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ISOMORPHISM INVARIANTS FOR ABELIAN GROUPS
MODULO BOUNDED GROUPS

RoNALD J. ENSEY

Let .97 be the category of Abelian groups, let <% be
the class of bounded Abelian groups, and form the quotient
category .7 /<% . The principal goal of this paper is a com-
plete set of invariants for direct sums of countable reduced
p-groups, such groups considered as objects of the category
Y |<% . Specifically, it will be shown that two direct sums
of countable reduced p-groups G and H are isomorphic in
Y |<% if and only if there is an integer k = 0 such that
for all ordinal numbers « and all integers » = 0

r r+2k

5 fula+k+ ) =S fula+ 4)
and

r r+2k

S fula+k+ ) = :go fola + )

where f;(3) and fx(B) denote the Sth Ulm invariants of G and
H, respectively. Thus a complete set of . /<7 -isomorphism
invariants for such groups is an equivalence class of Ulm
invariants, the equivalence relation being given by these two
inequalities,

The concept of quasi-isomorphism as defined by B. Jonsson [11]
has come to play a significant role in the theory of torsion-free
Abelian groups. However, nothing of significance had been done for
quasi-isomorphism of torsion groups until R. Beaumont and R. Pierce
[1] gave necessary and sufficient conditions on the Ulm invariants for
two countable reduced p-groups to be quasi-isomorphic. This lack of
results for p-groups was pointed out by E. A. Walker [14], who in
fact submitted that the definition of quasi-isomorphism should be iso-
morphism in the category .o /<% The importance of quasi-isomorphism
for torsion-free groups motivates the study of Abelian groups as objects
of .o ).<2.

2. Preliminaries. The word group will always mean Abelian
group, the category of Abelian groups will be denoted by .57 and the
class of bounded Abelian groups by <% The term Abelian category
will be used in the sense of MacLane [13]. For G and H in an
Abelian category <, Hom. (G, H) will denote the group of maps from
G to H. Hom, (G, H) will be written simply as Hom (G, H). Any
unexplained notation or terminology will conform with that of Fuchs
[4] or MacLane [13].
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A nonempty class { of .o is a Serre class of .o if for each
exact sequence

0 G H K 0

of groups, H is in { if and only if G and K are in {. It is clear
that <7 is a Serre class of .oz and it is the quotient category .o/ /<%
as defined by Grothendieck [6] with which this paper is concerned.

The objects of .o/ <# are just the objects of .o/ and Hom,, ;- (G,H)
is the direct limit of the groups Hom(G’, H/H’), the limit being taken
over all pairs (G', H') with G = G, H' < H, and G/G', H € =&z To
define composition let fe Hom,, ,»(G, H) and g € Hom,,,(H, K). Then
f comes from an f:G’'— H/H’ and § comes from a g¢g: H” — K/K'
where G/G',H',H/H",K'e &#. Let G’ = f(H” + H')/H'). Then
G'|/G" € =z, and since

0 —o G'/G" SN G/G" N G/G' — 0

is exact, G/G” e <z Let K"/K' = g(H' N H”). Then K” e .2# since
H', K'e <&# Now let h be the composition

GH f, (HII + HI)/HI ~ HII/HI ﬂ HU g’ K/KII

where f’ is the restriction of f to G and ¢’ is induced by g. Since
G/G", K" ¢ <Z, h determines an element hecHom, . (G, K). It is
straightforward that % is uniquely determined by f and g, and that
7|7 is a category with the definition h = gof. That .o/ /=7 is
an Abelian category can be found in [5].

Let f: ¢’ — H/H' and g: G’ — H/H" where G/G’, H', G/G", H" € 7.
Let f and g be the elements of Hom, . (G, H) determined by f and
g, respectively. The following facts are taken from [14].

2.1. f=0 if and only if Im fe <z

2.2. fis an epimorphism if and only if Coker fec <7

2.3. f is a monomorphism if and only if Ker fe <7

2.4. f=g if and only if there are subgroups SS G and T< H
such that

(a) S€&@nG”,

(b) G/Sez
(c¢) H +H"<ST,
(d) Te .z

(e) the maps from S to H/T induced by f and § are the same.

From 2.2 and 2.8 it follows that G and H are isomorphic in
7|« if and only if there exist subgroups S and A of G, and T
and B of H such that S/A~T/B in & and G/S, A, H/T, Be <7.

Two groups G and H are quasi-isomorphic, and we write G = H,
if there exist isomorphic subgroups S & G and T & H such that G/S
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and H/T are bounded. It is clear that in general quasi-isomorphism
implies isomorphism in .o~ /<% and that the two concepts are equiva-
lent if we restrict ourselves to torsion-free groups.

3. Fundamentals of isomorphism in .%7/<7.

THEOREM 3.1. The following are equivalent.

(i) G=H in v |Z

(ii) There exists a bounded subgroup B= H such that G = H/B.

(iiil) There exists a positive integer k and homomorphisms
f:G— H and g: H— G such that gf = k and fg = k.

Proof. Suppose G =~ H in .o /<% Then there is a homomorphism
f:G'— H/H' such that G/G’, H', Ker f, Coker f are bounded. By
2.4, we can take G’ = mG and H’' = H[m] for some integer m > 0.
Let n >0 be a bound for Ker f and Coker f, and let B/H[m| =
f((mG)[n]). Let « be the composition

mnG — (mG)/[(mG)[n] — (H/H[m])/(B/H|m]) — H/B
where
mnG — (mG)/[(mG)in] and (H/H[m})/(B/H{m]) — H/B
are natural isomorphisms and
(mG)/(mG)[n] — (H/H[m])/(B/H[m})

is the monomorphism induced by f. Now « is a monomorphism with
cokernel bounded by n. Thus G = H/B and since B is bounded by
mmn, (i) implies (ii).

