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ON THE COHOMOLOGY OF KUGA’S FIBER VARIETY
Rita HALL

Results of Matsushima and Murakami, and Matsushima
and Shimura, are applied to the study of certain subspaces of the
cohomology of fiber varieties of Kuga—Satake type. These
subspaces are defined in terms of the Kihler and fiber space
bigradings of the cohomology of the fiber variety.

Let G be a real connected semi-simple Lie group with finite center,
and K a maximal compact subgroup of G. The quotient space X =
G/K is then a symmetric space (of non-compact type). Assume that X
is a symmetric domain. Consider a discrete subgroup I' of G such that
NG is compact and I' has no fixed point in X. Take a representation
p: G— GL(F) of G in a real vector space F, such that p leaves invariant
a nonsingular alternating form B on G. Suppose that p|; leaves
invariant a lattice L in F, and that the form B takes integer values on
L X L. From the data {G, K, X,T',p, F, 8, L} Kuga has constructed an
algebraic variety V, fibred by a family of abelian varieties, when p
satisfies an additional condition.

In this paper the cohomology of the fiber variety V is studied. The
cohomology of V is bigraded by the Kéhler structure of V, and also by
the fiber structure of V. In §1 it is shown that the Kéhler and fiber
bigradings:

(k) H'(V)e= D, H*)(V)

ptq=r
® H'(V)e= 3, HeH(V)e

are compatible, and so lead to a finer decomposition of the cohomology
of V:

Hr ( V)C — Z H“l“zbzbz_

In §3 this decomposition is related to the work of Matsushima and
Murakami, ([5]) when the representation p satisfies a certain

' § >0 means S is positive definite
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condition. In §4 is studied the special case G = SL (2, R)", using results
of Matsushima and Shimura [7]. The dimensions of the non-zero
H=*"" are seen to be expressible in terms of the dimensions of spaces of
I'-automorphic forms. For N =1, one obtains

H(P-P)( V) = H® Zp}( V)c + H2 2p—2)( V)c-

This result used in the proof of the Hodge conjecture for the fiber variety
V over an algebraic curve associated to an indefinite quaternion algebra
over Q.

1. Preliminaries. First recall the construction of the fiber
variety V. Let G,K,X, and I' be as above. The quotient space
U =T\X is then a compact complex manifold, and Kodaira has shown it
is a Hodge manifold. Let B be an N X N integral skew-symmetric
matrix with detB#0, and suppose there exists a repre-
sentation p: G — Sp(B)={M € GL(NR):'MBM = B} such that
?|;: T—> GL(N,Z). Denote the representation space R¥ by F and
the lattice Z¥ by L. Form the semidirect product GF by defining
(g, u)g',u)=(gg',p(g)u’+u). The group GF acts on X XF in a
natural way, and I'L is a discrete subgroup of GF which acts on X X F
properly discontinuously and without fixed points. The quotient space
V=TL\X XF is then a compact manifold. The projection V— U
makes V a fiber bundle over U.

Let & and k denote the Lie algebras of G and K respectively, and
let & = k + p be the Cartan decomposition of & with respect to k. Then
one can show there exists an N X N matrix S such that

1.'§=5,8>0"

2. (BISP= —1y

3. p(K)CO(S)={M € GL(N,R): ‘MSM = S}
4. 'dp(X)S = Sdp(X), X E k

The pair {B,S} is called a symplectic pair, and every such pair is

conjugate to the pair
(0 1~n) }
b-(. o)k

that is, there exists a real N X N matrix T such that ‘TBT =J and
‘TST = 15. The mapping M -5 T-'MT gives an isomorphism of Sp(B)
onto Sp(J) and induces an isomorphism

X, = Sp(B)/0(S) N Sp(B) = Sp(1)/0(1x) N Sp(J).
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The latter space is identified with the Siegel space BH“’=
{Z€e M(N/2),C):'Z = Z and Im Z >0} by

Sp(J)> (é g)—>(Ai +B)Gi + D)y € b

Of the two possible complex structures on X,, we give the one making the
mapping X,— h"”? holomorphic.

