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RATIO LIMIT THEOREMS FOR MARKOV CHAINS

SIDNEY C. PORT

In an irreducible, recurrent, Markov chain, with integer
states, let N,(A) be the occupation time of A by time =,
where A is a finite set of states. Our principal concern in
this paper is to investigate various ‘‘ratio limit theorem’ for
P,(N.(A)=k). Criteria are given for various ratio limits to
exist. The limits (when they exist) are shown 1o be expressible
in terms of an integral over the set of states E completed
with its dual recurrent boundary B. Applications are given
to several specific Markov chains,

Throughout this paper {X,} will be an irreducible, recurrent Markov
chain with states in a denumerable set E and with nth step transition
probabilities P7,. For convenience we may take E to be the integers.
For discrete time Markov processes, ratio limits for the quantities
P,(N,(A) = k) were first investigated by Kac [4] for certain special
cases of partial sums of independent random variables with a common
distribution. Recently these quantities have been intensively studied
by Kesten and Spitzer [9] for the irreducible chains formed by the
successive partial sums of independent, identically distributed, integer-
lattice-valued random vectors in » dimensions. They show the remarka-
ble fact that in all such chains, for any two states x, ¥, any integer
k = 0, and any finite nonempty set A, the limits

o _PAN(4) = k)
r= PN} = 0)

exist and they explicitly find their values.

Now, in general, limits (1.1) exist in very few recurrent chains
and we shall have to be content with much weaker types of ratio
limits if we want results of any generality. The weakest form of
these ratio limits asserts that for any two states x,y, and any finite
nonempty set A,

(1.1)

S "PN,(A) = k)
(1.2) lim =0
=TS PN, () = 0)

exists for all £ = 0. Although limits (1.2) exist in every positive-
recurrent chain, there are null-recurrent chains in which these weak
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limits fail to hold even for sets A having just one point. In §3 of
this paper, we will show that a necessary and sufficient condition for
the limits in (1.2) to exist for all finite sets A, arbitrary states =z, ¥,
and arbitrary nonnegative integers k, is that for some state, say 0,
the limits

(1.3) lim S ¢*(Pp — Pr)

t—>17 n=0

exist for all states x. We will also show (in §3) that if the series
(L.4) 3, (Pi — Pi

converges for all states x, then we may conclude that the Doeblin-type
ratio limits,

S PANJA) =k
(1.5) lim-—=°

e S PNL(h = 0)

exist and have the same value as those in (1.2).

In §4 we establish an interesting representation for these limits
by using the boundary theory for recurrent chains. In §5 we investi-
gate several conditions under which the strong ratio limits (1.1) exist.
We conclude the paper, in §6, with the application of the results of
the previous sections to several specific examples.

2. Notation. In this section we shall introduce the notation to
be used throughout the remainder of the paper.
Letters A, B ete., will denote nonempty subsets of E.

V,=inf{k > 0: X,ec A}

@) {1 if scA,
xr) =
4 0if w¢ A,
S 0,(X,) (the occupation time of A by time n), n>0
N,(4) = |
0,n=0

Fiw,y) = P(Vy=mn,X,=19).
As defined above, Fi(z,y) = 0 if y¢ A and Fi(x, y) = 0.
Q.(w; A) = P(V, > n) = P(N,(4) =0),
1,9 = 3 Fi@,v)

pa _ I(z,y), wed,
“ 0, x¢A;
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P2, is the transition matrix of the Markov chain, “restricted to A.”

HA(x’y)’ xeA,
Ouy » xeAd;

H,(x, y) is the “harmonic measure” of A.

H(x, y) =

0.@,9) = 5 PUVi>n, X, = 9) ;

94(%,y) is the expected number of visits to ¥y among (X, X, ---)
before the first entrance into A among (X, X,, --+). As defined above,
94, y) =0, if ye A.

942, 9), veg A,
e O

G.(x, y) is the “Green’s function” of A.

Pn_{P,;(V(,)Z’n,Xn:y), n>0,
e, ifeEz; 0if a=2n0=0,

szT/:ZzP;by,

n=0

T, = Py .

(Recall that =, is the unique stationary measure of the chain with
w, = 1. See [1] Theorem 7 p. 50)

K (@, y) = g4, y)m;",
3;\:11’ r=20 ’
i, y) = 2 (e, IR, ), 7 > 0,
t
Czy::Pzry—P;L”’
C,, = lim 3 Cutv

t—=17 n=0

provided the limit on the right exists.
C:y = i C;Lv ’
n=0
provided the series converges.

The dual chain to P is the chain with transition matrix P,, =
(r,/7,)P,,. Quantities which refer to the dual chain will be denoted
by *. TFor example @A(x, y) is the Green’s function for A for the
dual chain. Finally, for any random variable Z,

EZ=E(Z|X,=x2).
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3. Weak ratio limits. We shall commence our investigation
with the weak ratio limits for P, (V, > n).

THEOREM 3.1. In order that the limits

o

S R, (x; A)
(3.1) lim —° = M(x; A)
s 3, 1"Qu(v; {u})

should exist for all states x, y and for all finite nonempty sets A, it is
both necessary and sufficient that for some state, say 0, and all states x,
that the limit

(3.2) lim S, Crtr = O

t—17 n=0

exist®  If we further know that the series
(3.3) S Cr = Ch,
n=0

converges for all states x, then we may conclude the stronger fact
that the Doeblin-type limits

> Q.3 A)
(3.4) lim =0 T Mk A)

= S Q)

exist for all states x,y and for all finite nonempty sets A. In this
latter case M (x; A) = Mj(x; A). The M/(x; A) satisfy the following
relations:

(3.5) M,(@; {2) = (,/m)[C.s + 8..]
and 1f B=AU{z},z¢ A,
(3.6) M,(; B) = M(x; A) — (%, 2)M,(2; 4) .

For ease we shall divide the proof into several lemmas.

