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ISOMORPHISM INVARIANTS FOR ABELIAN GROUPS
MODULO BOUNDED GROUPS

RONALD J. ENSEY

Let Ssf be the category of Abelian groups, let & be
the class of bounded Abelian groups, and form the quotient
category S/\&. The principal goal of this paper is a com-
plete set of invariants for direct sums of countable reduced
p-groups, such groups considered as objects of the category
Sf \&f. Specifically, it will be shown that two direct sums
of countable reduced ^-groups G and H are isomorphic in
j y Ί & if and only if there is an integer k =± 0 such that
for all ordinal numbers a and all integers r ^ 0

r r+2/c

Σ Ma + k + j)£ Σ Ma + j)
3=0 j = 0

and
r r + 2/c

Σ Ma + k + j)^ Σ fβiμ + j)
3=0 3=0

where fG(β) and Mβ) denote the βth Ulm invariants of G and
H, respectively. Thus a complete set of S/ \& -isomorphism
invariants for such groups is an equivalence class of Ulm
invariants, the equivalence relation being given by these two
inequalities.

The concept of quasi-isomorphism as defined by B. Jonsson [11]
has come to play a significant role in the theory of torsion-free
Abelian groups. However, nothing of significance had been done for
quasi-isomorphism of torsion groups until R. Beaumont and R. Pierce
[1] gave necessary and sufficient conditions on the Ulm invariants for
two countable reduced p-groups to be quasi-isomorphic. This lack of
results for p-groups was pointed out by E. A. Walker [14], who in
fact submitted that the definition of quasi-isomorphism should be iso-
morphism in the category j y / ^ . The importance of quasi-isomorphism
for torsion-free groups motivates the study of Abelian groups as objects
of j ^ / ^ ϋ

2* Preliminaries* The word group will always mean Abelian
group, the category of Abelian groups will be denoted by j ^ and the
class of bounded Abelian groups by έ%?% The term Abelian category
will be used in the sense of MacLane [13]. For G and H in an
Abelian category ^ Horn^(G, H) will denote the group of maps from
G to H. Hom^(G, H) will be written simply as Horn (G, H). Any
unexplained notation or terminology will conform with that of Fuchs
[4] or MacLane [13].
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A nonempty class ζ of j y is a Serre class of j& if for each
exact sequence

0 >G >H >K >0

of groups, H is in ζ if and only if G and K are in ζ. It is clear
that έ%f is a Serre class of szf, and it is the quotient category sf '/&
as defined by Grothendieck [6] with which this paper is concerned.

The objects of s//& are just the objects of j ^ and Hom^/^(G,H)
is the direct limit of the groups Ή.om(G',H/H'), the limit being taken
over all pairs (G'f H') with G' S G, H' s # , and G/G', # ' e &. To
define composition let fe Hom^^G, if) and g e Hom ι̂&(H, K). Then
/ comes from an /: Gr —> H/Hf and g comes from a g: H" —* K/K'
where G/G', H', H/H", K' e &. Let G" = f~\(H" + H')/H'). Then
G'/G" e ^ and since

0 > G7G" > G/G" > G/G' > 0

is exact, G/G" e &. Let K"/Kf = g(iϊr n H"). Then i^/r e ^ since
H', Kf e &. Now let h be the composition

G" -^ {H" + H')IH' ~ H"/H' Π i ϊ " — ίΓ/ίΓ"

where / ' is the restriction of / to G" and βf; is induced by g. Since
G/G", if" e ^ h determines an element he Hom^/^ (G, iί). It is
straightforward that h is uniquely determined by / and g, and that
J&Ί^ is a category with the definition h = g°f. That s//.^? is
an Abelian category can be found in [5].

Let /: G'-+HIH' and g: G"->H/H" where G/G', if, G/G", H" e &.
Let / and g be the elements of Hom^/^ (G, £Γ) determined by / and
g, respectively. The following facts are taken from [14].

