AN APPLICATION OF LINEAR PROGRAMMING
TO PERMUTATION GROUPS

W. H. MiLLS

Let S, denote the symmetric group acting on a finite set X of
N elements, N=3. Let o and ¢ be elements of Sy. In a previous
paper [1] the following question was raised: If ¢ and = commute on
most of the points of X, does it necessarily follow that = can be
approximated by an element in the centralizer C(c) of ¢?

We define a distance D(o, 7) between two elements ¢ and 7 in S,
to be the number of points g in X such that go + gr. (This differs
from the distance d(o,7) defined in [1] by a factor of N.) Then
D(o7, 7o) is the number of points in X on which ¢ and = do not com-
mute. Let D.(7) denote the distance from 7 to the centralizer C(o)
of o0 in Sy. Thus

D,(t) = min D(z,\) .
A€C(0)

It will be shown that the determination of D,(7) is equivalent to the
optimal assignment problem in linear programming.

The question raised in [1] can be phrased thus: If D(o7, 7o) is
small, is D,(7) necessarily small? If o is not the identity we set

D, = Igg% D,(t)|D(o7, 70) .

Now D, is large unless o is the product of many disjoint cycles, most
of which have the same length. Some examples of this are worked
out in detail in [1]. This leads us to study the case where ¢ is the
product of m disjoint cycles of length n, where N =nm and m is
large. In [1] it was shown that if m = 2, then

(a) if » is even, then D, = n/4, and

(b) if n is odd, » = 3, then

(n —1)/4 < D, = n/4.

In the present paper it is shown that if »n is odd, » = 3, and

m =n — 2, then

D, = (n — 1)’/(4n — 6) .

1. Relation to linear programming. Let ¢ be an arbitrary ele-
ment of the symmetric group Sy. We write o as the product of dis-
joint cycles:

o=0(C,---C,,
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where C; is a cycle of length n;, and every point left fixed by ¢ is
counted as a cycle of length 1. Then

N+ Ny + <+ +n, =N.

Let g, be a fixed element of the cycle C;,1 < ¢ < m. Then every
element of the underlying set X is of the form g;0% wherel <t =m
and 0 < a < n,.

Let A be an element of C(o), the centralizer of ¢ in Sy. Then
since

(9:0N\ = (g:\)o*

it follows that X\ is determined by its effect on the g;, and that :
permutes the cycles C;. Let A be the permutation of 1, 2, ---, m such
that ix =7 if X\ maps C; onto C;. We will call a permutation « in
S,. admissible if & = A for some Me C(g). It is easy to see that «ais
admissible if and only if #;, = #,,, 1 < ¢ < m. Let A denote the group
of all admissible permutations.

Let 7 be a second element of S,. We wish to determine

D,(7) = min D(z, \) ,

AECO(0)

where D(z, \) is the number of points ¢ in X such that gz + gi.
Let E(z,\) denote the number of points 2 in X such that hz = ha,
and set

E, () = max E(7,\) .

AEO(0)

Then
D () = N— max E(t,\) = N — E/7).

A€0(0)

We shall show that the determination of E,(7) is equivalent to the
optimal assignment problem in linear programming.
The elements ) in C(c) are the permutations of the form

(gio-a))“ = giwo-a_i-rir 1 é 7: é mr O é a < ni ’

where « is admissible and », 7, -+, r,, are integers. Moreover
E(t,\) = 3 Fi(r, ia) ,
=1
where F(r, j) is the number of solutions of

(1) (9:09)T = g;0°, 0 < & < m; .
Set
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0 if m; # n;

by = max Fi(r, 7) if n; =m,;.

