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CONVERGENCE OF AN ENTROPIC
SEMI-DISCRETIZATION FOR NONLINEAR
FOKKER-PLANCK EQUATIONS IN R¢

J. A. CARRILLO, M. P. GUALDANI, AND A. JUNGEL

Abstract
A nonlinear degenerate Fokker-Planck equation in the whole space
is analyzed. The existence of solutions to the corresponding im-
plicit Euler scheme is proved, and it is shown that the semi-
discrete solution converges to a solution of the continuous prob-
lem. Furthermore, the discrete entropy decays monotonically in
time and the solution to the continuous problem is unique. The
nonlinearity is assumed to be of porous-medium type. For the
(given) potential, either a less than quadratic growth condition at
infinity is supposed or the initial datum is assumed to be com-
pactly supported. The existence proof is based on regularization
and maximum principle arguments. Upper bounds for the tail be-
havior in space at infinity are also derived in the at-most-quadratic
growth case.

1. Introduction

Fokker-Planck equations play an important role in applications, for
instance in semiconductor theory [15], [17], plasma physics [20], pop-
ulation dynamics [3], stellar dynamics [12], vortex dynamics [8] and
several other applications in mathematical physics [13]. We analyze in
this paper the nonlinear Fokker-Planck equation

(1) o = div(Vf(n) +nVV) inRY0<t<T,
with initial conditions
(2) n(-,0)=n; >0 inR%

In most applications, the function n = n(x,t) denotes a density such
that it should hold n > 0 in RY.
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In the absence of the potential V' (x), we obtain the nonlinear filtra-
tion equations with the widely studied porous medium and fast diffusion
equations as particular cases, e.g. [2], [23], [24]. When the potential is
coupled to the density n via the Poisson equation, we obtain the nonlin-
ear drift-diffusion model, which has been employed, in particular with
f(s) = s°/3, in semiconductor theory [11], [14]. The case of linear dif-
fusion f(s) = s arises, for instance, in semiconductor modeling [15] or
large-population dynamics [18]. Nonlinear Fokker-Planck models have
been proposed for population dynamics in [3].

When the nonlinear Fokker-Planck (or drift-diffusion) equation is con-
sidered in a bounded domain, appropriate no-flux boundary conditions
are imposed in order to conserve the total mass of the density n. The ex-
istence and long time behavior of weak solutions for (1)-(2) in bounded
domains and in the whole space have been studied in [6] in full generality
following procedures introduced in [19]. By approximation procedures
starting from non-degenerate diffusions in bounded domains with no-
flux boundary conditions [3], the authors obtain the existence of global
weak solutions in two different situations for the potential V(x): either
its Laplacian is bounded or general growth at infinity of the potential
is allowed but with compactly supported initial data. Moreover, the as-
ymptotic behavior of these solutions is proved to be given by stationary
solutions of this problem with an exponential relaxation speed under
the assumption of uniformly convex potentials. On the other hand, the
long-time behavior of whole-space solutions to (1), coupled to a Poisson
equation, was analyzed in [4] for smooth solutions. Furthermore, the
stability of (1) with linear diffusion in R? was treated in [18].

The goal of this paper is to show that the implicit Euler semi-dis-
cretization of (1) in the whole space R? is globally solvable in time
under slightly improved assumptions on the initial data and on the
potential with respect to [6]. We also show the convergence of this
semi-discrete scheme towards global weak solutions of (1), recovering in
this way the results in [6], and prove the uniqueness of solutions to the
limit problem (1). Furthermore, we show that the approximation keeps
the exponential relaxation towards equilibrium under the assumption of
uniformly convex potentials. Here, an important ingredient will be the
generalized logarithmic Sobolev inequalities shown in [6] and later gen-
eralized to other situations in [7], see also [1], [25]. The formal use of
these inequalities to show the exponential convergence towards equilib-
rium for the implicit Euler discretization was already reported in [5].
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More precisely, we deal with
1
(3) ;(nk —ng_1) =div(Vf(ng) + ne,VV) in Rd, te (tk—latk],

where 0 = tg < --- < tiy = T is a partition of [0, T| with ¢, = kKT/N, 7 =
T/N, and ng = n;. We prove that this scheme is well-defined, conver-
gent, and entropy-decaying, i.e., the semi-discrete solution ny converges
to a (weak nonnegative) solution of the continuous problem (1)—(2) and
the discrete entropy

(4) E(ng) = /Rd(H(nk) +niV)dx

is nonincreasing. Here, H(s) is a prlmltlve of

(5) / f da s> 0.

