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EFFLUENT AND NONEFFLUENT FIXED POINTS
ON DENDRITES

HELGA SCHIRMER

This paper gives a partial answer to the problem of es-
tablishing conditions for the existence of selfmaps of one-dimen-
sional spaces with prescribed fixed points and fixed point
indices. Two types of isolated fixed points on dendrites are
defined, and called effluent and noneffluent fixed points. They
correspond on polyhedral trees to fixed points of minimal or
maximal algebraic index, but are characterized by separation
properties. Necessary and sufficient conditions are given for
the existence of a selfmap of a dendrite which has a prescribed
set of effluent and noneffluent fixed points.

1. Introduction. It is known that dendrites, as well as many
polyhedra, have the ‘“‘complete invariance property” (see e.g. [7], [12]),
which means that any arbitrarily given closed and nonempty subset of
these spaces can be the fixed point set of a suitable selfmap. For a fairly
large class of polyhedra this result has been sharpened considerably:
necessary and sufficient conditions have been established for the exis-
tence of a selfmap within a given homotopy class for which not only the
locations of the (finitely many) fixed points, but also their indices are
prescribed [8]. The construction of such a selfmap uses Nielsen’s theory
of fixed point classes and the “splitting” and ‘“‘moving” of fixed
points. These methods fail completely in one-dimensional spaces and
hence cannot be used for dendrites. Nevertheless the question arises
under which conditions selfmaps of dendrites exist for which not only the
locations of the fixed points, but also their indices are given.

We give here a partial answer to this question. Dendrites are
acyclic continua, and hence our proofs employ methods which belong to
continua theory. They consist of an exploitation of the connectedness
properties of dendrites which can e.g. be found in [4] and [13], as well as
of the partial order structure of dendrites which was developed by L. E.
Ward, Jr. [9], [10] and has often been found useful in the investigation of
fixed point questions. These methods belong to general topology, and it
is therefore necessary to replace the usual definition of the fixed point
index by a topological rather than an algebraic one. This is, however,
done only for fixed points which correspond to those with a minimal or a
maximal index. If ¢ is an isolated fixed point on a polyhedral tree and is
of order o(c), then one can easily check that its index i(c) under different
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selfmaps can assume values for which 1 —o(c)=i(c)=1. The so-called
efluent fixed points defined in §2 correspond to fixed points with index
1—o0(c), and the noneffluent ones to those of index one. Inessential
fixed points are those which correspond to fixed points of index
zero. We do not consider fixed points which correspond to those of an
index different from 1,0, or 1—o(c).

Before we investigate the existence of selfmaps on dendrites with
given efluent and noneflluent fixed points, we establish some properties
of these types of fixed points. We show that noneffluent fixed points are
always essential (Theorem 3.2), and that every selfmap of a dendrite has
at least one noneffluent fixed point (Theorem 3.5). An effluent fixed
point is essential if and only if it is not an endpoint (Theorem 4.1). A
map need not have an effluent fixed point, and the existence of essential
effluent fixed points implies the existence of more than one noneffluent
one. Two lower bounds for the number of noneffluent fixed points in
the presence of effluent fixed points are established in Theorems 4.2 and
4.4,

These properties are used in the proof of the main result (Theorem
5.2), which gives necessary and sufficient conditions for the existence of a
selfmap of a dendrite which has a prescribed finite set of efluent and
noneffluent fixed points. These conditions are more complicated than in
the polyhedral case [8], and the case where all possible values of fixed
point indices for selfmaps of dendrites are considered will likely turn out
to be quite cumbersome.

A convex metric of the dendrite is used throughout. I do not know
how far the results can be extended to trees, i.e., to the nonmetric
case. The metric is not used in the definition of effluent and noneffluent
fixed points and could be omitted in the definition of inessential fixed
points. But it is, in the light of some work on trees by L. E. Ward, Jr.
[12], quite possible that at least §5 will not hold for nonmetric trees. An
attempt to prove the results of §3 and §4 without the help of a metric
seems to have a better chance of success.

I would like to thank the referee for his helpful suggestions.

2. Different types of fixed points on dendrites. Let
us first recollect the definition of a dendrite, and those of its properties
needed in this paper.

