorems give complementary inequalities for func-
tions defined on the product space M™. Observe that, except for the
names of the indices, each reduces to the same inequality in the case n =
2. This case is proved separately below. Note that for p > 1, p’ is defined
by 1/p+1/p' =1.

Theorem 2.1. Ifn > 2 and positive indices q1, . . ., ¢, satisfy Z;.Lzl q% <

1 then for any non-negative p"-measurable functions fi, fo,..., fu,
n » P/ 4 1/p;
(2.1) / fifao frndu® SH / ( Iy du}”) dpu;
Mn =1\ M\ ey
and

1/s;

n 55/q;5
@2) [ fife g SH(/M;UM.JW“J‘) duj)

J J

1 _ 1, (_yn 1 1 _ 1, 1 (_yn 1
Here - = -+ 1 D k=1 ar andsijjJrn_l(l Zk:lqk)‘

Proof: If n = 2 then M12 = Mo, M22 =M, p1 =81 =¢ and py = 59 =
q;. Two applications of Holder’s inequality give

/ flfszQZ/ fifadps dpy
M2 My J s

/¢ , 1/qy
</ ( ffldm) ( I sz) din
Afl M2 M2
as/ a1 1/a
< /( ffld,uz) dpiy
My \J M,
, az/4; a2
X(/( fézldm) dm) :
My \J M,
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Since ¢2/q7 > 1, Minkowski’s integral inequality shows that the second
factor in the last expression is no greater than

‘11/42 1/‘11
( / ( I du1> du2>
Mo M-

and establishes the case n = 2 of both (2.1) and (2.2).
Next we prove the remaining cases of (2.1) by induction on n. First
observe that 1 < p; < g; < oo for each j. For the induction step we

suppose n > 3 and deduce the result from the case n — 1. Fix q1,...,q,
such that ZJ 1qi < 1 and set Q; = g¢;/q, for j = 1,2,...,n — 1.

Observe that

yeg )

Thus, by the inductive hypothesis,

n—1 P;/Q; 1/P;
F1F2...Fn_1 du"‘lg H FQJ d/,&ﬂ_l d/.L] 5
Mn—1 j:l Mj M;l71 J J

for non-negative p"~!

p;/4.,, because

n—1 n—1
1 1 1 11 ¢
T S | ,

-measurable functions Fi, ..., F,_1, where P; =

Dj dn Dj

We apply this inequality to the functions F; = fq" , with the nth variable
of f1,..., fn_1 fixed, to get

, 1/q,
( / Fifaee fur)t du"‘1>
Mn—1
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Then Holder’s inequality, used twice, and the inequality above yield

fifoe fudi = [ [ fifa fudi i,
M M, JMn—1

1/qn , e
S/ (/ f;{" dpﬁl) (/ (flfQ .. fn—l)q" du”1> d‘un
M, \JMn—1 -

p./d, 1/pl,
s0</ (/ (flfQ...fn_l)qndu“) dun>
M, Mn—1
n—1 i/ P/ Y/
<c / /(/ 1 dpn 1) duy |
(S (L s J

Since 277, ! pr = 1, Holder’s inequality with indices q1/pl,, ..., qn_1/P.,
7
implies

Jifoo fodp”

Mn

<t ( [, (,

J

/4 a;/P; 1/a;
( /Mn ) duj> du |

and since ¢;/p; > 1, Minkowski’s integral inequality gives

n—l P;/ 4
| sinpaw<c]] < L] i) duj>
j=1 \/My \JMy, M
n Pi/d; 1/ps
=11 (/M (/A R d“?) dﬂj) :
Jj=1 J J

(Note that M™~t = M™.) This completes the proof of (2.1).

1/p;

The induction step to prove (2.2) is similar but there are some notable
differences so we give the details. Note that 1 < s; < ¢; < oo for
each j. Fix qi,...,¢, such that 337, 1_ < 1 and set Q; = ¢;/s., for
ji=1,2,...,n—1. Observe that

n—1 n

1 1 1 1 1 1 n—2 1
3n+zq] -+n—1< Zq]) n—1+n—1Zq-_ ’
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SO
n—1

1 — 1 , 1
P
7 Q) — 4j
Thus, by the mductlve hypothems,

- 5;/Q;
FiFy... Fy_1dp™'< / (/ F dul> dp ')
/1\/[1171 152 ! H ( A{n 1 ] J J

for non-negative u”_l—measurable functions Fi,...,F,_1, where S; =
/ .
sj/sh, because