2.1. / = 0 if and only if Im/e^T.
2.2. / i s an epimorphism if and only if Coker fe&.
2.3. / is a monomorphism if and only if Ker/G.^.
2.4. / = g if and only if there are subgroups S C G and T s JT

such that
( a ) S g G ' Π G",
(b) G / S e ^
( c ) H' + H" QT,
(d) Γ G ^

(e ) the maps from S to H/T induced by / and g are the same.
From 2.2 and 2.3 it follows that G and H are isomorphic in

S//& if and only if there exist subgroups S and A of G, and T
and B oί H such that S/A- T/S in j y and G/S, A, H/T, Be.^

Two groups G and i ϊ are quasi-isomorphic, and we write G dί H,
if there exist isomorphic subgroups S £ G and T Q H such that G/S
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and H/T are bounded. It is clear that in general quasi-isomorphism
implies isomorphism in j^/& and that the two concepts are equiva-
lent if we restrict ourselves to torsion-free groups.

3* Fundamentals of isomorphism in S$f'/&.

THEOREM 3.1. The following are equivalent.
(i ) G~ H in j^/&.
(ii) There exists a bounded subgroup B^H such that G ~ H/B.
(iii) There exists a positive integer k and homomorphisms

f:G—>H and g: H-^G such that gf = k and fg — k.

Proof. Suppose G ~ H in s/\&. Then there is a homomorphism
/ : Gr -> H/H' such that GfG', Hr, Ker /, Coker / are bounded. By
2.4, we can take Gf = mG and Hf = H[m] for some integer m > 0.
Let n > 0 be a bound for Ker / and Coker /, and let B/H[m] =
f((mG)[n\). Let a be the composition

mnG > (mG)/(mG)[n] > (H/H[m])/(B/H[m]) > H/B

where

mnG > {mG)/(mG)[n] and (H/H[m])/(B/H[m]) • H/B

are natural isomorphisms and

(mG)/(mG)[n] > (H/H[m])/(B/H[m])

is the monomorphism induced by /. Now a is a monomorphism with
cokernel bounded by n. Thus G ~ H/B and since B is bounded by
mn, (i) implies (ii).

Suppose G ~ H/B where nB — 0, n > 0. Then there exist iso-
morphic subgroups S S G and T/B S H/B such that G/S and

(H/B)/(T/B)~H/T

are bounded. Let m > 0 with mG S S and mH S Γ, and let (9 be
the isomorphism S ~ T/B. Let / be the composition

G - ^ mG g s Λ Γ/B s H/B~^>H/H[n] - ^ nH Q H

where H/B-^-> H/H[n] is the projection induced by 5 C jfffw] and

is the natural isomorphism. Let g be the composition

—>{mH-

w h e r e H-^->H/B i s t h e n a t u r a l p r o j e c t i o n . L e t xeG w i t h θ{mx) =
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y + B. Then

Ύϊh θ πi τ τ r ., a

x > mx > y + B > y + H[n\ > ny

> ny + B • mny + B > rnrny .

Let yeH with θ(x) = my + B. Then
7Γ2 _ m _ θ~ι m

y > y Λ- B > my + B > x > mx

• m2y + B -^-> m2y + H [n] > m2ny .

Thus gf = m2n and fg = m2n. Hence (ii) implies (iii).
Suppose there exists a positive integer k and homomorphisms

f:G—>H and g: H—>G such that fg = k and gf = k. Since gf = k,
Ker / is bounded by k and since fg = k, Coker / is bounded by k.
Hence G = H in jy/.^ and (iii) implies (i).

COROLLARY 3.2. Let S and T be subgroups of G and H, re-
spectively, such that f(S) S T and g(T) <Ξ S whenever f:G~+H and
g:H—G. Let G - H in j ^ / . ^ Then S ~ T in j^f\& and
G/S - HjT in

Proof. There exists an integer k > 0 and homomorphisms f: G-+H
and g: H-+G such that gf = k and fg = k. Clearly S ~ T in sf\&.
Let /: G/S->H/T and g: H/T-+G/S be the homomorphisms induced be
/ and g, respectively. Then gf=k and fg = k. Hence G/S ~ H/T
in ^//.^.

