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SOME EXAMPLES OF BANDS WITH TWO
COMPONENTS

FERRAN CEDO AND ELENA RODRIGUEZ-JORGE

Abstract

A band is a semigroup whose elements are idempotents. The
paper is motivated by some open problems concerning linear rep-
resentations of bands. A counterexample to a conjecture stated
in [1] is given. On the other hand, it is proved that there ex-
ist linear bands with two components such that the associated
commutative K-algebra constructed in [1] cannot be embedded
into any Noetherian ring, even in the case where this algebra is
reduced.

1. Introduction

Recall that a band is a semigroup S whose elements are idempotents,
that is, e = e for all e € S. The problem of embeddability of a band
into the multiplicative semigroup of matrices over a field was first raised
in [4], and some advances in its study can be found in recent papers ([1],
(2], [3])

Recall that a rectangular band is a band E such that zyz = zz for
all z,y,z € E. Equivalently, E = M({1}, X,Y; P), a completely simple
semigroup over the trivial group and with a sandwich matrix P = (pyq)
where py, = 1forallz € X,y € Y. It is known that for any band S there
exists a semilattice (a commutative band) T' such that S = |, S5,
where S, are disjoint rectangular subbands of S such that S,Ss5 C Ss,
for all 4,6 € I'. Here S, are called the components of S. For more
details we refer to [6].

It is well-known that every linear band has finitely many components
and it is triangularizable, see [5, §4.4] or [7]. It is also known that for
any field K and any rectangular band F, the semigroup algebra K[F]
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embeds into M3(L), for some field extension L of K, see [1] or [4].
However, there are examples of non linear bands with two components
(see [1], [2] and [4]).

Let S be a semigroup. We denote by S* the monoid S U {1}, where
1 is the identity element (if S is a monoid then we assume that S = S1).
Let s,t € S'. The right annihilator r.anng(s —t) = {x € S| sz = tz} is
a right ideal of S, and similarly 1. anng(s — t), the left annihilator in S,
is a left ideal of S. The right annihilator r.anng(s) = {(x,y) € S x S |
sz = sy} is a right congruence on S, and the left annihilator 1. anng(s)
is a left congruence on S. In [1] it is conjectured that if S is a band with
finitely many components such that every chain of one-sided ideals of
the form r. anng (s —t), L. anng(s —t), s,t € S*, is of bounded length and
every chain of one-sided congruences of the form r.anng(s), 1. anng(s),
s € S, has bounded length, then S embeds into the ring of matrices of
some size over a field L. In Section 2, we give a counterexample to this
conjecture and propose a new one (Conjecture 2.3) by strengthening the
conditions on annihilators and congruences. These new conditions are
necessary for the band to be linear, but it is unknown whether they are
sufficient or not.

In [1], it is also proven that, for any field K and any band S with
finitely many components, the semigroup algebra K|[S] embeds into
T,.(A) for a commutative K-algebra A, where T),(A) denotes the al-
gebra of upper triangular matrices m = (m;;) over A with m;; € K for
every ¢ = 1,...,n. In the particular case of bands with two components,
a commutative K-algebra R is constructed, together with an explicit
embedding of K[S] into T7(R).

In [2], it is proven that, if the band S with components F and F
satisfies the condition EFE = F, then the associated K-algebra R is
reduced. By Goldie’s Theorem, the latter property is a necessary con-
dition for R to embed into a finite product of fields, in which case we
could embed T%(R), and therefore S, into matrices over some field. In
this case a sufficient condition for S to be linear would be that R satis-
fies ascending chain condition on annihilators. Thus, a natural question
is whether S satisfying ascending chain condition on annihilators and
congruences implies R to satisfy ascending chain condition on annihila-
tors. One could expect that the linearity of .S could be equivalent to the
linearity of R. But this is not the case; in Section 3, we give an example
of a linear band with two components F and F satisfying EFE = F
such that its associated commutative K-algebra R has an infinite chain
of annihilator ideals.
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2. Counterexample

