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PRIME IDEAL DECOMPOSITION IN F(u Ve )
WILLIAM YSLAS VELEZ

Let F be a finite extension of the field of rational numbers,
P a prime ideal in the ring of algebraic integersin F,and x™ — u
irreducible over F. H m is a prime and {,. € F, then the ideal
decomposition of ? in F(u'") has been described by
Hensel. If m =1', | a prime and (], ?) =1, then the decom-
position of 2 in F(u ") was obtained by Mann and Vélez, with
no restriction on roots of unity. In this paper we describe the
decomposition of ? in the fields F({,) and F(u'?), where

2O ().

I. Notation and introduction. Let 2 denote the rational
numbers and F a finite extension of 2 where the degree of an extension
is denoted by [F: 2]. By a prime ideal ? in F we shall mean a prime,
integral ideal in the ring of algebraic integers in F. For an ideal 2, we
have N(%?)=p’, p a prime, where N denotes the absolute norm and
(p)= P°A, (P, ) =1, where (a, b) denotes the greatest common divisor
of a and b. If p—1]a, then weset a=sp*'(p—1), (s;,p)=1. By F»
we shall mean the ?-adic completion of F, [x] denotes the largest integer
less than or equal to x, a/b + ¢ shall mean a/(b + c¢), and {,» denotes a
primitive p‘-root of unity.

If A is an abelian group, then we say that {a,}.c;, is a basis for A if
A = @.c1 {a,), where (a,) denotes the group generated by a, in A.

We say p°||b if p¢|b, pc*' £ b.

This paper is devoted to a generalization of what is called in the
literature, ‘“Kummer’s Theorem.”” This theorem deals with the ideal
decomposition of prime ideals in F when considered as ideals in F(u '*).

Hilbert [12, pg. 254-257] proved the following theorem:

THEOREM 1.1. Ifx? — w is irreducible over 2({,), (u, P) = 1, then in
2(&L, 1'?) we have

(1) the ideal P splits into p factors iff u = &7 (mod P?*),

(2) the ideal P remains prime iff w#§¢? (mod PF*Y), pu =¢°
(mod 2?),

(3) the ideal P becomes the pth-power of a prime ideal iff u # &°
(mod 2°?).

Later Hensel [9,10] generalized these theorems to the situation
where {, € F,. Hensel calls these theorems “Kummer’s Theorem,’” but

589



590 WILLIAM YSLAS VELEZ

he references Hilbert, and Hilbert gives no reference for these theorems.

In §4 we describe the decomposition rules for the extensions F(u /?)
and F({,) over F, for those prime ideals which divide p. Sections 2 and 3
develop some machinery to tackle this problem. This machinery will
hopefully be used to describe the decomposition rules for the case
F(u'7"), ¢ >1, in a subsequent paper.

We point out that decomposition rules for the ideal # in the
extension F(u '), | a prime different from p, have already been worked
out. We refer the reader to the paper by Mann and Vélez.

This paper is based on my Ph.D. thesis at the University of
Arizona. I wish to express my deep appreciation to Professor Henry B.
Mann for his advice and encouragement during that venture.

II. Preliminaries. We say that « is a principal unit if « =1
(mod 2).

Let %, be the multiplicative group of units modulo ™. Then
|9 | = ®(P™) = (pf = 1)p’™", where ® is the Euler function. Clearly
9. is abelian. It can be shown that {,», € Fp and that 4, = ({,-} D G,,
where G, is the multiplicative group of principal units modulo #™, and
|Ga| = pTer.

There have been several papers devoted to the study of G,, e.g.,
Wolf [25], Tagenouchi [18], Hensel [5,6,7,8,11] and Mann [14]. We
state some results which we shall need later. We first determine the
rank of G,, denoted by R(G,), as a p-group [see Fuchs 3, pg. 85].

THEOREM 2.1.

Ifm=ap/p—1, then R(G,)=(m —1—[(m = 1)/p)f.
If m=zap/p—1, {, € F5, then R(G,) = af.