Let Gt be the torsion subgroup of G. lfG~H in s>f/&, then
Gt - Ht in s/lέ% and G/Gt ~ H/Ht. Moreover, if G and H split,
Gt - Ht in j ^ / ^ , and G/Gt ~ H/Ht, then G ~ H in j ^ / ^ > . We
now reduce the study of isomorphism in s^/^ from torsion groups
to primary groups.

PROPOSITION 3.3. Let G and H be torsion groups, and let Gp and
Hp be the p components of G and H, respectively. Then G ~ H in
*£//& if and only if G^ ĉ  ̂  in j ^ / . ^ P for all primes p and Gp ~ Jϊp
for almost all primes p.

Proof. Suppose G ~ H in j^7^i?. Then there exists an integer
k > 0 and homomorphisms f:G—>H and g: H—+G such that gf = k
fg = fc. Since /(Gp) S H p and flr(JEΓp) S Gp, Gp - fΓp in j ^ / ^ for
each prime p. Let p be a prime which does not divide k. Let / p =
f \GP. Suppose fp(x) = 0 for some a; 6 Gp. Let o(α ) = p m and write
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l = α H bpm. Now x = akx = agfp(x) = 0. Thus fp is a monomor-
phism. Let y e Hp, o(y) — pn. Write 1 = α'ik + b'pn. Now fpg{a'y) =
a'fpQiv) = α'&2/ = 2/. Thus /j, is an epimorphism. Hence Gp ~ £ΓP for
each prime p not dividing k.

The converse is clear.
Let G be a divisible p-group and A = Σ<αα> a bounded subgroup

of G. Embed each ζaay in a summand Ga ~ Z(p°°) of G. Then
GJζaay ~ Gα. Thus G/A ~ G. Given two divisible groups D and E,
it now follows from 3.1 that D ~ E in <s>/\& implies that Z? ~ E.
An application of 3.2 yields the next proposition.

PROPOSITION 3.4. Let G = DφR and JET = fl'φiί' where D and
Z>' are divisible and R and i2' are reduced. Then G ̂  H in s^l&J
if and only if Z> - D' in j ^ and i2 - R' in j^/^gl

Let G be a group. Then Gι = Πo<%>ω nG is a subgroup of G
called the elements of infinite height of G. If G is a p-group, then
GL = Πo<n<« PnG.

To see that the property of being a direct sum of cyclic groups
is not preserved under isomorphism in jy/.^?', we need only consider
the Prufer group, P, which is generated by elements al9 a2y , an,
with the relations

paγ = 0, α x = pa2 = p2a, = •> = pnan^ = .

Now B = Σ%Ξ>2<(α% — pan^y is a basic subgroup of P, P 1 = <αj> ̂  C(p),
and P/P1 cr: P. (See [41). So P - B in j ^ / ^ . We shall point out
some other properties which are related to direct sums of cyclic groups
and direct sums of countable groups and which are not preserved by
isomorphisms in s^f \0λ First a further look at direct sums of cyclic
groups.

PROPOSITION 3.5. The following are equivalent for a p-group G.
(i ) G is isomorphic in <s>/Ί& to a direct sum of cyclic groups.
(ii) G/A is a direct sum of cyclic groups for some bounded sub-

group A S G.
(iii) There is a direct sum of cyclic groups C and a bounded

subgroup B C C such that G ~ C/B.
(iv) Every subgroup of G is isomorphic in ssf/& to a direct

sum of cyclic groups.
(v) Ext(G, Hf is bounded for all p-groups H.

Proof. It is clear that (ii), (iii), and (iv) each imply (i) and that
(iii) implies (iv). That (i) implies (ii) follows from 3.1., and (ii) if
and only if (v) is Theorem 27' of [10].
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Suppose G ~ H in s$f/&, £Γ a direct sum of cyclic groups.
Then there exists a bounded subgroup B £ iί, an integer w ̂  0, and
a monomorphism f:pnG-+H/B with bounded cokernel. So pnG ~ T/B
where pkH <Ξ T ξΞ= H for some Zc 2> 0. By 50.1 in [4], there exists a
group Γ £ C such that the isomorphism pwG ~ T/B can be extended
to an isomorphism G ~ C/ΰ. Thus pnG g Γ g ί ί and C is a direct
sum of cyclic groups. Hence (i) implies (iii).