LeMMA 3.1. If the limits in (3.2) exist for all states w®, then
for any state y and all states x

(3.7) lim S t°Cr, = O,
n=0

t—17

exists. Similarly, if series (3.3) converges for all states x, then for
any state y and all states x
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(3.8) S Cr, = Cty

n=0

In this latter case C}, = 5,1,.

Proof. 1t is readily seen that for » > 0 and any two states z, ¥,
(3.9) Gty = 3 ChaoPy™ — 33 ClooPi™ + Py — P, »
Since the chain is irreducible, the series

nzjo 0P07§/! nz=‘o OPaZH "Ezlo OPy"y ’
all converge (See [1], p. 45). Taking generating functions in (3.9) we
see that (3.7) follows from (3.2) by Abel’s theorem. Similarly, if
series (3.3) converges, then the convergence of series (3.8) follows
from (3.9) by Merten’s theorem ([3], p. 228). Finally, the equality
of C¥ and C,,, when the former exists, is a direct consequence of
Abel’s theorem.

Next we will show that the return times to fixed states are always
“weakly” asymptotic.

LEMMA 3.2.' In any irreducible, recurrent Markov chain we
have, for any two states z and vy,

7,3 Q{2
(3.10) lim—a 7 =1

e, ni:o Q.(y; {})

.

Proof. Assume y +* z. Familiar generating-function relation for
the tail of a power series show that for [¢| <1,

"UE ) S P
Q) S P

n=0

(3.11) =R, (7).

St

n=0

Sit

n=0
Now from a “last entrance decomposition,” we see that

IVZ - zli% 4_ ;;)1izzlizﬁky
and thus
"Zz,o t"Pr, = Z,O tr P+ > t"Pp nZ:“O tr ,Pr .

n=0
1 Added in proof. Under the assumptions of the lemma, we also have that
R R
2 2 n(@)Po(Nu(B) = k) ~ 3, n(y) Py(Nu({y}) = 0)
n=0 *€B n=0

for any integer k = 0 and any finite nonempty set B.
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Using the above relation and well-known generating-function relations
(see [1], p. 53 eqns. (1) and (2)), we see that R,,(t) may be written as

B,(t) = 3 t.Py |1 - 5 Fae, ot |

(3.12) R _
+ ;.1 Fiy(y, 2)t" ﬂZ_o P .

Now R, (t) is a power series in ¢ which converges at ¢t =1 to the
value 7w /mw,. To see this, observe that the second term on the right
in (3.12) is the product of two power series with positive coefficients
which converge at ¢t = 1 to the values 1 and ,P}, respectively. Thus
the product series converges at t =1 to ,P5. On the other hand, the
first term on the right in (3.12) is the product of a power series with
positive coefficients which converges at ¢t =1 to P, and a power
series which converges at £ =1 to 0. Thus Merten’s theorem [op. cit.]
implies that the product series converges at 1 to 0. We have thus
shown that R, (1) = ,P}%. But by [1] (Corollary 1, p. 49, and Theorem
7, p. 50) we have P} = n,/r,.

Denote the coefficient of ¢* in R,,(t) by r7,. Then from (3.11) we
eagily obtain

R R R—n .
(3.13) 3 Qe ) = 3 Qs ) 3 e -
Since i 1, converges, and since
7=0

lim Qs ) _ g
S QU )

we have, by a well-known Abelian theorem on Norliind summability
(see [3; p. 64]),

Y- RCRE)
(3.14) lim-== =

fie éﬁ Q.(y; {wh -

M

OTZZ = 7Ty/7fz .

3
It

This completes the proof.
As a corollary of the proof we have the following:

CoroLLAry 3.1. In any irreducible, recurrent Markov chain,
the series R,,(t) defined in (3.11) converges at t =1 to w,/x,.

We of course have that the weaker, Abelian version, is also
universally valid.
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COROLLARY 3.2. In any trreducible, recurrent Markov chain,

o

] Qu(z; {Z))t"

(3.15) lim 2= = /T, .

ST S, QU b

Proof. This follows directly from Corollary 3.1 (by Abel’s theorem).
We are now in a position to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We shall proceed by induction on the
number of points in A. Let us first assume that the series (3.3)
converges for all states # and show that this leads to the conclusion
that the limits in (3.4) exist for all states «,y and for all finite non-
empty sets A. Suppose A ={y}. If x =y, then obviously the limit
in (3.4) exists and has the value 1; so assume that « +* y. Since for
x # y we have

- - S P

S Qv =L -1 - S eFue | =a -y -2

n=0 n=1 Z tnP;,ny
n=0

we see that for x #= v,

(3.16) S Qe o) = 3 Cht* 3 0 Qu(w; o))
and thus

(8.17) Qu(e; ) = 3 Ct Qu sy 1)) -
Consequently,

S Q@) S Qw) S C,
n=0 — E_QE J=0 .

(3.18) = 0
nZ:o Q.(y; {v}) (> Q.(y; {¥})

By Lemma 3.1,

lim i Cch - C;ky )
R0 j=0
and thus, by the same Abelian theorem as used in the proof of the
previous lemma, we see that the limit as R— o in (3.18) exists and
has the value C},.
From Lemma 3.2, we then have
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R

DI XCRE)
llm 7;;0—' = (ny/ﬂz)[cjz + Bzz] ’
e n2=0 Q.(Y; {y})

which establishes the existence of the limits in (3.4) for all sets A
having exactly one point. Suppose we have established the existence
of these limits for all sets A having exactly » > 0 points. Let B =
A U {z}, where z¢ A but is otherwise arbitrary. It is readily seen that

(3.19) Qu@; B) = Qu@; 4) — 3, Fil@, Q5 4) ,
and thus
S8 Sewa ST Feo

(3.20)

=0 —_—

M=i3

QW W)

n=0

Qu(; ) S, Qu(w; )

=0

2

By the induction assumption, the first term on the right converges to
M (x; A). If we multiply and divide the second term on the right by

X0 Q.(7; A), and apply the Abelian theorem mentioned above, then
we may conclude that the second term on the right in (3.20) converges
to Mx(x, 2)M)(z; A). Thus the limit in (3.20) exists and has value
M} (x; A) — g(x, 2)M}(z; A). By induction, we then have that the
limit in (3.4) exists for all finite sets A, and moreover, that relation
(3.6) holds.

