FRACTIONAL POWERS OF CLOSED OPERATORS AND
THE SEMIGROUPS GENERATED BY THEM

A. V. BALAKRISHNAN

Fractional powers of closed linear operators were first constructed
by Bochner [2] and subsequently Feller [3], for the Laplacian operator.
These constructions depend in an essential way on the fact that the
Laplacian generates a semigroup. Phillips [6] in fact showed that these
constructions (for positive indices less than one) were part of a more
general one based on the Kolmogoroff-Levy representation theorem for
infinitely divisible distributions. Finally, the present author constructed
an operational calculus [1] for infinitesimal generators affording in par-
ticular a systematic study of the representation and properties of these
operators.

In this paper we obtain a new construction for fractional powers in
which it is not required that the base operator generate a semigroup;
indeed its domain need not even be dense. Since the semigroup is not
available, the previous constructions, based as they are on the Riemann-
Liouville integrals, are not possible. However, we shall show, if the
resolvent exists for A > 0, and is O(1/:») for all \, (a weaker condition
will suffice at the origin, see §7), then fractional powers may still be
constructed, using an abstract version of the Stieltjes transform.

It is immediate that a closed operator A, for which ||AR(N, A) || <
M, does not necessarily generate a semigroup of any type. For a simple
example, let the Banach space be l(—oo, ) and let A correspond to
multiplying the nth coordinate by =n(1 + i) say. Then for >0,
NR(\ A)|] <172/, whereas A does not generate a semigroup, since
no right-half plane is free of the spectra of A. An example in which
A has no spectra in the right half plane and yet no semigroup is
generated is given by Phillips [4].

The main motivation for the construction of fractional powers is
the application to abstract Cauchy problems of the type:

(1) %u(t) + Au(t) = 0

for » > 2, and it turns out that for the solution of (1.1), A itself need
not be an infinitesimal generator. In this paper we study only the
case n = 2, and we expect to consider the general case later.

The properties of newly constructed fractional powers are identical
with those obtained in [1] for the case where A is a generator, with
one important difference; namely that —(—A)® generates semigroups in
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general only for < 1/2. On the other hand, these are the only ex-
ponents that matter in the application to Cauchy problems of the type
(1.1).

1. Construction of fractional powers. Let A be a closed linear
operator with domain and range in a Banach space X. Let each x >0
belong to its resolvent set and let (H,)

IMBON, A) | < M < oo, x> 0.

We have already noted that these conditions do not imply that A generate
a semigroup of any kind. Let x e D(A). Then for 0 < a <1, the
integral

Sw A*'R(\, A)Axd)
0

where \* is taken positive, is convergent in the Bochner or absolute
sense, since it can be expressed as

Slv—l[R(x, A)x — x]dn + rv“R(x, A)Axd)
0 1

and both of these intergals are absolutely convergent in view of (H,).
We define a linear operater J¢ such that:

2.1) Jog = Mrv-‘R(x, A)(— Az 0< Rear < 1.
T 0

For 0 < Rea < 2, we define for each x € D(A?)

Wy 1 NP _
(2.2) Jog = mgo A [R(x, A)

+ sin Ta/2(— A)x .

A ](—A)xdx
14+ A\

For xze D(A? definitions (2.1) and (2.2) coincide for overlapping ranges
of «. More generally, for a such that n — 1 < Rea < n, we define, for
x e D(A"):

(2.3) me — Jw—n+l(__A)n_1x .
For n — 1 < Rea < n, we define for x € D(A"*)
(2.4) wa = J‘w—n+1(___A)n—1x .

These definitions are also evidently consistent. In (2.1), the principal
value of \* is taken so that \* is positive for a positive.

We shall now obtain some properties of these operators which will
qualify them to be recognized as fractional powers. First, if A does
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generate a semigroup, these coincide with the previous definitions in [1].
In particular, if we specialize —A to be denote multiplication by the
complex number s, non-negative, on the space of complex numbers, the
definitions yield s*, principal determination.

LEMMA 2.1. The operators J* can be extended to be closed linear.