Suppose G = H/B where B = 0, » > 0. Then there exist iso-
morphic subgroups S & G and T/B < H/B such that G/S and

(H/B)/(T/B) = H|T

are bounded. Let m >0 with mGES S and mH & T, and let 6 be
the isomorphism S = T/B. Let f be the composition

G- mG=S-1s TYB< HB H/Hn] -~ nHS H

where H/B - H/H [n] is the projection induced by B < H|n] and
H/H|n] —% nH is the natural isomorphism. Let g be the composition

H-= HB-" mH + BB TIBL 56

where H -2 H/B is the natural projection. Let xc G with 0(mz) =
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y + B. Then

0
@ — mx —— y + B2y + H[n] - ny

-1
2wy + B2 mny + B— mny .

Let y € H with 6(x) = my + B. Then

0—1
y&y+B—ﬂf—+my+B———>xi>mx

—Lmzy + B2 miy + H[n]—ﬁemzny .

Thus ¢gf = m*n and fg = m*n. Hence (ii) implies (iii).

Suppose there exists a positive integer k& and homomorphisms
f:G— H and g: H— G such that f¢g =k and ¢gf = k. Since gf = k,
Ker f is bounded by %k and since fg =k, Coker f is bounded by k.
Hence G = H in .o/ /<% and (iii) implies (i).

COROLLARY 3.2. Let S and T be subgroups of G and H, re-
spectively, such that f(S) &S T and ¢g(T) S S whenever f: G— H and
9goH—G. Let G=H in 7| Then S=T wm ./|<F and
G/S = H/T in &7 /.5.

Proof. There exists an integer & > 0 and homomorphisms f: G— H
and g: H— G such that gf =k and fg = k. Clearly S=T in .o/ /<%
Let f: G/S— H/T and g: H/T— G/S be the homomorphisms induced be
f and g, respectively. Then gf =k and fg = k. Hence G/S =~ H|T
in . /<%,

Let G, be the torsion subgroup of G. If G ~ H in .o/ /<%, then
G,~ H, in .2v/<2 and G/G,= H/H,. Moreover, if G and H split,
G, =~ H, in .&/<, and G/G, =~ H/H,, then G~ H in &7 /<7 We
now reduce the study of isomorphism in .o~ /<z from torsion groups
to primary groups.

ProprosITION 3.3. Let G and H be torsion groups, and let G, and
H, be the p components of G and H, respectively. Then G ~ H in
7|z if and only if G, ~ H, in .o/ /<» for all primes p and G, ~ H,
for almost all primes p.

Proof. Suppose G ~ H in . /<5. Then there exists an integer
k£ > 0 and homomorphisms f:G— H and g: H— G such that gf = k
fg =Fk. Since f(G,) S H, and ¢g(H,) &G, G,=~ H, in & /< for
each prime p. Let p be a prime which does not divide k. Let f, =
f1G,. Suppose f,(x) =0 for some x€G,. Let o(x) = p™ and write
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1 =ak + bp™. Now x = akx = agf,(x) = 0. Thus f, is a monomor-
phism. Let ye H,, o(y) = p". Write 1 = o’k + b'p". Now f,g(d'y) =
o' fo9{y) = ’ky = y. Thus f, is an epimorphism. Hence G, = H, for
each prime p not dividing k.

The converse is clear.

Let G be a divisible p-group and A = 3{a,> a bounded subgroup
of G. Embed each <a,> in a summand G, = Z(p~) of G. Then
G./Ka,> =~ G,. Thus G/A =~ G. Given two divisible groups D and E,
it now follows from 3.1 that D ~ E in .o /<7 implies that D =~ K.
An application of 3.2 yields the next proposition.

ProrosITION 3.4, Let G =D@R and H = D'@ R where D and
D' are divisible and R and R’ are reduced. Then G =~ H in ./
if and only if D= D’ in .o and R = R’ in .o/ /<%

Let G be a group. Then G'= MNicnso #G is a subgroup of G
called the elements of infinite height of G. If G is a p-group, then
G = no<n<w p”G-

To see that the property of being a direct sum of cyclic groups
is not preserved under isomorphism in .27/<Z7 we need only consider
the Prufer group, P, which is generated by elements a,, a,,---,a,, -
with the relations

pay =0, 0, = pa, = p'a, = +-- = Py = cc-

Now B = 3>,::.<a, — pa,.,> is a basic subgroup of P, P' = {a,> = C(p),
and P/P'~ B. (See |4]). So P~ B in .©//<z We shall point out
some other properties which are related to direct sums of cyclic groups
and direct sums of countable groups and which are not preserved by
isomorphisms in .o/.<%. First a further look at direct sums of cyclic
groups.

ProposiTioN 3.5. The following are equivalent for a p-group G.

(i) @G is isomorphic in .o/ /2#7 to a direct sum of cyclic groups.

(ii) GJ/A is a direct sum of cyclic groups for some bounded sub-
group A S G.

(ili) There is a direct sum of cyclic groups C and a bounded
subgroup B  C such that G =~ C/B.

(iv) Every subgroup of G is isomorphic in .o/ to a direct
sum of cyclic groups.

(v) Ext(G, H) is bounded for all p-groups H.

