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L* EXPANSIONS IN TERMS OF GENERALIZED
HEAT POLYNOMIALS AND OF THEIR
APPELL TRANSFORMS

DEBORAH TEPPER HAIMO

The object of this paper is to characterize functions which
have L? expansions in terms of polynomial solutions P,,.(x,?)
of the generalized heat equation

. AR DR
(*) [ax2+ - ax]m,t)— -, ).

and in terms of the Appell transforms W, .(z,t) of the P,,.(x,t).

H * denotes the C? class of functions u(x, t) which, for a < ¢t < b,
satisfy (*) and for which

u(w, t) = SQG(w, y; t — tHuly, t)du(y),

0

d‘u(x) = 2(1/2)—14[[' <y + %)]ﬂmzvdx ,

for all ¢,t',a<t’' <t<b, the integral converging absolutely,
where G(x,y;t) is the source solution of (*). The principal
results are the following:

THEOREM. Let u(x,0)e H*, —6 =t <0, and
u(z, O[Glw; —t)]F e L2

for each fixed t —6=<t<0, 02 < co. Then, for —c<t<0,

lim S“G(m; —4) iu(w, B — S aPofe, —t)| dp@) =0,

N—oo
and
S”G(oc; —t) |, B2 dp@) = S a2 b7 820,
0 n=0
where
l"<u + —;—)
b, = [2¢m! ]! 3 ,
['(u + —2— -+ n)

and

Up = bnS:u(yy t) Wn,v<y’ —t)d/‘l(y) .
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Tueorem, If u(x,t)e H*, 0< t < s, and if
u(ix, t)[Gx; £)]4/? e L2
for each fixed {,0< { <0, 0<% < oo, then, for 0 < t < 0,

lim ng(x; t)
N—e )

N
uliz, t) — S anPy (@, —t)| dple) =0,

n=0
and

CERITCRTEZORS ALy

0 n=0
where b, is given above and
o = bnruu'x, B Woo(ar, () .
0
TueoreMm, If u(x,t)e H*, 0 < ¢ < ¢, and if

u(x, H[G(iw; )]/ e L2
for each fixed {,0 <o =1?, 0<% < oo, then, for 0 <o ={¢,

lim S‘”G(m; )
N=—o g

0@, ) = 35 0 Wanle, 1) dp@) = 0,
and
|| Gt ) ute, 01 du@) = 5360720 Ly
where b, is given above, and
o = bnS:u(x, )P, —8)d ) .

The theory is an extension, in part, of recent results of P.C.
Rosenbloom and D.V. Widder.

1. Preliminary results. The generalized heat polynomial P, ,(x, t)
is a polynomial defined by
F(v + ~1—>
2 xw——zktk

F(v+%+n—k> ’

1.1) P, ., t) = ZZ"(Z)

Y a fixed positive number. Note that when v = 0, P, (&, t) = v,.(x, t),
the ordinary heat polynomials defined in [8; p. 222]. For ¢ >0, P, .(, t)
has the following integral representation.

(L.2) P,.(e,1) = | v"G(e, v; dp(),

dp(y) = 2‘1/2)—”[1"(» + é—)]_lxz"dx .
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As may readily be verified, for —co < @, t < oo, P, . (, t) satisfies the
generalized heat equation

o

(1.3) du(x, t) = ”

u(z, t) ,

where 4,f(x) = f"(®) + 2v/x) f'(x). We denote by H the class of all
C* functions which satisfy (1.3). The source solution of (1.3) is given
by G(zx;t), where

gy = (LY _Efj_?f> <ﬂ>
(1.4 Gle, 3 1) <2t> exp( w ) \%)
with 7 (z) = C.z"2~ I,_»(2), C, = 242~ I'(v + (1/2)), I(z) being the
Bessel function of imaginary argument of order 7, and where G(x; %) =
G(x,0;t). For a detailed study of the properties of G(z, y; t) see [1].
Corresponding to the generalized heat polynomial P, . (x,t) is its
Appell transform W, (x, t) defined by

(1'5) Wn,»(w’t) = G(%‘,t)Pn,,(%:—, '_"1‘>, t> 0’ n = 0’ 1; 2, ctcy

which is also a solution of (1.3). It follows readily from the definition
of P, (x,t) that
1.6y W, (z,t) =tG(x, t)P,, (¢, —t), t>0,n=0,1,2, .-,

The importance of P, (x,t) and W, (x,t) in our theory is that
they form a biorthogonal system on 0 < 2 < . We have, for ¢ >0,

. |, W, P, —0dg1(@) = = 0,
where
(1.8) b= (v + %) /[zwr(» + —;— + n)] .