Proof. The operators J® being linear, it is enough to show that
for any sequence x,, %, € D(J*), converging to zero, the sequence J"x,,
if convergent, has zero limit also. To be specific, let 0 < Rea < 1.
Consider

Yo = R(\, A)J*x, ,

for fixed ». Now R(\, A)x, € D(A) = D(J*) and it readily follow from
(2.1) that

(2.5) R(\, A)J*z, = J*R(\, A), .

Moreover, since AR(\, A) is bounded linear, so is J°R(\, A). Hence if
limit J%x, =y, we have from (2.5) that R(\, A)y is zero, hence y is
zero also. The proof for other values of a is similar.

LEMMA 2.2. For x € D(A"), J*x s analytic in « for 0 < Rea < n.

Proof. This may be directly verified from the definitions. In par-
ticular, it may be noted that for x € D(A~), J*x is analytic for Re a > 0.

For elements in certain domains larger than the ones in Lemma
2.2, we retain continuity. Thus

LEMMA 2.3. Let x € D(A) and Ax € D(A). Then for 0 < Rea <1
and «a tending to 1 in a fixed sector about 1, J*x — — Ax.

Proof. We note that since Ax € D(A), A\R(\, A)Ax — Ax as » — .
Now

Jow — (—A =S“wa—l[Rx,A— 1 ]—A ,
r — (—A)x - ( ) x+1( yedX

and the integral can be split into two parts, one from 0 to L and the
other from L to infinity. For fixed L, the first part goes to zero since
it is O(|sin 7 |). The second part in absolute value is

o-1] sin (1
n(l —

<L _o>a) |sup (| RO 4) = TN (= A | + M2 e

o — 2]
o= Rea.
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and hence goes to zero also.

We do not in general have convergence to the identity at the origin,
a =0. Forif for some 2, Ax =0, J*¢ is zero also. However, we can
state:

LEMMA 2.4. For any x € D(A) such that A\R(\, A)x — 0 as A — 0,
Jx —x as a— 0+ in a fixed sector about 0.

Proof. We have

Jog — g — — SN r[R(x, M)Az + 2 }v-m
T 0 A+ 1

_ _sinwa rN,R(x, A)x + Aac)le
T 0 A+1

and the result follows from the second integral as a simple estimation
shows.

LEMMA 2.5. Let ©x € D(A?). Then for 0 < Re(a + L) < 1,
(2.6) Jorby = JoJ Py .

Proof. For x e D(A?, it is clear from (2.1) that Jfx e D(A) =
D(J*). Moreover we have:

JeJoy = Sinna sin 78 rrxﬂ-lw-lR(x, ARy, A)Awdrdp ,
T T 0Jo

where the double integral is absolutely convergent, and can be rewritten
as

sinna SMEB (501 4 0*-)do|” R(ns, AR A4 .

Using the first resolvent equation, we have

RO, AR\, A)Am = IEO, f)_‘UR s A) (_ gy

so that we have finally, after a change of variable:

J=J% = Const.| "Ne*#R(n, A)(— A)wd .
Jo

where the constant

sin e sin B Sl (0~ + g% — 07 — 07F) do
T T Jo 1—o0)

evaluates to sin (a0 + B)/m, thus verifying (2.6),
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The semigroup property is readily extended to all exponents for
x € D(A~). For exponents less than some finite positive number this
domain can be enlarged. First, however, we define:

2.7) (—A)” = Smallest closed extension of J*.

We term this the principal value, even though we cannot, in general,
claim that any other determination will differ from it by only a factor
of expink for integral k. For an example see [1]. On the other hand,
the principal determination still enjoys a uniqueness property similar to
the one obtained by Hille [4] for linear bounded operators. We state
this as a Lemma:

LEMMA 2.5. Let @ € D(A®). Then

_ o+i
(2.8) lim sup g (=A™ || - 0<o.
i 7]
Moreover, it is not possible to find a determination of (—A)* analytic
n a for x € D(A”), interpolating integral powers, and preserving the
extremal property, other than the one given in (2.7).

Proof. A direct calculation yields (2.8). The uniqueness part follows
as in [4, p. 496], using a classical result of F. Carlson.

We note that all these fractional powers are uniquely determined by
their values on D(A") each for a large enough n. [Actually on D(A"),
the latter domain being dense in D(4). See § 3, Lemma 3.1.] The semi-
group property (2.6) can be sharpened to read

(2.9) (A =[(-A)(—4)L ,

the right side being the smallest closure of (—A)*(—A). This follows
essentially from the fact that J* (and hence (—A)*) commutes with
R(\, A), as in [1].