If m =ap/p —1, {, €EF;, then R(G,) = af.

If m >ap/p—1, {, € Fp, then R(G,)= af + 1.

Proof. See Mann [14, pg. 3, pg. 9], Tagenouchi [18, pg. 22], Hensel
[6, §83 and 4], Vélez [19, pg. 10].

We now construct a basis for G,., for m not too large. The residue
system modulo ? forms a finite, commutative field of degree f over its
prime field. Hence, there exist algebraic integers {g;, - -, g} such that
every element modulo % can be written uniquely as

2 ag, a€{0,1,---,p—1}

1=1

The set {g,,- -, g;} will be called an additive basis.
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From the collection of positive integers choose the smallest a of
them which are relatively prime to p and call them k,<k,<---<
k.. Let m be an algebraic integer such that 2| .

Set

2.1) n, =1+ gmh.
THEOREM 2.2. (1) If m=ap/p—1 and q =m —1-[(m —1)/p],
then {n,|i=1,---,f;j=1,---,q} is a basis for G,.

2 If{,€F;andm =ap/p—1,then{n,|i=1,---,f;j=1,---,a}
is a basis for G,.

Proof. See Mann [14, pg. 8], Hensel [6, pgs. 204, 205}, Vélez
[19, pg. 26].

Now, let ¢, € F,. Then clearly p—1|a, so ap/p—1 is an
integer. Since R(G,)=af+1, when m >ap/p —1, we need an extra
element.

LEMMA 2.1. Let —p ==n°g?" (mod P*""), then there is a g' such
that x* — g*”'x — g’ has no solution modulo P.

Proof. See Mann [14, pg. 10], Hensel [6, Section 3], Vélez
[19, pg. 29].
With g’ defined as in Lemma 2.1, set
n'=1+g'7w"".
Note that sp* =a + (a/p — 1).

LEMMA 2.2. Let {, EFy and m Z ap/p — 1, then n' is not a pth-
power in G,.

Proof. See Mann [14, pg. 10, 11}, Hensel [6, §4], Vélez [19, pg. 29].
THEOREM 2.3. If {,EF, and m =(ap/p —1)+1=sp* +1, then
{n',n,|i=1,---,f;j=1,---,a} forms a basis for G,. If m >sp*+1,

then {n',n,|i=1,---,f;j=1,---, a} is a generating set for G,, though it
is not necessarily a basis.

Proof. See Mann [14, pgs. 12-14], Hensel [6, §4], Vélez [19, pg. 29].

III. Analysis in F,. Let A ={a} be a complete residue
system modulo . That is, if B is an integer in F, then there exists a
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unique i such that B =«, (mod?). Let 2|, then every element
y € F, can be written uniquely as

'y=2a,.1r", l1eZ, a,€A.
n=l

We say that vy is an integer if [ = 0.
If

x = i Yty
n=1I

¥ is an integer for all n and y,#0 (mod ?), then we set vs(x)=1 Let
v(x) = vp(x) if there is no danger of ambiguity.

It is clear that v(x) is well-defined. Moreover, v(x)=1 iff
P!'||x. It can also be shown that the series Z;_; B, B, € F», converges in
F, iff lim, . »(B,) = in 2.

Fact 1. The domain of convergence of the exponential series
E(x)=Z2,_,x"/n!, is the set of all x for which v(x)> N, where N =
[a/p —1]. The domain of convergence of the logarithmic series log(1 +
x)=Zr.;(—1)""x"/n, is the set of all x for which v(x)=1.

Let f(y)=2%0a.y" and g(x)=2,-,b.x™. If we substitute g(x)
for y in f(y) and carry out the formal multiplications, we obtain a power
series in x, which we call G(x).

Fact 2. (On Substitution of Series in Series). Let the series
f(y) = Zn_oa.y” converge for all y which satisfy v(y)=[ I € Z. If the
series g(x) = 2, -1 b.x™ converges for some x € F, and v(b,x™)= |, for
all m = 1, then the series G(x) also converges (for this value of x) and

G(x)=f(g(x))

We note two properties of these power series: E(x)" = E(nx), for
n€ Z and E(log(1+x))=1+x, for v(x"/n)> N. We refer the reader
to Borevich and Shafarevich [Chapter 4] for proofs of the above
statements.