Now let us assume that the limits in (3.2) exist for all states w,
and show this leads to the conclusion that the limits (3.1) exist as
required.

From (3.16), Lemma 3.1, and Corollary 3.2 we have at once that
the limits in (3.1) exist for all sets A having a single point, and
moreover, that M,(x, {z}) = (z,/7,)[C.. + 0,.]. Suppose we have es-
tablished the existence of the limits in (3.1) for all sets A having
exactly 7 > 0 points. Again let B= AU {2},2¢ A. From (8.19) we
have

g__:o Q,(x; B)t" B ;o Q,(x; A)tr gl Fi(z, 2)t* ;’:‘0 Q.(z; At
S Q@ 3w e S Qs whrr

and thus, by the induction assumption and Abel’s theorem, we have
that the limit on the right, as t— 1, exists, and has the value
M,(x; A) — I x(w, 2)M,(2; A). Hence, by induction, we have that the
limits in (3.1) exist for all finite sets A. This establishes the suffici-
ency portion of Theorem 3.1.
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Now suppose we know that the limits in (3.1) exist for all finite
sets A and for all states w, y; then, in particular, they exist for A =
{0}. From (3.16) we see at once that this implies the existence of the
limits in (3.2) for all states x, and thus condition (3.2) is necessary.

Finally, a simple Abelian-type argument shows that M, (x; A) =
M) (x; A) whenever the latter exists. This completes the proof of
Theorem 3.1.

Before proceeding further let us make some comments on the
preceding results.

Whenever series (3.3) converges for all states x, then as noted in
the proof of the above theorem, Abel’s theorem gives us that the
limits in (3.2) exist for all states . On the other hand, if the limits
in (3.2) exist for all states x, then series (3.3) may fail to converge
but we do have that it is at least (C;1) summable.? To see this,
observe that if

(3.21) Sty = 5, Chy,
then, for x == v,

Sty = ; Fiy(@, yE,N,({y}) — E,N, .({y})] + Qu.(z; {yDE,N.({v}) ,
and thus S?, = 0. Consequently, whenever the limits

lim S ¢ " = C,,

t—=17 n=0

exist, we have by a well-known Tauberian theorem (see [3], p. 154),

lim n~! nE; S, =C,, .

If the chain is positive recurrent, then E,V, < < for all nonempty
sets A. But >, Q.(z; A) = E,V,, and thus the limits (3.4) exist in
all positive recurrent chains. Moreover, in this case, M, (x; A) =
(B, Vi) 'E,V,. Since series (3.3) need not converge in a periodic
positive recurrent chain, we see that this condition is not necessary
for the existence of the limits in (3.4) (at least in the positive recurrent
case). In this regard let us point out that the series (3.3) does converge
for all states x in every aperiodic positive recurrent chain (see [6])

Under the same conditions as Theorem 3.1, the following extension
also holds.

THEOREM 3.2. If the limits (3.2) ewist for all states x, then for
any monempty finite set A, any two states x,y, and any nonnegative

2 This fact will be needed in §4.
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integer k,

oo

(3.22) lim 2=
ST S PN = O

, P.N(4) = e

I

>y, 2)M (25 A) .

Moreover, if series (3.3) converges for all states x, then

S PN =k
(3.23) lim =0 = 3 Il(x, 2) M (z; A) .
e S PN =0

Proof. For brevity we shall only prove the assertion in (3.23).
The proof of (3.22) is very similar. We proceed by induction on k.
For & = 0 the assertion in (3.23) is just that of Theorem 3.1, and
thus (3.23) holds for k& = 0.

Suppose we have established the result for all k£ < k,. Now,

B.24) P(N,(A) =k +1) =3 5:_‘{ Fi@, 2) P(N,_5(4) = k) ,

and thus
(3.25) i‘o PN =k + 1) 20 P(N,(4) = k) Ri Fi(w, 2)
| SENMH=0 T S PO =0

Since we may write each term on the right in the above expression as

;}:}0 P,(N,(A) = k) ng Fi(z, 2) é‘o PN (A) = k)
3 PANL(A) = k) Crmw -0

and since S, Fi(z, 2) = 11 ,(z, 2),

lim RP (N R(A) = k)
= 3, PANL(4) = k)

=0,

we see (by the induction assumption and the same Abelian theorem as
used in the previous proofs) that the limit, as R — oo, in (3.25) exists
and has the value

E HA(x’ ?) ZA H’;"(z, u)M'y(u; A) = Z Hﬁoﬂ(x, u)My(u; A) .
ZEA u€ UEA

“Thus, the assertion of the theorem is true for k¥ =k, + 1, and thus,
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by induction, the theorem holds for all values of k. This completes
the proof.

Observe that in the special case in which A = {y} and k& > 0, the
limits in (3.23) have the value 1. For this special case we can show,
by the same methods as used to establish the result in general, that
this result holds in every recurrent chain.

The same arguments we used to establish the above results enable
us to show that limits of the more general expressions

S PNy = b 15 = 7)
S PN () = 0)

exist, and to compute their values. Since these results are quite compli-
cated to write down, however, we shall not pursue these generalizations.

4. Representation. By using the boundary theory for recurrent
chaing, as developed by Kemeny and Snell in [8], we may establish
interesting representations for the limits found in the last section.
For convenience, we shall summarize below that portion of this theory
which we shall need. For details we refer the reader to [8].