3. Spectral theory. We next examine the spectra of the operators
(—A)*. For this purpose we denote the second commutant of the set
{R(\, A), » > 0} by B. Then B is a commutative Banach algebra with
unit, and is strongly closed. Moreover, using the Gelfand theory, the
linear multiplicative functionals over B split into two classes M, and M,.
For any m e Ik,

m[R(\, A)] =0
while for any m € M,, there is an s € g[A], such that

m{R(\, A)] = 1/(x — )
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for every N > 0.

For any function a of bounded variation on compact Borel sets of
the half-line [0, o) such that

[[IRQ, Aplldal < e
it is clear that setting
da)x = SmR(X, A)xda

O0(a) € B. We now collect some special functions we shall need in the
sequel. Let ¢ be a complex number such that p + |s|” expiad # 0, for
any |s| and —7 < 60 <7, and fixed a, 0 < Rea <1. We can always
find such a number for | a| sufficiently small, and we shall assume this
is the case. Let

(3.1) S = @m)(2/20)[(r + N ) ™ — (¢t + Ae) ] .
Next, for each t > 0, let
3.2) g t) = (7)) Jm.[exp (—iN exp —imy)]
for some fixed v, 0 < v < 1/2. Then
o5) = | RO A)F oar
and

0o0n; 1) = S(t) = | RO A)gy; )i

both belong to 2B, the integrals existing in the Bochner sense in the

uniform topology. Moreover, for m € IM,, with corresponding —s € a(4),
we have

3.3 m(6 =§°°de=
(3:3) e e Ty
The integral on the right is of course the Stieltjes transform and exists
for any s not on the negative real axis. [For the properties of Stieltjes
transforms explicitly or implicitly used here see [7].] On the other
hand, we note that the spectrum of A may be empty. Similarly,
(3.4) m(S()) = S“M A\ = exp —is? .

o N+ 8

[Here and throughout, s* = |s|*expial, —7 < 0 < «].

LEMMA 3.1. For every x € X, S(t)x € D(A~) for everyt > 0. For
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x € D(A), ||S{t)x —z||—0 as t — 0+.

Proof. We note that for every positive integer =,

(3.5) [T 1900 11T RO )1 < <o
and
(3.6) rvg(x; f)dxn = 0 , including n = 0.

For any z € X,
AR\, A)x = AR\, A)x — .
Hence

AS(t)r = SjR(x, Ag(; Hdn — acrg(x; B

= SW ROy, ANg(\; t)wdn

using (3.5) and (3.6). In a similar manner we can extend this to any
positive integer n.

(3.7) AS () = g:/\"R(x, Agn; Hdn .
This shows that S({)x € D(A4~). Next let xe D(A). Now
3.8 Sty — o = S:’g(x; t)[R(x, A) — %dex
where we have used
S:)C‘g(x; fydn = 1.
Since x € D(A), we can rewrite (3.8) as
St — z = S:g(k, DAR(\, A)Awd

and the integral on the right is seen to go to zero with ¢. To see that
the result is true for z € D(A), we have only to note that (using H,)
SO < M.

Now, since (—A)* is closed and S(t)x € D(A~) for every z, (— A)*S(t)
is linear bounded and e . Actually, more is true. Thus:

LEMMmA 8.2.

(3.9) (—A)S(t) = S;R(x, A(n, £, 0<Reaw < 1,
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where

h(\, t) = —271?& [e=""*\" exp (— I\ exp —1i7Y) — €™\ exp (— N exp +1i7y)] .

Proof. We note that for m e M,

mH:R(x, A, t)dx] - r};@—i r

and the St‘ieltjes transform on the right evaluates to
s” exp (—1ts*) .