Thus b;; is the maximum number of points of C; on which an element
A in C(o), that maps C; onto C;, can agree with z. We have

FE.(t) = max E(r,\) = max max 5] Fy(r;, i),

A€C(0) AEA 7] see Ty 1=1
or
(2) E (7)) = max 3 b, ;0 .
a€A 1=1
Now let 8 be an arbitrary permutation of 1,2, ---, m. There is

an ac A such that i« = 48 for all ¢© such that =, = n,. Therefore,
since b;; = 0 if n; # n,;, it follows that we can take the maximum in
(2) over the entire symmetric group S, instead of over the subgroup
A. Thus

(3) E,(7) = max ¥ b5 .
BESy i=1
The determination of a maximum of the form (3) is the optimal
assignment problem in linear programming—ordinarily expressed in
terms of m individuals to be assigned to m jobs, where b,; is a measure
of how well the ¢th individual can do the jth job. (See [2]; or [3],
pp. 131-136.) Von Neumann [2] has shown that this problem is
equivalent to a certain zero-sum two-person game.
The equality (8) can be rewritten in the form
(4 ) EG(T) = max Z ei]'bij ’
P .7
where P is the set of all m x m permutation matrices (e;;). The set
P is clearly a subset of the set R of all real m x m matrices (¥;;)
such that

(5) ¥;=20,1=4,j=m,
(6) Sus=1, 1=j=m,
and

(7) Sigy=1, l=sism.

IS
1l
A

The matrices of the set R form a convex bounded subset of real m’
dimensional Euclidean space, whose vertices are the permutation
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matrices. (This result is due to Garrett Birkhoff. See [2], pp. 8-10.)
It follows that

E.(7) = max 3 e;;b;; = max Y, y;;b;; .
P %,J R .7

It is now clear that the determination of E,(r) is actually a problem
in linear programming. It is easy to see that the equalities (6) and
(7) can be replaced by inequalities (see [2], Lemma 1). Thus if Y is
the set of all real m x m matrices (y;;) satisfying (5),

(8) Svss1, 1=jsm,
and
(9) gywél, 1i<m,
then

E,(t) = max 3, yi;b;; -
Y .7
For our purposes this is the most useful formulation of the problem.

2. Blocks. By a block of length s,s =1, we mean a set of the
form go, gao?, ---, ga*, such that ¢ and = commute on go, go? «--, go*™,
but do not commute on g and go®. The length of a block B will be
denoted by | B|. If ¢ and 7 commute on every point of the cycle C;,
then we say that ¢ and 7 commute on C;. In this case the cycle C;
contains no blocks. On the other hand if C; contains exactly ¢ points
on which ¢ and 7 do not commute, ¢ = 1, then C; consists of exactly
q blocks, and each point of C; belongs to one and only one block.
Now D(oz, 7o) is the number of points in X on which ¢ and 7 do not
commute. It follows that D(o7, 7o) is equal to the total number of
blocks in all cycles.

If ¢ and 7 commute on the points g, go, gd?, ---, go*, then it
follows, by induction on a, that

(90”)T = (g7)0” , 0s=v=a+1.

In particular if ¢ and 7 commute on the cycle C;, and if g¢;v = g,0",
then

9:0°T = g,0"""

for all . Therefore, in this case, the number of solutions F(r, j) of
(1) is n;, so that b;; = n, = n;.
Now let C; be a cycle on which ¢ and 7 do not commute. Then



AN APPLICATION OF LINEAR PROGRAMMING TO PERMUTATION GROUPS 201

C; is composed of one or more blocks. Let B be one of the blocks
of C;, and let B consist of the points

9:0°, ;0% « oo, giottet

Then |B| =s. Let g,0°c = g,0**". Since ¢ and 7 commute on g;0°"*,
0= p=<s—2 we have

9,0t = g;a%tTtY 0sv=s—1.

In particular n; = s. Moreover if n; = n;, then the number of solu-
tions F(7,j) of (1) is at least s, and hence b; = s. It follows that
if m; = n;, then b;; is at least the length of the longest block of C; that T
maps into Cj.