A dendrite D is a metric continuum in which every pair of distinct
points is separated by a third one. D has a partial order structure which
was developed by L. E. Ward, Jr. [9], [10]. It is obtained by selecting an
arbitrary point a € D as root, and defining x =y if x = a, x separates a
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and y, or x =y. Then a =x for all x € D. The sets

Lix)={y€D|y=x}

and

M(x)={y €D |x =y}

are closed in D, the set M(x)\{x} is open, and L(x) is a chain (i.e., is
linearly ordered). A point m is called a maximum (minimum) of a
subset A of D if m £ x (x£ m) foreach x € A. It was proved by Ward
([9], Theorem 1; [10], Theorem 1) that every nonempty closed subset of
D has a maximum and a minimum. As L(x) is a chain, the maximum
and minimum of a closed nonempty subset of L (x) is unique. So is the
minimum of a subdendrite ([3], Lemma 2).

It follows from [13], pp. 88-89, that D is locally connected and that
every connected subset is arc-connected. The arc [x,y] between any
two points x, y € D is unique, and consists of all points which separate x
and y. Every closed and connected subset of D is a subdendrite ([13], p.
89), and hence M(x) and (D\M(x)) U {x} are subdendrites. A dendrite
has, at each of its points, a neighbourhood basis /" so that every N € N is
a subdendrite with a finite boundary. (As D is regular ([4], p. 301),
there exists for every neighbourhood U of a point x € D a neighbour-
hood V' of x which has a finite boundary, and we can also ask that its
closure C1V is contained in U. A neighbourhood N € ¥ with NCU
can then be obtained as the closure of the arc-component of V' which
contains x.) We call the elements N € N the basic neighbourhoods of D
at x.

The order o(x) of a point x of D is defined in [13], p. 48. The point
x is called an endpoint if its order is one, and a branchpoint if its order is
greater than two. If either the order of x or the number of components
of D\{x} is finite, then these two numbers are equal ([13], p. 88).

It is the main purpose of this paper to construct mappings with given
efluent and noneffluent fixed points. We now define these, as well as
inessential fixed points. All definitions apply only to a fixed point ¢ of
f: D— D which is isolated, i.e., which has a neighbourhood U such that
ClU NFix f = {c}, where Fix f denotes the fixed point set of f. We give
D aconvex metric d [1], [6], and denote the boundary of a subset by Bd.

DEerINITION 2.1. Let D be a dendrite and f: D — D be a map with
fixed point set Fixf. An isolated fixed point ¢ € Fix f is called inessen-
tial if for every neighbourhood U of ¢ with CIU N Fix f = {c} and every
€ >0 there exists a map g: D — D such that
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(@) d(f(x),g(x))<e for all x € D,
(i) g(x)= f(x) for all x € D\U,
(iii) g is fixed point free on CIU.
Otherwise an isolated fixed point is called essential.

DEerFINITION 2.2. Let D be a dendrite and f: D — D be a map with
fixed point set Fixf. A fixed point ¢ € Fix f is called effluent if every
neighbourhood of ¢ contains a basic neighbourhood N(c) such that
N(c)NFixf={c} and such that x separates ¢ and f(x) whenever
x EBdN(c). A fixed point ¢ EFixf is called noneffluent if every
neighbourhood of ¢ contains a basic neighbourhood N(c) such that
N(c)NFixf={c} and such that x does not separate ¢ and f(x)
whenever x € BAdN(c).

We see that a source of a vector field corresponds to an effluent fixed
point, and that sinks and circulations correspond to noneffluent fixed
points. —It should be noted that noneffluence is a stronger condition
than the negation of efluence and that the term “strictly noneffluent”
would have been more precise. We have avoided this pedanticism as
confusion seems unlikely.

3. Some properties of noneffluent fixed points. We will
show in this paragraph that every noneffluent fixed point is essential
(Theorem 3.2), prove that there always exists at least one noneffluent
fixed point (Theorem 3.5), and finally state a criterion for the existence of
exactly one noneffluent fixed point (Theorem 3.6). A frequent tool used
in the proofs here and further on is a retraction of the dendrite D onto a
given subdendrite D,.

LemMmA 3.1. Let D, be a subdendrite of the dendrite D which
contains the root of D. Then the function r: D — D, defined by

r(x)=max(L(x)ND,) forallx €D
is a retraction, and r(x) € Bd D, if x& D,.