THEOREM 3.1. The series f(x)=1+2;,.,; (1{1[) ) x" converges in F if
v(x)>ta+ N. Furthermore 1+ x = (f(x))' for v(x)>ta + N.

Proof. The series

1+§ <1£pt) x" = 1+§; (z./n)(x/p*),
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where z, =(1-p)(1-2p*)---(1—-(n —1)p’). Note that (z,,p)=1, so
v(z,)=0. But v(x/p')=v(x)—v(p')>ta+N—ta=N. But, from
Fact 1, 2;_,(1/n!)(x/p*)" converges, which implies that

v((/n)(x/p*)) = v((z./n))(x/p*)")—>> in 2.

Hence 1+ 2., (lflp ) x" converges if v(x)>ta + N.

Consider the series (1/p‘)log(1 + x) = Z5_, (= 1) x"/np’, for v(x) >
ta+ N. Then we can show that v(x"/np’)> N for all n. Hence we can
substitute this series in the series E(x), and formally carry out the
multiplications. But since this is formal multiplication, we can perform
these computations in €[x], where € is the field of complex
numbers. So we have

E((1/p*)log(1+ x))= f(x),

and by Fact 2, these two series converge in F, to the same value. But
then,

(fx)F' = E((1/p)log(1+x)f' = E(log(1+x))=1+x.

THEOREM 3.2. If a =77 (mod #"*"*'), then there exists B E F,
such that a = B*' in F.

Proof. If @ =n* (mod #**"*), then a/n* =1+ x, where v(x)>
ta+ N. Hence, (1+x)" €F,. Let B=(1+x)"n, then a = B

IV. The Decomposition of ? in F({) and
F(u'). Let K be a finite extension of F of degree n. We are
interested in the prime ideal decomposition of ? in K. Assume that &
factors into g, ideals of relative degree f, and relative multiplicity e;, that
is, n = Z,gfe. Then we define the counting function

Uk (P) = 2 & lf]~

For example, if K is a normal extension, then ¥ (2)= g[d]*, which
means P factors into g ideals, each of relative degree d and relative
multiplicity e. In certain cases, these counting functions have some
interesting properties. We refer the reader to the paper by Mann and
Vélez.

LemmA 4.1. If (a,b) = d, where a,b € Z, then there existsanx € Z
such that (a,x)=1 and bx + ay = d.
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Proof. Mann and Vélez, pg. 2.

Let 2, denote the p-adic completion of 2; %, ¥, and £ are finite
extensions of 2,, and e(%|2,) = ¢’ denotes the ramification degree of ¥
over 2,.

LemMA 4.2. If X is an unramified extension of &, then X is a normal
extension. Furthermore, if ¥'D %, then ¥ - ¥’ is unramified over ¥,
where ¥ - F' denotes the smallest field containing both % and F'.

Proof. We refer the reader to Weiss [22, pgs. 83-85].

THEOREM 4.1. Let ¥NF =%, and e(£'|2,)=1, [£: L]=
e(Z|E)=1L(Lp)=1, and (e'/l,l)=d. Then £ =ZL'(x"), where m is
some prime element in &' and e(F(w"')|F)=1/d. Furthermore, if ¥ is
an unramified extension of ¥, that is, e(% | F) =1, then e(X (7w"")|H) =
l/d.

Proof. We refer the reader to the paper by Vélez entitled “A
Characterization of Completely Regular Fields.”

The following corollary, though not new (see the paper by Ishida), is
an interesting application of Theorem 4.1.

CoOROLLARY 1. Let a be an integer in 2 with (a,p)=1, and p an
odd prime, then 2((ap)'*™, {,) is an abelain extension of 2((ap)"*") with
relative discriminant 1.