In this way, the convergence result also provides an existence proof
for (1)-(2). When the potential V(z) is uniformly convex, the relative
entropy is shown to satisfy the inequality

E(ng) — E(ns) < (14270 " (E(n;) — E(ns)), k€N,

where n is the solution of the equilibrium state V f(ns) + no VV =0
with the same mass as ny, and A > 0 measures the convexity of the
potential V in the sense of ¢ Hess(V (z))¢ > M¢|2, where Hess(V (x))
denotes the Hessian of V(z).

Our first main assumption is that the nonlinearity is degenerate and
given by f(s) = s® with @ > 1. We can also allow for more general
nonlinearities with a similar behavior, see Remark 2.1. The second as-
sumption concerns the potential V. We assume that either the potential
grows at most quadratically (in the sense of assumption (A2) below) or
the potential is locally an H' function with arbitrary growth at infin-
ity but the initial datum is compactly supported (see assumption (A2’)
below).

The originality of this paper with respect to the previous literature
consists of the following facts. We first provide a different proof of the
existence of solutions to the nonlinear Fokker-Planck equation in the
whole space based on the implicit Euler scheme. We are able to give an
upper bound for the solution with the same decay at infinity as the initial
datum. More precisely, under the assumption (A2) below, if ny(z) <
Clz|~" for all |x| > Ry (C, v and Ry are some positive constants), then
n is bounded from above by a function of the type |z|~7 for all |z| > R,
where R > Ry. Finally, the semi-discretization keeps the important
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entropy decay and its rate characterizing the long-time asymptotics of
the solutions.

The paper is organized as follows. In Section 2 the assumptions and
main results are presented and discussed. Section 3 is concerned with
the existence of solutions to the discrete problem (3) and the continu-
ous problem (1)—(2) under assumption (A2). The existence of solutions
to both problems under assumption (A2’) is proved in Section 3.4. In
Section 4 we show the uniqueness of weak solutions to (1)—(2) assum-
ing W2 potentials. Finally, the discrete entropy decay is shown in
Section 5.

2. Assumptions and main results

We impose the following assumptions:

(A1) Nonlinearity: We assume the typical degenerate diffusion case
f(s) =s* with a > 1.
(A2) Potential and initial datum:

(a) The potential V € HZ_(R9) is a nonnegative function with

loc

AV € L*>®(R?%) and there exists a constant ¢y > 0 such that

x-VV(x)
(6) BEFEE > ¢o > 0.

(b) The initial datum n; € L*(R?) N L>°(R%) is nonnegative and
there exist constants ¢; >0 and Ry >0 such that for all |x| > Ry,
ni(x) < ci(Ro/lx|)”, where v > max{||AV||oc(ray/co, (d +
2)/2}.

(A2’) Potential and initial datum:

(a) The potential V € H2 _(R?) is a nonnegative function such that
V(z) — +o0 as |z] — +oo.

(b) The initial datum 0 < n; € L>=(R?) is compactly supported.

Remark 2.1 (Generalizations). Assumption (A1) can be relaxed. Our
proof also works if f: [0,00) — [0,00) is a strictly increasing C? function
such that f(0) = 0, s — vsf”(s) + (v + 2 — d)f'(s) is nondecreasing,
and f~! is Holder continuous of order # € (0,1). Moreover, h, defined
in (5), is assumed to be an L{ . function on [0,00) with the properties
h(0) > —oo and h(co) = oo. Finally, we need that z — f(|Jz|7%)?
and = — H(|z|~") are integrable near infinity for some £ > 2 in the
assumption (A2b).

Remark 2.2 (Hypotheses on the potential). Assumption (A2) is satisfied
by functions V' which grow at most quadratically (in the sense that
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V(z) = Vo(|z|) and Vo satisfies |V (p)| < kip for all p > 0 and for
some k1 > 0). For instance, confining potentials of the form V(z) =
|z|? + c1]z| + 2, with ¢1,c2 > 0, are admissible. On the other hand,
potentials which grow faster than quadratically, e.g. V(z) = |z[, are
allowed in assumption (A2’). Here, we need to restrict the initial data
to compactly supported functions.