Proof. 1t is clear that (ii), (iii), and (iv) each imply (i) and that
(iii) implies (iv). That (i) implies (ii) follows from 38.1., and (ii) if
and only if (v) is Theorem 27 of [10].
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Suppose G =~ H in &7 /<%, H a direct sum of cyclic groups.
Then there exists a bounded subgroup B & H, an integer n = 0, and
a monomorphism f: p"G — H/B with bounded cokernel. So »"G ~ T/B
where p*H S T < H for some k = 0. By 50.1 in [4], there exists a
group T S C such that the isomorphism p"G =~ T/B can be extended
to an isomorphism G = C/B. Thus p"G S TS H and C is a direct
sum of cyclic groups. Hence (i) implies (iii).

ProrosiTION 3.6. Let G be a p-group. If G is isomorphic in
7<% to a direct sum of cyclic groups, then G* is bounded. If G
is a direct sum of countable groups, the converse holds.

Proof. The first statement follows from (ii) of 3.5. If G is a
direct sum of countable groups and p*G* = 0, then

PG = (G/G)/(Gp"I/G)

and G/G' is a direct sum of cyclic groups. The result follows from
(iii) of 3.5.

Let G be a group. If every infinite subgroup of G can be
embedded in a summand of the same cardinality, then G is Fuchs
five [9]. It is easy to see that if G is a direct sum of countable
groups, then G is Fuchs five, If G has no elements of infinite height
and if for every infinite subgroup H of G, |(G/H)'| < | H|, then G is
a Q-group [9]. If whenever G/H is divisible, H a subgroup of G, we
have | H| = |G|, then G is starred [9]. Finally, G is fully starred if
every subgroup of G is starred. F. Richman and J. Irwin [9] showed
that if

0 G H K 0

is exact and if G and K are starred, then H is starred. Also in [9],
it is shown that if G is Fuchs five and G* = 0, then G is a Q-group,
and if G is a Q-group, then G is fully starred.

ProPOSITION 3.7. Let G~ H in .&7/<# Then G is fully starred
if and only if H is fully starred.

Proof. Suppose H is fully starred. Let A be a bounded subgroup
of G such that nH ~ S/A where mG < S< G, m and n positive
integers. Then S/A is fully starred and A, being a direct sum of
cyclic groups, is starred. Since

0—sA—>S——8/A—>0

is exact, it follows that S is starred. Now
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0—>S—G—>G/S—>0

is exact with G/S bounded. Thus G is starred. Let K be a subgroup
of G. Then (mK + A)/A is a subgroup of S/A and so (mK + A)/A =
mK/mKNA is starred. By the exactness of

0— mKNA— mK — mK/mKNA——0
and

0 — K[m] K mK 0

it now follows that K is starred. Hence G is fully starred.

The following example shows that a p-group can have no elements
of infinite height, be isomorphic in .&7/<Z to a direct sum of cyclic
groups, and not be a Q-group.

ExampLE 3.8. Let B = C(p) P C(»p*) P --- where C(p") is cyclic
of order p*. Then B is uncountable, has no elements of infinite
height and is not fully starred. Let C be countable with C*£0. In
[9] it is shown that Tor (B, C) is fully starred, has no elements of

infinite height, and is not a @-group. The exact sequence

0 C(p) P B 0
with P the Prufer group and C(p) = P! yields the exact sequence
0 — Tor (B, C(p)) — Tor (B, P) — Tor (B, B) .

But Tor (B, C(p)) is p-bounded and Tor (B, B) is a direct sum of cyclic
groups. Thus Tor (B, P) is the desired group.

4. Ulm’s theorem in .%/<F. All groups considered in this
section are reduced primary Abelian groups for a fixed prime p. Let
G be such a group and let @ be an ordinal number. We define p*G
inductively as follows: 2»°G = G, p*G = p(p*~'G) if a — 1 exists, and
P°G = Npca P’G if « is a limit ordinal. The dimension f4(«) of the
vector space (p*G)[p]/(p*"'G)|p] is called the ath Ulm invariant of G.
If G is a direct sum of cyclic groups, then f4(n) is just the number
of cyclic summands of G of order p"*'. We define G inductively as
follows: G°= G, G* = p*(G*) if a — 1 exists, and G* = M. G* if
« is a limit ordinal. Since G is reduced, there is a smallest ordinal
7,|7] £ |G|, such that G° =0. 7 is called the length of G. The
quotient groups G*/G**', « < t, are called the Ulm factors of G. All
the Ulm factors except possibly the last, if it exists, are unbounded.
Moreover, if G is a direct sum of countable groups, then G*/G*** is a
direct sum of cyclic groups for each a <7. The relationship between
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p»°G and G* is given by G* = p»*G. Finally an element x e G is said
to have height « in G if z ¢ p*G, x ¢ p**'G, and we write Hy(x) = a.

One of the most important theorems in the theory of Abelian
groups is Ulm’s theorem, which states that two countable reduced p-
groups are isomorphic if and only if their corresponding Ulm factors
are isomorphic, or equivalently, if and only if they have the same
Ulm invariants. This result has been extended to direct sums of
countable reduced p-groups by G. Kolettis [12]. Another proof is
given by P. Hill [7].

The main result in this section is an “Ulm’s theorem” for direct
sums of countable reduced p-groups in the category .o~ /<%. In the
course of the proof of this theorem, several subsidiary results are
obtained. These will be stated as they arise.

Let G and H be reduced p-groups. Suppose

(I) there is an integer k = 0 such that for all integers » =0
and »r = 0

S Soln 4 k) S S Fuln + 3, 5 fuln + k4 ) S Foln 43,

and

(II) foa) = fu(a) for all a = w.