Proof. The function r was used by L. Lum in [5], Theorem 2.1, and
it is shown there that it is a retraction. From the definition of r(x) as a
maximum it is immediate that r(x) € Bd D, if x & D,.

With the help of this lemma, the proof of the essential character of
every noneffluent fixed point is simple.

THEOREM 3.2. Every noneffluent fixed point of a dendrite is
essential.
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Proof. Let a be a noneffluent fixed point of the selfmap
f: D— D. We choose it as the root of D. As a is noneffluent, we can
find a basic neighbourhood N(a) such that N(a)NFixf={a} and
x & (a,f(x)) for x EBd N(a), where (a, f(x))=[a, f(x)I\{a, f(x)}. Let
r: D — N be the retraction of Lemma 3.1.

Assume now that a is inessential, so that there exists a map
g: D — D with g(x) = f(x) for all x € D\N(a) which is fixed point free
on N(a). Define f': N(a)—=> N(a) by f'=reg|N(a). If x& BdN(a)
and g(x) € N(a) then f'(x)=g(x)# x, if x€BdN(a) and g(x) & N(a)
then f'(x) € BdN(a), so in either case f'(x) # x. If x € BdN(a), then
f'(x)=ref(x) and x&(a,f(x)). Therefore reof(x)=f(x) implies
f'(x) #x. Hence f' is a fixed point free selfmap of the dendrite N(a),
which contradicts the fact that N(a) has the fixed point property. So a
must be essential.

We now want to establish the existence of a noneffluent fixed
point. This will involve us in a more complicated proof, and we prepare
for it with two lemmas.

LemMMA 3.3. For every f: D—>D the set E={x € D |x = f(x)} is
closed in D.

Proof. This follows e.g. from [11}, Lemma 7.

LemmA 34. If x',x" € D are two points such that x" € (x', f(x"))
and x' € (x",f(x")), then f has a fixed point on (x',x").

Proof. Take f(x') as root. Then by assumption f(x')<x'<x"<
f(x"). Theset E,=E N[x’,x"]is closed by Lemma 3.3, is nonempty as
x"€ E,, andis #[x',x"] as x'& E,. Let xo=minE,. As E,is closed,
Xy € E,, so that x,= f(x,). Assume now that x,< f(x,). The partial
order of D is order dense [10], therefore we can choose t with
xo <t < f(x,), and, as f is continuous, an open set U (x,) containing x, and
such that f(U(x,)) CM(t)\{t}. But then x €E, for all x € L(x,)N
U(x,), contradicting the minimality of x,. So we must have x, = f(xo),
and x, is the desired fixed point.

THEOREM 3.5. If a selfmap of a dendrite has a finite fixed point set,
then it has at least one noneffluent fixed point.

Proof. Let f=f;: D — D be aselfmap of a dendrite D = D, with a
finite fixed point set Fix f. As Fix f# J, we can choose a point a, € Fix f
as root. If a, is not as desired, then there exists a basic neighbourhood
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Ni(a,) with Ny(a,) N Fix f = {a,}, and such that a, < x; < f,(x,) for at least
one x; € BdN(a;). Now consider the set E, = {x € D,|x = fi(x)}. As
x, € E;, we have E; # {a;}. An argument similar to the one used in the
proof of Lemma 3.4 shows that no x with x < f,(x) can be a maximal
element of E,. But E, is closed by Lemma 3.3, and hence must contain
at least one maximal element, g, say. Then a,€ E;NFixf, and as
x, € E,, we have a,# a,.