Assume that the mapping 7: X — X, induced by p: G — Sp(B) is
holomorphic. This assumption makes it possible to define a GF-
invariant complex structure on X X F. Let p": GB Sp(B) 4 Sp(J) and
let 7’: X —b"” be the induced mapping. Let £(u) be the coordinate
vector of u € F = R with respect to the standard basis of R", and let
&'(u)=T7'é(u). Define

ZH(x,u)
M) Z(x,u)= ( : )= (7'(x), 1nn) €' (u)-

ZN*(x, u)
If wi(x), -+, w"(x) is a system of complex coordinates for X, then the
system w'(x), --,w"(x), Z'(x,u), -, Z"?*(x,u) gives complex coordi-

nates for (x,u)€ X X F. With respect to this complex structure on
X X F, the action of GF is holomorphic. Give V the induced complex
structure.

Let x =gK. Then A(x)="'p(g)'Sp(g)" and J(x)= B 'A(x) are
well-defined, and J(x) induces the complex structure on the fiber over I'x
in U. If dsj is a Hodge metric on U, then the metric ds*=
dsi+'dé(u)A (x)dé(u) makes V a Hodge manifold.

Let Q'(X) be the space of real valued r-forms on X. Let
OXT,p)={w e FROV(X): woy =p(y)w}. The exterior differenti-
ation d on Q*X) gives a coboundary operator 1Q®d on
QO*(X,T,p). Let H'(X,T',p) be the rth cohomology group of the
complex (Q*(X,T,p),1®d). Given a suitable inner product (, ) on F,
the notion of harmonic element of ('(X,I',p) can be defined. Let
X T,p)={wo €V (X,T,p) @ is harmonic}. #*(X,I',p) and
H*(X,T, p) are naturally isomorphic.

Identify A’(F)*, the dual to the Grassmanian A’(F), with
A®(F*). Choose an ordered basis {¢>:i=1,---,(})} of A’(F)*, such
that each £ is of the form ¢P = ¢Pa--- A &% where D =(d,, -, d;)
and {£',- - -, €V} is the usual coordinate system on F = Ry. This notation
will also be wused for differential forms; e.g., d¢° for
dE“an---ndé% Let A® be the natural representation of GL(F) on
A*(F), and let p® = (A®op)* be the representation of G on A’(F)*,
contragredient to A® cp. The symmetric positive definite matrix S given
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above can be used to define a suitable inner product on A”(F)*, so that
#H(X,T,p®) is defined. (The condition of suitability is that, with
respect to (, )s, p(X) is skew-symmetric if X € k and symmetric if X € p.)

Let #'(V) be the space of real harmonic forms on the Kihler
manifold V, and let H' (V) be the rth real de Rham cohomology group of
V. H’'(V) and #'(V) are naturally isomorphic; this isomorphism will
be referred to as the Hodge isomorphism. One can define a mapping of
x°(X,T,p®) into H***(V) by

dé®(u)
# (X, T,p®) D d(x)—>'d(x) A : = w(x,u) € K> (V)

@ deo () ()

(Here, differential forms on V are considered to be I'L-invariant forms
on X X F.) Let #"*(V)be the image of this mapping. Then the space
H**(V) occurring in the decomposition (f) is the image of #**(V)
under the Hodge isomorphism. See [3] for details and proofs.

2. In this section the decomposition

%{a, b}( V)c = z G 91920102

aitaz=a
bi+b2=b

is obtained. (¥'**}(V). is the complexification #** (V)R C of the real
vector space #'>*(V).) Rewrite equation (1) of §1 as

G- P

By taking differentials obtain (1,0)-forms u'(x, u),- - -, u™*(x, u) defined
by the equation

o (-0 D )

where
§/N/2+1
e (1)
gl

For D =(d,, *+,d,), put 2D |=b.
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DEFINITION. Let w € #** (V). o is of type a,a.b,b, if
0(X, u) =2 a,a8,5,dWH AdW A UB A G5

where ¢ 4,4,8.5, = O unless |A,| = a, and |B,|=b,i =1,2. The terminol-
ogy “a,a,b,b,-component of w € > (V)" will be used, whether or not
that component is harmonic. Let

Hobib: = L € H@H(V)e: o is of type a,a,b, b}

Several definitions are needed. Let & be the complexification of
the Lie algebra of G. The representation p: G — GL(F) induces a
representation pc: G — GL(F) CGL(F;) and a Lie algebra representa-
tion p = dpc: &c— GL(F;). The isomorphism (2) of §1 given by é —
extends to a C-linear isomorphism of the complexifications

(X, T, p®)c= H“N (V).

An invariant complex structure on X,= Sp(B)/0(S)N Sp(B) is
determined by the element Z,= — 1/2B~'S belonging to the center of k,
the Lie algebra of 0(S) N Sp(B); and the invariant complex structure on
X is determined by an element Z belonging to the center of k.