In [1] Beaumont and Pierce show that (I) and (II) are necessary
and sufficient for two countable reduced p-groups to be quasi-isomorphic.
In [2] Beaumont and Pierce show that (I) is necessary and sufficient
for two direct sums of cyclic p-groups to be quasi-isomorphic. In view
of Kolettis extension of Ulm’s theorem, it is natural to ask if (I) and
(II) are necessary and sufficient for two direct sums of countable
reduced p-groups to be quasi-isomorphic. The answer is in the affirma-
tive, and the proof is straightforward since nG = S S G and G a direct
sum of countable groups implies that S is a direct sum of countable
groups. (For a proof of this latter fact, see Irwin and Richman [9].)
In [8] P. Hill proves the following more general statement. If\G and
H are reduced p-groups with G/G' and H/H' direct sums of cyclic
groups, then (I) and (II) are necessary and sufficient for G and H to
be quasi-isomorphic. Hill also includes in [8] a short and informative
proof of the previously mentioned result by Beaumont and Pierce [2].

While the following lemma does not appear in |8], it is an
immediate consequence of a result in |8]. Moreover, it has an appli-
cation later on.

LEMMA 4.1. Let G and H be direct sums of cyclic p-groups
which satisfy (I). Suppose f(0) = |G| | H| W = fu(0). Then

G=GPGD---PGy, and H=H,PHPD---P H,
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where

»*G, = H,, p*7'G, = H,, -+, G, = H,, Gy, = pHysy, ++ -, Gy, = p"Hy, .

Proof. For each integer n = 0, let A, be the initial segment of
ordinals less than the first ordinal of cardinality fu(n). Similarly, let
B, be the initial segment of ordinals less than the first ordinal of
cardinality f,(n). Define

A:{(ny“)lo§%<(t),a€An}y
B={n,P|0=n<w BcB,}.

Write G = X<, G, where G, is a direct sum of cyclic groups of
order p**'. Then G, = Y.e,, {0s..) and (n,@)—a,, is an equivalence
between A and a basis of G. Write H = 3,.., D.ses, <b.,5> Where
<b,s> = C(p"*') for each BSe B,. Then b,;— (n,B) is an equivalence
between B and a basis of H. In [8] Hill shows that there is an
equivalence between B and A which alters indicies by no more than
k, the index of the element (n,7) of A or B being n. Thus we have
an equivalence = between a basis of H and a basis of G which alters
exponents by no more than k. For 0 < 1 < 2k, define

G =3t | T(by,s) = Qpoy @ — m =k — 1},
H, = Z {<bm»ﬁ> { T[(bm,.ﬁ) = Qpyay B — M = k— /L} .

The lemma follows.

Let G be a group. A subgroup H of G is essential in G if
K& G and KNH=0 imply K=0. A group X is an n-extension
of G if G is essential in X and #nX = G. Every group has an n-
extension. (See Walker |15].) In fact G" is an mn-extension of G if
G*/G = (D/G)[n] where D is a divisible hull of G. This notion is
used in the proof of the following corollary.

COROLLARY 4.2. Let G and H be direct sums of cyclic p-groups
which satisfy (I). Then there are subgroups SS G and T S H such
that PGS S, p*HE T, and S = T.

Proof. If k=0, then fyn) = f,(n) for all integers n = 0 and so
G = H. Assume k£ >0 and let G* and H* be such that »G* = G,
pH* = H, and fa(0) = |G*| | H*| W, = fu{0). For example, take
p-extensions of G and H, respectively, and then add on summands
Sw C(p) where W =|G*| | H*|W,. Write k = m + 1. Then

jz;ofa*(n +k+3g) = ji‘:ofpa*(n tm+Jg) = T:éim‘fpll*(n 7

r4+2m

=S ftn + 14 9) S5 futn +9)
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for all integers » = 0 and + > 0. Similarly
r . r+2k .
2 St E+g) = 3 foln+ 7).

Now write G* =G, D --- PG,, and H* = H P --- B H,, according
to 4.1, Let S* = p*G, P p*'G. P --- PG. DB --- PGy, and let T* =
H®---OH.OpH,..P --- P p*H,,. Then p*G* = S*, p"H* = T*,
and S* =~ T*. Now p*G = p*"'G* = pS* S pG* = G, p"HS pT* S H,
and pS* = pT*.

LEMMA 4.3. Let H be a reduced p-group and n and r positive
integers. Then

dim ((p"H)[p]/(p™ "+ H)[p]) = z Faln + 4) .

Proof. Since
(p"H)[pl/(p" " H)[p] = (""" H)[p]/(»""*"H)[p]) D X

where X = (p"H)[p]/(p"**H)[p], the lemma follows from induction and
the definition of f.

LEMMA 4.4. Let G be a reduced p-group, k = 0, and A S G[p*].
Then for all integers n =0 and r = 0,

S Fonn+9) Z 5 Fon+3) and T foln+ b+ ) £ 3 fouln + )

Proof. Let B be a basic subgroup of G, and write B = > ;_, B;
with each B, a direct sum of cyclic groups of order p:. Let

{Z: + A+ ("G + A)/A)pllie:
be a basis of ((p"G + A)/A)[p]/((p"*"*'G + A)/A)[p], with each z; ¢ p"G,
x; € p"t"'G.  Applying 4.3 to the group G/A, we have

1= 3 farln +9) -

Since n < Hy(x,)) <n+7r-+1 and Ex) <k + 1, 2, = ¢; + d; where
0+#ceB,. D+ DB,ipire, ;€P""V'G, and d; e p**"'G. Let C =
B'n-H @ e 69 Bn+lc+r+l- Now

(C + p™G + A)/Alp] 5 (G + A)/A)p]
((@*7'G + A)/A)p]l ("G + A)/A)|p]

Hence
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3 fouln +9) = |1

< dim (((C + p™""'G + A)/A)p]/(p"*""'G + A)/A)p])
= dim (((C + p™"*'G + A)[A)/((p"*'G + A)/A)p))
= dim (((C + p™*""'G + A)/p"""V'G + A))[p])

= dim ((C/(C(p"*™"'G + A)))[p))

< dim (Clp]) = 35 fo(n + ) = 35 Foln + 3)

Since fore(m) = fo(m + k) for all m =0, and G[p*]/A S (G/A)[p"],
applying the first inequality to G/A and the subgroup G[p*]/A yields

S5 Folm+k+3) = 3, Froln3)

r+k

= Z.Of(a/mlta[pk]/A)(n"“j) = ],g_). Soram+7) .
This completes the proof.