Remark 2.3 (Hypotheses on the potential). Condition (6) is not needed
to prove the existence of a constant upper bound for the solutions, used
in the existence proof. However, we will employ it to show that the
upper bound decays as |z|~7 at infinity if we assume so for the initial
data under assumptions (A2). It is an open problem to generalize such
a result in case the potential verifies assumptions (A2’).

Our main results are as follows.

Theorem 2.1 (Well-Posedness of the Implicit Euler Scheme). Let the
assumptions (A1) and (A2) or (A2’) hold and let k € {1,...,N}. If
(A2) holds then assume that 0 < 7 < 1/[|AV||pec(ray. Then there exists
a weak solution 0 < ny € L*(R?) N L>(RY) to (3) satisfying f(ng) =
n® € HY(R?) and
1

(7) / (Vf(ng) +niVV) - Vipde = ——/ (ng — ng—1)¢ dz

R4 T JRd
for all compactly supported 0 < 1 € H'(R?). Furthermore, under the
assumption (A2), ny, satisfies

02 R v . d
8 ng < Ny = max{l, (—) } in R?,
®) T TN B

where ¢z = max{||nrl|L=(Bg,) 1}

3

Theorem 2.2 (Convergence of the Semi-discretization). Let the as-
sumptions (A1) and (A2) or (A2’) hold and let T > 0. Then there exists
a weak solution 0 < n € L>(0,T; LY(RY))NL>®(0,T; L=(R%)) to (1)-(2)
satisfying Oyn € L2(0,T; H-Y(R?)), f(n) =n® € L*(0,T; H'(R?)), and

T T
(9) /0<8m,w>H1,H1dt——/0 /Rd(Vf(n)+nVV)-V1/)d:cdt

for all ¢ € C(RY x [0,T]), where C§° is the space of all C™ func-
tions with compact support. Furthermore, under the assumption (A2),
n satisfies

R Y
(10) n <= coel 18V lie@t) max {1, (ﬂ) } in RY,
x

where ¢y is defined in Theorem 2.1.
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For the following theorem we define the equilibrium function n
which is a solution to Vf(ne) + neoVV = 0 inside its support and
Jpanoodr = [gangdr. This means that neo(z) = h™ (K — V(z)),
z € R%, where h(s) is given in (5), b~ ' is the generalized inverse

0:0 < h(0+)

AL R [0, o0, Q_l(U) = {hl(o.) ch(0+) <0 < o0

and K € R is uniquely determined by the conservation of mass

/noodac:/ nrdz.
Rd Rd

Notice that ne is compactly supported since V(z) — oo as ¢ — oo
and h(0) > —oo. We refer to [6, Subsection 3.1] for more details on the
equilibrium solution properties.

Theorem 2.3 (Exponential Relaxation of the Entropy). Let the as-
sumptions (A1) and (A2) or (A2’) hold and suppose that V is uniformly
convez, i.e., there exists X\ > 0 such that for all £, © € R?,

(11) ¢" Hess(V (2))€ > A¢[.

Furthermore, let ny, be the recursively defined sequence of solutions to (3)
according to Theorem 2.1. Then, for all k=1,... N,

E(ni) — E(noo) < (14 2X\7) " %(BE(nr) — E(nwo))-

As a consequence of the previous theorem by passing to the limit in the
discretization, one can recover also the exponential decay of the entropy
for the initial value problem (1)—(3) as proven in [6, Theorem 16]. Let us
remark that all the above results can be also obtained in general smooth
bounded domains with no-flux boundary conditions.

Theorem 2.4 (Uniqueness of solutions). Let the assumptions (A1) and
(A2) or (A2’) hold and let T > 0. Furthermore, we assume that V €
W22(R9). Then there exists a unique weak solution in the sense of
Theorem 2.2.

The uniqueness proof is based on the H~! technique [10], which is
the standard method to prove the uniqueness of solutions to degenerate
problems. The main difficulty is the drift term which is treated as in [21].
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3. Existence of solutions
3.1. Some auxiliary results.