1 1 g
=— 4+ -3 —
S Q ”—2< ZQk)

1 1 "1 !
=l (X)) =
G n—1 — 5j

. 5,/55
We apply this inequality with F; = (fM f;’ dun> ! forj=1,2,...,n—
1. Note that the integration with respect to the nth variable produces
non-negative ;" !-measurable functions Fy, Fs, ..., F,_1. We get
n—1

/55
Jor UL )
- a;/s; s5/45
H / ) < / ( £ d/in) dw) dp? !
i \JMp M; \J M,

For convenience, set

- Sn/Qn
c-(/ ( | s dun> a1
Mn—1 Mn

1/3’,7l

1/8]‘

1/sn
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Then Holder’s inequality, used three times, and the inequality above
yield

Fifo fodu® = / Fifae fodpn dpn !
Mn—=1 JM,

Lo (L) ()

Mn

1/ay
(fife . fao1)® dun> du™!

n

A s
<C </ </ (fifoooo fuon)™ dﬂn) d#n1>
]\Jn 1
n—1 s’n/s]' 1/8;
co ([, (L o) o
M1 ]1;[1 M, J n J
— J/‘I7 1/SJ

n—1 /5 745
e ([, .(/f ( / f-sjdun> dy)  dp
]‘1_[ M;L1<Mj M, J J J

=1

Note that the third application of Holder’s inequality above uses the

indices s;/¢), for j =1,...,n — 1. This is valid because
n—-1 , n—1 n
Gn _ 1 Ly _
DEETAPIREEED MRS
j=1"7 j=1 4 j=1 "

Since ¢;/s; > 1, Minkowski’s integral inequality gives

/ fifeoo fadp™ < CH (/ - 1/n(/Mjf;Ij d,uj)sj/qj ot 1)
ﬁ(f . </M 1 duj)s”‘“ du?)l/sj

This completes the proof. O

1/s;

The above theorem gives a useful corollary in the special case when
the functions fi, fa,..., fn are taken to be powers of a single function.
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Corollary 2.2. Suppose ¢ >0, n>2 and ry,...,r, € (0,q). If h >0
is u"-measurable, then

1/Q n ri/a 1/(R(g=r;))
Mn 1\ M; \J

J J

and

w0 (frrae) <1, (o) o)

Here R =377, qi—jrj, Q=qR/(1+ R) and S =qR/(n— 1+ R).

1/(R(qg—r;))

Proof: For the first inequality, let ¢; = (14 R)(g—r;)/r; and f; = h9/%
for j=1,2,...,n. Then

1 R
i <1
Pl 1+ R
and
1 "1 R 1 q
1——: —:7——:1——
pj Z% I+R g (1+R)(g—1;)

sop; = (14 R)(g—rj)/qfor j =1,2,...,n. With these substitutions,
the inequality (2.1), raised to the power (1 + R)/(qR), gives (2.3).

For the second inequality, let ¢; = (n—1+R)(q—7;)/r; and f; = ha/a;
for j=1,2,...,n. Then

"1 R
G niERS!
j:1qﬂ n—1+
and
1 1 1 ( R )
— = — 4+ 1—
s; g mn—1 n—1+R
T 1 1 q 1

:q—rjn—l—i—RJrn—l—i—R:q—rjn—l—l—R

sosj = (n—1+R)(q—r;)/qfor j =1,2,...,n. With these substitutions,
the inequality (2.2), raised to the power (n—1+R)/(¢R), gives (2.4). O

Inequality (2.3), with n = 2, p; and po taken to be counting measure
on the positive integers, ¢ = 2, and r; = r5 = 1 becomes (1.1).
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Also with n = 2 and counting measures, but with general ¢, 1 and 79,
(2.3) gives Lemma 3.1 of [9], providing explicit values for the recursively
defined exponents in that result.

In the case ¢ =2, r1 = --- =1, = 1, n > 2, inequality (2.3) gives a
variant of Blei’s inequality which is used in [7, Lemma 1] as an ingredient
in the proof that the Bohnenblust-Hille inequality for polynomials is

hypercontractive.

With counting measure, and r; = -+ - = r,,, (2.3) reduces to Lemma 5.1
of [8].

With counting measure, but with general ¢, r1,...,7,, (2.3) gives

Lemma 2.3 of [17], providing explicit values for the recursively defined
exponents.

Inequality (2.4) with n = 3, u1, pe, and pg taken to be counting mea-
sure on the positive integers, ¢ = 2, and r1 = r9 = r3 = 1 becomes (1.2).