COROLLARY 4.5. Let G and H be reduced p-groups with G =~ H
i 7)<z Then G and H satisfy (I).

Proof. By 38.1., there is 2 k = 0 and a homomorphism f:G— H
such that Ker f and Coker f are bounded by p*. Let A = Ker f and
T=1Imf. By 4.4,

r+k

S, foun ) S 3 foln +5) and 3 fon+ k) = 3, Fora(n + )

for all » = 0 and all » = 0. Now
p"HS TS H, (p""H)[p)/(p"*"H)[p] S (p" T)[p]/(p"*"+*+ H)[p]
and the latter is an image of (p"T)[p]/(p"*"+*+'T)[p]. Also

(0" T)[pl/(p" "+ T)[p] (p" H)[p]/(p"* "+ T)[p]

and the latter is an image of (p"H)|p]/(p"*"**+'H)[p]. Thus, applying
4.3 and 4.4,

S Fuln k4 D ES L+ §) = S Fouln +9) =S o + )
and

S faln k) =3 fon + 3) =5 fuln + ) '3, Fuln + )

COROLLARY 4.6. Let G and H be reduced p-groups with basic
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subgroups B and C, respectively. Then B = C whenever G =~ H in
| 7.

Proof. B and C satisfy (I) whenever G and H do. Now apply
the result in [2].

COROLLARY 4.7. Let B and C be closed p-groups with basic
subgroups B and C, respectively. Then B ~C in &7/<% if and
only if B=C.

Proof. B=C in .»//<Z implies B=C by 4.6, and B = C
implies B ~ C is Theorem 3.11 in [3].

COROLLARY 4.8. Let G and H be reduced p-groups and suppose
G/G* and H/H' are direct sums of cyclic groups. If G=H in
7| and G* =~ H*', then G ~ H.

Proof. In [8], Hill shows that G ~ H if G and H satisfy (I)
and (II) and G/G' and H/H' are direct sums of cyclic groups. The
corollary now follows from 4.5.

In view of 4.6 and 4.7, it is natural to ask the following question.
If G=H in /< is G = H whenever G and H are reduced p-
groups without elements of infinite height? The answer is no and
3.8 furnishes us with a counterexample. Specifically, there is a p-
group G and a subgroup A S G[p] such that

(i) G'=0,

(ii) @G is not a direct sum of cyclic groups,

(iii) (G/A) =0,

(iv) G/A is a direct sum of cyclic groups.

Now G = G/A in &7 /<%, but G = G/A contradicts (ii) and (iv).

LEMMA 4.9. Let G and H be direct sums of cyclic p-groups such
that fe(0) = |G| |H| W, = fu(0). Suppose there is an integer k =0
such that for all integers n =0 and r =0

r . r+k . T . r+k .
Z‘Of}{(?l+3)§§%fc(n+]) and Zéfa(n‘f‘k‘f'.?)ézlofy(”‘*'.?).
j= j= J= j=
Then there is an equivalence of a basis of G onto a basis of H such
that exponents are mever increased and are mot decreased by more

than k.

Proof. For each integer n = 0, define 4, and B, as in the proof
of 4.1. Also define A and B as in 4.1. Call the first component of
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the element (n,7) of A or B the index of the element. It was
pointed out in the proof of 4.1 that A is in one-to-one correspondence
with a basis of G such that if the index of an element of A is =,
then the exponent of the corresponding basis element of G is = + 1.
There is a similar one-to-one correspondence between B and a basis
of H. Hill [8] has shown that (I) implies the existence of an equiva-
lence between A and B which alters indicies by no more than k. By
a clese examination of Hill’s proof, it is seen that the stronger ine-
qualities in the hypothesis of 4.9 imply the existence of an equivalence
0 from A onto B with the index of 6(n, a) between n — k and =.
Thus there is an equivalence from a basis of G onto a basis of H
such that exponents are never increased and are not decreased by
more than k.

COoROLLARY 4.10. Let G and H be direct sums of cyclic p-groups
and k a positive integer such that for all integers n =0 and r = 0
r r+k r r+k
%f}](%‘i‘ﬂ)é%f(}(%‘}'j) and Zofa(n+k+j)§20fll(%+.7)-
Jj= J= 9= 7=

Then there is a subgroup S & G such that p"G < S and S = H.

Proof. If k=0, then f,(n) = fy(n) for all n =0 and so G =~ H.
Assume k£ =1, let pG* = G, pH* = H, and fo(0) = |G*||H* | R, =
fu(0). Write k. =m + 1, Let n =0 and » = 0. Then

r+m

z Foln + &+ 5) = z Foolr+m - 3) S 5 frn + ) = Zf(n L)
If » =0, then
35 Fild) = £l0) = Fa(0) = :gffm(j) .

If n>=1, say # = m + 1, then

,é.‘ Sudm + J) = j%pr*(m +7) = :_Z:gfw(m +7) = :i:i:fm(% ).