We shall be interested in the dual, i.e., exit boundary, of the
chain. If we choose a state ¥ as a “taboo” state, then a boundary
point & corresponds to a sequence {t,} of states such that |%,|— oo
and the limits

lim K, (, t,)

exist for all states . The set of boundary points, B, so obtained
does not depend on which state y is chosen as the taboo state, and
E* = E U B is a compact metric space which gives a discrete topology
to E. For each x and A, the functions K, (x, -), @A(~, x), and ﬁA(-, x)
can be extended to E* as continuous functions. For a fixed y, let
Qe = P,y if t#y, and let ,Q,, = 0. Then ,Q,, is the substochastic
transition matrix of a transient chain (the yth associated transient
chain). A function f is called superregular for ,Q if ,Qf(x) < f(x).
If ,Qf =f, then f is called regular for ,Q. A nonnegative regular
function is minimal if every nonnegative regular function g < f is a
multiple of f. A point &€ B is called minimal if K,(+, &) is a minimal
regular function for ,Q. (Again, the minimal points of B can be
shown to be independent of %.) If & is a nonnegative superregular
function for ,Q, then the transient chain with transition matrix,
R (@)h(x)™" is called the h-process for ,&. The following represen-
tation theorem follows by applying the results in §5 of [8] to the
meagure v(x) = f(x)w,w;* on the dual chain.
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THEOREM 4.1. Suppose (i) f(x) = 0, (ii)f(y) = 0, and (i) Pf(x) <
f(x) + 6,y. Then, there is a unﬁque probability measure I' s, vanishing
on the nonmainimal points of B, such that

F@) + 00 =] Ko, O (@8 .

Finally, if h(x) = f(®) + 0., then h is a superregular function for ,Q.
Let 64(x) be the probability that, starting from ¥, this % process last
visits the set A at the point », (64(x) depends on y and f). Then for
xe A, by results in [8], we have

(4.1) é (I — P4, f(t) = [04(2) — Oulm/7, .

Moreover, if {4,} is a fundamental sequence of sets, i.e., the A, are
monotone increasing and U,A, = E, then for any continuous function
g on E*,

(4.2) lim X 64@)g(@) = | _g(€)1,(@8) -

That is, the 64 converge weakly to [7;.
We are now in a position to establish the following result.

THEOREM 4.2. Suppose the limits in (3.2) exist for all states x.
Then, for any finite nonempty set A, and any two states x,y we
have, for x¢ A,

(4.3) My(w; 4) = (m/z)| Gu& 0)8@2) ,
while for xe A,

(4.4 My(a; 4) = (m)| (& =68

E*

where B is a unique probability measure on E* which vanishes on
the nonminimal boundary points.

We shall first establish the desired representation for all sets A
having exactly one point. This will be an immediate consequence of
(3.5) and the following lemma.

LEMMA 4.1. For each y and all states =,

(4.5) Cy = (@] Gon(s, 08
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where B is a unique probability measure on E* which vanishes on
the nonminimal boundary points.

Note. In [8] a corresponding representation was shown to hold
for C}. In the proof given below to establish (4.5), we shall use
techniques similar to those used in [8] to establish the result for C},.

Proof. In the remarks following the proof of Theorem 3.1, we
showed that

(4.6) limn— S, Sk, =&, .
k=0

n—so0

From Fatou’s lemma, we then have

S P..C,y = lim inf ky; S P.Sl = Coy + by

n—oo

Consequently, for each fixed y, we see that (7,,, satisfies conditions
(i)-(iii) of Theorem 4.1, and thus there is a unique probability measure
By, vanishing on the nonminimal boundary points, such that

éxu + 5,,, = TCHSE*KW)(“;: E)B{y)(dé) ]
But since for each e E*,
(4.7) K@, &) = [G(&, @) + d,]m:"
we have

Cy = @z, Gunlé, 2)6u(@9) -

To complete the proof we must now show that the measure B, is
independent of y. In order to do this we may proceed as follows.
Let A be any finite set containing x; then,

SV P H @) = Hy, @) + Pl — 0w A
If we iterate the above relation » times, we obtain the identity
SVPECH(E ©) = Ha(y, 0) + 5, Nal P4 — I,

where N, = (I + P+ «-+ + P»),.. Now, >, mP4=mr, and thus we
may rewrite the above identity as

@8 P o) = Hw o) + 3 [ (5N - N[ - P
¢ t€4 T

Y
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But
(nt/ﬁy)Nyny — Nynt = (ﬂt/ﬂy)Sg; .
Using this identity we obtain from (4.8) the identity

(N — I, H,(t, x)
; n+1

= Ay, @) + (m/m) 5, (= P4,

1
n+1

384

k=0

Consequently, from (4.6) we have that the limit, as 7 - o, on the

right-hand side of the above expression exists and has the value
Hy, %) + (@/m,) 5, (I = P40, .

For a fixed  and A, let

_ < NptH(¢, @)
Puy) = >4 prari R

From the above, we then have that lim,_.. ,(¥) = @(y) exists. But
N+ 1= PR,
and thus
Pu¥) = 3 Pypoitynfn + 1 + Hy, ) + 1)~ .

Iiy dominated convergence, we then have that ¢(y) satisfies the relation
Pp(x) = p(x), and as the P chain is recurrent, we must have that
@(x) is a constant (independent of y).® Denote this constant by X ,(x).
We have thus established the following identity:

[%u@) — B, D)m/7. = 3 (I = P9.Copme 4,
and, in particular, for y€ A we have
(4.9) [Na(@) = dyJm/me = 3, (I = P9.Coy 3,y A
However, from (4.1), for any finite set A containing z,
(4.10) 2= P4),.C,y = (w,/T)[04x) — 3.4 ,

where 6,(x) is the probability that, starting from y, @ is the last state
to be visited in the set A by the h process for ,Q determined by the
function C., + 0., = h(-). From (4.9) and (4.10) we see that if ye A,

3 See Theorem 3 on p. 226 of [6].
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then 64(x) = X (x). Consequently, (by (4.2)) for any fundamental
sequence of sets {4,}, we have that {X,} converges weakly to B,
and as the X, are independent of y, we must have that B, is too.
This completes the proof.