Moreover since ¢ and 7 do not commute on g,0°**, we have

gi0b+sT :/: gi0b+s_170 — gjo-b+'r+s .
In particular if C; consists of the single block B, then s = n,;, and
9;0""" = 9:0°T = g,0"7°T # g;0" T,

It follows that s + m;. Therefore we must have n; > s =mn,. Thus
if C; consists of a single block B, then 7 maps B into a cycle C; such
that n; > n;. This is a generalization of a result noted in [1]: If
the cycles C; all have the same length, then mo cycle can consist of a
single block.

3. The case » odd. We now restrict ourselves to the case where

o is the product of m cycles of the same length n,n > 1, N = mn,

N=3. Thus we have n,=n,= -+ =n, =n, and every permu-
tation in S,, is admissible, so that A = S,,. Set
D, = max {D.(t)/D(oz, 70)} .

T¢0(0)

It was shown in [1] that if » is even and m = 2, then D, = n/4. We
now show that if n is odd and m = n — 2, then D, = (n — 1)*/(dn — 6).
Without loss of generality we can take X to be the set of the first
N positive integers, and

0‘:(1,2,---,%)(%—1—1,---,2%)---(N—n+1,---,N).
Thus for ¢ in X we have

g+1 ifnkg,

g =
= 1lg41—mn ifnlg.

We let C; denote the ith cycle:
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Ci=(m—n+1l,im—n+2 ---,in).
We must show that
max {D.(t)|D(o7, T0)} = (n — 1)*/(4n — 6) .
T&0(o)

We break up the proof into two lemmas.

LEMMA 1. If n ts odd and m = n — 2, then there exists a T€ Sy,
T ¢ C(0), such that

D, (t)[D(o7, 70) = (n — 1)’/(4n — 6) .

Proof. Suppose first that » = 3. Then
o = (123)(466) --- (N —2, N—1,N) .

Here we take 7 = (12). Then oto't~" = (132), so that ¢ and 7 com-
mute on all but three points, and D(o7, 7o) = 3. Moreover

0 ifi1+7,
b; =41 ifi=5=1,
3 ifi=3>1.
Hence

E(7) = max S e;by = by =3m —2=N—2.
P %,7 =1

Therefore D,(t) = N — E,(t) = 2, and
D, (7)|D(o7, 70) = 2/3 = (n — 1)*/(4n — 6) .

We can now suppose that » = 5. Setn =2K + 1. Then K = 2,
and m =2 2K — 1. Set 7 =177, -+ Tg, Where

t,=rn+r,20n+7r,---, Kn—n+r,K+r,
Kn+r,Kn+n+7r,---,2Kn—2n+r).

Thus for g in X we have

g+nifg=pm+r,0=p=K-21=r=K,
K+rifg=Kn—n+r,1r=K,
Kn+rifg=K+nr,1=sr=K,
g+nifg=m+r, K<p=2K—-3,1=r=<K,
rifg=2Kn—2n+7r,1=r<K,
g otherwise .

g7 = o
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The blocks of 7 are shown schematically in Figure 1.

(o Cy Cy Cy i1 Cox -1
1 7+l Kn-n+1 Kn+1 2Kn-2n+1
to |- to P to -3 oee to

r”ﬂ to

K nt+ K Kn-n+K Kn+ K 2Kn—-2n+K

7

7
K+l n+ K+1
/7

The permutation T maps the shaded blocks of Figure 1 onto them-
selves, and it maps the other blocks as indicated by the arrows. The
permutations ¢ and T commute on the cycles C; with 1 = 2K. Hence
these cycles contain no blocks and are not shown in the figure. Let
¢ denote the number of cycles on which ¢ and 7 commute. Thus ¢ =
m — (2K — 1). The number of points on which the identity I agrees
with 7 is

([
NN
N

Figure 1

Ex,)=cn+1+ QK —-2)(K+1).

Clearly I belongs to C(o). On the other hand suppose that \ is an
arbitrary element of C(s). If there exists a cycle C; such that = and
A do not agree on any points of C;, then

E(z,\)=cn+ 2K —2)(K +1).
If ¢ and )\ agree on the point n, then
Ez,\)=cen+1+ QCK—-2)(K+1).