Thus G* and H* satisfy the hypothesis of 4.9. Let A be a basis of
G* and B a basis of H*. Let m be an equivalence of A onto B
determined by 4.9. For 0 < ¢ < k, define

G: =X Kaylac A, n(a) = b, E(a) — Eb) =k — 1},
H, = 3 {b>|be B, n(a) = b, Ea) — E(b) =k — i} .

Clearly G* =G, D --- PG, H* = H, D --- P H,, » G, = H;, for
t1=1,.---, k. Let S* =G, Pp"'GH---PDG,. Then S*= H*
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and p*G* = S* =S G. Let S = pS*. Now S~ H and p*G = p**'G* =
pS* & pG* = (G. This completes the proof.

COROLLARY 4.11. Let G be a direct sum of cyclic p-groups,
k=0, and A S G[p*]. Suppose G/A is a direct sum of cyclic groups.
Then there is a subgroup S S G such that p*G = S and G/A =~ S.

Proof. Apply 4.4 to see that G and G/A satisfy the hypothesis
of 4,10 with H = G/A.

Corollary 4.11 is a generalization of the well-known fact that the
quotient of a finite group G is isomorphic to a subgroup of G.

PropPosSITION 4.12. Let G and H be reduced p-groups with G =~ H
in /<% Then p*G =~ p*H in .%/<z, and G*/G**' =~ H*/H*"' in

Proof. This is a corollary of 3.2.

THEOREM 4.13. Let G and H be reduced p-groups with G ~ H
an 7)<5. Then there exists an integer k =0 such that for all
ordinals a and for all » =0

S fola + k) £ S fula + )

and

S fula + b+ 9) S S fula+ ).

Proof. Since p*°G =~ p*H in .7 /<z, p*G and p*H satisfy (D).
Moreover, by 8.1 and 4.5, k is the same for each «. Since
Sfola + m) = f .,(n), the theorem follows.

Let G and H be countable reduced p-groups and suppose G =~ H
in /< By 4.12 and 4.6, we see that the corresponding Ulm
factors of G and H are quasi-isomorphic. The following example
shows that the converse does not hold.

ExAMPLE 4.14. Let G and H be countable groups whose respective
Ulm factors are

G, =Cp"")DCH"™HD--- for n=0,G,=0
and

H, =Cp™*BCHp™™*P--- for n=0, H,=0.



ISOMORPHISM INVARIANTS FOR ABELIAN GROUPS 85

Clearly G, =~ H,. In fact p"*'H, = G,. Suppose G =~ H in .o/ /<7
By 3.1, there is an integer » = 0 and homomorphisms f:G— H and
g: H— G such that gf = p* and fg = p". Now f and g induce
homomorphisms f:G,— H, and ¢: H,— G, such that ¢gf = p" and
fg = p". Let x generate a summand of G, of order p"*'. Then
f(x) = p"*'y for some ye H,. Thus 0 %= p"x = gf(x) = p"*'g(y) which
is a contradiction. Hence G and H are not isomorphic in &7 /<Z
In view of Example 4.14, we make the following definition.

DerFINITION 4.15. Let {G.}.e; and {H,}.e; be families of groups over
the same index set. These families are wniformly quasi-isomorphic
if there is an integer & > 0 and for each a eI, subgroups S, S G,
and T, & H, such that »*G, = S, p*H, = T,, and S, = T,.

COROLLARY 4.16. Let G and H be direct sums of countable
reduced p-groups. If G = H in .o/ /<, then the corresponding Ulm
factors of G and H are uniformly quasi-isomorphic.

Proof. Apply 4.13 to see that the corresponding Ulm factors of
G and H satisfy (I) with & fixed. Now apply 4.2.

LEMMA 4.17. Let G be a reduced p-group. Then (G/A) = G?/A
for all B8 < a whenever A = G°.

Proof. The proof is by induction on 8. For 8 = 0, the lemma is
clear. Suppose 8 =1 and let x + Ae(G/A)'. Then x + A=p"x, + A
for each » = 0. So z = p"x, + a,cp"G for each n = 0. Thus « +
AecG'/A. Now let B >1 and assume (G/A) = G7/A for all v < 8.
If B=v+1, then (G/A)’ = (G"/A) = G"*'/A = G?/A. Suppose S is a
limit ordinal. Then

(G/A) = 793 (G/AY =_DB (G7/A) = (TQ3 G)/A =GJA .
The proof is complete.

LEMMA 4.18. Let G be a reduced p-group and k =0. Then
(GG = GJGp!] for B = o and (GIG[pF)" = p'G".

Proof. The lemma follows from 4.17.
COROLLARY 4.19. Let G be a reduced p-group, a an ordinal, and

k=0. Then G/Gp*] has Ulm factors G?°/G*** for B < a, p"G*/G**,
and G?|GP+ for B > a.
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Proof. Let < a. Then 8+ 1< « and by 4.17,
(GG D’ NGIG[p*])P+ = (G*/G[p*D/(G*+/G[p*]) = GP/GF+ .

By 4.18 and since X*/X*+' =~ Y*/Y**' whenever X and Y are iso-
morphic p-groups, (G/G*[p*])*/(G/G*|p*])*** = p*G*/G**'. Furthermore,
if 8> a, say B=a + ¢, then

(GIG[P" D /(GG [P )P+ = (GG [p*D*/(G*/G[p*])**
= (P* GV /(p*G*)*" = G*H¥[G= = GPIGPT .

LEMMA 4.20. Let G be a countable reduced p-group of length T
and with Ulm factors G,. For each a <<z, let G, =S, P T, where
both S, and T, are unbounded whenever G, is. Let H be a countable
reduced p-group of length = and with Ulm factors p*S, P T. where
0 n, <k, k fixred. (Such a group exists by Zippin's theorem.) Then
G/A = H for some A = G[p"].

