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AN INTEGRAL INEQUALITY WITH APPLICATIONS
TO THE DIRICHLET PROBLEM

JAMES CALVERT

An existence theorem for the elliptic equation Ju — qu = f
can be based on minimization of the Dirichlet integral
Du,u)=\|Fu|>+ q|u|?de. The usual assumption that
q(x) = 0 is relaxed in this paper.

Actually the paper deals directly with the general second
order formally self-adjoint elliptic differential equation
s DlaaDiu) + qu = f where g(x) is positive and ‘‘not too
large’ in a sense which will be made precise later. The
technique consists in showing that the quadratic form whose
Euler-Lagrange equation is the P.D.E. above is positive for
a sufficiently large class of functions.

Earlier inequalities of Beesack [1] and Benson [2] show that there
are positive functions g(x) for which S{ Fu > — q|u|*de = 0 for functions
% which vanish on the boundary of the domain. D. C. Benson suggested
to the author that this inequality might lead to existence theorems
for du + qu = f.

Let © = (2, 2, --- x,) € R*. Let D be an open domain in R* which
may be unbounded unless the contrary is assumed. Let C=(D) denote
the set of all infinitely differentiable complex-valued functions and
Cy(D) denote the subset of C=(D) of functions with compact support
contained in D. Let ||ul}= S SviDw P+ |ulde and let C=*(D) be

D =1
the subset of C=(D) of functions with |[u ||, < o. Let Hy(D) be the
Sobolev space which is the completion of C=*(D) under ||«|,. For a
function ¢ of the special type encountered in §1, let HA(D) be the
Sobolev space which is the completion of C=*(D) under the norm

lulp={ S1Dal +qlupds.

Let H, and H¢ be the completions of C=(D) with respect to [l |, and
lw]l,. The reader who is not familiar with the Sobolev spaces can
find a discussion of their calculus in Nirenberg [5].

1. An integral inequality.

THEOREM 1.1. Let D be smooth enough to apply Gauss’ Theorem.
Let a;,(x) be hermitian positive definite, a;, € CY(D), and let fi, fo, ++* fa
be continuously differentiable complex valued functions of x, for all
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xeD. Then

S "Z aDauDit + (a/z‘kfi.f_k + D,(Rea,.f,) | u|*de

D i,k=1

n
g_g_ S Re (anfi) | veds, where v,
D i,k=1

1s the k" component of the mormal, we C' (D), and the integral on

the right is assumed to exist. In the case of unbounded D, we will
understand lim S“ S Re (a. fi) | wPvds = 0 for X; a sphere of radius
R—o J“R

R. Equality holds if and only if Du = uf;, for every i.
Proof. From ¥ a;(Du — uf)(Da — %f,) = 0, obtain
S auDauDiit + [awfife + — Dilawfs + @) |[u
(1) = S au(fuDyi + FaiDu) + %Dk(aik fit @u Tl
= S au fauDd + % D@ f) 10l + Top FDu + % D@af)lut .

Where the last line was obtained by interchanging the order of sum-
mation and using the symmetry of a;,.

Now obtain a new inequality from (1) by taking conjugates of
both sides and interchanging the order of summation in the first two
terms. Add this new inequality to (1) and obtain

>iagDuD,i + [aikfifk + Dy(Re a;, /)] | w|?
= 3> D.(|w|*Rea;.f) .

Now integrate both sides and use Gauss’ Theorem to obtain the desired
result.

DEFINITION 1.1. We will reserve the notation ¢(x) for a positive
function of the form ¢(z) = — > a.. fife + Di(Re ai fo).

COROLLARY. If D s any open set in R* and a;.(x) are uni formly
bounded in D, then S Z a; DauD @ — q|ul’de = 0, for every uc H1

and equality holds if cmd only if Du = uf;, for every i, a.e.

Proof. Let us first establish the inequality for any we C(D).
Let K denote the support of u and 2 denote a sphere containing K.