If = and ) do not agree on =, and if T and A agree on at least one
point of every cycle C;, then there are at least K — 1 blocks of length
K + 1 on which 7 and X do not agree. Hence in this case

E(r,\) < en+ (K — 1)K + 1) + K?
=cen+1+QK—-2)(K+1).

Therefore

E (1) = )r\na(x)E’(f, N)=E@,I)=cn+1+ 2K —2)(K + 1)
€0(o
=(m — 2K + 1)n + 2K* — 1= N — 2K*.
Hence

Dy(c) = N — E(c) = 2K* = §(n — 1)
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We see from Figure 1 that the total number of blocks is
2K —2)+3=2n—3.
Since this is equal to D(o7, 7o), we have
D,(7)|D(o7, 70) = (n — 1)*/(4n — 6) .

This proves the lemma.

Lemma 1 establishes that D, = (» — 1)*/(dn — 6) if n is odd and
m=mn—2. Our other lemma, which establishes the opposite in-
equality, does not depend on the size of m.

LemMA 2. If n is odd and te Sy, 7¢ C(0), then

D,(7)|D(o7, 70) < (n — 1)’/(4n — 6) .

Proof. As before we set n = 2K + 1. Let ¢ denote the number
of cycles C; on which ¢ and 7 commute, and let @, denote the total
number of blocks of length s. Since the cycles C; all have the same

length =, it follows from the last paragraph of §2 that there are no
blocks of length n. Hence

D(or,70) = 3. Q. ,
s=1
since this sum is equal to the total number of blocks. Set

. . (n_1)2 n—1
GE) =N in — 6 ?:"‘1Q3°

The desired result holds if and only if
E,(7) =z G(7) .
By §1 it is sufficient to show that there exists a real m x m matrix
(y:;) satisfying (5), (8), (9) and
(10) %yubu = G(7) .
Case 1.
cen + gszQ,/n = G(7) .

In this case we set y,; = n;;/n, where n,; is the number of points of
C; which are mapped into C; by z. Now (5), (6) and (7) hold for this
choice of (¥;;). Hence (8) and (9) also hold.

Suppose C; is a cycle on which ¢ and ¢ commute. Suppose 7 maps
C; onto the cycle C,. Then
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_ 1 if =2,
Yi=lo ifjez.
Moreover b;,, = n by §2. Hence

> Yibii=m,
=1

and therefore

m

>3 Yisbis = em
1 =1

J

where 2, runs over those ¢ values of 7 such that ¢ and 7= commute
on C,.

Next suppose that C; is a cycle on which ¢ and 7 do not com-
mute. Let C, be a cycle such that one or more blocks of C; are
mapped into C, by 7. Let us denote these blocks by B, B,, -+, B,.
We may suppose that these blocks are numbered in such a way that
B, is the longest of them. Then b, = | B,| by §2. Moreover

n@z:IBll+lB2l+ e +IBuI,
and
Yibie = mic | Biln = 3 [ Bulfn .

Hence

m

5 Suiby = S eQun,

z 3=1

where the summation %, is taken over those values of 7 such that ¢
and 7 do not commute on C;,. Combining these results we obtain

iz; Yiibi; = en + gszQs/n = G(7),
which disposes of Case 1.
Case 2.
cn -+ g s$Q,/n < G(7) .

Since the total number of points of X that do not belong to any block
is ¢n, we have
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Therefore

(11) Gy =en+ Ss@ — P =VSq,
8=1 4% — 6 s=1

and we have

(12) gan—ma>2%{%X§Q“

The inequality (12) ecannot hold for » = 3. Hence n =5, K = 2.

Let q(?) denote the number of blocks in the cycle C;. We denote
the blocks of C; by By, B, *-+, B,u.;, where we suppose the blocks
are ordered in such a way that

|B1¢|ngmlg oo g IBq(i),il .