Let ¢ = kc+ p. + p- be the decomposition of & into (respectively)
the 0, +i, and —i-eigenspaces of adZ. Then k¢ is orthogonal to
Pc = p-+ p- withaespect to the Killing form K, and there exists a basis
Y,, -, Y, of kc and a basis X, -+, X, of p. such that

K(Ya,Yb)=—5ab a,b=1,"',s
K(X,X)=35, Lj=1,-"n
Put X; =X €p_=p..

To w € #'**(V)c one can associate a coordinate function w°(g)
taking values in A®(Fo)*®@A*(pc)*. First identify A*(pc)* with A“(pc)
by means of the Killing form. Let v: G— X be the projection. For
I=(i, i), J=(1, "y jm), and a,+ a, = a, define
4) wi7(8) = pP(g N B (X, -+ Xty X5ty *, Xim)
and let

0°(g) = 2wr(g) XiAX,.

Let C be the Casimir operator of G,
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) C=3 XX+ XX, -~ 3 Y2,
k=1 a=1

and let p®(C) be the Casimir matrix of the representation p®. Then
one can show

PROPOSITION 1. @ € " (V). &

() eo’(vg)=w°(g)VyET,g€EG

(i) 0°(gk™)=p®k)RA%Ad(k)VgE G, kEK

(iii) Co° = p®(C)Rlw®
(for the proof, cf. [3]). (Ad is the adjoint representation of K on pc.) Let
V& be the (b, — by)i /2-eigenvalue of dA”( ey /2) in C®. Recall
there exists T € GL (N, R) such that ‘TBT = J and ‘TST =1, and that

R _ 1 ( i 1) S

p'= T 'pT. LetL—V-z- i1 ,and let Lo,=TL™. Then

e fil2 0N,
Z,= —5B S—L0<0 _i/2>Lo

so that Fh%= A*(Ly)*(V"") is the (b,— b,)i/2-eigenspace of dA®(Z,)*.
Now take the a,a,b,b,-component 7 of w € #*“*(V) and make the
F-valued form % and F-valued functions 7n; as in (4). Then
PROPOSITION 2. ny; takes values in F** and
g =0 unless |I|= a, and |J | = a,.
Proof. Since % is of type (ai, a;) and the action of ad(Z) on p

determines, via the projection G — X, the complex structure on X, one
sees that ;7 =0 unless |I|=a, and [J| = a,. Since

()= (1 e wa n=in(a)

one sees that the form

takes values in V% Now

mr(g)=A”(Tp’(g") :i ;:)—1>*v*{g(x,,---,Xraz)-

FanmnN
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Let p'(g)= (é g), v'=17'(gk) and j =‘(Ci + D). Then using the

relations

Im+'= j_lt,—,

r@(i )= G L)

one finds
Jf-1 7\ \/--—2]"l 0
(7)) =k )
ey - o V=25
V=25 0

Since V= is A )-invariant, s € A*(Loy*(V**) =

0 V=251
F**, proving the proposition.

Since the representation p induces a holomorphic mapping
7: X — X,, we have p |,.: p.— po. and p|,_: p-— po-, where p,. (resp p,-)
is the +i (resp. —i)-eigenspace of ad Z,. Hence

p®U(X,): Firts—s Fitbrt
and
p(b)(XE): Fb,bz__)Fb,+1,b,—l‘
From (5), one sees that F** is invariant under p®(C). Furthermore, for
any k€K, p®k)®@A*cAd(k) sends F**@A%(p.)QA%(p,) to

itself. This implies that conditions (i) thru (iii) of Proposition 1 are
satisfied by the coordinate function

n° =g (g)Xr A X;;

hence the a,a,b,b,-component of a harmonic form is harmonic. In
summary:

PROPOSITION 3. Let o € H'* (V). Then € H**»& w°
takes values in F*»=@A“(p_)QA“(p.).

The following theorem is now immediate.
THEOREM 1.

1) HENV)e= S gpmebs

artazx=a
bi+b2=b
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() HENV) = 2 G 9182012

ai+bi=p
az+ba=p

3. In this section assume that the representation p satisfies the
condition

(6) p(Z)=Z,.