We first need to show some auxiliary results concerning a comparison
principle between weak solutions and weak super-solutions for suitable
regularizations of equation (1). In order to prove Theorem 2.1, we con-
sider the following regularized problem:

(12) %(nk —np—1) = div(Vf.(ng) +nxVV) in B,

0 ov
gfa(nk)'f‘nkg—o on 0B,

for given ng = ny > 0, where ¢ € (0,1), fe(s) = s* +¢es (s > 0),
B, :={]z|] < m} and v is the outward normal unit vector on 9B,,. As
the original equation is of degenerate type, the introduction of f. makes
the problem uniformly elliptic.

Lemma 3.1 (Comparison Principle). For given nonnegative functions
ng, fg € L=(By,), let ng, ik, respectively, be weak solutions to

(13) (ng —ng—1) = div(V fe(ng) + n, VV),

I}—‘ N | =

(14) ( g — Ng—1) > div(Vfe(fg) + 7 VV)  in By,

where k € {1, ..., N}. Then it holds

/ (ng — fg) T dx < / (ng—1 — fg—1)" dz,
B

Bm

where sT = max{0, s}.

Proof: For the sake of simplicity, we set n = ng and n = ny. We wish
to use a regularized version of the test function sign™(f.(n) — f-(7)) in
the weak formulation of the above problems, where sign™ (s) = 1if s > 0
and sign™(s) = 0 if s < 0. The positive sign function is approximated
by

1 ifs>w
sign (s) =< 0 if s <0
s (25 -1) if0<s<w,

where w > 0. Then, for any s € R, sign] (s) — sign™(s) as w — 0.
Moreover, (sign})’(s) = 2e*/“/(w(e®/* + 1)) for all 0 < s < w and
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(sign)/(s) = 0 for all s < 0 and s > w and thus, it holds s(sign])’(s) —
0 asw — 0 for all s € R.

Now, we use ¢ = S, € H'(B,) with S, = sign} (f-(n) — f-(d)) as a
test function in the weak formulations of n and 7, respectively, and take
the difference of both equations:

l/ (n—n)S, dx — l/ (nk—1 — Ak—1)S, dzx

B, B,

<= [ =)V V() ~ )8 do

Rd

- [ 1V 0) = ) P8 da
=0+ I

We denote by S’, the derivative of the function sign} (-) with respect to
its argument. Since S/, > 0, we have Iy < 0. In order to treat I, we
observe that a computation leads to

X c(n —n)
0<(n—n)S, < _ _
ST f) = f(A) +e(n—n)
where ¢ > 0 is a constant which is independent of w (and ¢). Moreover,
(n — 7)S., converges pointwise a.e. to zero as w — 0. Thus, applying
Lebesgue’s convergence theorem, we obtain

lim 1, = - /B Jimy((n = STV - V(o) — S () de = 0.

IN
O

)

Passing to the limit w — 0 in (15) gives

/ (n — i) sign™* (fu(n) — fu(R)) do

m

< /B (nk—1 — ﬁkfl)Sign-’_(fs(n) — fe(n)) da.

m

Since
[ = sign® (o) - @)= [ (=)t da,
[ s = s () = ) do < [ (s =) d,
the assertion follows. O

Let us obtain some pointwise a-priori estimates for weak solutions of
the problem (12).
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Lemma 3.2 (Supersolution). Let (A2) hold. Suppose that
7 < 1/||AV|| o (ray and let k € {1,...,N}. Furthermore, let R > 0
such that (18) is satisfied (see below) and assume that ng—1 < Tig—1.
Then fy, defined in (8), is a solution to the variational inequality
1
16) = [ (-mvdes [ (Tf) +0IV) - Tods 0
B, B

for all 0 <+ € HY(By,).

Proof: In the following, we write n instead of ng. We wish to perform
an integration by parts in the left-hand side of (16). Since A7 is not
defined on |z| = R, we have to split the domain of integration. For
this, let Bgr = {|z| < R} for some R > 0 which is specified in (18) and
m large enough such that m > R. We denote the left-hand side of (16)
by A. Then, for all test functions ¥ > 0, since 7 is constant on Br and
n—ng_1 > 0in By,

Br \T

(17) +/{R<z<m} <1(n_nk Y+ (Vel@) +aVY) WJ) o

2/ <l(ﬁ—nk1)1/)+ﬁVV-V1/)) dx
Br \T

+/ (Vfe(n) +naVV) -V dx.
{R<|z|<m}

Integration by parts in both integrals leads to

1 ov
> (A —ni_q) — 7 A
A /BR (T(n NE—1) nAV>1/1dz—|—/aBRnay+1/)ds

(Afe(7) + Vi - VV + aAV)y dx

<l|z|<m}

e
/ < >+ﬁ§7‘/_>¢ds
L

<ay+ (n)+n 8 )1/)ds
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where v = x/|x| is the exterior unit normal vector on dBg and 0B,
v~ = —vT and ds the surface measure. Since OV/9v+ = —9V /v, the
contributions ndV/dv*t cancel. Furthermore, we have on 0Bg,