We note that if ¢ and 7 do not commute on the cycle C;, then
q(1) = 2,

S Bul=n=2K+1,
w=1

and |B,;| < K for £ = 2. If 0 and 7 commute on the cycle C;, then
q(z) = 0.

We call C; a special cycle if ¢ and 7 do not commute on C; and
|By;]| £ K. Let d denote the number of special cycles. Since every
cycle that is composed of blocks and is not a special cycle contains
exactly one block of length at least K + 1, we have

c+d+ j§1Q3=m=N/n=c+§8Qa/n,
or
(13) nd — g‘{SQS + :g,:l (n—1s)Q,=0.

We call the block B,; a special block if C; is a special cycle and either

(@) q(i) =3, or

) q@) =4 and w < 2.

The image Bt of a block B is a block of z='. We call Br a block
image. Let v(7) denote the number of block images in the cycle C;,
and let B}, B, ---, B),.; denote these block images. We can suppose
that

IB{ilz- |Bz,m‘| = e 2 le,(i),il .

We call the block image B.; a special image if it is a special block
of 77*. More precisely B,; is a special image if |B/;| =< K and either
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(@) v(z) =3, or
() v@F) =4 and w = 2.
If 0 and 7 commute on the cycle C; set

. {1 if = maps C; onto C;,
Yii = 0 otherwise .

If C; consists of blocks and is not a special cycle, then we set

. {1 if 7 maps B,; into C;,
Y5 = 10 otherwise .

If C; is a special cycle we set
¥i; = 3"(K— |B)I(K —1),

where the summation 3” runs over all special blocks B of C; that =
maps onto special images contained in C;. Notice that replacing 7 by
7' has the effect of replacing the matrix (y;;) by its transpose.
Clearly y;; = 0 for all 7, 7. Moreover if the cycle C; is not special,
then

jz:.{?/ij =1.
Now suppose that C; is a special cycle. Then
Suu = S(E—|B)(K-1),

where 2’ runs over all special blocks B of C,. Since C; is special
we must have ¢(7) = 8. If ¢(¢) = 3, then every block of C; is special,
Y |B|=2K + 1, and

(K —|B)(EK—-1)=@BK—-23|B)(K—-1)=1.

If q(i) = 4, then
| Bii| + | Byi| + |'Byi| + | Bu| =2K + 1,
80 that
Y'|Bl=|Bil+|Bi|zK+1,

and

(K —|BD(K—1)=@2K—2Y|B)/(K—-1)=1.
Finally if q(¢) = 5, then C; contains no special blocks, so that

2'(K—|B)I(K—1)=0.
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Thus we have
SysslLl<ism.
i=

By interchanging 7 and 7' we obtain

Ms
<
IA
=
(=Y
IA
o
IA
3

=1

Thus conditions (5), (8), and (9) are satisfied. We must show that
(10) is satisfied also.

Let T, denote the total number of special blocks of length s.
Similarly let U, denote the total number of special images of length
s. Since there are exactly Q, — U, block images of length s that are
not special images, it follows that there are at least

Ts_(Qs_Us)sz+ Us_Qs

special blocks of length s that are mapped onto special images by 7.
If ¢ and 7 commute on the cycle C;, then

M

lyi:ibij =n.

i

J

If C; consists of blocks and is not a special cycle, then |B,| =
K+1, and

i Yiibi = | By .

If C; is a special cycle, then

M

1

Yisbis = z S"(K — | B|)b;/(K — 1)
= 3| B|(K — | B)I(K — 1),

[
1l

where 3" runs over those special blocks B of C; that are mapped
onto special images contained in C; by 7, and 2* runs over all special
blocks B of C; that are mapped onto special images by z. It follows.
that

SiYibii =z en + 3 sQ,
(14) . s=E+1
+ ES(TS + U, — Q)K —s)/(K—1).