Assume now that a, is again not as desired. We shall show that in
this case there must exist a third fixed point a;. For this purpose, select
a basic neighbourhood N,(a;) with Ny(a,) NFixf = {a,}, such that
x, € (a, fi(x,)) for at least one x, € Bd Ny(a,). If x,€ M(a,)\{a,}, then
a, < x,< fi(x;) implies x,E€ E; which contradicts the maximality of
a,. Hence x, € Bd Ny(a,) N (D\M(a;)). Let y,=max(L(a,;) N L(xy)),
so that a, < y, < a,, and denote by K(a,) the component of D,\{y,} which
contains da,. As y,E€[a,;x;], we have y,E Ny(a,) and therefore
fi(y2) # y.. We also have fi(y,) € K(a,), for otherwise the assumptions
of Lemma 3.4 would be satisfied for x,, y, (note that f,(y,) € K(a,) implies
y» # x,) and f, would have a fixed point on (x., y;) C Nx(a,), in contradic-
tion to Ny(a,)NFixf={a,}. Now let D,= D;\K(a,), and define
f2: D,— D, by f,=r°f,| D,, where r,;: D,— D, is the retraction from
Lemma 3.1. As a, is not a noneffluent fixed point of f,, it is not a
noneffluent fixed point of f,, We can therefore repeat the argument
from the beginning of the proof for f, and E,={x € D,|x = f,(x)}
instead of f, and E,, and find a maximal element a; of E,. Again
E,#{a}: if y,& E,, then y,€ D, implies y,< fi(y,). If also x,& E,,
then x, < fi(x,) implies x, € D, and hence y, < x,. But then Lemma 3.4
yields a fixed point of f, on (y;, x;) which must be different from a;, and
this cannot happen as now (y, x;)CN(a;)) and N,(a,)NFixf=
{a,}. Therefore E, must contain at least one of x; and y,, and we have
a;E Fixf, a; # a,, and also a;# a, and a, & E,.

If a, is again not as desired, we repeat the last step of the proof, and
obtain a fixed point a,€ D, = D,\K(a;), where K(a,) is defined in D,
analogously to K(a;) in D,, and such that a,€ Fix f\{a,, a,, a;}. This
process, if continued, must eventually lead to a noneffluent fixed point as
the fixed point set Fix f is finite, and therefore Theorem 3.5 must be true.

We finally state a result which shows that usually more than one
nonefluent fixed point can be found.

THEOREM 3.6. Let f be a selfmap of a dendrite with a finite fixed
point set. Then f has exactly one noneffluent fixed point if and only if all
but one of its fixed points are inessential.

The proof of Theorem 3.6 is lengthy and uses similar methods to
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those employed in the proofs of Theorems 3.2 and 3.5. It is omitted as
the theorem is not used in the rest of this paper.

4. Some properties of effluent fixed points. We now
turn our attention to effluent fixed points. An effluent fixed point need
not be essential, but we can show that it is inessential if and only if it is an
endpoint (Theorem 4.1). There is no counterpart to Theorem 3.5, as
effluent fixed points need not exist. But if they do, then the number of
noneffluent fixed points increases. We establish in Theorems 4.2 and 4.4
two lower bounds for the number of noneffluent fixed points for maps
which have effluent fixed points.

THEOREM 4.1. An effluent fixed point of a selfmap of a dendrite is
inessential if and only if it is an endpoint.

Proof. (i) Let b be an effluent and inessential fixed point of the
selfmap f of the dendrite D, and Fix f be its (not necessarily finite) fixed
point set. We use b as root. Assume by way of contradiction that b is
not an endpoint, so that D\{b} has at least two components K, and
K,. As b is effluent we can find a basic neighbourhood N (b) with the
following properties: N(b)Z K, for i = 1,2, N(b) N Fix f = {b}, and x <
f(x) for all x €BdN(b). If y, € K\N(b), then the arc [b,y,] is con-
tained in the arc-connected set K, U{b}. From b € N(b) and y,& N(b)
it follows that there exists x, € (b,y,) NBAN(b) for i =1,2. As b is
inessential, we can find a selfmap g of D such that g(x)= f(x) for all
x € D\N(b) and such that g is fixed point free on N(b). But then
g(x.)=f(x,) and therefore x, <g(x,) for i =1,2, so that Lemma 3.4
asserts that g has a fixed point on (x,, x,) CN(b). Hence we arrive at a
contradiction.