Let S be a band with two components E and F such that EF, FE C
F. We may assume without loss of generality that there exist non-empty
sets I, J, A, B such that E ={e,p |a€ A,be B and F ={f;; |i €
I,je J},andmaps a: Ax BxI — T and 3: Jx Ax B — J such that
the product in S is given by the rules:

® €4,b€c,d = €q,q for all a,c € A and for all b,d € B,

o fiifwy=fiyforalli kel andforall j,le€J,

® cupfij = faapi), forallac A, be B,ieland je€J,
o fijeap = fipap forallac A,be B,iel and j€ J

and, for all a,c € A, b,d € B, i € I and j € J, a(a,b,a(c,d,i)) =
a(a,d,i) and B(B(j,a,b),c,d) = B(j,a,d).

A band S is said to be linear if there exists a monomorphism from S
to the multiplicative semigroup M, (K) for some positive integer n and
some field K. We want to know when a band with two components is lin-
ear. Linearity of a band implies certain finiteness conditions on its anni-
hilators. Let L be a field. If S C M,,(L) is a linear semigroup then every
chain of annihilator (one-sided) ideals of the algebra ling(S) € M, (L)
has length bounded by n. This motivated the following conjecture ap-
peared in [1].

Conjecture 2.1. Let S be a band with finitely many components.
Assume that every chain of one-sided ideals of the form r.anng(s —
t), l.anng(s —t), with s, € S', is of bounded length and every chain of
one-sided congruences of the form r. anng(s), l. anng(s), with s € S, has
bounded length. Then, S (or maybe also K[S] for any field K) embeds

into matrices over some field.
Theorem 2.2. There exists a counterexample to Conjecture 2.1.
Proof: Let E = {e, | n € N}, F = {fomnr | m € N, k € {0,1}} and
S = FEUF. Define in S the following product:
ec-¢’=cforalle e € E,
o f-s=fforall fe Fandforall seS,

® ¢y fimpk) = fmsm.,) Where o, 5, denotes the Kronecker’s delta,
for all n,m € N and for all k£ € {0,1}.

Then, we will see that S is a non-linear band with components E and F
that satisfies the chain conditions stated in Conjecture 2.1.
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First of all, we need to see that S is a band. If we define
a:Nx (Nx{0,1}) — (Nx {0,1})

by a(n,(m,k)) = (m,d,m), then, in order to check the associativ-
ity of the product in S, it is enough to see that a(n,a(n/,(m,k))) =
a(n, (m, k)) for all n,n’,m € N and for all k € {0,1}.

Let n,n’;m € N and k € {0,1}. Then

a(n,a(n’, (m, k) = aln, (m,0n m)) = (M, dp.m) = a(n, (m, k)).

Now, it is clear that S is a band with components E and F.

Suppose that S is linear. Thus, there exist a positive integer n, a
field K and an embedding ¢: S — M, (K). Let ling(S) denote the
subalgebra of M, (K) generated by ¢(S). Consider the following left
annihilators in ling (5):

Jp = A{x € ling (S) | 20(f(m,0)) = 0 for all m < p},
forpe N. Clearly, J1 D J2 22 J, D ---.
Since ling (S) is a subalgebra of M, (K), it satisfies the descending

chain condition on annihilators. Hence, there exists p € N such that
Jg = Jp for all ¢ > p. Note that, for all m < p,

(plept1) — lept2))@(fm,0) = Plep+1)P(fm,0)) — P(ep+2)(fm.0))

(ep+1f(m,0)) — P(ep+2fim,0))

4
o(fm,0)) — ¢(fm,0))
0,

and

(plept1) —plept2))(fipr1,0) = Plepr1)P(fpr1,0)) —P(epr2)@(fipt1,0))

w(ep+1 f(p+1,0)) - ¢(€p+2f(p+1,o))