To complete the proof of the lemma it is sufficient to show that (10)
holds. Suppose that (10) does not hold. Then

G(z) > > Yiibii .
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Using (11) and (14) this gives us

cn+§8Qs (n _1();2@

> en + :gﬂst + ST+ U, = QUE — 9K — 1),

or
5@, — (T, + U, — QK — 9(K — 1)
1) -1y
" =6 dn—6 szi

209

We multiply (15) by » —3 and add (12). Since n — 3 =2(K — 1)

this gives as

HMN

,s{2n — 5 — 3)Q, — 2(T, + U, — Q)(K — s)}
(16) + 5 st - 90,
> - 175 Q= 2K 5.0,

Now we multiply (18) by K — 1 and add (16). This yields

am (K—1md — Vi— V,+ W+ W, >0,
where

Vi=25sT(K - ),

V,=235sUK—9),

W, =S {s@n — s — K — 2) -+ 25(K — 5) — 2KQ,

o
Il
-

Il

 {sBK — 8) + 2s(K— s) — 2K71Q,

Il

MP« M

— 8)(8s — 2K)Q, ,

@
Il
-

and

W,= S {(K—1)n—s)+ stn— s) — 2K3Q,

s=K+1

=% - 1)K —s+1Q,.

s=K+1

The effect on (17) of replacing 7 by 7z* is to interchange V; and V,.
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Now D(ot, 70) = D(o77*, v7%¢) and D,(t) = D,(z7"). Thus it is suf-
ficient to prove the desired result with = replaced by z-'. It follows
that we can assume, without loss of generality, that V, < V,. Then
we obtain

(K"‘l)nd_}' W1+ W2> V1+ V?,Zle
~ 43 sT(K—3),

or

(K — Dnd > S {(K — )2K — 35)Q, + 4s(K — )T}
(18) "
+ 3 (s—1)(s— K—-1)Q,.
s=g+1
Let Q! denote the number of blocks of length s in the cycle C;,
and let 7" denote the number of special blocks of length s in C,.
Then (18) can be written in the form

(19) (K — 1ynd > ,g Z.,

where

K

Z; = S {(K — s)2K — 35)Q" + 4s(K — 8)T,"}

+ S -1 — K—1)Q .
s=K-+1

If 0 and 7 commute on the cycle C; we have Q% = T® =0 for
all s, so that Z; = 0.

If the cycle C; contains exactly two blocks, B;; and B,;, then we
set s =|B,|, and we have 8 < K,|B;|=2K+1—s =K+ 1,
T =0 for all s, and

Z; = (K — s)QK — 3s') + 2K — s')(K — §')
=4K—5)P=0.

Now suppose that C; is a cycle that is not special, but that con-
tains three or more blocks. Thus q(7) = 3, and | B,;| > K. Set f(z) =
(K — 2)(2K — 3x). The second derivative of the function f is positive,
so that f is a convex function. Now |B, |+ |By;|=<n—|B;|=< K.
Therefore f(| B; /2 + | B:;|/2) > 0. Now for w =4, we have | B,;| < K/3
and f(| B,;|) > 0. Whence

7.2 5,7( Busl) = £( Bul)
+ £ Bul) Z 2f( Bull2 + | B lj2) > 0 .
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We have shown that Z, = 0 for every ¢ such that C; is not a
special cycle. Hence these terms can be dropped from the right side
of (19). Now there are exactly d special cycles. Therefore, by (19),
there is a special cycle C, such that

Z,<(K—1m=2K"—K—1.

Since C, is special we have Q% = 0 for s > K, and so
20) 2K*— K—1>12,= Zi‘, {(K  s)2K — 3s5)Q'” + 4s(K — s)T\V}.

Now set ¢ = ¢q(t); and s, = | B,.|,1 =< w < q. Then (20) can be written
in the form

(21) 2K’ — K —1> z (K — s,)H(w) ,

where

2K + s, if B, is a special block ,

H(w) =
(w) 2K — 3s, if B,, is not a special block .