The inequalities (2.1) and (2.2) of Theorem 2.1 can be used to prove
the boundedness of a certain multilinear functional. In the next theorem
we establish the norm of this functional. For 1 < p < oo, the space LI is
the collection of all complex-valued p-measurable functions f for which

1/p
1flley = ( / prdu> <o

Theorem 2.3. Suppose n > 2 and positive real numbers qi,qz2, ..., qn
satisfy Zk# é <1 forj=1,2,...,n. Fiz complez-valued functions
©; € Lj and set

T(f1, f2r- fn) = . fre1fapa .. frnon du™.

Then T is a well-defined, bounded multilinear functional on H;'l:1 L

and its norm is ||<p1HL111 Ilp2]

11 1 "1
(2.5) —=—+ 1=y —.
S; q; n—1 — 4k
Proof: For each j, 1 < ¢; < c0. But—<zk1f< —&-fso

n—21 1 1 n—21
— < — <1
—-1lqg; s; n—-1 n-1g;

L - Nlenllzan . Here s; is defined by

0<

Therefore, 1 < s; < oo for each j. Also, we may sum (2.5) to get

(2.6) Zi* R

k=1 k=1
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and conclude that

11 n 1 1 1 ~ 1
2.7) —=— 1—- — — | |=— 1- — .
( )qj 5j+< (n—l n—lqu>> 5j+< Zsk>

k=1

Now suppose f; € LZJ;L forj=1,...,n. If Y, _ 17 L - < 1then (2.2) im-
plies

n 55/4;
/ |fip1fapz ... faipnl dﬂnSH (/ (/ | f51% 1051% dﬂy’) d”?)
M™ j=1 Mj" M;

It > 1 57 = 1 then (2.6) implies Sy 5 <1 and (2.7) shows that
(2.1) holds w1th g; replaced by s; and p; replaced by ¢;. That is,

n q;/55
/ f1<p1f2<p2~~fn<pn|du”<H< / (/ |fj|8f|soj|5jduy) dM)
M =1 \m\ary

But ¢; is constant on M;* and f; is constant on M; so the inequality
given in the case Y _; qi

Zk 17 — > 1 both reduce to

/ Fro1foga . fupn| di” <<HII%IIL%)<HIEI
M j=1

=1

1/s;

1/q;

< 1 and the inequality given in the case

n
ny

Since the right-hand side above is finite, the integral defining T' converges
absolutely so T is well defined. It is clear that T is multilinear. Moreover,
if || fillz=s Mp) < 1 for each j, the above calculation shows that

\T(f17f2,---,fn)|</ |fie1fap2 . faspn|du” <H||<PJ||L%-

j=1
Thus T is bounded and the norm is at most ||¢1 ||LZII ||<,02||LZZ2 el pan -

Hn

To show that the norm is attained, first observe that if ¢; = 0 p;-a.e.
for some j then T'= 0. Otherwise, set

| | qr/s;
Pk
7&

llowllpa

for j = 1,2,...,n, where ¢; = sgn(pj+1) for j = 1,2,...,n — 1 and
en = sgn(p1). Then ||f;

s; < 1 for each j, and a calculation shows
3
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that
(el \"
Pk
f1f2...fn:5152...5nH<> .
it \lewll Lo
But €041 = |pj41] for j=1,...,n —1 and e,91 = |¢1], s0

n k qk
fie1fops .. frpn = H k|

c—1
oo Tl

and we have

T(f1. for- - fa) = lorll ezl - lonllogs - O

Hn

3. Coordinatewise multiple summing operators

To begin, we recall some known definitions and results for easy ref-
erence. For details see [6], [10], and [16]. If 1 < r < 0o, Z and Y are
Banach spaces and T': Z — Y is linear, we say T is r-summing provided

there exists a constant C' > 0 such that for any finite sequence z1, ..., 2N
in Z,
N 1/r 1/r
(Sirek) < s <Z|z )
i=1 llz*]lz= <1

The least constant C' is denoted 7, (T').
Let N be a positive integer. The weak £'-norm of x € X% is

wy(z) = sup Z|x x;)]

[z x* < <1;

= sup {
=1

Let X1, X5,...,X,, and Y be Banach spacesand U: X; x---x X,,, —
Y be multilinear. For 1 < r < oo we say U is multiple (r,1)-summing
provided there exists a constant C' > 0 such that for every choice of
positive integers Ni,..., Ny, and ), = (2x(1),...,25(Ny)) € X}* for
k=1,....m

i T

dai) <1,i=1,...,N ;.
X

Ny Ny, 1/r
<Z > U (i), (zm))||y> < Cwi(21) ... wi(Tm).
11=1 im=1

The least constant C' for which the inequality holds is denoted w2 (U).
It is easy to verify that 77““‘“ gives a norm on the space Hmult(X XX
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Xm;Y), of all multiple (r, 1)-summing operators from X; X -+ x X,,
to Y.