While this is the same as m[(—A)*S(¢)], this does not necessarily consti-
tute a proof of (3.9) since the radical of B may be non-empty. How-
ever, a direct proof is possible. Thus we have

- Sinﬂ”“ ROY(—A)R(Ng(p, t)drdp

(—ars® = ||

and changing variable of integration and using

R(no, A)(—A)R() = ZEQI, i‘l)_—oR(x, A)

this can be written

S:R(x, Ah(n, tydr

where

kX, t) = g(x, t)gl% do + S:o—l QW(‘;): ;J)(M) do

which is readily verified to be the function required in (3.9).
LEMMA 3.3.
(3.10) o= ArS(E) = | ROy ey, in

where

qOn, 1) = 1 [ A%~ exp (—t\ exp —imy) _ A\"€"™ exp (—t\Y exp i7y) :l
’ 2mi L [+ \®exp —ina [+ \* exp ina )

Proof. The Stieltjes tranform of g(\, t) is readily verified to be

S"" q(n, t)dt _ 8"exp —ts’
o A+s ¢+ s” )
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As in Lemma 8.2, this is not quite enough to prove (3.10). On the
other hand, a direct proof may be given by double integration using
the resolvent equation, and noting that

do
g—1"

a0, 1) = | (00, D 00) — 57N + FONEOS, 6 — - hNa, 1)
LEMMA 3.4.

(3.11) 0(f)S(t) = S:R(x, Ayr(n, B

where

r(n, t) =

1 [ exp(—t\"exp —imy)  exp(—t\ exp 1:7'(."’)’):|
2mil g+ \*exp —ina ¢+ \expita J-

Proof. The Stieltjes transform of r(\,t) is

S“’ r(\, t) d) — €Xp —ts?
°oN+S PR

As in Lemma 3.3, we can establish (8.11) by double integration, using
the resolvent equation.

LEMMA 3.5. Let x € D(A). Then with ¢t as in Lemma 3.1,
(3.12) [+ (—4)10(f)e == .
Proof. From the previous Lemmas it is immediate that
LO()S@) + (—A)0(£)S(t) = S(t)
for every t > 0. Let x € D(A)./ Since
[ + (= A)*10(f)S(E)x = S(t)x

and by Lemma 3.2, S(t)x —« as t — 0, (3.12) follows by letting ¢ — 0,
and noting that (—A)* is closed.
We are now ready to prove the spectral mapping theorem.

THEOREM 3.1. Let D(A) be dense in X. Then
(3.13) o[(—A)*] = [o(—A)]%, NRea > 0.

Proof. First let |a| be so small that we can find a ¢ as in Lemma
3.1. By Lemma 3.5, for X € D(A4), (3.12) holds, and D(A) being dense
in X, continues to hold for any . Since for x € D((—A)*), d(f)(—A)*x =
(—A)*0(f)x, we see that 6(f) is a resolvent of —(—A)*,0(f)=R(u, —(—A)*).
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This is enough to prove that for these «, (3.13) holds. For, let & be a
number different from -+ such that —& = [6(—A)]*. Then consider
[I+ (6 — pR(u, —(—A)*)]. This belongs to B, and

m[L+ (8 — R(y, —(—A))] =1 m e M,
R o m € W,
t+ s

Hence this element has an inverse in 9B, and this is easily seen to be
R, —(—A)*). For other values of a, we note that for a such that
po[(—A)*] is not empty, we have a sharper version of (2.9):

(—A)™ = [(—A)*]" for every integer n.

Again, by the general spectral mapping theorem for closed operators
with a non-empty resolvent set [4], we see that (8.13) holds for na.
Finally, we note that for & = a -+ b, and a® + b* < a, it is always pos-
sible to find a g such g + s* # 0 for all s not on the negative real axis.
Hence (3.13) follows for all a, e > 0.

4. Some stability properties. We shall call a property of A stable,
if the same property holds for —(—A)* at least for 0 < a < 1. We now
state some stable properties of A.

4.1. Let A be linear bounded. Then —(—A)* is also bounded for
every «a, Nea > 0.

4.2. Let A* be the adjoint of A. In view of hypothesis H, we
can, following Phillips |4], define A® using his definition (Definition 14.3.1,
p. 424). For |a| sufficiently small, we note that —(—A)* also satisfies
hypothesis H,, so that we can also define |(—A)*|®. We then have that

[(=4)1]® = [(=A)°]" .