Since C, is a special cycle we have ¢ = q(¢t) = 8.
(A) Suppose ¢ = 5. Then C, has no special blocks, and (21) be-
comes

2K — K —1> 3 f(s.),

where f(2) = (K — z)(2K — 3x) as before. Since f is a convex function
we have

3 F(s0) 2 0 (F5./0) = af (o) -
Now f(x) is a decreasing function of x for # < 5K/6, and
nlqg = n/5 = (2K + 1)/5 < 5K/6 .
Hence f(n/q) = f(n/5). Moreover
25f(n/5) = (5K — n)(10K — 3n) = (3K — 1)(4K — 3) ,
which is positive. Therefore
5(2K* — K — 1) > 5qf(n/q) = 25f(n/5) = BK — 1)4K — 3) ,
or
0>2K*— 8K+ 8 =2K — 2),

which is impossible. This disposes of the case ¢ =5. Hence ¢ =3
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or g = 4.

(B) Next suppose that ¢ = 3. Here all blocks of C, are special
blocks so that (21) gives us

2K — K —1> 3 (K — 5,)@K + s,)
(22) v

= 2K 3 (K —5) + 3 5u(K — 5.) .

Now
(K —s,)=83K— S s,=3K—-n=K—1.
w=1 w=1

Wehave K= s, =28, =28, =1,8 + 8+ 8 =2K + 1,and K = 2. Hence
s, < K. Therefore 1 =<s,< K — 1, and we have

S su(K —s,) = 8K —s)= K—1.
w=1

Substitution in (22) now gives us
2K* —K—1>2K(K—1)+K—-1,

a contradiction. Thus we have eliminated the case ¢ = 3. There re-
mains only q = 4.

(C) Suppose finally that ¢ = 4. Here B,, and B, are special
blocks, B,, and B,, are not. Thus (21) gives us

(23) 2K*~ K—1>L,+ L, + M, + M,,
where L, = (K — s,)2K + s,) and
M, = f(s,) = (K — 8,)2K — 8s,) .

If n=5, then K=2,8,=2,8,=8,=8,=1,L,=0,L, =5, M, =
M, = 1, which contradicts (23). Hence n = 7 and K = 3.
Now set J =8, +8,=2K+1— 8, —s, Then since

8 =8, =8 =8,,
we have J < K. Since f(x) is convex we have
M, + M, = f(s;) + f(s)) = 2f(J)2) = 2K — J)4K — 3J)/2.
combining this with (23) we get
2K*>L,+ L,+ My + M, = L, + L, + 4K* — 5KJ + 3J%/2,
or

0> 2L, + 2L, + 4K* — 10KJ + 3J*.
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Since K = 8, we have 2K + 1 < 7TK/3, and
J=TK[8 — s, —s,.

Since s, + s, > K, we have 7K/3 — s, — s, < 4K/3. Now 3z — 10Kz
is a decreasing function of = for # < 5K/3. Hence

3J* —10KJ = 3(TK[3 — s, — 8,)* — 10K(TK[8 — 5, — 8,)
= —TK* — 4K(s, + 8)) + 3(s; + s))* .

Combining inequalities we get finally

0> 2L, + 2L, + 4K* + 3J* — 10KJ
= 2(K — 8)(2K + s;) + 2(K — 8,)(2K + sy)
— 8K? — 4K (s, + 8;) + 3(s, + s8,)?
=5K*— 6K(s; + s,) + 8¢+ 68,8, + s}
=4(K — s;)(K—8) + (s, + 8, — K)*.

This is impossible since K = s, = s,. This contradiction completes the
proof of the lemma.

Lemma 2 shows that D, < (n — 1)*/(4n — 6) if n is odd, regard-
less of the size of m. Combining this with Lemma 1 we obtain our
main result:

THEOREM. If ¢ is the product of m cycles of length n, where n
18 odd, n =38, N = nm, and m = n — 2, then

(24) D, = (n — 1)}/(4n — 6) .
In the notation of [1], (24) becomes

(n — 1y
2n(2n — 3)
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