Proof. 1t is clear that 2((ap)"™,¢,) is an abelian extension of

2((ap)"*™), and (p)=B*, where B = ((ap)**~', p).
Let = 2,((ap)"™), £=2,(,), and &' = FN L. Then

e(F|2,)=[F: 9,]=e(2|2,)=[£: 2,]=p~1.

Let I'=[£": 2,]=e(£'|2,), then [£: £]=e(L|L)=(p-1)/I' and

e-DN"=p -1/, (p-1DII'), so e(2,(ap)"™", ;)| 2, ((ap)* ) =1.
Hence 2((ap)*™',¢,) over 2((ap)'?™") is unramified.

As before, let ? be a prime ideal in F with N(?)=p’ and
(p)= P°o, where (P, A)=1. Let FN2(,)=2%, where e, =
[FN2(): 2] and 2“0 is the unique subfield of 2(¢,) of degree e, over
9. Hence [F({,): Fl=( —1)/e,. Let ?,C2*, # D (p), and (p)=
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P, Also since 2°|(p), we have that a =*a,e, and P=||P,. Let f(x)
denote the irreducible polynomial for {, over F.

THEOREM 4.2. Let f(x)=II5, f,(x)(mod P“¢~V*), and

d = (aleg, (p—1)eg),
then if K = F({,), we have that
FYx(P)=gld]), where e=(p—1)/ge,d.
Proof. The discriminant of f(x) over 2¢ is PV Since

P Py, a, = ale,, we have that the discriminant of f(x) over F is exactly
divisible by P@®-Dev-a  [f

£) =11 £6) (mod @+,

where the f,(x) are irreducible modulo P@®~Ve*1 then

(@.1) £ =11 Fx)

in Fp, [24, pg. 90], where f.(x) is irreducible in F, and deg E(x)
(p—1)/e,g, for all i. Set £ =F;N2,(,) Since degf.(x)
(p —1)/e.g, we have that [¥": 2,]=e,g. Furthermore, e(2,(4)|2,) =
p—1, hence e(¥'|2,)=eg and e(2,(,)|<L)=(p—1)/e.g. Since
((p —1)/e.g,p) =1, we can apply Theorem 4.1 and we obtain that

(4.2) e(Fs(4,)| Fo) = (p — 1)/egd.

On putting (4.1) and (4.2) together, we have that ? factors in F({,)
into g distinct prime ideals of relative degree d, and relative multiplicity
e =(p—1)/e.gd. That is; we have

I

FYK® = g[d]"

LEMMA 4.3. Letx? — u be irreducible over F, p an integer, u = P*¢,
(?,€)=1. Ifp A v, then P becomes the pth-power of a prime ideal in
F(u'®). Ifplv, then we can find an integer . such that (u., ?) =1 and

F(u'*)=F(ui").

Proof. We first find a p € F such that p has ideal denominator
P. To find p we first determine an ideal C,; so that PC; = (a). Next
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determine an ideal C, so that C,C,=(B) and (C,, #)=1 [15, 1955,
Theorem 5.11]. Then p = B/a has the desired property.

If p ¥ v, then we can write vx —py =1. Set u,= u*p”. Then u,is
an integer, F(u'?)= F(u}”), and ?||u,. Hence (P, V) = P, so P
becomes the pth-power of a prime ideal in F(u'?).

If p|v, set pu;=pup”. Then u, is an integer prime to # and
F(u'")=F(ui").

Because of Lemma 4.3 we may assume that (u, #)= 1.

LeEMMA 4.4. Let x? — u be irreducible over F, (u, ?)=1. Then the
ideal P has more than one factor in F(u'?) iff u = £° (mod 2 **N*"), where
2°|(p) and N =[a/p —1].

Proof. From Theorem 3.2 we have that u = a? in Fp iff u =§°
(mod #°*N*"). But the number of relatively prime factors of % in
F(u'?) is equal to the number of distinct prime factors of x? — u in F,,
and x? — u is reducible in F; iff u = a? in F,. Hence 2 has at least two
factors iff w = ¢° (mod V).