We may now complete the proof of Theorem 4.2. First, observe
that from (4.7), we see that (4.3) and (4.4) for the set A = {2z} are
equivalent to the single relation,

(1) My @) = ] Ko, 9808) .
Now suppose we have established the relation
(4.12) M(x; A) = ﬂyL*KA(w, £)B(dE) ,

for all sets A having exactly 7 > 0 points. Let B = A U {z}, where
2¢ A but is otherwise arbitrary. From the relation

P(Ve>n,X,=t)y=P(Vy,>n,X,=1)
= 3 Fi@, 9PV, > 1 — Ty X,y = 1),
=1

we obtain the identity

95, y) = gu(@, ¥) — Hx(x, 2)94(2, y) ,
and thus for each &e E*,

Ky, &) = K (@, &) — H 3(x, 2)K,(z, &) .
Consequently, by the induction assumption and equation (3.6),

M5 B) = | K, 989,

which establishes (4.12) for the set B. By.induction, we then have
that (4.12) holds for all finite nonempty sets.

If ¢ A we have that g,(z, t) = G.(x, t), and thus for x ¢ A, (4.12)
becomes (4.3). On the other hand, for any x,t we have

gA(x’ t) = AS_‘A P:chA(zy t) + 5“ ’
and thus
KA(x, t) = [Z éA(t, z)ﬁm + Bmt]ﬂ.;l .

But if 2 e A, the expression in braces is H «(t, ®). Consequently, from
(4.12) and the above we obtain (4.4). This completes the proof of
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Theorem 4.2.
From the proof of the above theorem we have the following:

COROLLARY 4.1. For any two states ¢, y and any finite nonempty
set A,

(4.13) My(w; 4) = 7| Ki(o, 9088,
provided the limits in (3.2) exist for all states x.

COROLLARY 4.2. Under the same conditions as Theorem 4.2 we
have M (x; A)m;* 1s independent of y. Moreover

(4.14) S M(x; A) =7, .
Z€EA

Let us see what the representation in Theorem 4.2 becomes in a
positive recurrent chain. If the chain is positive recurrent, then it is
readily seen that the representation in Corollary 4.1 is equivalent to
the identity

(B, Vi) "BV, = > Ka(w, )BAH + Sﬁ K, (=, §)B(dE) .
However, it is a well-known and easily verifiable fact that
(4.15) EV,= Zt g4(x, t) = m™ Zz:' K, (=, t)(mm,) ,

where m = (3, 7,)~'. By the uniqueness of 8 we must then have
B(B) = 0, and B({t}) = mr, .

From the above results on the positive recurrent case we see that
we may view the resuls of Theorem 4.2 as an extension of the identity
(4.15) to those null chains for which the limits in (3.2) exist for all
states x.

5. Strong ratio limits, Let us now turn our attention to the
problem of the strong ratio limits. It is quite easy to give examples
of aperiodic recurrent chains (both positive and null) in which series
(3.3) converges for all states # (and thus the weak ratio limits (3.4)
exist), but in which the strong ratio limits fail to exist. The following
is a sufficient condition for null recurrent chains which is frequently
satisfied.

THEOREM 5.1. If the limits (3.2) exist for all states x and if
for some state, say z, we have
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5. 3 Qe o) ~ (U — i L () t— 10,

where a >0 and L(u) is a slowly varying function, then for any
state vy,
(5.2) Q.(y; {Wh) ~ (7w [r ) () n*"L(n) ,

and for any finite nonempty set A, arbitrary states x, y, and arbitrary
nonnegative integer k,

P,(N.(4) =
5.3 li 1(x, 2)M,(2; A
(5.3) V() = 0) = 2 (@, 2)M,(z; 4)

Proof. We know (see (3.15)) that

Z t"Q.(y; {¥})

lim »=° =T

- ;ﬂ t"Q.(%0; {20})

/T

20 Yy

and thus, if (5.1) holds, we have

—E—?)n,,o/ﬂ:y, t—1-.

S 00 ) ~ (1 — L

n=0 1
Since Q,(y; {y}) is nonnegative, by Karamata’s Tauberian theorem ([3],
p. 154) we have

n*L(n)

(5.4) 3 Quw; ) ~ (@ m) Lot Tt

and since @,.(¥; {y}) is monotone, another Tauberian theorem ([2], p.
517) asserts that from (5.4) we may conclude that (5.2) holds. Now
if the limits in (3.2) exist for all «#, then by Theorem 3.2 and (5.1)
we have

f_;o £ PUNL(A) = k) ~ 71 — t)=* L<—1i—t>7r,0 S 4w, 2)M,(z; A)

and thus,

go t"P(N,(A) < k) ~ 7" (1 — t)™ L< : i t)n,o py ﬁzg (@, 2)M,(2; A) .

Since N,(A) is nondecreasing, P,(IN,(A) = k) is nonincreasing in » for
each fixed k. Consequently, by applications of the Tauberian theorems
mentioned above, we may conclude

P,(N,(A) = k) ~ o, ' [ (a)"'n*"L(n)x,, Z Z II\(z, 2) M, (2; A) .
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Thus we must have

P,(N,(4) = k) ~ m;'[(e)"n* " L(n)r,, > (@, 2)M,(2; A) .
Now (5.3) follows from (5.2) and the above expression.

REMARK. Again observe that in the special case when A = {y},
the limit value is 1 for all k£ > 0. If we trace through the above
proof for this special case, we will see that we never use the assumption
that the limits in (3.2) exist. Thus we have

COROLLARY 5.1. If (5.1) holds for some state z, then (5.2) holds,
for any state y, and moreover, for any integer k > 0,

5.5 1 =1.
6.8) o (Vb = 0)

Observe that whenever (5.5) holds, we have the curious result
that for 0 =5 = k.