4.3. Let A be the infinitesimal generator of a positive contraction
semigroup. Then so is —(—A4)% for 0 < a < 1.

4.4. Let X be a Hilbert space. If A is dissipative, so is —(—A)~
for 0 < a0 < 1.

4.5. Let A be compact. Then so is (—A)* for every a.

4.6. If for some x € X, and s not on the negative real axis Ax =
—sx, then (—A)*x = s®x also.

5. Generation of semigroups. We now come to what is perhaps
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the most important single property of these fractional powers (at least
as far as applications to differential equations are concerned) viz., gener-
ation of semigroups. We shall show that for 0 < a < 1/2, —(—)® generate
strongly continuous semigroups, uniformly continuous away from the
origin. We shall also obtain a representation for these semigroups in
terms of R(\, 4),, » > 0.

THEOREM 5.1. Let D(A) be dense, and let A satisfy H,, Then for
0<a<1/2, —(—A) as defined by 2.7, generates a semigroup S.(t),
which 1s strongly continuous for t > 0, uniformly continuous for t > 0.

Proof. First let 0 < a < 1/2. Let
(5.1) Sut) = | RO, Mg, b )i
0
where

g\, t; @) = (1/7) sin (E\* sin war) exp (—EA* cos ) .

Then (5.1) is a Bochner integral. The Stieltjes transform of g(), t; @)
is, as we have noted before in § 3,

- 1 . _ o
So 1 s g\, t; a)dn = exp —ts* .
However, this alone does not necessarily suffice to verify the semigroup
property of S,(t). A direct proof can be given, however, following the
lines of Lemma 3.8. We shall next show that the infinitesimal generator
of S,(t) is —(—A)*, by showing that the resolvent of the latter for
¢ >0, is the Laplace transform of S,(t). The Laplace transform can,
further, be taken in the uniform topology, since S,(t) is readily seen to

~ be uniformly continuous for ¢ > 0, by direct computation from (5.1).
Now,

re-wsw(t)dt = rR(x, A)re—“‘g(k, t;)dtdn
0 0 0

= 1
= N, A ————
So E( )[ o+ \emi :‘dk

which as we have seen in Lemma 3.5, is the resolvent of —(—A)* for
¢ > 0. The strong continuity of S,(t) has already been proved in Lemma

3.1.
Next let @ =1/2. Let
(5.2) Sou(t) = S*“ RO\, A)sin V' N tdn

where the integral is to be taken at infinity in the Cauchy sense. The
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convergence in the Cauchy sense can be seen as follows. By an inte-
gration by parts, we have, for each L,

%S:R(% A)sin V' ntdn = R(L, A)f(L, t) + S R(\, AP F(n, )N

where

O 1) =lg‘sim/ada=l[2sim/xt 2V wsl/)xt].
n' 0 n: tZ t

Now the first term goes to zero as L — o, and the second term is a
convergent Bochner integral at infinity. Hence

G.3)  Syut) = _S RO\, A)sin VN td) = S“’R(x, APFON, B

Next, S,,(t) is readily seen to be uniformly continuous for ¢ > 0. A
simple computation using (5.3) also shows that ||S,,(¢)|| < Const. The
semigroup property can be verified directly as before. Again, the La-
place transform of S,,(t) is seen to be the resolvent of —(—A)"*. The
strong continuity at the origin may be seen from:

1Sty — x| —1

R(x A) — ﬂx sinV/ % tdxﬂ

For fixed L and t sufficiently small, the first term is O(t). The second
term is

< ”Ax”Merx
L %

and hence goes to zero also. Since || S,,(¢)|| is bounded, strong continuity
follows. This completes the proof of the theorem.

For values of a > 1/2, —(—A)* does not necessarily generate a
semigroup of any type, as the following simple counter-example shows.
Let X =1(—o0, »), and let A correspond to multiplying the nth co-
ordinate by (1 + 7)n. For a > 1/2, no right half plane is free of spectra
of —(—A)*, (as follows readily from Theorem 3.1) so that they cannot
be generators of any semigroup.

We note in passing that (5.1) leads to a simple rigorous proof of
Feller’s expansion for the stable densities [3] for 0 < a <1/2. For,
denoting the stable density by F(§, t; o), we have

FE ta)= 1 Sm - Ym [exp (—t\* exp —imwa)]dr
T Jo

and expanding the second factor and interchanging integration and
summation, which is obviously permissible, we have
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(_f)n Ene=tsin ranl'(1 + na)
n!

F(E t; a) = —%

oMg

which is Feller’s expansion.