Let @ e Co(Q) such that @ — {g on K and let 4, i, 4 be continu-

ously differentiable extensions of #, f;, ¢ to 2. Then
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D Q2
z |, S Re @uf) | [wids = 0.
D

Now let |a;.(x)| < M for every ¢, k,xeD. For any ueﬁf, choose a
sequence u,, € C; such that ||w — u,|/,— 0.
Then

|, S 1Dw,fds " | 53| Daufda
D D 1
and
|, alunlide = | qlulde
D D
and we have established that
S SiegDw, D, — q Uy, fde =0, for every m.
D
‘We need only show that
S Dt Dyl _’i”_,g .. DD, iids
D D
which follows from
S | @ | | DiwnDyit,, — DouDyit | da
D
< M| (1 Dat |+ Dyl — @) + | Dyt || Dyl — )
1/2
= M(| 1Dar ) (| | Dot — w) )
D D
y

+ M(SD | Dyu Izdx>1/2<gp | Dy, — ) |2dm> AN

1/2

After proving three existence theorems, we will give some examples
for choices for q(z).

2. Existence theorems.

THEOREM 2.1. Let q(x) be a function of the special form of
definition 1.1 and let p(x) be a continuously differentiable function
such that 0 < p(x) < (1 — €)q(x), where ¢ > 0 and fized. Let

|, a1 Fdw < o,
D
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ge H! and let
Au = 3\ Dia D) + pu be a
i,k

uniformly elliptic operator. That s, a;, ts hermitian and there
exist positive constants M and N such that |a; ()] < M and

XZI&P = ijaik{:i;‘fk ,

fO/" any (Sly 52’ et En)-
Then the Dirichlet problem
Au = fin D
w=g on D

|, S 1Dl + glulds < o

has a weak solution and any two weak solutions differ only on a set
of measure zero.

Proof. We must show that there is a function u e HY such that
w — gef{f and (u, A*p) = (f, p) for every pc C;. Here A* denotes
the formal adjoint of A (actually A = A* on the domain of A).
Equivalently, we can set #, = w — g and consider the problem of

finding u, € I;I;’ such that (u,, A*p) = (f, @) — (g, A*p).
Let

B(u, v) = S SvagDuD, v — puv da

D i,k

= S a;. DD, 7 — pu® dx

- S S uDy(@uDi7) + puv do
= —(u, A*v), for every ve Cy(D).
We will show that there exist C,, C, > 0 such that
| Bu, v)| = Ciflullg vl
and
B(u, u) = C,||w|]?, for every u,ve f}f’ .

For, having shown this, we can apply the Lax-Milgram Theorem which

guarantees that any bounded linear functional F(p) on the Hllbert

space H can be represented as F(p) = B(us, ) for some u, e H.
Take F(p) = —(f, ¢) — B(g, ), then
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F@) = (| a1 rra0) ([ aleran)” + Cligll gl

= const |||, .

So B(u,, ) = —(f, ) — B(g, #) which was to be shown.
To see that B(u, u) is positive, consider

Blu, w) = SD S auDaDi — p | udo

= S SoagDuDa — q|wlide + egpq | % Pde .

X
By the corollary to Theorem 1.1, both integrals are positive and,
therefore,
B(u, 1) = sSDq |4 *dx  and
Blu, u) = SD S au DDy — q | u|'ds .
Then

(1+2)Bw vy = | SawDuba + glulde
€ D

= | VS Dal + glutde = Cllull
D (3
with C =min(1,)\) .
The positivity of B(w, u) implies

| B(u, v) |* < B(u, w)-B(v, v) so that we need only show that
B(u, u) = const [[u[[; to see that | B(u, v)| = Ci|lull || v]l,

Blu, u) < MS S| DauD@| + p|ufdo

D ik

< M| S (Duf+ | Daf) + plutds
D

ik

= Mu| S Dul+ plufde = Mnull = Muull.

To obtain the uniqueness result, let Au = 0, ueﬁ{’, then

0= —(u, Au) = B(u,u) = C, || w|} Sou=0 a.e.