A consequence of (1.7) is a fundamental generating function for the
biorthogonal set P,,.(x, —t), W,,.(x,t). We have, for 0 < 2,y < oo,
—s<t<s, 8> 0,

(1.9) G, 95 + t) = 5. b, W, (4, 8) P, (@, £) .
=0

2. Inversion. For ¢ > s, let us set

o (v[2)+(1/4)
@1) @ uis ) = S0(L)T T e W, @0P,. 0, ),
n=0 S
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where b, is defined by (1.8). Then, as a consequence of the defi-
nitions and of (1.9), we have

(%, Y; 8, 1)

2.2 (v/2)+(1/4)
( ) — <_§_> g~ (#HE—8))[ (Bt (t+e)) G(xl/Zs/(t + s)’ y1/(t + 3)/23; t — s) .

From the well known properties of G(x,y;t) — see [1; §4] — the following
results are immediate.

LEMMmaA 2.1.
23) (@ Z@yst)=0,0=0,y< =, s<t,
(2.4) (b) lim o7 (x,y;8,t) =0, 0= < o,s<t,

Y—roo
(2.5) (c) lirtg Z(x, y; 8, t) = 0 uniformly 0 =< 2,y < oo,
ly —x|=0>0, 0 any fized positive number.
(d) For x fized, 0 = ¢ < oo,
lim (® . _
(2.6) | (@, y; 8, )dpy) =1, 0=sa<z<b=s oo,
=0, 0=aesb<r< oo,
=0, O0=sx<a<b=so.

It is now easy to establish the following fundamental inversion
theorem.

THEOREM 2.2. If ¢ belongs to L0, ) and s continuous at «,
then

@.7) lim |57 @, v; 3, OpW)dW) = (@) -

3. The Huygens property. A function w(x,t) is said to have
the Huygens property for a < ¢ < b if and only if u(z,t)e H there
and for every ¢,t',a <t <t <b,

3.1 w@, &) = | Glo, y; t — Oyuty, )p) ,
the integral converging absolutely. We denote the class of all functions
with the Huygens property by H*. Functions of class H* have a

complex integral representation as given in the following result.

LemMA 3.1, If w(x,t)e H*, a <t <D, then for a <t <t <D,
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(3.2) umwzﬂ?m%mV—wmwxwmw.
0

The fact that P, ,(x,t)e H* for —co <t <o, and W, (®,t)e H*
for 0 < t < o enables us to conclude that certain integrals involving
functions of H* are constant. A general result was proved in [5],
but we state here the specific forms required in this theory.

THEOREM 3.2. If w(x, —t)e H* for 0 <t < oo, then
(3.3) [ ut, ) W,..a, (@)
s a constant.

THEOREM 3.3. If w(x,t)e H* for 0 <t < =, then
(3.4) S:u(m HW,.(@, ()
is a constant.

THEOREM 3.4. If w(x,t)e H* for 0 <t < oo, then
(3.5) [ ut@, 0P, (5, —t)dpta)
%8 @ constant.

4. L’ expansions. We establish criteria for a function wu(x,t)
so that the series > ,a,P,.(®, —t) converges in mean, with weight
functions G(x, —t), to u(zx, t).

THEOREM 4.1. Let u(x,t)e H* for —0 =t <0, and
u(z, )Gz, —t)["*e L*
for —0=t<0,0=2< . Then, for —c <t <0,

“.1) lim rG(x, —1) [u(x, B~ 3 a,P, (e, —t)| dpe() = 0

and

oo

(4.2) S G, —1) | u(e, ¢) | dpe(e) —
where b, is given by (1.8) and

(4.3) a, = b, "uly, O W,..(0, ) -
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Proof. For t fixed, let ¢(x, t) be a continuous function vanishing
outside a finite interval and such that, for ¢ > 0,

@y |"u@ —HIGE, O — g, du@) <0<t =0
Now set

(4.5) V@, t) = P, (¢, —O[G(x, D)]'*, 0<t=o.
Then, by (2.1), we have

(4.6) @, 438, 8) = B0 @, W 8)
where b, is defined by (1.8). Hence
[ o7, 55, 090, D) = |0, Odu) S0, 0.0, 9)
= bt @, O ¥, 9500, () <
If we set
@n 4w = b v b, Hapw)
and apply Theorem 2.2, we find that
48 AWM., 1) = lim "5 @, u; 5, 09w, Od(y) = o(a, 1)

If we multiply both sides of (4.8) by #(z, t)d(x) and integrate between
0 and <o, we obtain

5, 4.0 "wute, Do, Dpw) = |0, gt

or, by (4.7),

(4.9) Sy A = | o, 0@

Now, let

@10) o) = bt "uly, —0IGw, O, D) .
Consider

@1y 1= {"{ue, —06@ 01 - 3 b, o) du) .
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Since, by 1.7, we have

(4.12) [ st thirale, Didpr@) = £,

n

with b, given in (1.8), it follows that

= |, —0F6@, Hiue) - 5 oi(t)t—”

= |/ T, —0FGt, D) + 35140 — 6O — 5605
= |/ o, —0T6(@, tinGe) + 34— i) — 2 3, T Aed
= [ {ute, —t16@, 1 - 5 4y, ) dut)

= 2| {uw, —91G(@, HI* — (@, OFdp)

2 {ote, 1) — 2 Atyta, 0] duto) -
By (4.4), we have
1< 2 + 2| p@, (o) + 2| 35 AxOvia, Hdp)

— 4S:¢(x, t)dp(x) éoAk(t)"//\k(x’ t)

< 2¢ + ngs
0

— 43 4,0 9@, (e, Hdp()

< % + 2{§: #(a, t)dp(a) — f} .