= <P(f(p+1,1)) - <P(f(p+1,o))
0

RN

)

since ¢ is inyective. Hence ¢(ep41)—@(ept2) € Jp\Jpt1, a contradiction.
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Therefore, S is not linear.
We now calculate all the different annihilators of the forms r. anng(s),
l.anng(s), r.anng(s — r) and L. anng(s — r).

l.anng(e,) = {(s,s) | s € S},
r.anng(en) = {(fmk1) fomka)) | M EN, k1 ko € {0,1}} UE x E,

Lanng(fimk)) = {(s,8) | s € S} U {(en,en’) | n# m and n’ # m}
U {(ens fom,0)), (Fm,0), €n) | 7 # m}
U {(emv f(m.,l))v (f(m.,l)aem)}u
r.anng(fim, k) =S x S,

lLanng(1l —e,) =S,

(
(
r.anng(
(1-
(

1- en) {en} U{fmo) [ n#m}U{fm}
l.anng fonpy) = F,
r.anng (1 — fim) = {fomk) }s

F ifm#m/,

S ifm=m,

Lanns(fem k) — fom/ k) = {

—

0
sty =S k) = s if (m, k) = (m', )

1. anng(en — f(mJC)) = F,

{fem,0)s fom,ny} if n#mand k=0,
ifn=mand k=0,

ifn#mand k=1,
{fem,0)s fom,ny} ifn=mand k=1,

=

=

canng(en = fimk)) =

=

l.anng(e, — ey) = S,

. anns(en — en) = {femp) | k€{0,1},n#m and n'#m} %f n#n,
S ifn=n'
Clearly the length of any chain of such annihilators is bounded by 5,
so S satisfies the chain conditions stated in Conjecture 2.1.
Therefore S is a counterexample to Conjecture 2.1. O

Now we know that an existence of a bound on the lengths of chains of
annihilators of elements is not sufficient for linearity of a band. However,
in view of the above example one might propose a new conjecture.
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Conjecture 2.3. Let S be a band with finitely many components.
Assume that every chain of one-sided ideals of the form r.anng(s; —
tiy.ooy8n—tn), Lanng(sy —t1,...,8, —t,), with s;,t; € S* foralln € N
and for all 1 < i < n, is of bounded length and every chain of one-
sided congruences of the form r.anng(sy,...,s,), l.anng(s1,...,s,),
with s; € § for all n € N and for all 1 < ¢ < n, has bounded length.
Then, S (or maybe also K[S] for any field K') embeds into matrices over
some field.

This new conjecture remains unsolved, even in the simplest (non-
trivial) case, namely, the case of bands with two components. Since
if S C M, (L) then every chain of annihilator (one-sided) ideals of the
algebra ling, (S) € M, (L) has length bounded by n, it is clear that the
conditions of Conjecture 2.3 are necessary for S to be linear.

3. The commutative K-algebra associated to bands with
two components

Let S be a band with two components, £ and F, such that F' is an
ideal of S. We will use the same notation as in Section 2. Then, we may
assume that E = {eqp |a € A,be B}, F={fi;|i€l,je€ J} and
that the product in S is given by:

® egb€c,d = €q,q for all a,c € A and for all b,d € B,
o fiifwy=fiyforalli kel and forall j,l € J,
® cunfij = fafapi)jforalla€e A, be B,iel and j € J,
o fijeap = fipGap forallac A;be B,iel and j€ J,
for some maps a: A x Bx I — I and 3: J x A x B — J satisfying

ala,b,ale,d, i) = a(a, d, i),
ﬁ(ﬁ(j,a,b),c, d) = ﬁ(j,a,d),

for all a,c € A, b,d € B,i €1 and j € J.

Let K be a field. Recall the construction in [1] of a commutative
K-algebra R associated to a band S with two components such that
S embeds into T7(R).