If {, EF, then a=sp*'(p—1) and —p =g?'w* (mod P**!). As
before, we set n'=1+g'w®", where g’ is chosen so that h(x)=
x? — g?™'x — g’ has no solution modulo ?. Furthermore x? — g?'x — g’
is irreducible modulo 2 and so h(x) is irreducible in F. We also point
out that a + N =a +(a/p — 1) = sp*.

LEMMA 4.5. The ideal P remains prime in F((n')"?).

Proof. By Lemma 2.2, n'# ¢° (mod M), so ? has only one
factor in F((n')"?).

Let a be a root of h(x) and consider F(a). The different of a is
(pa?™' — g?™"), which is prime to ? since g is prime to . Hence 2 is not
ramified in F(a). However, we have that

A+ am® VP =1+par® "+ a’7* =1+ (a® - g*la)m™"

=1+g'm* =7'(mod P*"*).

If B is any prime divisor of ? in F(a), then B*|/(p) and
1+ am®* 7Y = ' (mod P**N*).

Hence (n')? € F(a)s = F5(a), which implies that

Fp(a)=Fo((n)")
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is an unramified extension, so ? remains prime in F((n')"?).
From the proof we also have the following result.

LEMMA 4.6. The field F(a)= F5((n')?) is an unramified exten-
sion of Fy, where a is a root of x* —g*'x — g'.

LEmMA 4.7. Ifx*® — u isirreducible over F and {, & F, then P never
remains a prime ideal in F(u'?).

Proof. If ?*|u, (»,p)=1, then P =P? in F(u'?). If (v,p)=p
then we may assume that (u, ?)=1.

Assume that 2 remains prime in F(u '?), then x? — u is irreducible
over F; and Fy(u'?) is a normal, unramified extension of F» by Lemma
4.2. Hence {, € Fo(1'7). But this implies that [F»(¢,): F»]|p, since
p =[Fs(n'?): F3]. However ([Fs(,): F5],p)=1, so [Fs(): Fs]=1,
which implies that ¢, € F,, and this contradicts the assumption that
{, & Fp. Hence ? does not remain prime.

LEmMMA 4.8. Let [F(u'?): F]=p, then F(u'?)=Fui?) iff p.=
Bfr*, (x,p)=1, BEF.

Proof. See the paper by Schinzel, pg. 163.

THEOREM 4.3. Let ?°||(p) in F, FN2(L,) = 2, x? — u irreduci-
ble over F, (u,?)=1, and N =[a/p —1].
1) If p =¢° (mod PN, then

P (P)= 1[1]+eng[d]‘, K=F(I"1/p)a
where
r¥e(P)=¢gld], Ki=F(,)

Furthermore, if B is a factor of degree d, then F(u'?)g = F5(&,).

(2 If a+ N>1, (1) is not solvable, and p = ¢° (mod P**N), then
§ € Fp and Y (P) = 1[p].

(B) Ifa+N>1, p#¢® (mod P**N), then W (P) = 1[1].

4 Ifa+N=1, u#¢g® (mod P?), then Vi (P)=1[1].

Proof. Since (u,?)=1, we have that u?*=1 (mod?) where
N(®)=p’ Since (p'—1,p)=1, we have that F(u'?)= F((u?"")"").
Hence, we may assume that u =1 (mod 2).



598 WILLIAM YSLAS VELEZ

(1) If u = ¢P (mod 2°*N*'), we have that u = a® in F» by Theorem
32. Hence x*-u=x?-a’=x-a). IEf(x) in F, where
deg f.(x) = (p — 1)/e.g, each f,(x) is irreducible in Fj, and {\¥q, (j(i),p) =
1, is a root of f(x), for each i. By Theorem 4.2, we have that
e(F3({a)| F5) = e, where e = (p — 1)/ge.d, d = (a/eig,(p — 1)/e.g).

Therefore, corresponding to the linear factor x — a we have an ideal
factor of ? in F(u'?) of relative degree and multiplicity 1. Correspond-
ing to each of the e,;g polynomials f,(x), 2 has an ideal factor of relative
degree d and multiplicity e. Hence

YV (P)=1[1] + e, g[d]".