0 _ ~ T o x oz
o= () = V() +2m) - £ = 29(f (1) + &) - 1 > 0
and on 0B,
0 oV
—_— n n—— > 0.
ay_;’_ fE(n) + na]/.;,_ — 0

Hence, we obtain

A > / (l(ﬁ—nkl)—ﬁAV>1/)dz
Br \T

—/ (Afe(n) + V- VV +nAV) 4 dx
{R<|z|<m}

1
> - oo gy} — oo
> 7—/BR((l T AV || oo (may) 7 — 1, 1) dx

—/ (Afe(R) + Vi - VV 4+ nAV)ip de.
{R<|z|<m}

Since, by assumption, ng—1 < np—1 = (1 — 7||AV|| oo (ra))7, the first
integral on the right-hand side is nonnegative. In order to estimate the
second integral, we compute, on the set {x € R? | R < |z| < m},

I:=Af.(2) +Va-VV +aAV

N ~ €y _ yx-VV _ _
= W(”ynf”(n)—l—(’y+2—d)f’(n))+W(’y—l—?—d)n—W?H—nAV
ay e €y _ yx-VV_
:W(O/}/—FQ—CZ)H 1+w(7+2—d)n—wn+nAV.
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Using 0 <7 < co exp(T'||AV|| oo (ray), We obtain
— Of’y o — oa— A oo ’7
I§n<ﬁ|a’y+2_d|02 16( 1)T“ V”L (Rd)+ﬁ|7+2_d|

_MMV),

|2

Here, we have employed the special form of f(s). However, it is sufficient
to assume that s — vysf”(s)+(y+2—d) f'(s) is nondecreasing for all s > 0
(see Remark 2.1). Let 0 = coy — [|[AV|| Lo @ay > 0. Choosing R > Ry
(Ry is defined in (A2b)) such that

(18) R?> %(odory +2—d|ceg el VTNV L@y 4y 42— d|),

we obtain, taking into account assumption (A2),

I< (5 _ M + AV) n < (6 — yco + HAVHLDO(Rd))ﬁ =0

|z[?
and finally A > 0, which proves the lemma. O

Next, we prove that the discrete solution ny is bounded from above
uniformly in 7.

Corollary 3.1 (Uniform Bound from Above). Let (A2) hold and let
ng be a weak solution to (12). Then

np <np <N in By,
where 1 is defined in (10).

Proof: The proof is by induction over k. Let kK = 0. Then, by assump-
tion (A2b),

ng=ny <ng in B,,.
Assume that ng_1 < ng_1 in B,,. We have to prove that ny < ng in B,,.
By Lemma 3.2, the difference ny — iy solves the variational inequality

l /Bm (nk — ﬁk)w dx — %/ (nk_l — ﬁk)w dx

T B

+/ (V(fe(nk) = fo(nr)) + (i — 7)VV) - Vipda <0

m
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for all 0 < ¢ € H'(B,,). We take the test function ¢ = sign? (f.(ng) —
f(7x)), where sign} is defined as in Lemma 3.1. After similar compu-
tations as in the proof of Lemma 3.1, we arrive at

/ (nk - ’ka)Jr dr = / (nk_l - ’ﬁ,k_l)Jr dx =0,
B,

B,
which implies that ny < ny in B,,. O

3.2. Proof of Theorem 2.1 under (A1) and (A2).

In order to solve (7), we consider, for given nj_; € L'(R%) N L>(R?)
such that me Np_1 dx = me ny dz, the regularized problem

(19) div(Vfe(n) +ntVV) = l(n —Nk—1) in By,
T
0 ov
(20) o+ fe(n) + nay—_,’_ =0 on 0B,,,

where f.(s) = s*+es (s > 0), s~ = min{0, s} (s € R), and v7 is the out-
ward normal unit vector on dB,,,. Here, € and m are positive parameters.
Since the above boundary-value problem is uniformly elliptic, we obtain
the existence of a unique solution n = n. , € H*(B,,) [16, Chapter 10,
Theorem 2.2]. Employing the test function ¢ = n~ € H(B,,) in the
weak formulation of (19), we conclude immediately that n > 0 in B,
(since n*VV - Vn~ = 0). Hence, we can write n instead of n™ in (19).
Moreover, using the test function ¥ = 1 in the weak formulation, it
follows that me ndr = me ng_1dr = me nrdx. Thus, we have an
L' bound for n uniformly in the parameters € and m.