6. Application to abstract Cauchy problems., We shall next consider
an application of the foregoing theory to a class of Cauchy problems.
Indeed, this was the application which largely motivated the theory.
This class may be considered a generalization of the abstract Cauchy
problem of the type

w(t) = Au(t)

and is related to (though different from) the class treated by Hille [4, 5].
Thus we shall examine abstract Cauchy problems of the type

©.1) @id%;gﬁ 4 (=1 Au(t) =0, n>2.
More precisely, we shall phrase the problem as follows:

Given a complex Banach space X, and a closed linear operator A
with domain dense in X and range in X, find a function u(t) such that

(i) wu(t) is n times continuously differentiable in [0, o)

(ii) wu(t) e D(A) for t >0

(iii) wu(t) satisfies (6.1) for ¢ > 0, and the initial conditions

lim || u¥(t) — u,|] = 0 for prescribed w,, k =0,1, -++, 7, r <.
t—0

This is the reduced problem (‘probléme reduit’) in the terminology of
Hille {5, p. 42], n — r being the defect (‘default’). In addition to the
existence of solutions [with some defect], we are of course interested
in the uniqueness of the solutions. Now, if the operator A satisfies H,,
we are |by Theorem 5.1] assured of solutions for some suitable defect,
but the question of uniqueness remains. On the other hand, if we do
have unique solutions for some A, we would certainly like to know
whether this implies that A satisfy H,, since this would then characterize
the solutions completely. In what follows we are concerned exclusively
with the case n = 2. Our main result may be stated as follows:

THEOREM 6.1. Let n = 2. Suppose A satisfies H,, Then for each
u, € D(A), the reduced problem with defect one has a solution such that

(6.2) sup || u@) || < oo .
t=>0
Moreover, there is only one such solution, and it is given by

(6.3) u(t) = S,(t)u,
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where the semigroup S,(t) 1s uniformly continuous for t > 0, and has
the representation (5.3). Further, for each t > 0, range of S,;(t) C D(A)
and S,,(t) is analytic of class H(p, —p), ¢ > 0. Conversely, suppose
for each wu, e D(A), the reduced problem has a unique solution satis-
fying (6.2) for some A. Then setting u(t) = S(t)u, yields S(t) as a
strongly continuous semigroup. Suppose range of S(t) c D(A), and S(t)
18 analytic of class H(p, —p) for some ¢ > 0. Then A satisfies H,, and
S(t) = S,(t) as given by (5.3).
We need some Lemmas.

LEMMA 6.1. Let A satisfy H,. Then R(\, A) exists in the sector
—¢ < arg: < ¢, where (Tanp)M = 1.

Proof. Let ¢ >0, and v M=1—¢. For any ¢ |t|] <9, and
o0 > 0 consider I+ [(¢ + ito) — g]R(g, A). This element has an inverse
given by the series

§ [—itaR(a, A)]"

and is clearly convergent, being majorized by the geometric series

1

S EPMr < —2
21t <{—.

Moreover this also shows that the inverse is bounded in norm by
(1 — 9.M)*. Now, by the first resolvent equation, it follows that

R(o + ita, A) = [I — [(¢ + ito) — o]R(o, A)]'R(g, A)
and is in norm

. M
R VA € o ——— .
| B(a + ito, A) || T .00

The assertion of the lemma follows readily from this.

LEMMA 6.2. Suppose A satisfies hypothesis H,. Then for each «,
0<a<l/2, Mep[—(—A)] for — — @2 < arg: < /2 + ) for some
¥ > 0.

Proof. The proof is immediate from the spectral mapping theorem,
Theorem 3.1, and Lemma 6.1 above. We can take v = 7/2 — a(nr — @).