(ii) Now consider an effluent fixed point b € D which is an end-
point, and select it as root. Choose any € >0, and any neighbourhood
U(b) with ClU(b)NFixf={b}. Take 6 >0 such that diamP <§é
implies diam f(P) < € for all P CD. As b is effluent there exists a basic
neighbourhood N(b) CU(b) such that x < f(x) for all x € Bd N(B); we
can also require that diam N(b)< & and N(b)#D. As b is an end-
point, we can choose an open neighbourhood V(b) with C1 V(b) C N(b)
and such that Bd V(b) consists of exactly one point x,. Let K(b) be the
component of V(b) which contains b. Then K(b) is open in V(b),
BdK(b)={x}, and it is easy to see that K(b)UM(x,)=D. As
K(b)UM(x)=D and K(b)CN(b)# D, there exists a point x'€
M(x,)\N(b), and therefore a point x,€ [x;,x'| " BdN(d). Then x,<
f(x2), and f is fixed point free on (x,x,) CN(b), so that Lemma 3.4
implies x,<f(x,). We see that f(x,)& K(b), for otherwise x,E
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[b,f(x))] CK (D). But x, is the boundary of the open set K(b), so
x; & K (b).
We define g: D — D by

_[f(x) if x ECIK(b),
fx)= {f(;)) it zeD\K((b)).

Then g is continuous, d(f(x),g(x)) <€, g(x) = f(x) for x € D\U(b) and
g is fixed point free on ClU(b). Hence b is inessential.

It was not necessary in Theorem 4.1 to assume that f has a finite
fixed point set, but in the following theorem the assumption is needed.

THEOREM 4.2. If b is an effluent fixed point of a selfmap of a
dendrite D with a finite fixed point set, then every component of D\{b}
contains at least one noneffluent fixed point.

Proof. Take the effluent fixed point b of the map f: D — D with
fixed point set Fix f as root, and let K be a component of D\{b}. As
Dy,= K U{b} is a subdendrite, a retraction r: D — D, can be defined, as
in Lemma 3.1, by r(x)=x if x € D, and r(x)= b if x& D,. It follows
from Theorem 3.5 that the map g: D,— D, given by g(x) = rof(x) for all
x € D, has a noneffluent fixed point a. If a# b, then the theorem is
proved, as a noneffluent fixed point of g is clearly a noneffluent fixed
point of f if it is contained in the open subset K of D. It remains to rule
out the possibility that a = b.

If a = b and b is effluent for f, then we can select a neighbourhood
U(b)in D with U(b) N Fix f = {b} which contains a basic neighbourhood
N(b) with x <f(x) for x EBdN(b), and such that KZ N(b). Then
K NBAN(b) #J, so that there exists an x, € K N BdN(b) with x, <
f(x;). Let U'(b) be the neighbourhood of b in D, which consists of all
points x with d(b,x)<id(b,x;). As a is noneffluent for g, U’'(b)
contains a basic neighbourhood N'(b) of b in D, with xZ£ g(x) for
x € Bdp,N'(b), where Bdp, denotes the boundary in D,. The fact that
x; & N'(b) allows us to choose x,€ BdpN'(b)N (b, x,), and x, < g(x,)
implies x,X f(x;). Therefore Lemma 3.4 yields a fixed point of f on
(x1, x) CN(b) CU(b), in contradiction to U(b)NFixf={b}. Soa=»b
is impossible.

CoroLLARY 4.3. If b is an effluent fixed point of a selfmap of a
dendrite with a finite fixed point set, then the order of b is finite.

Proof. If b is not of finite order, then D\{b} has infinitely many
components. But Theorem 4.2 asserts the existence of a nonefluent
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fixed point in each of them, which cannot happen if the fixed point set of f
is finite.

Note that the counterpart- of Corollary 4.3 for noneffluent fixed
points is not true. If the order of the point a € D is not finite, then the
map f: D — D given by f(x)=a for all x € D has a as its only fixed
point, and a is noneffluent. Less trivial counterexamples can also be
easily constructed.

Theorem 4.2 provides information about the location as well as the
number of noneffluent fixed points, and the lower bound for the number
of noneffluent fixed points obtained in it is the best possible one if only
one effluent fixed point is present. But we shall now sharpen this bound
considerably for the case where more than one effluent fixed point
exists. Wedenote by # A the number of elements of the finite set A.

THEOREM 4.4. Let a selfmap of a dendrite have a finite fixed point
set, and let A be the set of its noneffluent fixed points and B be the set of its
effluent fixed points. Then

#A zl+b2 (o(b)—1).

Proof. We know from Theorem 3.5 that A # J, so we can select a
noneffluent fixed point a, as root. Let now b, € B be an effluent fixed
point of the selfmap f of order o(b,). It follows from Corollary 4.3 that
o(b) is finite, so that D\{h} has o(b)) components. Let K,(k =
1,2,--+,0(b)— 1) be the components of D \{b,} which do not contain a,.