Let X ={x; |t€l},Y={y;|jeJ}, Z={2]a€ A}, Z/ ={z |
ac€ A}, T ={ty | be B} and T" = {t}, | b € B} be pairwise disjoint sets
of commuting indeterminates over K. Let R = K[XUYUZUZ' UTUT’|
be the polynomial ring on these indeterminates with coefficients in K.

Let M be the ideal of R generated by
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(a) tpax; — tqxg for all i,k € I and all b,d € B such that there exists
a € A satisfying a(a,b,1) = a(a, d, k),

(b) zatpxi — zctazy for all i,k € I, all a,c € A and all b,d € B such that
ala,b,i) = alc,d, k),

(c) yjzi, — yiz. for all j,l € J and all a,c € A such that there exists
b € B satistying 8(j,a,b) = 8(l, ¢, b),

(d) y;zoty, —yzit), for all j,0 € J, all a,c € A and all b,d € B such that
6(jvaab) = 6(1,67 d)
Then R = R/M. We call R the commutative K-algebra associated to S.
Due to an intimate relation between the definition of R and the struc-
ture of S, one could expect that the linearity of S implies the linearity
of R. In [2] we began this investigation and we proved that if the com-
ponents E and F of S satisfy EFE = F, then R is reduced. Note that,
by Goldie’s Theorem, a commutative reduced ring embeds into a finite
product of fields if and only if it satisfies the ascending chain condition
on annihilators. Thus, one might expect that the chain conditions on
annihilators in S could imply the chain condition on annihilators in R.
Note that this would give a way to prove Conjecture 2.3 in the case of
bands of two components F and F such that EFE = F. However, in
Theorem 3.1 we will prove that there exists a linear band with two com-
ponents E and F satisfying EFE = F such that R cannot be embedded
into any Noetherian ring.

Theorem 3.1. For any field K there exists a linear band with two com-
ponents E and I satisfying EFE = F' such that the commutative K -al-
gebra R associated to it cannot be embedded into any Noetherian ring.

Proof: Let I = NxNand A = NU {co}. Let E = {e, | a € A} and
F ={f;|i€I}. We define the following product on S = EU F":
e e’ =cforallee E,
o fs=fforal feF, seS,
e ¢ofi = fa(ay), Where a: A x I — [ is defined by «af(a, (i1,i2)) =
(cuiy (@), i2) for all a € NU {oo}, with
a ifaé¢ {io+1,00}
iy (a) = < io ifa=i+1
ia+1 ifa=o00

Clearly, with this product, every element in S is idempotent. We check
that the product is associative. Note that, for a,c € A, i = (i1,42) € I,
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we have that a(a, a(c, 1)) = a(a, (q,(€),i2)) = (@i, (a),i2) = ala,i). Tt
is now easy to see that

e(fs)=ef =(ef)sforallece E, f e Fand s € S,

f(s1s2) = f = (fs1)sa forall f € F, s1,82 €5,

e ei(ese3) = e1 = (ereq)es for all eg,e0,e3 € E,

e co(ecfi) = fa(aalei) = fatai) = (eatc)fi foralla,c € A, i € 1.

Therefore, S is a band, and by definition, it is clear that E and F' are the
only two components of S. Note that EF'E = F', since, for all f;, ;,) €
F, if iy # i2 + 1, there exists e;, € E such that e;, f(;, )€ = f(iy,iz)
and eoof(i2+1,i2)eoo = f(i2+1,i2)-

Let us define an equivalence relation in I by ¢ ~ k if and only if
ala,i) = ala, k) for all @ € A. Equivalently, ¢ ~ k if and only if there
exists a € A such that a(a,i) = a(a, k).

Claim. For a,c € A and i,k € I, a(a,i) = a(c, k) if and only if i ~ k
and a(a,i) = alc,i).

In order to prove the claim, assume that «(a,i) = «a(c, k). Then,
ala, k) = ala,a(c, k) = ala,ala,i)) = ala,i), so i ~ k. Moreover,
since i ~ k, a(c, k) = alc,i), and we have that a(a,i) = a(c,i). The
converse is trivial, and the claim follows.