The following steps are concerned with the limits € — 0 and m — oc.
Let m > R, where R > 0 is defined in (18).

First step: the limit e — 0: A straightforward computation shows that 7,
defined in (10), is a supersolution of the weak formulation of (19)—(20),
namely

(21)/ vfs(”s)'VUMlm:—/

1
n:VV -V dr—— / (ne—ng—1)yY dx
B B, T

Bm
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for appropriate test functions . Taking now the test function ¥ =
fe(ne) € HY(B,,) in (21), we obtain

/ |vfa(n8)|2 dx = _/ nVV - vfa(na) dx
B,

m

- %/m(na - nk—l)fa(na) dx
(22) < BMAV F.(ng)dz— %/ m(na —ng—1) fe(ne) dx

T

1
< CAV] e gae / Fu(ne)de— 2 / noH d

B,

T

1
+ _/ nkflfs(ns) dr,
B

where the function F; is defined as F!(s) = sfl(s) with F-(0) = 0 and
we have used that z - VV > 0 due to (A2b) on 9B,,. Since F.(s)/s
is a uniformly in & bounded function on intervals of the form [0, B]
with B > 0 and using the uniformly in € upper bound for n. given by (8),
we conclude that ||V fo(ne)l[z2(B,,) < ¢, where ¢ > 0 is independent of €
and m. Therefore,

(23) [f(n)llar s, < ¢

where ¢ > 0 does not depend on e. Thus, there exists a subsequence
of (ne) (not relabeled) such that, as ¢ — 0,

ne —=n weakly in L?(B,,) and weakly* in L>°(B,,),
fe(no) = w weakly in H*(B,,) and strongly in L?(B,,).

Since strong L? convergence gives pointwise convergence a.e. for a sub-
sequence and f.(s) = f(s) + €s is increasing, we obtain

ne = fH(fe(ne) —ens) — f~H(w) pointwise a.e.,
and we conclude that f~'(w) = n and w = f(n). Passing to the

limit € — 0 in (21) then gives

(24) / (Vf(n)+nVV) - Vipdr = —%/ (n —ng—1)yY dz

m m

for test functions 1) € H(R?).
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Second step: the limit m — oo: Let n,, € L®(By,) with f(nm,) €
HY(B,,) be a solution to (24) with n = n,,. We claim that there is a
constant ¢ > 0 such that for all m, [|f(nm)||g1(B,,) < ¢ Indeed, using
again (22), Vf(n,,) is bounded in L?*(B,,) uniformly in m since

£ iy = [ o < Ll [ nnde <

and ¢ > 0 does not depend on m. Thus, we apply a standard Cantor
diagonal selection argument to derive the convergence to a solution of
the discrete problem bounded by 7 as desired, finishing the proof of
Theorem 2.1. O

3.3. Proof of Theorem 2.2 under (A1) and (A2).

We define the piecewise constant function in time n™) (x,t) = ny(x)
if x € B, for all fixed m > 0, t € (tx—1,tx], and the shift opera-
tor (oxn™))(-,t) = ny_y for t € (t_1,tx]. By Theorem 2.1, () solves
the problem

1
(25) =(n™M —oxn™)) = div(Vf (™) +n™MVV) in B, 0 <t <T,
T
subject to no-flux boundary conditions. In order to derive an estimate
for the discrete time derivative, we compute

7720 — gpn@) 120,731 (B0

T 2

< sup / (/ (Vf(n(N))—i—n(N)VV)-dem) dt
”w”Hl(Bm):l 0 B,

< IVFON 2012208y + 1RIVV 20,1028, < ©

where ¢ > 0 is independent of m and N due to (A2) since v > (d +2)/2
and VV grows at most linearly at infinity. Thus, for a subsequence (not
relabeled), as N — oo or 7 — 0,