For each K, the set

D, =[Ki UMM [UM(D)\{b}| b € K.\)]

(where the set in the second square bracket can be empty) is a
subdendrite of D, and the function r,: D — D, given by

X if x e D,k,
rn(x)=4 b, if x€D\K,,
b if xeM(b) and b €K,

is a retraction. Define
glk: le——)le by glk(x)z tk of(x)

for all x € D,. It follows from Theorem 3.5 that g, has at least one



548 HELGA SCHIRMER

noneffluent fixed point, say a,, and an argument similar to the one used
in the proof of Theorem 4.2 shows that a,# b, and a,# b, for all
b, € K. Therefore a, is also a nonefluent fixed point of f. In this
way, we associate with each effluent fixed point b, a set of o(b)—1
nonefluent fixed points a,, which are different from the noneffluent fixed
point a,.

It remains to show that all a,; are different. As b, < a,, the fact that
a, = a;, would imply b, <b, or b, <b,say b, <b. Butthen b <b < ay,
which is not possible according to the construction of the a, in D,. So
a, and the points a, form a set of 1+ 2,c5(0(b)— 1) noneffluent fixed
points of f.

ReEMARK. In general, f has in fact more noneffluent fixed points
than the minimum number required by Theorem 4.4. As an example,
consider the cross in the xy-plane given by

D ={(x,y)€ER?*|x|=1 and y=0, or x=0 and |y|=1}
and define f: D - D by

f(x,0)=CGx —%|x|x,0) for all (x,0)E€ D,
fO,y)=(0,3y +i|ly|y) for all 0,y)ED

(i-e. f moves the points on the x -axis away from the origin, and the points
on the y-axis towards the origin).

The selfmap f has five fixed points at (0,0),(*1,0), and
(0, £1). The points (*=1,0) are noneffluent and the points (0, =1) are
effluent and all are of order one. The point (0, 0) is neither efluent nor
noneffluent. Hence

#A=2>1+> (o(b)-1)=1.

But we will show in the next paragraph, in Theorem 5.2, that f has
precisely 1+ 2,5 (0(b) — 1) noneflluent fixed points if f has a finite fixed
point set and all fixed points of f are either efluent or noneffluent.

5. Mappings of dendrites with prescribed effluent and
noneffluent fixed points. The last paragraph of this paper con-
tains its main result, the construction of a selfmap of a dendrite with a
prescribed set of effluent and noneffluent fixed points. Necessary and
sufficient conditions for the existence of such maps will be given in
Theorem 5.2. They are consequences of Corollary 4.3 and Theorem 4.4,
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supplemented by one further condition which is motivated by Lemma
5.1. The proof of Theorem 5.2 depends heavily on the fact that D has a
convex metric.

LemMA 5.1. Let A # O and B be two finite subsets of a dendrite, and
let the order o(b) be finite for each b € B. If

(a',a"YNB# foralldistincta',a" € A,

then
@ #A§1+b23(o(b)—1).

Proof. Select an element a, € A as root of the dendrite D, and
index the elements of A so that L (a,) does not contain more elements of
B than L(a) whenever i <j. This obviously implies @, a. Let, for
all k=2,3,---, # A, the finite subdendrite D, of D be given by
D, = U([a,a}|i=2,3, -+, k), and denote by o,(b,) the order of b, in
D,. We shall proceed by induction on k, and associate with each a; an
element b, € B N D, of order o.(b.)=2, so that either b, # b, for all
j <k, or o.(b)= 0r_4(b)+1for some j < k. If the points a,, a,," - -, ax_,
and b, b, - -, b, satisfy

k—1=1+ Y (0ca(b)—1),
1=k~1
then the points ay, a,,* -+, ax and by, bs,- - -, b, satisfy
(ii) k=1+ (0(b)-1).
1=k

Aso.(b)=o(b)forallb € B andas {b, |2=j = # A} C B, this gives the
desired result (i).

If k =2, then (a;, a;) N B# J allows us to choose b, € (a,, a,), and
as 0,(b,) =2, we see that (ii) holds for k = 2.