The concept of multiple summing operators was introduced indepen-
dently in [5] and [13], although as we have mentioned it has its beginning
in the classical paper of Bohnenblust and Hille from 1931. (When we
wish to emphasize that U is linear rather than multilinear, we drop the
“multiple” before (r,1)-summing, and write m,1(U) for the best con-
stant.)

Let 2 < ¢ < oco. A Banach space Y has cotype g provided there exists
a constant C' > 0 such that for each positive integer N and each y € YV,

N 1/q 1 2 1/2
(Z|yi|§¢) < c( / dt) |
i=1 0 Y

The least constant C for which the inequality holds is denoted C,,(Y), see
[6] and [10]. Here rq,79,... denote the Rademacher functions on [0, 1].
We will need the following special case of Kahane’s inequality, see [10]:
For each positive r there is a positive constant K, such that for any
Banach space X, any positive integer N, and all z € XV,
2

. 1/2 . ., 1/r
/ dt| < Ko / i
0 X 0 X

Coordinatewise multiple summing operators were first defined in [9].
Our definition agrees, but with some minor changes in notation to sim-
plify our presentation. For Banach spaces X1, Xo,...,X,,, m > 2, and
a proper subset C of {1,...,m}, that is C # () and C # {1,...,m}, we
write X¢ = [I1co X and identify, in the obvious way, the space X; x

- x X, with X¢ x X¢, where C' denotes the complement of C' in
{1,...,m}. With this identification if + € X and z € X, then
(x,2) € X3 x -+ x X,;,. We take the norm on finite products of Banach
spaces to be the maximum of the component norms so the identification
is isometric.

If U: X; X --- x X,, — Y is multilinear, then U is defined by
UC(z)(x) = U(z,2) for all z € XY and z € X¢. Clearly, if z € X¢
is fixed, U%(2): X¢ — Y is a multilinear map. Let 1 < r < oco. If
U%(z) € IIM(X;Y) for each z € XY we say that U is multiple
(r,1)-summing in the coordinates of C. In this case we view U as a

N

Z ri(t)yi

i=1

N

Z T (t).’L‘l

i=1

N

Z T (t).’L‘l

i=1
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map from X to IE (X9 Y) and denote its (coordinatewise) norm by

U lew () = IUC: XO = (XYY
= sup{m"(UC(2)) : ||2] yo < 1}

To introduce multi-indices for summation, fix positive integers Ny, ...,
Ny, and write N9 =[], co{1,..., Ni}. For o = (z(1),...,2x(Ny)) €
X,iv’“, k=1,...,m,and i € N¢ we set z(i) = (21 (ir))rec and obtain
z(i) € X©. The identification made above gives (z(i), z(j)) € X7 x -+ - x
X,,, whenever i € N¢ and j € NC.

The first statement of Theorem 3.2 below is based on Theorem 5.1
of [9] but is considerably simpler because explicit formulas for the indices
are provided. The proof is based on Corollary 2.2. The key lemma,
Lemma 3.1 below, is essentially given in the proof of Theorem 4.1 of [9]
but is isolated here for easy reference. This lemma is used again in proof
of the second statement of Theorem 3.2, which is complementary to the
first.

Lemma 3.1. Let Y be a Banach space of cotype ¢ > 2 and 1 < r < q.
If m > 2, C is a proper subset of {1,... ., m}, U: X1 X --- x X,;, =Y
is multiple (r,1)-summing in the coordinates of C, and xy, = (xx(1),...,
rk(Ny)) € X satisfy wi(zy) <1 fork=1,...,m, then

1/r

r/q _
> <Z U (2 )y) <(Co) K )N U cw 1)

iENC “jeNC

Proof: Fix zy, = (z1(1),...,21(Ny)) € Xp* satisfying w; (z),) < 1 for
k=1,...,m. Fixi € N°. By Lemma 2.2 of [9] and the multilinearity
of U,

(3 1w >||Y)1/q

jJENC
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where
— Ny
RE(t) = (Z Tj (tk)xk(jk)) -
=1 keC
Since each |r;, (tx)] < 1,

Ny,

> i (te)znGie)