LEMMA 6.3. Let A satisfy H,. Then for 0 < a < 1/2, the semigroup
S.(t), defined by 5.1 and (5.3) is analytic, of class H(¢py, ¢) (Cf [4], D.
825, Definition 10.6.1), with ¢, = — ap, ¢, = ap, ¢ being defined in
Lemma 6.1.
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Proof. Let p be such that Rep > 0. Then for each a, 0 < a <
1/2, we know from Lemma 3.5 that p e o[—(—A)*] and

1(~ 1 1
.  —(—A) =1 Rx,A[ - ]dx
(6.4)  R(p, —(=A)) ESO (, 4) e g e
From this it readily follows that
M
6.5 Ry, —(—AP | <
(6.5) I R(pt, —(—A)) | Te 12

where the constant M is the same as in H,. Next let ¢ < 0 be given.
Then from Lemma 6.1 it follows that for —@ + e <argh < —@ — ¢,
there is a constant M. such that

(6.6) IR\, A) || < M, .
Let —p+e< Yy < +p —¢e. Let A be >0. Then
R0\, e~ A) = eV R(\e'?, A) .
Further it follows from (6.6) that
[INE(N, e A) || < M.,

so that (A exp —iv) satisfies H,, Then we can define (—e ¥A)* using
(2.7), and a simple contour integration shows that for 0 < a <1,

(—eWA) = e~ (—A) .
Moreover, applying (6.5) we know that for He e > 0,

—iyaf @ Ms
I B(pt, —e*(=A)) I < e

But
| R(pr, —e="¥(—A)) || = || R(preV*, —(—A)*) || .
Hence we obtain that for A such that Re (\e-¥¥*) >0,

M,
R\, —(—A4)0) || < ———=_
|| B( (=AMl < e (ne-t9%)
But this implies that the conditions for S,(f) to be of class H(¢, ¢,) as

given by Hille ([4] p. 383, Theorem 12.8.1) are satisfied, thus proving
lemma.

Proof of Theorem. We begin with the first part. Thus let A satisfy
H, Setting u(t) = S,(t)u,, we get one solution satisfying (6.2). We
shall now show that this solution is unique. Let wv(¢) be a possibly
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different solution. By assumption v'(f) is continuous at ¢ =0. Let o,
be v'(0). Let w, = S(1)u,, and w, = S(1)v,, where S(t) is defined as in
Lemma 3.1. Let w(t) = S)v(¢). Then w(t), w'(t) € D(A~) and

(6.7) w"(t) + Aw(t) =0 .
Let

L0, w) = g:e'“w(t)dt , > 0.
Then since

w(t) = w, + AS(l)Stu(o)da
1]
we get that w'(t) exp —\t goes to zero at infinity, and hence by Laplace
transforming (6.7) we have:
[\ + AIL(h, w) = 2w, + w; .

Since B®*= —A, where we have written B for —(—A)"*, this can be
rewritten

[ — B]L(\, w) = RQvw, + w,) .
Since
RO, B) = S:e"“Sl,z(t)dt
this yields
w'(t) + Bw(t) = S,(t)Bw, + S,(t)w, .

Hence
LS, t(w(t)] = Sy260w, + 8,,25) By
so that
S(tyw(t) = w, + S”sl,z(zt)wldt + S S,(26) Bwidt
= w, + %S% S(o)yw,do + %(SI,Z(Zt)w0 — w,)
0
1 2t

= S p(2t)w, — —2—S S, (0)(w, — Bwy)do .

Hence

Sn(®)Bw(t) = S,u(2t)yw, + —;—[sm(zo — I)(w, — Buw,) .

Now because of analyticity in a sector, zero does not belong to the point
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spectrum of S,,(t) for any ¢ > 0. Writing S,,(—t) for the inverse, and
using (6.2), we have that

(6.8) Sup || Syp(—t)(w, — Bwy) || < o .

We shall now show that for any element z such that z € OD(SW(—t))
and Sup || S,(—t)2]| < o, Bz =0. For this let

6.9) F\) = re“Sl,z(—t)zdt . Rer<O.
0

Then it is readily verified that
M — Bl(—=F(\) ==.

Now by Lemma 6.2, we know that R(\, B) exists for —r — /2 <
arg A < ¢ + /2 and hence there is a common domain where —F(\) =
R(\, B)z. Hence for Re\ < 0, —F(\) is the analytic continuation of
R(\, B). Moreover, using the results of Lemma 6.3, it follows that
[INF(\)|| < const., in a sector and [|NR(\, B)z|| < const. in an intersect-
ing sector, their union being the entire plane. Hence it follows that
AMR(\, B)z = 2, since NR(\, B)z — z for ». > 0. Hence Bz = 0, as required.
Hence S,,(t)z = 2z, so that

S@)w(t) = S(2t)yw, — t(w, — Bw,) .