It follows, therefore, by (4.9), that if » is sufficiently large, I < 4e.
Hence

@13 lim | @, —016@, 01 — S et o] duw =0,

or, by (4.5), we have (4.1) with ¢,(t) = @,. Theorem 3.4 establishes
the fact that a, is independent of ¢.

Parseval’s equation (4.2) follows since
>

n=0

|, 6@, 0w, —t)Fdpea) = |

sy, )| dpu)

0

oo tzn
a 2
Slar,
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with the last equality a result of (4.12).
An example illustrating the theorem is given by w(z, t) = e***_# (ax).
This function satisfies the hypotheses for —c < ¢ < 0 and we find that

(14 (6@, 07 *@neapa) =~ @), 0<t< e,
whereas
(4.15) Sla, = So @tz
=0 n n=0

:f(2a2t)’ 0<t<3c,
since
(4.16) = bnS:e‘“ﬂ‘f (@) W.,.(y, )d(y) 0<t< o0

= (2a)*d, .

Although, in this example, u(x,t)e H* for —o <t < o, the ex-
pansion (4.1) does not hold in the extended strip. Note that, in this
case, the requirement that wu(z,t)[G(x, —¢)]'* be in L* fails for
0 <t< . A modification of Theorem 4.1 when wu(x,t)ec H* for
0 <t = o is given by the following result.

THEOREM 4.2. If u(z,t)e H* for 0 <t = o, and if
u(tx, t)[G(z, t)]'*e L
for each fixed t,0 <t =< o0, 0= < oo, then for 0 <t = o,

1) lim S:G(w, t) lu(iw, t) — i a,P, (2, —t)| dp@) = 0,

and

(4.18) |, 6@, 1) lutiz, 1 @) = 4= lan

where b, 1s given by (1.8) and

(4.19) a, = bnS:u(ix, W, (, @) , 0<t<o.

Proof. As in the preceding proof, we have

tim || utie, D16, 11 — 3 e.Oita, 1] du@) = 0,

with
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u(®) = bt~ uliy, DIGW, DIy, ) -

Hence (4.17) holds with e¢,(t) = a,, which, by Theorem 3.5, is inde-
pendent of ¢. Further,

which is the Parseval equation (4.18).

The example of the preceding theorem satisfies these hypotheses
for 0 < ¢ < o, and we have, for 0 < t < oo,

§°° G(, t)e™"_7*(lax)dpu(®) = 7 (20%) ,

whereas
a, = b,,S:e“?‘f(iax) W, (@, Hdu)
so that
S0, = (e

Criteria for expansions in terms of W, ,(x, t) are given in the following
result.

THEOREM 4.3. If w(x,t)e H* for 0 < 0 = t, and if
w(z, H)[G(x, t)]'*e L?
for each fizxed t,0 =0 <%, 0=12 < o, then for 0 <o £ ¢,
(4200 lim S“G(m, ) lu(x, ) — S a, W, )| de@) =0,
—o JO n=0

and

@2y [ 7GGe, 1) lule o Fdpe) = 35 @) a,

where b, 1s given by (1.8) and

(4.22) a, = b,,S“uw, 8P, (¢, —t)dp(x) C=t< oo,
]

Proof. Again, as in Theorem 4.1, since u(zx, t)[G(ix, t)]'*e L?, we
have
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@23 lim || ute, 916G, 91 — 5 O, )| dpx@) = 0,
with
(4.24) 6.(t) = bnt‘Z”S:u(x, DG, 1)@, HApu(z) .
Now, (4.23) can be written in the form
JI}ES:G(m, ) |u(90, £ — gocn(t)(%)”*““’t“W,,,,(ac, B du@ =0,
with (4.24) becoming
6u(t) = bnt“z’”(zt)—”““/”S:u(w, 8P, (@, —t)dpa) .

Hence, if we set a, = ¢, (6)t™(2t)**"», @, is independent of ¢, by
Theorem 3.6, and (4.20) is established. Moreover, Parseval’s formula is

[ utiz, t) luta, 0 dpua) = 351 xe) -

= S e 10l
n=0 b

n

Note that the function u(x, t) = G(z, k; t) satisfies the conditions of
the theorem for 0 < ¢t < . In this case, we have

a, = b,k™ ,
and hence
S @ty 1l <L>Ml ( g ) '
7;) 2t) b, 2t o 2t
whereas

S:’G(m; £) | Ga, s 8) | dpe(s) = (%)1%( ;‘t ) )
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