(5.6) lim P(N,({g}) = 7| Na(foh) = k) = (& + 1)~

In the case when the dual boundary has only one point we may
establish the existence of the strong ratio limits for one point sets
with less assumptions. In fact we have the following.

THEOREM 5.2. Suppose that the dual boundary of the P chain
has only one point and Q,(y; {y}) > 0 for all n. Then for each fixed m,

1 Qn+m(wy {y}) — (ﬂu/ﬂx)#w, S Y,
5.7 lim Xpdmi® I/ —
&0 e Qu; () 1, c=y,

if and only tf

. Quii(¥; {y}) _ 4
5.8 lim Xty WII] — 1,
(6.8) 0w W

Proof. Clearly if (5.7) holds, then setting y =« and m =1, we
obtain (5.8). To establish the converse, we need only consider the case
m = 0. If 2 =1y, there is nothing to prove; so from now on assume
x # 9. Now we have

Q@ W) = 3 Fii (@, W) = 3 Gul@, 1,P5",

¢ If the chain is null recurrent, then Qu(y, {¢})>0 for all n. (See the proof of
Theorem 5.3), The author has constructed an example of a recurrent chain in which
the dual boundary has exactly 2 points and such that (5.8) holds, but in which the
limits in (5.7) fail to hold. However, in this example it is not known if condition
(3.2) holds, so that the weak limits may also not exist.
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and thus,
@@, {5) _ Quuwi W) s R
GO T @y G ORI
where
(5.10) R(t) = —aDi

Quei(y; (W)
Now for ¢t # y,

R(t) = PR, =t| Vi >0+ 1),
and thus
(5.11) mm20md;&m;1.

Since the P chain is irreducible, we have, for some m,, that 13;;0 =
a >0, and ag

Pn<ViySn+m+1)=P(Vy >n+1, X, =P,

we have,

P, ﬁm >N +.1, X,,H = 1) < (1/0()[ Qn(yv{y}) _ Qn+m0+1(?!; {y})] .
Qui(y; (YD) Q.+:(y; {yh) Qu1(y; {¥h)

From (5.8) and the above inequality, we then have, for each fixed ¢,

(5.12) lim R, (t) = 0 .

n—oco

The assumption that the dual boundary has only one point is equivalent
to the fact that the limit

(5.13) ﬁm@ﬂam=#w
t|—o0

exists. From (5.8) and (5.9), we see that to establish (5.7) it is only
necessary to show

lim % G (t, )R(E) = fLay -

However, this is an easy consequence of (5.11), (5.12), and (5.13).
Although the conditition that the dual boundary have only one
point is very restrictive, we shall see in § 6 that it applies to some of
the important chains of practical interest. In particular, it was shown
by Spitzer [13] to hold for all partial sums of independent, identically
distributed, integer-valued random variables except those with mean 0
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and finite variance.® The above theorem for this class of chains was
established by Kesten and Spitzer in [9], and the proof given above
was patterned after their proof.

Theorem 5.1 includes certain cases not covered by the present
theorem. For example, it was shown in [9] that, for the partial sum
of independent, integer-valued random variables with a common distri-
bution having zero mean and finite variance, the conditions of Theorem
(5.1) hold; but in this case it was shown that the dual boundary has
two points. On the other hand, the present theorem clearly includes
cases not covered by Theorem (5.1)—notably, some positive recurrent
chains are included in the present result.

If the chain is null recurrent and has only a single point in its
dual boundary, then, as was noted in [8], we must have that C}
exists for all states «,y. Moreover, in this case we must have that
C}, = (m,/7)tsy. On the other hand, if the chain is positive recurrent,
the weak and strong limits need no longer be the same.

Usually it is not easy to verify when condition (5.8) holds. In
the null-recurrent case, a simple sufficient condition is the following.

THEOREM 5.3. If, in a null-recurrent chain, PJ, is a monotone
Sfunction of m, then (5.8) holds.

Proof. We must have Q,(y; {y}) > 0 for all n. For if @, (y; {y})=0,
then Q,.,,(¥; {¥}) = 0 for all n = 0, and thus 37, Q.(y; {y}) < . But
this cannot be true in a null-recurrent chain. Thus we have

Q.(y; {y)
Q.—(y; {¥})

Now, it is well-known that

A
P

1= kZ:lo Py Qu(y; {v})
and thus
Qi 0D + 3 (P — P )Qu(w; @) = 0 -

Since P, is nonincreasing, we have

Q.(y; {¥) = Q._.(y; wHA — Pp) .

The fundamental limit theorem for Markov chains (see [1]) then gives
us

5 Of course, the partial sums must also be such that they constitute an irre-
ducible, recurrent chain.
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e Qu(y; {vd) . ay
1 f X W) > ] 1—P*)=1.
e W e B

Let us now extend the result of Corollary 5.1.

THEOREM 5.4. If for a state y, Q.(y; {y}) > 0 for all n and there
18 a positive o = 1/2 such that

Qrani(y; {9}
5.14 Droal\Y; Y1)
(6.14) Sp Q.(y; {y}) <

and (5.8) holds, then (5.5) holds for any k > 0 and any initial point x.