Hence using (6.2), w, = Bw,. Since u, € D(A), using S(1/n) in ,place of
S(1) and taking limits, we readily obtain that

»'(0) = Bu,

and hence that v(t) = S,.(t)u,. That range at S,,(t) © D(A) follows from
the representation (5.3).

We now proceed to the second part of the theorem. That S(f) is a
semigroup, strongly continuous at the origin with || S(¢)|| < const., fol-
lows by arguments similar to the one used in Lemma 23.9.4 p. 627 of
[4]. Let B be the infinitesimal generator of S(¢). Then for x € D(A4),
it is clear B*x = —Ax. For x € D(B?) on the other hand, we note that
since for ¢ > 0, S(t)x € D(A), B*S(t)x = —AS(t)x, so that letting ¢ — 0,
it follows that B*r = — Ax also, since A is closed. Next we note that

A — A = (ix — B)(in + B)
so that for » > 0, A € p(4) since S(¢) is analytic, and
R(\, A) = R(&V'\, BIR(—iV'\, B) .

Again since S(¢) is analytic, of class H(p, —¢), it readily follows that
[| YR(ix, B) || < Const., for \ real, from which we obtain that || AR(\, A)|| <
Const., for X > 0. Or, A satisfies hypothesis H,. That S(¢) = S,(t) is
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immediate from the first part of the theorem.

Additional properties of the solutions can of course be deduced from
the representation (5.3). For instance, we note a rate of growth prop-
erty: viz., for each z € X, || S,,(t)x|| — 0 as t — o, if ARQA)x— 0 as
A— 0+,

7. Some extensions. In this section we shall indicate some possible
extensions of the foregoing theory.

The basic hypothesis H, concerning the operator A can be weakened.
Thus suppose A satisfies H,:

For each A > 0, A € p(4) and (H)

(1) 1RO, A) | =01p) as A= oo
@) [NllBo, A)lidr < e, for some g, 0 <o < 1.

Then it is possible to define (—A)* for Re a > o, still using definition
(2.7). The hypothesis H, is satisfied for instance if A generates a semi-
group T'(£) such that it is strongly continuous for & > 0, and

(7.1 [ir@e—de< e .

The latter condition was used in [1], whereas hypothesis H, is similar
to the one stated by Hille [4] (although of course the Hille condition is
stronger since he considered only bounded operators). We shall show
that for infinitesimal generators, H, and (7.1) are equivalent.

LEMMA 7.1. Suppose A is the infinitesimal generator of a strongly
continuous semigroup T(£). Then if (7.1) holds, A satisfies H,. Con-
versely, if A satisfies H,, T (&) satisfies (7.1).

Proof. Suppose (7.1) holds. Then clearly

1im%so

oo

so that R(\, A) exists for A > 0 and is of order 1/» for A — o. Next

(1B, allan < [ [Tet ) 7@ 11 dean
< const + |1 @ 12 [ enean
< const | Il 7@ | -7 < oo .

To prove the converse we shall use some results from [1]. Let S(w) be
the B-algebra associated with T'(¢) as in [1] L(w) being the subspace of
functions (Borel measurable) such that
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[Cir@nseids <.

Let A, be the infinitesimal generator of the translation semigroup.
Defining (—A4,)* using (2.7) it follows for f e D(A4,), setting

(—4.)f=9,
that
(=N, ) = (N, 9) Rer <0,

and hence that for any g > 0,

(=0
"=

is a multiplier defined over all of L(w). By the factor theorem (cf [1]),
it follows that there is a corresponding function in S(w) (actually in
L(w)) and further an evaluation of this function shows that (7.1) is
satisfied.

While for Rea > o, we can define (—A)?, it is not possible to de-
fine, in general, (—A)® for Rel < g, at least not as a closed operator
whose domain includes the domain of A. This may be seen as in the
converse part of Lemma 7.1, using || T(§)]| = A + &)°.

For A satisfying H, with ¢ <1/2, —(—A)* continues to generate
strongly continuous semigroups for a < 1/2, satisfying

lim
t—o0

log [[S.()) 1l ¢ .
- <

We do not know at present whether the semigroups are necessarily
analytic of class H(o,, ¢,).
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