Now assume that (ii) holds for the k —1 points ay, a;," - -, ax-; in
Di_,. Let my =max(L(a)N D) €E D,;. If m, € B N D,_,, then we
choose b, = m,. In this case we either have b, = b, for some j < k, and
hence oy (b)) = 0x-+«(b)+ 1, or by#b, for all j<k. If mi € AND,,,
then (m,a,)NB#J, and we can select b, € (my,a.). If finally
m,& (A UB)N D,_,, then there exists an a, € D,_, with m, <a,. It
cannot happen that (m,, a,) N B # &, for (a, a;) = (a, mi ] U [m,, a.) must
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intersect B, and (my, a,)N B# J with (my, a.) N B# & and i <k con-
tradicts the way in which A was indexed. So we can again choose
b, € (m,a,). We see that in each of these possible cases (ii) is satisfied
for a,, a,, -, a..

We now proceed to establish the criteria for maps with prescribed
sets of effluent and noneffluent fixed points.

THEOREM 5.2. Let A and B be two finite subsets of a
dendrite. Then there exists a selfmap with fixed point set A U B for which
all points in A are noneffluent and all points in B are effluent, if and only if
the following three conditions hold:

(i) The order o(b) is finite for each b € B,
(i) (a’,a")N B#J for all distinct a’,a" € A,
(iii) # A =1+3,c5(0(b)—1).

Proof. A. Necessity. Condition (i) follows from Corollary 4.3
and (iii) follows from Theorem 4.4, so we only have to deal with
(ii). Assume therefore that a selfmap f: D — D of a dendrite D exists
with the prescribed fixed point set, and that there are two distinct points
a',a" € A for which (a’,a")N B =. We can choose a root of D such
that a’ < a”, and can clearly also assume that (a’,a")NA =. Asa’
and a" are noneffluent we can with the help of suitable neighbourhoods
find points x',x"E€(a’,a") with a’'<x'<x"<a"” and so that
x'&(a',f(x')) and x"& (a”,f(x")). But then x"€ (x’,f(x")) and x'E
(x”, f(x"), so Lemma 3.4 asserts that f has a fixed point on (x’, x"). This
cannot happen if A U B is the fixed point set of f, and (ii) must hold.

B. Sufficiency. Assume now that Fixf = A U B, is a finite subset of
D which satisfies conditions (i), (i), and (iii). As # A =1, we can index
the pointsin A as in the proof of Lemma 5.1, and see from Lemma 5.1 (i)
and Theorem 5.2 (iii) that the points b, obtained in this proof are all the
points of B apart from possibly some points of order one, i.e., we have
B =B'UB",where B'={b |2=j = # A} with o(b,) =2 and not neces-
sarily all b, distinct, and where o(b) = 1forall b € B". We also have, in
the notation of the proof of Lemma 5.1, o(b)=o04,4(b) for all
beB'. Let D, for2=k = # A, be the subdendrite from the proof of
Lemma 5.1, and D,={a,}. We first define maps f.: D, UA U
B'—-> D, UA UB' with fixed point set A UB’ inductively for k =
1,2,---, # A.

If k =1,then D;UA UB’'= A U B/, therefore we put f,(x) = x for
all x€D,UA UB’'. Now assume that fi_;: D,_.;,— D,_, has been
defined. Let again m; =max(L(a.)N D), so that D,=
D..,U[m,a.], where [m,a;]=[m,b]U[b,a.], with m, =b, or
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m, # b, but always b, # a,. In the definition of f, we shall use param-
eters A and u, with 0=A =1 and u = A +3A(1—-A). Note that then
0spu=1l,andu = A withpy = A ifandonlyifA =0orA =1. Weput

fea(x) if xeD,,,UA UB/’,
fk(X)= [.Lak+(1_ﬂ)bk if x=)\ak+(1"‘A)bk,
[Lfk_l(mk) + (1 — ;L)bk if x= /\mk + (1 - )\)bk

We also write D'= Dy, = Dy, UA UB' and f': D'— D’ for the case
k = # A. [Itis easy to check that f' is continuous, that its fixed point set
is Fixf = A U B’, and that the map f': D'— D' has the points of A as
noneffluent fixed points and the points of B’ as effluent fixed points.