Proof. For v = 0, there is nothing to prove. If t =1, G is a
direct sum of cyclic groups and the lemma is clear. Assume 7 > 1.
For the present, we will assume G,._, is unbounded if 7 — 1 exists.
For each a < 7, let T, = >s.. Gos Where G,; is unbounded for 8 == «
and G,, = 0. For each a < 7, let K, and L, be countable reduced
p-groups of length z whose ath Ulm factors are p"«S, and S,
respectively, and whose Bth Ulm factors, B = a, are G;. Now
G =~ ... L, and applying 4.18, L,/Lip"«] =~ K, for each a < 7. Let
K=3,..K, Then G/A~ K where A = >,,.. Lip"«]. Moreover, K
has Ulm factors p™S, @ T,. Hence G/A =~ K =~ H.

Now assume 7 — 1 exists and G,._, is bounded. For a <7 — 1,
Let T, be as above. Let K, be a countable reduced p-group whose
Ulm factors are p™S,, Gs, for 0 < B8 <t —1, and T,,. Let L,
be a countable reduced p-group whose Ulm factors are S,, Gj, for
0<B<7~—1, and T._,. For 0<a<7z—1, let K, and L, be
countable reduced p-groups of length 7 — 1 whose ath Ulm factors
are p"=«S, and S,, respectively, and whose Ath Ulm factors, B # «,
are Gy,. Let K., and L._, be countable reduced p-groups whose Ulm
factors are Gy, for 0 < 8 <7 — 1 and whose (r — 1) st Ulm factors
are p"=-1S._, and S, ,, respectively. Let K =>,..K, and A4 =
Siace Li{p™«]. As above G/A = K = H. This completes the proof,

LemmaA 4.21. Let G be as in 4.20. For each a <7, let G, =
S.P T.. Let H be a countable reduced p-group with Ulm factors
S, DT, n=0. Then G=H in /B In fact, there is an
epimorphism f:G— p"H such that Ker f is bounded by p*".
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Proof. LetI ={a<7|S,and T, are both unbounded}, I, = {a<7|S,
is unbounded and T, is bounded}, I, = {&« < t|S, is bounded and T,
is unbounded, and I, = {r — 1} if 7 — 1 exists and G,_, is bounded,
otherwise I, = @. If acl, let S, = S, S, where both S, and S}
are unbounded. If ael, let T, = T, T, where both T, and T}
are unbounded. Let K have Ulm factors as follows:

p"S. BT, if aclnl,
S PH Sy PpT,=PS.PT, if acl,,
pS. BT, DT, if acl,.

By 4.20, G/A = K for some A < G[p"]. Let L have Ulm factors as
follows:

p"S. DT, if aclnI,,
p"S.®p" S D T, =p"S. DT, if ael,,
p"S. P T.PT) if eecl.

By 4.20, K/B = L for some B < G[p"]. Let H have Ulm factors as
follows:

p»"S. BT, if aclnl,NI,,
p"Se PTePTy =p"S.PT, if acl;.

By 4.20, H/C = L for some C & H|[p"]. Hence G =~ H in .27 /<5 Let
f be the composition G— G/A =~ K— K/B~ L ~ H/C— H/H[p"] =
p"H. The lemma follows.

LEmmA 4.22. Let G be a direct sum of countable reduced p-
groups, n =0, and suppose G has length t. Let G have Ulm factors
G,. For each a <7, let G, =S, P T,. Then there is a p-group H
such that

(i) H is a direct sum of countable reduced groups,

(ii) H has Ulm factors p"S, P T.,

(iiiy G= H in /|7

Proof. Let G = >e,X; where | X;| < W, for each xe 4. Let 7,
be the length of X, and X, its ath Ulm factor. Forr,<a<7,X,;,,=0.
Now G, = >ies Xy for each a < z. Let XZ SZ, and TZ be bases of
Xa, S., and T, respectively. For each a < 7, there is an equivalence
ot Uses X — SEU TF which preserves exponents. For ned and
a < 7, define

Sie = X Koy | a e X5, m(a) € 87},
lex = 2 {<a> l ae X{Zy Tca(a) € Tf} .
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Ifr,fsa<c, let S;u=T,..=0. Then X;, = S:a® Tias 2i2es Sia = Sa,
and e Tiww=T, Let Y, =9"S;.®P T,.. Then Y,, is countable
and if a < 7;, Y;, is unbounded with the possible exception of Y, . , if
7, — 1 exists. Let Y, be a countable reduced p-group of length =, and
with Ulm factors Y,,. By 4.20, there is an epimorphism f,: X,— p"Y, such
that p*"Ker f =0. Let H= >c,Y,. Then there is an epimorphism
f:G—p~H such that p*Ker f = 0. Hence G = H in .& /<7 Clearly
H is a direct sum of countable groups with Ulm factors »"S. &P T..

LEMMA 4.23. Let G be a direct sum of countable reduced p-
groups. Let G have length v and Ulm factors G,. Then there is a
reduced p-group H such that

(i) H 1s a direct sum of countable groups,

(i) H has Ulm factors G. D X6, %, C(0), @ < 7,

(iii) G = H m 7|7

Proof. Write G = X ;e, X, where | X;| < W, for each v e 4. Let
7, be the length of X; and X, its ath Ulm factor. Then G, = X;es Xia.
For xed and a <7, let YV,, = X;. D S, Cp). If 7, = a <<, let
Y.,.=0. Let Y, be the countable reduced p-group of length 7, and
with Ulm factors Y, a« < 7;,. For a <7, let 4, ={ e 4| X,, = 0}.
Then |G| W = | 4.| W for a < 7. Let H= >;e,Y;. Then H is a
direct sum of countable reduced p-groups whose ath Ulm factor is

H, = >es Yie = Diied (X D Xix, C())
= De1 X D Zze:Zxa C(p) = G. D Z\Gal Zmo C(p) .