Let K be a field. The commutative K-algebra R associated to S,
constructed in [1], looks in this case as follows. Let X = {z; | i € I},
Z={z4s|la€ A}, Z' =1zl |ace A}, Y ={y}, T ={t}, T = {t'} and
R=K[X,Y,Z,T,Z' ,T']. Let M be the ideal of R generated by:

o t(x; — xy) for all 4,k € I such that i ~ k,
t

o t(zqw; — zcxy) for all i,k € T and all a,c € A such that a(a,i) =

ale, k),
o y(z, — z,) for all a,c € A.
Then R = R/M.
Let M’ be the ideal of R generated by
o t(x; — xy) for all 4,k € I such that i ~ k,

o tx;(zq — 2zc) for all ¢ € I and for all a,c € A such that a(a,i) =
ale, 1),

o y(z, — 2!) for all a,c € A.
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It is clear that M’ € M. Let a,c € A and i,k € I be such that
a(a,i) = a(e, k). Then,

Hwizg — Th2e) = t(w; — )20 + twi (20 — 20) € M’

since i ~ k and a(a,i) = a(c,). Therefore M = M'.

It is easy to check that «(a, (i1,42)) = a(c, (i1,12)) if and only if a = ¢
or {a,c} = {iz,i2+1}. Moreover, it is clear that (i1,i2) ~ (k1, k2) if and
only if i9 = ka. Therefore, M is the ideal of R generated by:

® L(T(i, ip) — T(ky,ip)) for all iy, ky,io € N,
o tx;, i) (Ziy, — ziyy1) for all iy,dp € N,
o y(z, — 2!) for all a,c € A.
Let M" be the ideal of R generated by
o t(2(, iy) — T(0,ip)) for all 41,45 € N,
® t2(0,i,)(2i, — Zipt1) for all iz € N,
o y(z, — zl) for all a,c € A.
It is clear that M C M. Moreover,

(T (i1,i0) = T(hsia) = HE(iyi0) = T(0,i0)) = HE(ky in) — T(0,52)) € M

and

t2 (i, i) (Zin = Zig41) = HT(iyi0) — T(0,i2))%in — HT(iy i) — T(0,i5)) Zig+1
+ t2(0,15) (2iy — Zig41) € M.

Therefore, M = M".

We will see that S is a linear band and that there exists an infinite
chain of annihilators in R = R/M. We denote by 7 the image of r under
the natural map R — R/M. Let Jy = anng(tx(0,0)%(0,1) T(0,k)) for
all k € N.

Clearly Jo € J; C --- and (2 — 2k41) € Ji (since ta g i) (2 — 2141) €
M). Let us check now that (2 — zx+1) & Jr—1 for all k > 1.

Suppose that (zx — zg+1) € Jx—1 for some k > 1, that is,

v = (Zk — ZkJrl)tI(O)O) T T(0,k—1) € M.

Then, there exist p1, p2, q1, 42,43 € N, lr, it n,m, it € K\{0}, monomials
Wy Wy, Wipm € R and iy, jm, ln €N, k15, k2 s € NU{oo} forall 1 <r <
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p1, 1 <5< p, 1 << q,1<n< g, 1 <m < gz, such that

p1
v = Zuert:c(oyir)(ziT — Zirf-l)

r=1
q1 492 g3
+ Z Z Z B mWen,m (T, 1) = T(0,0,))
=1 n=1m=1
P2
Yz~ 2, )
s=1

Let ¢: R — R be the morphism of K-algebras such that 1 (z(,, s,)) =
T(0,s,) for all 51,80 € N, 9(z],) = 2, for all a € A and 9(w) = w for all
weYUZUTUT'. Then,

