NOTE ON FOURIER ANALYSIS XXXI:
CESARO SUMMABILITY OF FOURIER SERIES

SHIGEKI YANO

1. Introduction. M. Jacob [1] proved that if the series

(a2+b:)n2a (0<a<1)

n

™M 8

n=1

converges then the trigonometrical series Z;":l (a, cos nx + b, sin nx) is
summable (C, ~a) almost everywhere. This result is equivalent to the pro-
position that if the series Z‘::l (ap cos nx + b, sin nx) is the Fourier series
of a square-integrable function, then the series Z:___l (a, cos n + b, sin nx)n™ %
is summable (C, —a) almost everywhere.

Considering the analogue of this theorem for integrable functions, we shall

prove here the following:

THEOREM L.t If

a, oo Ao(x) >
(1) — + Y (a, cos nx + b, sinnx) = + Y A,(x)
2 n=1 n=1

is the Fourier series of an integrable function f(x), then the series

00

(2) ag + Y, (ap cos nx + by sin nx)n™* (0<a<)
n=1

and its conjugate series

(3) Z (ap sin nx — b, cos nx)n™®

n=1

1Prof. A. Zygmund has pointed out to the author that Theorem 1 can be obtained
directly from known results.
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are summable (C, — &) almost everywhere.

2. Lemmas. For the proof we need the following lemmas.

LeEMMA 1. If
(4) H® (x) =1+ i k™ cos kx, I (x) = § k™ sin kx
n=i n=i
(0<a<1),
then
(5)  |H® (x)| < 4,27, |I@ (x)] < Bya®™! (0 < x < ),

where Ay, By, +++ are constants which depend only on & and which may be

different in different instances.

The proof of this lemma concerning the cosine series is given by Salem and

Zygmund [2], and the part concerning the sine series can be proved similarly.

LEMMA 2. If 0< o < 1 and

Aé—a)=1, A,(l—a)=(n—a)= (=a+ 1) (w04 2)eee (=0t + 1) (n > 1),
n

n!

then

n
. . (n=0’1’2’...;

(6) A(—_a) eckx < C, |1 = eix]et
,Eo nok < e | 0< |x| < a)

Lemma 2 is a well-known result of M. Riesz. (Indeed, the constant on the
right side of (6) can be replaced by 2; however, the inequality in the above form

can easily be derived from Lemma 1.)

Let us denote the (C, — &) =means of the series (2) and (3) by N,(“") (fi%)
and N'(l“) (f;x), respectively. Then, setting k™ =1 for k= 0, we have

1

N (fix) =
AC)
n

n
Y AL kT 4y (%)
k=0
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n
Z A;__(;'c) cos kt dt
Ar(l_a) k=0

3|~

J7 1z +0)

=_1_f_" flx + ¢) N () de,
m T

where
n
(7) N'(za) (t) = Z Ar(z——cl? k™ cos kt.
ACD L=
n
Similarly
— 1 - —
(8) N (fix) = — f_w f(x + ¢) N (¢) de,
w
where
_ n
(9) N,(l“) (t) = Z Ar(t:‘;c) k™* sin kt.

LEMMA 3. For 0 < o < 1, we have

(n = 0,1,2, -+

(a) < A o1 N(a) < B. ot
(10) IN® ()] < Agest, [N® (0)] < By A

Proof. From (7), we have

1 [n/21 1 n
N (8) = — 2 ALY k% cos kt + — ASD k™% cos kt
AS a) k=0 A( a) k=[n;2]+1
n n
(11)
= P, + On,

say. Using Abel’s transformation, we get

1 [n/2]-1
(12) Pn =

(—a=1) g(a) (a) (a)

Ao k Ani 2 HZ (O A"'[ﬂ/zl H[n/z] ()¢
=0

n
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By Lemma 1 we obtain

| Pn |

IA

[n/2]-1
- e - -
e Aat® kgo AR50+ 4™ AT
n

(13)

In

n
Aana.ta."l Z k-a-l + n"al
k=0

< A4 o7t
-_— a

Now, using Abel’s transformation again, we have

1 n-1 k
(14) Q, = > AR Y . AL cos jit
A,(l'a) k=[n/2]+1 j=ln/21+1
n
+n ¢ Z A’(l-_"l? cos ktl,
k=[n/21+1
where
Ak™= k™%~ (k + 1) %= 0(k™1),
Thus
Aq m n
|Qnl < max > ALY cos ke - Yy ket
AT [n/2l+1<m<n | k=[n/2] +1 k=[n/2] +1
(15) + e ’
m
< 4, max > A,(l:‘;“) cos kt|.
[n/2]+1:m_<_n k=[n/2] 1