Proof. Consider first the case ® — y. Let V, denote the time of
the kth visit to y.° Then clearly,

PN,(wh) = B) = 3 PV, = 1)Qu(u; W) -

By (5.8) we have

m

N> PV, = 1)Qu—(y; {y})
moe e Q. WD

To complete the proof, we must therefore show that for all £ > 0,

:ilpy(vkzr):L

(.15  limlm 3 PV = 1Q; (D@ ) =0

—00 n—0d r=m-+1

If x =y, then clearly (5.5) holds for £ = 0. Suppose we have already
established that (5.5) holds for all k¥ < k, when x = y. Then,

PN < k) _ i PAVi > m)
5.16 1 = 1im PV > M) _ g
(5.16) o N =0 D

Now, decompose the sum in (5.15) as follows:

n [an] n—m n
> = 2+ >+
r=m+1 r=m+1 {an]+1 n—m+1

Since

' Quoren(y; () _
< Q@) Y py, 4,
EETQw V=0

we obtain from (5.14)

— [an]
limTim S, =0.

Mm—roo n—roo r=m-+1

6 That is, Vi = Vi, and for k > 1, Vi = inf {r > Vi_1: X,=y}.



1010 SIDNEY C. PORT

Next,

n_m . Py( Vko > [a'n]) Q[an](y! {y})
35,5 Al )] Q@ @) @, WD ]

and thus, by (5.14) and (5.16),

lim Tim _[z"; =0.
Finally, since
i < PV, >0 —m) Q. .y, {y}) PV >mn)
S I (A (7)) R X (TR (7)) Q. W '

from (5.8) and (5.16) we obtain

limlim 3, =0.

Mm—oo n—roe m—m+1

Thus, when « = y, (5.15) holds for k = k,, and consequently (5.5) holds
for all k¥ = 0. Now for an arbitrary x we have for k& > 0,

PAN,({yh = b) = 3 Fiy(@, ) PN, () =k — 1),

and thus

m

 Fin@, PN, () =k — 1) )

lim lim ==

mosco o .y, {v})

To complete the proof, we must therefore show that

(5.17) limTim 3 =0.

m-—oo p—oo r=m-+1

If 2=y, then, by what was just shown above, we must have that
(5.17) holds. If = +#+ y, we have

Fiimy, () = P Fiy@, ¥) ,

and since >, P = 7,/7,, we must have ,P,;’ > 0 for some m,. Thus,
if we set 8 =,P,;, we have

. ngto Fi(, (YD PNy () =k — 1) Quim(v, {0})

B = B, BQrens, WD .0, @)
and accordingly (5.17) holds in general. This completes the proof.

6. Examples. In this section we shall apply the results of the
last section to various specific Markov chains. We note again that
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for the important case of partial sums of independent, identically
distributed, integer-lattice-valued random vectors in 7 dimensions,
Kesten and Spitzer [9] have shown that the strong ratio limits (1.1)
exist for all nonempty finite sets A.

ExaMPLE 1. Random Walk on the Nonmnegative Integers. The
state space of this chain is the nonnegative integers, and its transition
matrix is given for @ = 0 by

Pas =+ 1 ]

Vs =,
(6.1) P, = v

Qe Yy=x — 1 ’

0, elsewhere,

where p, +¢q, +-7,=1. For £ =0 we have ¢,., p, > 0, while for
2 =0 we have ¢, = 0. Let

(6.2) 7. — DPoP1 " Do
gy 0,

b

and observe that
(6.3) Dalls = Quirllups

We gather together below some essential facts about random walks
which we shall need. For details we refer the reader to [5].

Associated with each random walk is a sequence of polynomials
Q.(t) on [—1,1], and a probability distribution ¥'(¢) with support on
[—1,1]. Each polynomial Q,(t) is of exact degree », and the poly-
nomials satisfy the reccurrence relation

tQ,(t) = P,Quri(t) + 7.Q,(8) + ¢,Q,i(t), s = 0,
Q)=1, Q.1 =0.

Moreover, we have

(6.4)

(6.5 Py = rQ.MQOE

and, in particular,
1
(6.6) by = Py = 7| QUOQMAT(E) .
The integrals in the above expressions include the mass m, at 1 and
m_, at —1. If the walk is symmetric (i.e., r, = 0 for all x), then

m_, = m,. If the walk is asymmetric, then m_, = 0. If the walk is
positive recurrent, then m, = (X,x,)~", while for a walk that is not
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positive recurrent we have m, = 0. From (6.3) and (6.4) we obtain

(1 - t)n-a:Qx(t) = _ﬂ::cpx(Qx-l-l(t) - Qw(t)) + Tcz—-lpm—l(Qz(t) - Qz——l(t)) ’
and thus

—(1 = ) 3 7Q.0) = T Quurlt) — Qult) -

Another summation yields

(6.7) Qi) =1 — (1 — 1) yﬁzlo (py7,)™" 5:; T.Q.(1) .
Setting ¢ = 1 in the above, we see that
(6.8) Q1 =1allz=0.

We are now in a position to establish the following important
property of random walks.

THEOREM 6.1. In every null-recurrent random walk and in
every positive-recurrent asymmetric random walk, the series

C:MZZ(P;y_P;Ly)

n=0

converges. Moreover,

y—1 n
mlﬂy nz;ﬁ (pnﬂ:n)_l kzzlo 7rk ’ X < y ’
f J— z—1 k
(6-9) GEm S emfiomnn), o>,
0, r=9.
Proof. From (6.5) we see that

(P%_Pfy)

i

(6.10) 1
= (- H7 — RO — QAT -

Suppose ¥ > . Then from (6.7) and (6.10) we have
N
n2=0 (P;u - P:y)
1 y—1 k
= | 1= QM X (i) X TR0 () -

By (6.6), we see that
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”ygl_le(t) ZZ;.: (pmy)™ TZI::) .Q.(L)AT(t) = 0 ,
and thus

(P unu — P, a?u)

M=

0

2
I

(6.11) 1 . .
=) Q0 S (i) 3 m.Hare) .