p1
Y(y)=y=1 <Z prwrt o,y (2, — Zir+1)> :
r=1

Therefore, we may assume that

P1
= Z/Lrwrm(o,m(zu — Zi,41)-
r=1
Let U = {1 <r <p1 | twrz(0,,) = tT(0,0) - -+ - T(0,k—1)}- It is clear that

v = Z prwrt (i) (Zi, = Zip41)-
relU

Note that, for r € U, 1 < i, < k — 1. Therefore, the degree in zxy; of

Z prwrt (1, (26, — Zi,41)
reU

is zero, which is a contradiction since
v = (2 — Zky1)tT0) - 2 E—1)-

Thus, (zx — 2k+1) € Jrk—1 and Jo € J1 C Jo2 C J3 € --- is an infi-
nite chain of annihilators in R. Then, R cannot be embedded into any
Noetherian ring.

Finally, we shall see that S is linear, that is, there exist a field @, a
positive integer n and a monomorphism ¢: S — M, (Q).

Let L be an arbitrary field and D = L[{z,, | m € N}]. Since D is an
integral domain, there exists its field of quotients Q. Now, we can define
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a function ¢: S — My(Q) by

00 0 0 0 Zagy1 Ta O
(6)70100 (6)0100
Pe) =10 01 0] P fo 0o 1 o0

000 1 0 0 0 1

for all a € N,
00 0 0
. 0 0 O Tm — Tm+1
Pfinr1,m) = 0 0 0 Zmt2 — Tms1
00 0 1

for all m € N and

Tn41 (xm - xm—i—l) + Tn ($m+2 - :Em-i-l)
Tm — Tm+41
Tm+2 — Tm+1

1

Sp(f(n,m)) =

OO OO
O O OO
O O OO

for all n,m € N with n # m + 1.

We need to see that ¢ is a monomorphism. First we shall see that
v is injective. Clearly, if p(s) = ¢(s’), we have that s and s’ are in the
same component. Let eq,ec € E, fi, in), f(ki k) € F with i3 # o +1
and ki # ko + 1.

If p(eq) = p(ec), then, clearly, e, = e..

It @(f(h,iz)) = @(f(khkz))v then ky = iz and

Tiy+1(Tiy — Tiy41) + Tiy (Tig 42 — Tiy11)

= Thy +1(Tiy — Tiy41) + Thy (Tig 12 — Tiy41)-
Since i1 # iz + 1, we have that
Tiy 41Ty € {Thy 41Tiy, Thy +1Tin+1, Thy Tin 1)

Therefore i1 € {k1,i2}. Similarly, we can see that k; € {i1,i2}. Hence
i1 = k1 and f(i,i5) = fikr ko)

If o(flin41,i0)) = P(f(kat1,k2))s then ko =12 80 fli,11.5) = Flkot1,k0)-

Therefore, ¢ is injective.

Finally, we shall see that ¢(s152) = p(s1)¢(s2) for all s1,s9 € S. If
e,/ € E, fe Fands €8S, it is clear that p(ee’) = ¢(e)p(e’) and
o(fs) = p(f)e(s). Let a,n,m € N.
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If a #m+ 1, then eu f(n,m) = fa,m) and

0 00 :Ea-i-l(xm - :Em-i-l) + xa($m+2 - xm—i—l)
|0 0 0 Tm — Tm+1
(p(eaf(n,m)) - O O O xm+2 _ xm«l»l
0 0 O 1
= @(ea)@(f(n,m))'

Since em+1fn,m) = fim,m), We have

0 0 0 ZmTmis— xfnJrl
P(em+1f(nm)) = 8 8 8 xi";;_x;::l = p(em+1)P(f(n,m))s
0 0 O 1
and, since €oo f(n,m) = fim+1,m)>
0

Tm — Tm+1
Tm+2 — Tm+1

1

Sp(eoof(n,m)) = = (p(eoo)(p(f(n,m))-

o O oo
o O oo
o O oo

Therefore, ¢ is an injective homomorphism and S is a linear band. O
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