Since

m m X n X
3 ACD cos ht = R [ T A e-"kt’ - R [e_"” P Ag® e‘kt],

k=0 k=0 =n-m
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we have, by Lemma 2,

(16) 5 Aall _ eit'a'_l -<_ Cata—l.

m
z A’(z—_‘};) cos kt
k=o

Therefore, from (15) and (16),
(17) |On] < Ag 271

Combining (11), (13), and (17), we have the first inequality of (10). The

second inequality can be proved similarly.

3. Proof of Theorem 1. We proceed now to the proof of Theorem 1. From
(7), we have

1
[N (f; x)| < ;—f_: [f(x + )] | NS (2)] de.
By virtue of Lemma 3, we get

INO (fix)| < Ag S 1f(x + £)] |£]*70 de,

whence

S sup IN® (fix)| de < Ay [T de [T 1f(x 4 0)] |e]*70 de

(18) < Ay [T Nelede [T f(x 4 o) de
< Ao [T 1f(x)] da

Similarly we have

(19) f_z sup |N® (f;x)| dx < B, f_: [f(x)] dx.

From these maximal inequalities we can easily deduce the conclusions of
Theorem 1. For example, we can proceed as follows. Let € > 0 be arbitrary, and
let f(x)=f,(x)+f,(x), where f;(x) is a trigonometrical polynomial and
j:_: |fa(x)| dx < €/24,, A, being the constant which appears in the right
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side of (18). By f*(x) we denote the function defined by Z:=o Ap(x)n™% (this

series converges almost everywhere); then
(20) f¥(x) = fl*(x)+f2*(x),

where fl*(x) and fz*(x) are determined by f; (x) and f, (x), respectively, in the
same way as ["(x) is determined by f(x).
From (18) we have

(21) f_: sup [N (fp52)] dx < Ag f_‘fn’ | fa(x)| dx < €/2,

and a fortiori,

(22) SO (=) dx < e/2.

From

(23)  N® (fix) = f5(x) = N$D (fi52) = f(x) + N (fr32) = (%)
we get

(24)  limsup [N (f,%) = f(x)]| < sup [N (fp32)] + |f;(2)],

n— 0o

whence, by (21) and (22),

(25) L: lim sup IN,(,a)(ﬁx)-f*(x)l dx < €/2 + €/2 = €.

n-— oo

Therefore it follows that N,(la) (f,x) — *(x) almost everywhere; this implies
the validity of the first part of Theorem 1. The proof for conjugate series is
analogous.

4. On multiple Fourier series. Theorem 1 can be extended to multiple Fourier
series. For simplicity we shall state the result for the case of double Fourier
series.

Let f(x,y) be an integrable function periodic with period 27 in each vari-
able, and let its Fourier series be

(26) f(zy) ~ Y Amn(x,y),

m,n=g
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where
1 .
Aoo (%) = 7 oo Aonl(x,y) = 5 (@on cosny + bon sin ny),
1

Ao, y) = 5 (@mo cos mx + by, sin mx),
(27)

Apn(%,¥) = ap, cos mx cos ny + by, cos mx sin ny

+ Cpp sin mx cos ny + dy, sin mx sin ny,

and

1
(28) app = — f;: LZ f(x,y) cos mx cos ny dxdy (myn = 0,1,2,:++),
2

m

and similarly for b,,,, c,, and dp,, .
We shall say that the double series > _ 4., is summable (C,«, B)
if the (C, o, 8)- means

1 m n B
- A@ . 4B 4.
A’(na) A,(L'B) iéj-:o k§o m=j n—k “jk

of 2 Amn converge.
Under these definitions we have:

THEOREM 2. If f(x,y) is integrable, then the series

(29) S Apa(xy)m™*nh (0<a<1,0<B<1)

m,n=0

is summable (C, -0o, —fB) almost everywhere. A similar result holds for its

conjugate series.