From the above, we obtain
Cty = ma, S, ()™ 35 7
+lim zym (~1)7Q(—1) S (0,707 B mQuU—1)
and thus C}, exists if and only if m_, = 0. In that case,
Ot =m, S (o) S

Now suppose y < x. A similar computation to that used above
then shows that

N
;0 (P:y - Prny)
1 r—1 k
= 7| = Q0 S (im) Lm0 -
From (6.6), we obtain

w] @0 S ) Srmirs = 7, S o),

and thus

M=

0

3
It

=S ) | e S () S mear
Consequently, taking the limit as N— oo, for m_, = 0 we obtain
C =m, g (ppi) ™ — mmy Z_fy (Da7,) " kZ_O s
=T, :g; (pnrcn)“l{l — m, kzn‘,o n’k} .

This establishes the theorem.
As a corollary we have the following result.
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COROLLARY 6.1. Under the same condition as for Theorem 6.1
we have, for z + x,

s WTCa) s 2<x,
(6.12) lim 779G (@, y) = F_: (pats)
v 0, 2>,

Proof. By Theorem 22 of [6], for z # x, ¥y we have
(6'13) G{z)(x9 y) = C;ky - ny + (77,,/77:2) C:z .
From (6.9), we see that when y > max (x, z),

Ty

- ml{iz;: B :Z:—:}(pnﬁ”)—l kEi:o T

xr—1 n
jml > (p,m,)! kZ Ty, 2<a,
n=z =0

z—1 n
[—ml 2 (P)T X m, 2>
n=gx =0

Thus if y > max (x, 2), we have

n=z

r—1
> (pmw)™t, x>z,
ﬂy_lG(z}(wy y) = {
0, r<z,
which establishes (6.12).

REMARK. Observe that in the null-recurrent case the matrix Cj,
is triangular with 0’s on and above the main diagonal. Also observe
that in the null-recurrent case the limit in (6.12) is C%/x,, while in
the positive-recurrent cage this limit is different from the above ex-
pression.

Theorem 6.1 shows that the stronger Doeblin form of weak ratio
limits always holds for null recurrent random walks. From Corollary

6.1 we see that Theorem 5.2 is applicable to all random walks except
symmetric positive-recurrent walks.

ExamMPLE 2. The Aperiodic Renewal Chain. This chain also has

the nonnegative integers as its state space. Its transition matrix is
given by

Dat1 s Yy=x -+ 1 s
<6°14) ny = Qx4 = 1 — DPzi1y Yy = O ’
0, elsewhere,

where 0 < p, <1, z > 0.
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Let

T, =Dy Dy, (m,=1),

—1
U”Zkz‘on’“ limo, =0, .

r—o0

It was shown in [6] that

(6.15) Cr =

where 1/0, =0 if 0., = oo.
If t > max (x, ¥), we obtain

Cr —Cr _ 1<am 0y>

and thus, by (6.13),

(6.16) lim 777Gy (2, 1) = L( O _ &) -+ C5
b 0-°° n.:v 7‘7;1/ Tfy
0 ’ y=zwo,
B ) y<x.
T

@

Again observe that this limit is C}/m, only in the null case. This
establishes the following:

THEOREM 6.2. In any aperiodic, recurrent renewal chain, C
exists for all states x,y. Moreover iof y + x,

&
wy

(6.17) lim Gy (@, 1) = | g v>u,
oo T, y<w.

The above theorem shows then that all the stronger forms of the
weak ratio limits exist in every renewal chain, and that Theorem 5.2
is applicable. It is quite simple, however, to exhibit renewal chains
for which some or none of the strong ratio limit results hold. To
see this, all we need do is recall the familiar faet ([1], Sec. 8) that
given any sequence {W,} of independent, identically distributed positive
integer-valued random variables, we may construct a renewal chain
such that the successive returns to 0 have waiting times W,. Since
all the conditions for the various strong ratio limits to hold involve
conditions on the tails of the distribution of W,, and since we may
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readily construct such distributions which do or do not satisfy these
conditions, we see that there are renewal chains for which these
strong ratio limits hold, and renewal chains for which they do not
hold.

REMARK. The dual of the renewal chain presents another example
of a Markov chain with a single boundary point for which series (3.3)
always converges.

As our next example, we consider the reflecting-barrier process.

ExAMPLE 3. Reflecting Barrier Process. Let U, be independent,
identically distributed, integer-valued random variables assuming positive
and negative values and such that E(e*”1) = 1 if and only if 6 = 2nm,
and let

T’IL = (T'n—l + U'n)+ = max (0! Tn—l + Un) .
It is a familiar fact (see, e.g., [11]) that
(6.18) P(T,=0|T,=2)=PM,,=0,8, = —2x),

where S, = U, + +-- + U,, and M, — max (0, S, ---, S,). From (6.18)
we see at once that

Py—P)=0,
and thus

S (Py — P

converges. - As the T, process is irreducible, by Lemma 3.1 C}, exists
for all states «, y. Thus the Doeblin-type ratio limits are always valid
for recurrent T, chains. By results in [12] (see eqn. 4.21) condition
(5.1) of Theorem 5.1 is satisfied if and only if

(6.19) limn— S P(S,<0)=a, O=a<l,
n—s00 k=1

and thus, when the above condition is satisfied, the strong results of
Theorem 5.1 are applicable. In particular, if P(S, =< 0) converges to
a value <1 (e.g., if U, has a symmetric distribution), we see that
(6.19) holds.

Since

G, y) = éP(S%:y—x,Si> 2,0 <14 <n)

we see that Gy(x, y) is the same as the Green’s functisn for the half
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line (—oo, 0] for the S, process. From results in [13] (see E3 P. 332)
it easily follows that the dual boundary of the T, process has exactly
one point whenever the S, are recurrent. But if the S, are recurrent,
then the T, must be null recurrent (see [11]), and sinece Py = P(M, = 0)
is clearly a monotone function of », we see from Theorems 5.2 and
5.3 that

. P(Viy >n)
6.20 lim £eVw > _ s 45
( ) we P(Vig > ) ’

whenever the S, are recurrent. In particular, (6.20) holds whenever
EU, =0.
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