Jr=1

<wy(zg) <1
Xk

for each k € C and hence ||R6(t)||Xa < 1. But U is multiple (r,1)-sum-
ming in the coordinates of C' so, summing over all i € N, we have

1/r

5 (Z V(s >||Y)T/q

1ENC “jeNC

< (Cy(¥) ) (/[ 3 UG >||ydt)m

ZENC

IN

(CaV)Er2) U o 1) O

Theorem 3.2. Let m > 2, let {1,...,m} be the disjoint union of n > 2
non-empty subsets C1,...,Cy, letY be a Banach space with cotype g > 2,
and let r1,...,m, € [1,q). Set

R:Zm‘/(q—v“j), Q=qR/(1+R) and S=qR/(n—1+R).

IfU: Xy x - x X,,, = Y is multiple (g, 1)-summing in the coordinates
of Cy, for each k =1,...,n, then U is multiple (Q,1)-summing, and

i/ (R(g—Tk))
mult < H ( T,“ )‘Ck‘”UCkHCW (3,1 )) ’

If Vi Xy x oo x Xon = Y is multiple (rg, 1)-summing in the coordinates
of Cy for each k =1,...,n, then V is multiple (S,1)-summing, and

w2 (V) < IT (a0 Kre ) IV Hlowrn) )
k=1

T/ (R(g—7%))
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Proof: Suppose zj, = (z(1),...,2x(Ny,)) € X'* satisfy wy (z),) < 1 for
k=1,...,m. Inequality (2.3) and Lemma 3.1 give

(> ||U<:c<i>>|8)l/@

i€ENC1x...x NCn
1/(R(q—rk))

Z ( Z ||U(x(i),x(j))”g/)rk/q

iENCK NjeNTr

IN

—- 13-

IN

— e/ (R(g—7k)
((Ca) K ) U o)) .

E
I
-

Inequality (2.4) and Lemma 3.1 give

> ||v<x<i>>||€)l/s

iENC1 XX NCn

1/(R(g—rk))

2 < > V(x(i),x(j))||qy>"k/q

1 \ieNCr “jENk

((CoM K 2) IV o))

IA
=

b
I

m/(R(g—7k)

IN
=

b
Il
_

The conclusion follows. O

These results are of particular interest in the special case when C} =
{k} foreach k=1,...,m

Corollary 3.3. Let m > 2, let Y be a Banach space with cotype q > 2,
and let r1,...,mm € [1,q). Define R, Q, and S as in Theorem 3.2.
IfU: X1 x - x X, =Y is (rg,1)-summing in the k coordinate for
k=1,...,m, then U is multiple (Q, 1)-summing, and

m—1
W(r;r?lullt( ( H KTk/(R(q %)) )

i ri/(R(g—rk))
x H (||U{k}||cvv(rk,1)> :
k=1
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IfV: Xy x - x X, = Y is multiple (1, 1)-summing in all coordinates
except k, for k=1,...,m, then V is multiple (S, 1)-summing, and

I () ( H KRG~ rk»)

— T /(R(q—7%))
I (nv{ }||cw<,.k,1)) .

k=1

(3.2)

If m > 2, the two parts of Corollary 3.3 can be used one after the other
to give an estimate of 71'm“1t (U) with a somewhat different constant. The

idea is to apply inequality (3.1) with U replaced by U/} (z;) to show that
the hypotheses of inequality (3.2) are satisfied. We state and prove it in
a form that is easily compared with the first statement of Corollary 3.3.
Observe that only the factors arising from Kahane’s inequality differ.
It can be shown that the constant is improved by this process. We
leave it to the interested reader to compare the constants arising in
Corollaries 3.3, 3.4 and, in the case ry = --- = r,, Corollary 5.2 of [9].

Corollary 3.4. Let m > 2, let Y be a Banach space with cotype q > 2,
and let ri,...,rm € [1,q). IfU: X1 x -+ x X;pn = Y is (rg, 1)-summing
in the k coordinate for k = 1,...,m, then U is multiple (Q, 1)-summing,
where Q = qR/(1+ R) with R= 37", r;/(q¢ — ;). Moreover,

m—1
Wg}lllt(U) ( H K::’/ (¢— Tk)))

m i ri/(R(g—7rk))
X H(HU{ }”CW(rk,l))
k=1

)

where
1/(m—1)

R T 1—(rr/(R(g—rk
_ (H KR k>>> <HKQk§;k/< (4 m)))
k=1 k=1

anko—q<R—q—rk)( —l—R—q—rk)_l.