THEOREM 2.2. Suppose that D is bounded and D is smooth enough
for integration by parts, that (a;;) 1s real symmetric positive definite,
that a;, € CH(D), and that |a;,(x)| < M, for every 4,5 =1, -+, n and
xeD. Let q@) = — > (@ fife + Dilai fi)) be such that gqe CHD)
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and the system

u=0onD

Let Au = Zi’k Di(a,,kau) + qu.

has only the trivial solution.

Au =0 im D

Then the Dirichlet problem .
u =g on D

has a unique solution.

Proof. We use a result of Browder [4] which says that under
the assumptions above uniqueness implies existence. Thus we need
only show that if » is such that Auw = 0 and u = 0 on D), then u = 0.
But that is immediate since

Blu, u) = SD S 4y DaD,@ — g |u 'de

= —(u, Au) = 0.

By Theorem 1.1, B(u, u) = 0 only if D;u = uf;. By the assumption,
u = 0.

It will be seen in §3 that many functions ¢(x) have the required
uniqueness property.

THEOREM 2.3. Let q(x) = —>,;| f: I + D:(Re f;) so that
|, SIDar—qlufds =0,
D 1

for every we HYD). Suppose that qe C'(D) and 0 < m < qxv) < M
for every xeD. Suppose that (a;) 1s hermitian and

A Z [ & ° ; a;(2)&:5,
for all xe D, all & and some fixzed » > 0. Suppose that a;, € C¥D),
b, e C{(D) and a;,, b; are bounded im D. Let
Euw = 2}; Dy(ayDyu) + 25 b:Diw + (p(x) — 287w
where 0 < p(x) = (M — 1 — g)q(x) for xeD,p and ¢ are any fived
positive numbers with p + ¢ <\, and

%g-l—magcz,wiiz.

‘LC €D
Then the Dirichlet problem
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Euw= fin D
w=gonD
ol < eo

has a weak solution and any two weak solutions differ only on a set
of measure zero. [Note: In the usual theorem of this sort, one
requires 27" = (1/A) max,ep [ > b + Ap] so that p(x) — o7 is necessarily
negative. For example, see Hellwig [5].]

Proof.
Let

B(u, v) = SD ;Zk, ., DuD, 7 — §k:, b, D — (p — 7 )ub da

- - SD S uDy(auD,) — S uDib5) + (0 — 5 )i do
= —(u, E*v), for veCy(D).
we will show
| B(w, v)| = Cillwll vl
| Bu, w)| = C, |||t
and the result follow from the Lax-Milgram Theorem by the argument
in the proof of Theorem 2.1.

Recall ¢ from the statement and use the inequality derived from

[(e/2)"ac — (p2/2)7'*BF = 0 to obtain for each k,
0D | < = b P+ L | Dyl .
z 4

Sum on £k,

|~

| SbhaDu | = Liup Dbl + £ 5 D

7
=5 Jul + £ S| Dap

S DD — (o — 57) | u e — S | S baDju ] do
k D

D3,

B, w)| = |
=MDl — 0= = oglul + 5 lup
— I Juf — £ 35 D pdy

20— | SIDwr - glufde + ¢ qlutde.

Since both integrals are positive,
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B, w)| 20— @) S Dl — glulde
| Bu, )| = eg g wlde .
D

Let 0 = 2(An — p/e) > 0, then

| Bu, u)| = ﬁg‘ ]z = Cyllulp

| B, )| = const.| S| Dau|| Dyl + S0l | Dyul + o] do

= const| 5 (| D) (] | Dewl)”
e 2 (1) (1 oee)"+ () (roe)]

< const{ S 1wl ol + S0l wlh+ llullvlh]

< const. [Jull l|v]] .
3. Examples. Let
q(®) = —ZA‘ aufifv + D@ f3)
for real f;, a;.