(26) 1(n<N> —onyn™)) =~ 9n  weakly in L2(0,T; (H(Bn))*).
T

The proof of Theorem 2.1 provides the following a priori estimates:

1m0y S e 1F ) 20,0118, < €

where the constant ¢ >0 does not depend on 7, N or m. Thus, as N — oo,
for a subsequence which is not relabeled,

27)  f™)) = W) ~w  weakly in L2(0,T; H*(By)).
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Since  — x'/ is Holder continuous with exponent 1 /o, we conclude
from the H' estimate for n™) that (see [9, p. 141])

H”(N)le/aﬂa(Bm) < C”(n(N))a”Hl(Bm) <¢

and the constant ¢ > 0 depends on «a but not on m or N. Since the
embedding W*2%(B,,) < W/*2%(B,.) is compact for all s < 1/a, we
can apply Aubin’s lemma [22] to obtain the existence of a subsequence
(not relabeled) of n¥) such that, as N — oo,

(28) n™) —n  strongly in L?(0,T; W*2%(B,,))

and n(™) — n pointwise a.e. In particular, (n¥))* — n® pointwise a.e.
and w = n®.

The convergence results (26)—(28) allow to pass to the limit N — oo
in the weak formulation of (25), leading to

T T
/ <6tn7¢>(H1(Bm))*,H1(Bm)dt+/ / (V(na)-F?’LVV)V’Q/J dx dt = 0,
0 O m

for all ¢y € H(B,,). Since the above estimates are uniform in m, we can
pass to the limit m — oo and obtain a weak solution to (9). O

3.4. Existence of solutions under (A1) and (A2’).

We show Theorems 2.1 and 2.2 by replacing assumption (A2) by (A2).
For given ny_1 € H'(By,), consider the approximated problem (19)-(20)
and assume that (A1) and (A2’) holds. We set h.(s) = h(s) + clogs,
s > 0, where h(s) is defined in (5). Notice that hZ' exists on R,
lims o0 hZ1(s) = oo, and hZ1(s) > 0 for all s € R.

€

Lemma 3.3 (Supersolution for (A2)). Let n. € H'(Bpm) be a solution
of (19)-(20) and setfi. = h;1(K—V), where K € R is such that fi. > np
in Bp,. Let ne y—1 < e in By,. Then nep < ne in By,.

The lemma can be shown similarly as Lemma 3.1, stated in B,,,, since
Vie(fie) + 1. VV = 7. V(h(n:) + V) =0 in By,.

Now, the proof of Theorem 2.1 is similar to the proof under assump-
tion (A2), with the following change in the first step of the proof. The
upper bound 7. is chosen to converge pointwise a.e., in fact uniformly
in compact sets, to n = h™}(K — V) as € — 0 such that i, > ny for
small € and 7 > ny. Therefore, in view of the uniform H! estimates for
fe(ner), for a subsequence,

Nek — N <7 strongly in L2(Bm),

fe(ner) — f(ng)  weakly in Hl(Bm).
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These limits show that ny is a solution of (24). Finally, the proof of
Theorem 2.2 is analogous to the proof in the previous section.
4. Proof of Theorem 2.4

First, we notice that the weak formulation (9) is valid for all functions
in L2(0,T; H'(R?)) since C§°(R?) is dense in H'(R?). Let ny and ny be
two weak solutions to (1)—(2) in the sense of Theorem 2.2 with the same
initial data, let ¢ € (0,7), and let ¥(-,t) € H'(R?) be the unique solution
to

A = —(ny —n2)(-,t) in R

Then + € L2(0,T; H*(R%)) and, since n; and ny satisfy the same initial
data, ¥(-,0) = 0. Thus, we can employ ¥ as a test function in the
difference of the weak formulations for n; and no,

(29) /o (Or(n1 — n2), ) -1 g dt

- —/O /Rd(V(f(m) — f(n2)) + (n1 — n2)VV) - Vap da dt.