Furthermore, if ¥ is any prime factor of ? in F(u '?) of relative degree d,
then B corresponds to one of the f,(x). But a root of f(x) is {\Vq,
((),p)=1. Hence Fo({l%)=Fa(s,). S0 F(u")=Fs(Z,).

(2) We first show that if {, € F and p = £? (mod #°*V), a + N >
1, then p =¢¢ (mod 2**™*"). By Theorem 2.2, {n,|i=1,---,f;j=
1,---,a} is a basis for G,, m Za+ N>1. Butif p =¢£? (mod 2°*"),
then u =7, (mod #**") and p | b, for all i, j. If El'Iafli’]"’(mod perh),
then b = b, + pc,, hence p | b and pu = £¢% (mod P **N*).

Assume that a+N>1, (1) is not solvable, and u =¢°
(mod ?°*N). Then {, €F,. Furthermore, by Lemma 4.4, ? has only
one factor in F(u'?).

By Theorems 2.2 and 2.3, we have that {n, |i =1,---,f,j=1,---,a}
is a basis for G,.n, and {n,]i=1,---,f,j=1,---,a,m'} is a basis for
G..n+1. Hence,

4.3) p=I1n,-n" (mod P=~+),

and
p=[In,;=¢ (modP").

So p|b,, for all i, j, and (b,p)=1. We can rewrite (4.3) as
p '™t =£% (mod PN,

so u=a? 0" in F,. Hence Fp(u'?)= Fz(n'"*) is an unramified
extension of F» by Lemma4.5. So 2 remains prime in F(u '7), that is

¥ (2)=1[p].
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3 Ifa+N>1, and p#¢£? (mod P**N), then P either remains
prime or becomes the pth power of a prime ideal.

Assume ? remains prime. Then ¢, €F, by Lemma 4.7, and
Fp(u'?)= F3((n')"?). But this implies that u = ¢°n", (b,p)=1, by
Lemma 4.8. Recall that n'=1+g'n#* and sp*=a+N, so n'=
(mod #°*N), hence we have that u =¢° (mod #°*N), contrary to
assumption. Hence, % becomes the pth power of a prime ideal in
F(u'?) and ¥ (P)= 11}

4 Ifa=1land N=0,thena+N+1=2and {,& Fs. If u#¢&°
(mod 2?), then P either remains prime or becomes the pth power of a
prime ideal. But since {, & Fp, ? cannot remain prime, so ¥ (P)=
1[1]~

ReEMARK. Theorem 4.3 could have been proven without the results
in §2. In fact, the proof in Hecke [4, pp. 148-154] generalizes to prove
this theorem. However, it is our belief that this proof gives more insight
into the theorem and shows why a + N is the natural division between
splitting and remaining prime.

We now specialize to F = 2. Of course, the prime ideals corres-
pond to the prime numbers and {, € 2, iff p#2. Furthermore a =
1. SoN=0ifp>2and N=1if p=2.

COROLLARY 1. Letp =2, x*>— u irreducible over 2, (u,2)=1, and
K=32(u").

1) If p =¢* (mod?2?®), then ¥, (2)=2[1].

(2) If (1) is not solvable, p = ¢* (mod 2?), then V¥« (2) = 1[2].

(3) If p# £ (mod?2?), then V¢ (2)=1[1]%

COROLLARY 2. Letp# 2 and x® — p irreducible over 2, (u,p) = 1.

(1) If u =¢7 (modp?), thenp = P,- P57, where the degree of P, is
1, for i =1,2. Furthermore, 2(u"")s, = 2, and 2(u"?)s, = 2,(¢,).

(2) If p#¢£° (modp?), then (p)= PP in 2(un'?).

Corollary 1 is well known [15, 1955, Chapter 8]. Corollary 2 is not
so well known. Dedekind [2, page 156] proved this corollary for
p =3. More recently we found this result in a paper by Westlund [23].
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