This assumption allows the application of some results of Matsushima
and Murakami ([5]) to the study of the spaces ¢ ““"*,

Let 3 be the root system of & with respect to a Cartan subalgebra
contained in k.. Choose an ordering of the roots such that the roots
belonging to p, are positive. Let 3" (resp., 27) denote the set of positive
(resp. negative) roots. Let ¢ denote the set of positive noncompact
roots and let @ denote the set of positive compact roots. Let W be the
Weyl group of &, and let W, be the Weyl group of k¢, considered as a
subgroup of W. Let R; be the involution in W, satisfying R,0 =
—0. For TEW put ¢=T((E)N3", and put {(¢r)=Z,e4,@. Let
8 =4,cs.a. Then (pr)=8-T8 Let W={TEW: d:Cy¢¥}. Let
n(T)= Card(¢(T)). There is a direct sum decomposition

@) A“(p)QA“(p.) = "(S)EW P~'Q Q 4.
n(T)=az

of A*(p_)Q@A*(p.) into a sum of kc-invariant submodules (with respect to
the representation ad® ®ad%); the submodule P~ (resp. Q) is the
(unique) irreducible kc-submodule of A%(p_) (resp. A*(p.)) having high-
est weight — (¢s) (resp. lowest weight (¢r)).

Let F now be a complex vector space and p*: G— GL(F) an
irreducible representation of G with highest weight A. Then the spaces
H*(X,T, p"), and, when a suitable hermitian inner product is given on F,
the spaces #“(X,T',p"*) of harmonic F-valued forms on V can be
defined. To w € #*(X,T, p*) one can associate a coordinate vector »°
as in §1. For each g € G, w°(g) determines a ‘“harmonic representa-
tive” of a Lie algebra cohomology class. (See [5] for explanation and
details.)

Now consider F to be a kc-module by restricting the differential of
the representation p* to the subalgebra k¢ of &c. Let F* be irreducible
kc-submodule of F with highest weight u. Let b(A,u,S,T)=
{CEF*QRP R Qn: C is “harmonic”’}. Let A’ denote the lowest
weight of the representation p*. In [5], the following lemma is proved:

LEMMA 1. B(A,u, S, T)=0 unless u = SA=R7'TA'.
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Identify #°(X,T,p®). and #*(X,T,pc?), and fix a direct sum
decomposition

) A*(Fc)* = 2F(A)

of A’(F¢)* into a direct sum of irreducible &c-submodules such that
p®|em~ p*, p* being irreducible, with highest weight A. By the
assumption (6), p®(Z) = dA*(Z,)*, and so

© Fbb: =3 Fhby(A)

where F2%(A)= F,(A)N F*%  One can consider F,(A) as a representa-
tion space of K. Then one obtains a direct sum decomposition

F.(A)=3%F,(A,p)

of F,(A) into irreducible kc-submodules F, (A, p), p being the highest
weight of the representation on F,(A,u). Now define, for S, T € W’
and fixed A and p as above

(10) H'“NA, 1, S, T)) = {w € X" (V)e: 0° takes values
in ZF, (A, £)QPQ Q (4n}-

Since F,(A, p)@P Q@ Qum is p®(C) and p®(k)QA®Ad(k)-
invariant,

(1) HN(V)e= 3 HA,p,S,T).

n(S)+n(T)=a

The subspace
(12) V(M) ={w € H'**(V)c: »° takes valuesin F,(A)QA*(pc)*}

is isomorphic to #*(X,T,p")c. If w € V,(A)N |H*=(A, u, S, T), then,
letting F = F,(A), °(g) €b(A, 1, S, T), and so Lemma 1 implies that this
intersection is {0} unless u = SA = R7'TA’, where A’ is the lowest weight
of p*. Let d(A,u, S, T)=dim V,(A)N #'**(A, p, S, T). (This dimen-
sion is independent of i.)

PROPOSITION 4. Let a(A, b) denote the multiplicity of the irreducible
representation p* in the representation p®’, and let S, T € W'. Then

(1) H'**A,u,S, T)=0 unless n(S)+n(T)=a and pu=SA=
R7'TA
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(2) dim # =" A, u, S, T)=a(A,b)d(A, u, S, T)

Q) If #="A,u,S, T)#0, then H“ A, p, S, T) CH**=>* where
a,=n(S), a,=n(T) and b, and b, are determined by the conditions:
b+ b,=b and (b,— b))i[2 = p(Z).

(@) Hoebb=3 >N A, u,S, T), the summation being taken over
S, T € W' such that n(S) = a,, n(T) = a, and p satisfying the conditions
of (1) and (3).