The left-hand side can be written as

t t 1
—/ <8tA¢7¢>H*1,H1 dt:/ (?tVd)Vd)dzdt:—/ |V1/)(,t)|2 dCC
0 0 JRd 2 Jga
The first term on the right-hand side of (29) becomes, after integrating
by parts,

/ t [ ro)=sapavara—- [ t [ (5010 1) e <0,

since f is nondecreasing. For the drift term, we also integrate by parts:

t t
/ / (n1 —n2)VV - Vipda dt = —/ AYVV -V dzx dt
0 JRd 0 JRd

t
= / Vi -V(VV - V) dxdt
0 JRd

_/Ot /Rd(w)T Hess(V)(Vd))—%/Ot /Rd AV|V[2 da dt

d t
< (1+ —) ||V||W2,m(Rd)/ / |V da dt,
2 0 Rd
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where Hess(V') denotes the Hessian of V. We obtain from (29)

1 d !
—/ |V (-, t)]* de < <1+—> ||V||W2,m(Rd)/ / V| da dt.
2 R4 2 0 R4

Gronwall’s lemma shows that Vi = 0 and thus, n; —no = 0, ending the
proof.

Remark 4.1. If the diffusion is nondegenerate, it is enough to assume
that AV € L>*(R?). For instance, if f(s) = s, we can take n; — na
as a test function in the difference of the equations satisfied by the two
solutions n1 and ny. Then the drift term can be estimated by

t
/ V(ng —n2)VV - V(n1 — ng) da dt
0 Jrd

1 t
:_// YV -V ((n1 — n2)?) da dt
2 0 R4
t

1
= ——/ AV (ny — ng)? dx dt,
2 0 Rd

and a Gronwall argument gives the conclusion. If f is not linear but
still nondegenerate (i.e. f(0) # 0) then one can try to employ the dual
method like in [10].

5. Proof of the entropy decay

In this section we prove Theorem 2.3. Let ng = ngm.c € L®(By,) N
HY(B,,) with f(ny) € H'(By,) be a solution to the uniformly elliptic
problem

T

1
(30) / V fe(ng)- -V dz:—/ nyVV-Vi) d:c——/ (ng—ng—1)v dx,
for all test functions ¢ € H(B,,) such that ng = xmnr, where x,(z) =
x(x/m) is the cut-off function with y € C§°(R?) satisfying x(z) = 1 for
|z] <1, x(z) =0 for |z| > 2, and 0 < x(z) < 1 for 1 < |z| < 2. Set
he(s) = h(s) +elogs, H.(s) = he(s) for s > 0, and

Es(nk):/B (He(ng) + ni V) de.

m
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Since H. is convex, it follows

E.(n;) — E-(ng—1) = / (He(ng) — He(ng—1) + (ng — ng—1)V) dz

m

g/ (H.(ng) + V) (nk — ng—1) dz.

m

Employing the test function ¢ = h.(ng) +V € HY(B,,) in (30) gives
% /Bm (ng — ng—1)(he(ng) + V)de = — /Bm |V (he(ng) + V)|? da.
Therefore, by [6, Theorem 17],
E.(ng) — E-(ng—1) < —7'/ 1|V (he(ng) + V)|? da

m

< 2M7(Es(nk) — Ec(Moo,em))
and
E. (nk) - E. (noo,a,m) < (1 + 2)\7-)_1(Ea (nk—l) - Ea(noo,a,m))

< (1 + QAT)ik(Es (”O) - F. (”m,s,m))-

Now, we wish to perform the limits ¢ — 0 and m — oco. We write n 4
instead of ng. The proof is exactly as in the previous section, showing
that, as € — 0, up to a subsequence,

(31)

Ne g — Nk strongly in L*(B,,),

fe(ner) — f(ng) weakly in HY(B,,).

In view of the uniform L°° bound for n.j and the convergence a.e.
of ng  — ny, Lebesgue’s theorem implies

E.(ner) — E(nk) ask — oo.

The limits E.(ng) — E(no) and E:(Noo,e,m) — E(noo,m) as € — 0 are
easy consequences of the convergence in compact sets of H.(ng) — H(ng)
and H.(Noo,e,m) — H(Noo,m). Thus, we can pass to the limit e — 0
in (31), giving

EMkm) — E(oom) < (14 2X7) " *(E(n;) — E(Neo.m))-

The proof of E(ngm) — E(ng) as m — oo can be performed analogously
to the arguments in the previous section by using the control at infinity
given by 7 in the case of (A2) or the compact support of the solutions
in the case of (A2’) to apply Lebesgue’s theorem. The proof concludes
by showing E(neo,m) — E(ne) as m — oo by direct inspection since
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in fact Noo,m = Noeo for sufficiently large m due to the compact support
of Neo.
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