Proof. The (C, -0, —3)=means Nr("":l'ﬂ) (f;x,y) of the series (29) can be

written as follows:

1
(30) NP (fix,y) = -y SO ST fx 4 uy + 0)ND (@)NP) () du do,
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where N,g“) (¢) is the same as in (7). Following the line of proof of Theorem 1,
we obtain the result.

5. On the capacity of sets. Generalizing a result of A. Beurling, Salem and
Zygmund [2] proved the following theorem:

If the series

™M 2

(a’f+b:)na (0<a<1)

n=1

converges, then the trigonometrical series z:::l (a; cos nx + b, sin nx) is

convergent except possiblyon a set of (1 — O )= capacity zero.
We shall here prove the L; — analogue of this theorem.

THEOREM 3. Under the same assumption as in Theorem 1, the set E of the
points where the series (2) is not summable (C, — ) is of (1 ~ &) — capacity
zero. A similar result hold for the conjugate series (3).

REMARKS. (a) Theorem 1 is, of course, implied by Theorem 2. (b) For
the notion of capacity and other definitions, the reader is referred to the paper
[2] of Salem and Zygmund.

To prove Theorem 2 we need the following lemmas.

LeEMMmA 4. If
H® (%) = z n"%cos nx, J¥ (x) = Z n”"%*sin nx (0<a<1l),
n=0 n=i1
then
H® (x) ~ x271 J® () ~ x271 (x >+ 0).

This is known (see, for example, [3; p. 116]).

LEMMA 5. If a set E is of positive O -capacity (0 < & < 1), then there
exists a positive distribution u concentrated on E such that if the Fourier-
Stielties series of u(x) is denoted by

1 00
du(x) ~ -é—, + z (0 cos nx + B, sin nx),
n=1
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then the series

0
Z (0, cos nx + B, sinnx) nlte
n=1

and its conjugate series

[>2)

Z (¢, sinnx — B, cos nx)n"tte

n=1

are the I'ourier series of bounded functions.

Lemma 5 is due to Salem and Zygmund {2].
To prove Theorem 3, let us assume that the set £ is of positive (1 - &)-

capacity. Then by Lemma 5 we can find a positive distribution p concentrated
on £ such that if

o0

1
dp(x) ~ o + > (0p cos nx + 3, sinnx),
w

n=1

then the series Z‘::l (otp cos nx + B, sin nx)n %is the Fourier series of a

bounded function.

Since it is easy to verify by l.emmas 1 and 4 that

(s1) [N (£)] < A4 1370 < AHD (¢) + By,

we have, by (17,

1 n
(32) INO ()] < = [T ()] [N® (x = )] dt
Fed v

IA

44 f_: ()] H (x — ¢)dt + B, f_: [f(e)] dt.

Integrating both sides of (22), we have
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ﬁ" sup |ND (fix)| dp(x)
n

(33) <A L7 dux) LTS H® (2~ ey de + Ba [T |f(0)] de

< Ao JT (0] de fo”’ H@ (x - ¢)du(x) + By [T [f(0)] de.

By a well-known theorem, the Fourier series of
127 e
_f H (x — t) du(x)
7T 0

is
o
1+ Z (Up cos nt + B sinnt)n™ 2,

n=1

which is the Fourier series of a bounded function. Ilence for almost all ¢ we have

|27 (2= 0) du(=)] < M),

M(p) being a constant depending only on the distribution p. Therefore, from
(33), we have

f(;zw sup ll‘v',(la) (f;x)] du(x)
(34)

IA

AgM () f_:mm dt + B, f_:uundt

IA

Calw) [ 1)} dx,

where C,(yu) is a constant depending only on & and on the distribution .
Using this maximal inequality (34) and following the proof of Theorem 1,

we see? that

2We must first prove that the set of points where the series E::O Ap(x) n™% does
not converge is of u-measure zero. This can be done by the maximal inequality

LT sw | S () K] dutx) < 4w [T f(0] dx,
0 n k=0 7

which is a simple consequence of (34), by the same argument as in [3, p.254].
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j:w lim sup [ N{® (f,x) - f*(x)] du(x) = 0,

n — oo

which implies that £ is of ;- measure zero, contrary to the hypothesis that y is
concentrated on E, ( ‘/E‘ du(x) = 1).
For the conjugate series (3) an analogous argument can be applied, and

Theorem 3 is proved completely.
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