3.1. Let

12x;, 1=1,..4,8
Qi = Oy f3: = ) 1<s<Zn.
0 1=s+1 -,m

Then
q(fc = l L
4 i=1 o2
and the inequality is
1 &1 2
D — =3 =|ulde=0.
% 4 =92

Notice that this generalizes the well-known inequality
S | [fde < 4;;25 S| Duwlide,  weH,
D D k
where ¢ = min,g;, maxwiel,lxi |

In particular for s = 1, Theorem 2.1 solves the Dirichlet problem
for du + p(x)u = 0 where 0 < p(z,) £ ((1 — ¢)/4«?) and the plane ¢, = 0
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is not in D. This differential equation has an application in Generalized
Axially Symmetric Potential Theory where solutions of

i(mﬁ_u) i(ma_’w)_
ox v ox + oy v oy 0

are sought |(see |7]). If we let u = y~*"29y, we obtain

(n——Z)(n—/l)v:
49

and 0 < (—(n — 2)(n — 4)/4) < 1/4 when 2 < n < 4,

It sometimes happens that equations of mixed type, that is equa-
tions which are elliptic in one part of the plane and hyperbolic in the
complementary part can be transformed into equations which are elliptic
but which have singular coefficients. The Tricomi equation yu,, +
u,, = 0 is of this sort. If we let z = 2/3y** we obtain u,, + u,, +
(1/3z)u, = 0. Now let v = 2% and obtain

36 2

Voo + Vyy — 0

(*) /Um; + Vzz +

Since 5/36 < 1/4, Theorem 2.1 guarantees a solution to the Dirichlet
problem in any domain for which z ## 0. In [3], Bergman uses (x) to
study the Tricomi equation by means of his technique of integral
operators. His technique is, of course, limited to two dimensions, but
there are analogues of (x) in any dimension.

3.2,
_ 3—2—2 sa:i l1<i<s
22
Qix = Oipy fi = gf:bi
1<s<n
0 s<1=<n
Then
q(;v):(s_—zi.
42:&3
=1

In particular, for s = n = 3, ¢(x) = (1/4r*) where r = (3}, 2)"*, and

S [Vuiz—%uzdmg —%g “L ufdo .
D ve D >

Notice that the right hand side is positive whenever D is the exterior
of a region which is starshaped with respect to the origin.
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Theorem 1.1 solves the Dirichlet problem for Au + ((1/4 — €)/r*)u = 0.
This example shows the value of having ¢ > 0. If we take D to be
the exterior of the unit circle, the function w = r~*~v% solves Adu +
1/4 — ¢/r)u = 0 with boundary values v =1 and

1

lulie = (] 17ut + 2

1/2
u"’dx) < oo,

For ¢ = 0, the expected solution of du + (1/4r*)u = 0 is u = ', but
[|r~*]jt = o=, It is not even clear that the solution is unique.

3.3. Leta;, =0, f = (f1, ++, fu) = ar'r where r = (x,, @,, +++ ,).
Then

S S Dl + [ — a(n + )] | de > 0
Dk
for every ue IOL".

3.4. Leta;=2a%a;,=0fori+k, fi=—(1/2x;). Then q(x) = (n/4)
and Theorem 2.1 applies to 37, Di(x2D,u) + au = f where 0 < a < n/4.

3.5. It is possible to derive from Theorem 1.1 Rayleigh’s charac-
terization of the first eigenvalue of >, Di(a;.Dyu) + Mu = 0,4 = 0
on D, where ¢ > 0 and continuous on D and D is bounded. Let \,
be the first eigenvalue and u, its eigenfunction. Then u, =0 in D
and we may set f; = (D;u,/u;). Then

%azkfsz + Dy fe) = Z—Mk—%l MG .

1,k 1

Let we C2(D) and K be the support of . Then
S Zk, a;.DuDu — Mquide = 0
K 1,
since fyu?*c C' (k). Since all the functions are bounded this implies that

S S agDuDu — mguide = 0, for every ue Co(D) .
D ik

Since this is the only conclusion of Theorem 1.1 used in the corollary,
we have this same inequality valid for all w e H{(D). That is,

N SD Zk a;.DuD,udx
) :

IA

S quidzx
D



APPLICATIONS TO THE DIRICHLET PROBLEM 29

with equality if and only if Du = fiu = (D;w,/u)u if and only if
u = ku,.

One can employ the technique of this example to obtain inequalities
whenever a suitable solution of the string equation is known.
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