By 4.22, H is isomorphic in .©7/<# to the direct sum of countable
groups whose Ulm factors are G.@ p(Xls, X, C(»)) = G.; namely,
H~Gin &/

LEMMA 4.24. Let G and H be direct sums of countable reduced
p-groups whose corresponding Ulm factors are uniformly quasi-
isomorphic. Let G and H have the same length t and Ulm factors
G, and H,, respectively. Suppose f;,(0) =G| =R and [, (0) =
|H,| =X, for each a <t. Then there exists direct sums of
countable reduced p-groups K and L with Ulm factors K, and L,,
respectively, such that

(1) fx0) = [Ky||Lo| Yo = f2,(0) for each a <<,

(il) G =K wn 7%,

(i) H=L in &7 |F.

Proof. Let I, ={a <7||G.| = |H.l}, L={a<7||G.| <|H.l},
and I, ={a <t||H,| <|G.|}. There is an integer k¥ =0 and for
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each « < 7, subgroups S, = G, and T, < H, such that »*G, < S,,
»H, =T, and S, = T,. Thus |H, <|G,| = |»*H,| for acl, and
|G| > | H,| = |p"G.| for e, If ael, write H, = H!@® >, C(»).
If ael, write G, = Ga D X n, C(p). By 4.22, there is a direct sum
of countable reduced p-groups K whose Ulm factors K, are G, for
acl,Ul, and p*G.®D X x, Clp) for aecl, and such that G = K in
7| <. Similarly, there is a direct sum of countable reduced p-groups
L whose Ulm factors L, are H, for ael, U I, and p*H; D >, C(p)
for wel, and such that L ~ H in o7/ TFor ael UL, fx (0) =
|G.| = |K,|. For

aely [Hel 2 fi(0) = [ K| = [p"Ga] + | Hd!
S |Gol+ [Hol = [Ho| + [ Hal

By hypothesis, |G.| =¥, and |H,| =W, Thus |K,|= fx(0) =
min (| G, |, | H.|) for « <z. Likewise, |L,| = f, (0) = min (| G.|, | H.|)
for a < 7. It now follows that fy (0) =|K,||L.| ¥, = f,(0) for
a < T.

THEOREM 4.25. Let G and H be direct sums of countable reduced
p-groups. Then G~ H in &7 |7 if and only 1f their corresponding
Ulm factors are uniformly quasi-isomorphic.

Proof. Assume that the corresponding Ulm factors of G and H
are uniformly quasi-isomorphic. Let G, and H, be the ath Ulm
factors of G and H, respectively. If G has length ¢ and H has
length = + 1, then H, is bounded, H/H, is a direct sum of countable
groups, and G = H in .o//<7 if and only if G = H/H. in .o/ ])<7.
Moreover, the corresponding Ulm factors of G and H/H. are uniformly
quasi-isomorphic. Hence we may as well assume that G and H have
the same length . By 4.23, there exist direct sums of countable
reduced p-groups K and L such that K has Ulm factors

G. D> > Cp),

Gyl Xy

L has Ulm factors H, D >, », >n,C®), G =K in .©//7, and H ~ L
in .o /<# By 4.16, the corresponding Ulm factors of G and K (H
and L) are uniformly quasi-isomorphic. In particular the corresponding
Ulm factors of K and L are uniformly quasi-iscmorphic. Moreover,
G=~H in .o/ /<% if and only if K~ L in .o /<. Hence we may as
well assume that f; (0) = |G.| W, and f; (0) = | H,| ¥, for each a <z.
By 4.24, we may likewise assume that f; (0) = |G.| | H.| Yo = f1,(0)
for each < z. There is an integer k& = 0 and for each « < 7, subgroups
S.& G, and T, & H, such that »*G. & S,, »H. & 7T, and S, = T..
Thus for each a < 7 and all integers » =0 and » = 0
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r r+2k
5 Foln+ b+ 9) S Fuln + )
and

S5 Sl + I+ ) £ 35 fuln + )

(For a proof of this fact, see [1].) Now by 4.1, we can write
Ga - Ga,o@ et @ Ga,2k a’nd Hzx - Ha,o@ M @ Ha,2k Where kaa,O =
Ha,Oy pk—lGa,l SN = PRTRARE Ga,k -l Ha,ky Ga,k+1 = pHa,lc+1y ct Ga:zk = pk-Ha,zk
for each &« < 7. Now apply 4.22 as needed.

THEOREM 4.26. Let G and H be direct sums of countable reduced
p-groups. Then G = H in 7 |<Z if and only if there is an integer
k = 0 such that for all ordinals a and all integers r = 0

S fela + ke + ) £ 5 Fulat + 3)

and

r+2k

S ula + k4 ) =3 fola + )

Proof. Suppose the inequalities hold. Let G, and H, be the ath
Ulm factors of G and H, respectively. Then for each ordinal « and
r<0

3 fon+ k) = 3 fol@a + n+ b+ )

r+4-2k

=S fulwa + nt ) =5 fun + )

i=o

and similarly

3 Fun+ ke + ) = z Faln + 7).

Now apply 4.2 to see that the corresponding Ulm factors of G and
H are uniformly quasi-isomorphic. By 4.25, G ~ H in .o/ /<Z.
The converse is 4.13,
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