If B"=, let D"=D'and f"=f". If B"#(, i.e., if a map with
inessential effluent fixed points is to be constructed, then let D" =
D'U(U([a;,b]|b € B")), and extend f': D'— D’ to f": D"— D" as fol-
lows: if x € D', let f"(x)= f'(x). Ifx € D"\D’',then x = Am +(1—A)b,
for some b € B”, with m =max(L(b)ND"')and0=A <1. Letf'(x)=
wf'(m)+ (1— )b, where again u = A +3A(1—A). Then f” has the fixed
point set A U B, with the points of A as noneffluent and the points of B
as effluent fixed points.

It remains to extend f": D"— D" to f: D — D. For this purpose,
let r: D— D" be the retraction of Lemma 3.1, i: D"— D be the
injection, and define f by f =iof"or. Clearly f has the fixed point set
Fixf= A UB. The points of A are noneffluent, as x& (a, f(x)) for
x € BdN(a), where N(a) is any subdendrite of D with N(a) N Fix f =
{a}. Inorder to see that the points of B are effluent take any b € B, and
any neighbourhood U(b). Choose a neighbourhood V(b) CU(b) with
ClV(b)NFixf={b}, and so that Cl V(b)\{b} contains no branchpoints
of D". Let W(b) be an open neighbourhood W(b) C V(b) and so that
Bd W(b) consists of at most o(b) points, and let K(b) be the component
of W(b) which contains b. Finally put N(b)=CIK(b). Then
N(b) is a neighbourhood of b and is a subdendrite. As N(b)N
D"cClv(b)nD" and o(b)=o0p(b), we have N((b)ND"=
U(b,x]li=1,2,--,0(b)), where [b,x,] N[b,x,]={b}fori#j Hence
{x.|]i=1,2,---,0(b)} is the boundary of N(b)N D" in D". Now
Bdy(N(b)ND"YCBd W(b) and Bd W(b) consists of at most o(b)
points. So we see that BAN(b)={x,|i =1,2,---,0(b)}. By construc-
tion of f we have x, € (b, f(x,)) for all i, and therefore N(b) satisfies the
conditions in the definition of an effluent fixed point.

REMARK. In consequence of Lemma 5.1, we can replace the
condition (iii) in Theorem 5.2 by
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(iiiy $#A=1+3 (o(b)-1).
beEB

But condition (ii) cannot be omitted even in the presence of condition
(iiiy. Consider, e.g., the dendrite D which consists of the points
0=x =4 ontherealline, let A ={0,1,4} and B ={2,3}. Then A and B
satisfy (i) and (iii)’, but there is no selfmap of D which has the points of A
as its noneffluent fixed points and the points of B as its effluent fixed
points.

REFERENCES

H. Bing, Partitioning continuous curves, Bull. Amer. Math. Soc., 58 (1952), 536-556.
F. Brown, The Lefschetz Fixed Point Theorem, Glenview, Ill., 1971.

E. Capel and W. L. Strother, Multi-valued functions and partial order, Portugal Math., 17
(1958), 41-47.

4. K. Kuratowski, Topology, vol. II, New Edition, New York and London, 1968.

5. L. Lum, A characterization of local connectivity in dendroids, Studies in Topology (Proc. Conf.
Univ. North Carolina, Charlotte, N.C., 1974), New York, 1975, 331-338.

6. R. L. Plunkett, A fixed point theorem for continuous multi-valued transformations, Bull. Amer.
Math. Soc., 7 (1956), 160-163.

7. H. Schirmer, Fixed point sets of polyhedra, Pacific J. Math., 52 (1974), 221-226.

8. , Mappings of polyhedra with prescribed fixed points and fixed point indices, Pacific J.
Math., 63 (1976), 521-530.

9. L.E.Ward, Jr., Partially ordered topological spaces, Proc. Amer. Math. Soc., 5 (1954), 144-161.
10. , A note on dendrites and trees, Proc. Amer. Math. Soc., 5 (1954), 992-994.

11. ———, A general fixed point theorem, Colloq. Math., 15 (1966), 243-251.

12. , Fixed point sets, Pacific J. Math., 47 (1973), 553-565.

13. G. T. Whyburn, Analytic Topology, Providence, R.1., 1942,

1. R
2. R.
3. C

Received January 19, 1977 and in revised form May 27, 1977. This research was partially
supported by the National Research Council of Canada (Grant A 7579).

CARLETON UNIVERSITY, OTTAWA, CANADA