Proof: For j =1,...,m and ||z,]|x, <1, let U; = UU}(z;). Since U is
(rg, 1)-summing in the k coordinate for each k it is easily verified that
Uj is (rg,1)-summing in the k coordinate for each k # j. Moreover,

k k
10 ew ey = sup{mr 1 (U (2)) ¢ el <1}

< sup{mr /(U ) ¢ el <1} =10 ow 0.
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We apply inequality (3.1) to see that each U; is multiple (Q;, 1)-sum-
ming, where

TL Tj qu
o 2: —R— d Q; = .
J q_r7 an Q] 1+R

J

It also shows that

m—2
T () < H KRt m))

k#]
n ri/(Ri(q—7k))
k
X H(lUJ{ }CW(rk,l))
k=1
k#j
J(Ry( m—2
r q—r
< (cun [T wzi )
k#]
n i rr/(Ri(q—7k))
x H<|U{ }CW(rm)) .
k=1
k#j

But U; = Um(xj) so, taking the supremum over all z; € X; such that
llz;llx, <1, we have

m—2
Yy ri/(Rj(q—7k))
1T lewg,.1) < ( HKT,’:, ’“ )

k;ﬁj
n . ri/(Rj(q—7k))
<[] (HU{ }”CW(rk,l)) :
k=1
NEi

Since U; is multiple (Q;,1)-summing for each z; with |lz;|lx, < 1
it follows that U is multiple (Q);,1)-summing in the coordinates of {7
Thus we may apply inequality (3.2) (with V replaced by U) to conclude
that U is multiple (S, 1)-summing, where

m qR;

N @ 1+R _
R_;q_Qj_Z ZR— R

j=149 1+R j=1

and
qR qR

S TitR 1+R ¢
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Thus U is multiple (@, 1)-summing as stated. Moreover,

It 0 R0\ T T Qi/(R(4-Q;))
S (U)§<C‘1(Y)HKQ;,2 ! )H(IU{]}”CW(QJ-,1)>

j=1 j=1

>Rj/<<m—1>R>

( H KR /((m 1)R)> H(HU{j}HCW(Qj,l)

j=1

But S = @ and we have already established estimates for ||UWHCW(QJ.71),
S0)

m—2
g 0) < (Ilzézf o)
R m—1)R
X (H KQ:,/2(( ) )> H <||U{k}||CW(rk,1)

>ch/(R(qu))
k=1 k=1

This may be rearranged to yield the estimate given. O

Combining inequality (3.2) with the Bohnenblust-Hille theorem, we
show that the composition of a bounded m-linear operator and a W—

summing operator with a cotype ¢ codomain is multiple summing.

Theorem 3.5. Let Xy,...,X.,, Y, Z be Banach spaces, m > 2, and
suppose Y has cotype ¢ > 2. IfU: X1 X -+ X Xy, — Z is a bounded mul-

tilinear map and T: Z — 'Y is M—summing, then T o U is multiple

2mq
(2+mq’

1)-summing and

g (T oU) < Cy(Y) Ko 7o (T)BHp 1|U].

2¥mq’

Proof: Let r = Q(mT_l) and note that 1 < r < 2 < ¢. Our first step is

to show that T o U is multiple (7, 1)-summing in the coordinates of {k}
for each k = 1,...,m. Fix a k and an z; € Xj, and suppose that
zj = (xj(1),...,z;(N;)) € X]Nj satisfy wq(z;) <1 for j # k. Since T is
r-summing,

(3 Irevtet) meQm $m(ZV me&

e NTFT l=*llz+ <1\~ Ty

The Bohnenblust-Hille theorem can be apiphed to the multilinear func-
tional ¢: x +— 2*(U(x,x1)) for x € X{F to see that ¢ is multiple
(r, 1)-summing, and

T () < BHmlloll < BHp1 ||z (| 21U || 2| x,.
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Thus,

1/r
<Z TOU(JJ(Z')wk)II’{/) <m(T) sup BHp1l|2"| 2+ |Ulll|lzxllx,-

Se NTFT 2%l z« <1

It follows that T'oU is multiple (7, 1)-summing in all coordinates except k,
for k=1,...,m, and

1T o U) ¥ | ow(r1y < 7 (T) BHy—1 ||U].

Take 1y = -+ = rp, = 7 in inequality (3.2) and verify that S = ﬁ%qq.
We conclude that 7" o U is multiple (;_";gq, 1)-summing and
w:%li’l(T oU) < Cy(Y)K,om(T)BHp—1||U||. O
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