Proof. (1) and (2) follow form (10), (12) and the remarks preceding
the proposition, and (4) follows from (3), (11), and Theorem 1. Now,
(since Z belongs to the center of k¢) F,(A, n) belongs to the u(Z)-
eigenspace of p®(Z). By assumption, p“(Z)=dA*(Z,)* so
F,(A,n)CF" where b+ b,=b and (b,— b,)i/2 = u(Z). Use (7) and
Proposition 3 to complete the proof of 3.

4. Now consider the special case where V is a fiber variety
associated to G = SL(2,R)" (=the direct product of N copies of
SL(2,R)), K = SO(2,R)", p: G — Sp(B) a representation equivalent to
h copies of the identity representation, and I' an irreducible subgroup of
G satisfying the conditions given before. The quotient X = G/K may
be identified with N copies of the upper half plane.

Denote by Z* the complex coordinate on the k-th factor, and let
z=(z',"--,z"). The irreducible representations of G are of the form
P = Pm @+ - @ pmn Where p,,, is the symmetric tensor representation of
SL(2,R) of degree m, +1. Denote the representation space of
Ppm bY Fu, and the highest weight of pw), by Aw) In [6],
the subspaces b(ki, k3L, L3pm) Of HP(X,T,pwm) are
studied. b(k,, -, k,; 1, -, l,; pem)) contains all the harmonic F,y
valued forms

w, = f(z)dz" A+~ Adz* A dZbA - - dE"

which satisfy the condition: (w°vy), = pwm(y)w, for all y€Tl. It
is proved in [6] that dimb(k,, -, k30, L ;Ppm)=0 unless
(m)=(m1""amN)=(07“.7O)7p=q and {kly"'akp}——_{lh"',lq};
or unless {k,,--,k,lL, -, L}={1,---,N}. In the Ilatter cases,
dimb(k,, -, k51,0, L pomy) = AiM YmyoT), where  ygmpo(I) is the
space of holomorphic I'-automorphic forms f(z) transforming by

f(yz) = mi-i(az* + d)™f(2),
ify=(YI7"',7N)EF and 'Ykz(ak bk),k=1,-..’N'
¢ di

The coordinate vector w° of w € h(ky, -, k,; L, -, I ; pemy) takes
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values in F,@p*A---Ap*Q@pia---Ap’ note that poa---Apk=
p~“ for the S € W’ acting nontrivially on the k,,- - -, k,th factors and
trivially on the other factors. Similarly, pi'A---Apisis a Qu, TE
W'. A G-module isomorphism F,)— F,(Au)CA?(Fc)* (notations
as in §3) induces isomorphisms H*(X,T,pwm)= V.(A) taking
b(ky, -, kp; L, la—p 5 p(rn)) onto V-(A(rn)) n %{a’b}(A(rn)’ K, S, T)'

In this case, u,S, and T are related by: u=SA,=
— TApy- (When bk, -, k5L, s pemy) #0, the condition SA,, =
R7'TA', is automatically satisfied.) Since p ~id ® ---Qid and since
p induces a holomorphic mapping on X, the condition (6) of §3 is
satisfied. In view of Proposition 4 of §3 and the preceding discussion,
one has

PROPOSITION 5. H*“*%=( unless a,+ a,= N or a, = a, and b, =
b,. Furthermore, from Theorem 1 and Proposition 5 we obtain

PROPOSITION 6. H® V) =32, H?2(V)c+ SH s N-2p-ap-Nta
where the second summation is taken over integers a with
min{a, N—a,p—a,p—N+a}=0. In particular, if p =< N/2,

gg(p,p)( V) - 2 %(Za,zb)( V)c-

b=p

In Case N =1, one can prove more. The irreducible representa-
tions occuring in p® are the p, with m =bmod(2) and 0=m =
b. Also, W= W'={+1}. By Proposition 4, #*"»*' is a sum of
subspaces #™"* %A, u,S, T) and each such nonzero subspace must
satisfy the conditions n(S)=0, n(T)=1, p =sA,=—-TA,, and
w(Z)=[(p-1)-pli/2=-i/2. But S=1, T=—1 and so u(Z)=
A (Z)=mi/2, with m =0. Thus #*"»?'=0. Similarly, #"*r "¢ =
0. This gives

THEOREM 2. InCase N =1, (V)= KO (V)c+ H>"HV),.

Application 1. Since the subspaces #'**(V) are defined over Q,
(see [11, [8]) #¥?(V) is defined over Q when p = N/2.

Application 2. The Hodge conjecture for V afiber variety over an
algebraic curve attached to an indefinite quaternion algebra over Q. —
see [2].
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