PROPOSITION 3.6. Let G be a p-group. If G is isomorphic in
Ssf/^? to a direct sum of cyclic groups, then Gι is bounded. If G
is a direct sum of countable groups, the converse holds.

Proof. The first statement follows from (ii) of 3.5. If G is a
direct sum of countable groups and pkG1 = 0, then

and G/G1 is a direct sum of cyclic groups. The result follows from
(iii) of 3.5.

Let G be a group. If every infinite subgroup of G can be
embedded in a summand of the same cardinality, then G is Fuchs
five [9]. It is easy to see that if G is a direct sum of countable
groups, then G is Fuchs five. If G has no elements of infinite height
and if for every infinite subgroup H of G, | (G/H)1 | ^ | H |, then G is
a Q-group [9]. If whenever G/H is divisible, H a subgroup of G, we
have \H\ = |G | , then G is starred [9]. Finally, G is fully starred if
every subgroup of G is starred. F. Richman and J. Irwin [9] showed
that if

0 >G >H >K >0

is exact and if G and K are starred, then H is starred. Also in [9],
it is shown that if G is Fuchs five and G1 = 0, then G is a Q-group,
and if G is a Q-group, then G is fully starred.

PROPOSITION 3.7. Let G ~ H in sf/.^. Then G is fully starred
if and only if H is fully starred.

Proof. Suppose H is fully starred. Let A be a bounded subgroup
of G such that nH ̂  S/A where mG £ S S G, m and n positive
integers. Then S/A is fully starred and A, being a direct sum of
cyclic groups, is starred. Since

0 >A >S >S/A >0

is exact, it follows that S is starred. Now



ISOMORPHISM INVARIANTS FOR ABELIAN GROUPS 77

0 >S >G >G/S >0

is exact with G/S bounded. Thus G is starred. Let K be a subgroup
of G. Then (mK + A)/A is a subgroup of S/A and so (mK + A)/A ~
mK/mKf]A is starred. By the exactness of

0 > mK n A • mK >mK/mK n A • 0

and

0 > K [m] > K > mK > 0

it now follows that K is starred. Hence G is fully starred.
The following example shows that a p-group can have no elements

of infinite height, be isomorphic in sf\3£ to a direct sum of cyclic
groups, and not be a Q-group.

EXAMPLE 3.8. Let B ~ C(p) 0 C(p2) φ where C(pn) is cyclic
of order pn. Then B is uncountable, has no elements of infinite
height and is not fully starred. Let C be countable with C1 Φ 0. In
[9] it is shown that Tor (5, C) is fully starred, has no elements of
infinite height, and is not a Q-group. The exact sequence

0 > C(p) > P > B • 0

with P the Prufer group and C(p) = P 1 yields the exact sequence

0 > Tor (£, C(p)) > Tor (5 , P) > Tor (5 , B) .

But Tor (B, C(p)) is p-bounded and Tor (B, B) is a direct sum of cyclic
groups. Thus Tor (B, P) is the desired group.

4* Ulm's theorem in Sf\&. All groups considered in this
section are reduced primary Abelian groups for a fixed prime p. Let
G be such a group and let a be an ordinal number. We define paG
inductively as follows: p°G = G, paG = p{pa~ιG) if a — 1 exists, and
paG = Γiβ<aPβG if a is a limit ordinal. The dimension fθ(a) of the
vector space (paG)\p]/(pa+1G)[p] is called the aih Ulm invariant of G.
If G is a direct sum of cyclic groups, then fG(n) is just the number
of cyclic summands of G of order pn+1. We define G inductively as
follows: G° = G, Ga = p^G"-1) if a - 1 exists, and Ga = Γ\β<a Gβ if
a is a limit ordinal. Since G is reduced, there is a smallest ordinal
τ, τ | ^ G\, such that GΓ = 0. τ is called the length of G. The
quotient groups Ga/Ga+\ a < τ, are called the Ulm factors of G. All
the Ulm factors except possibly the last, if it exists, are unbounded.
Moreover, if G is a direct sum of countable groups, then Ga/Ga+1 is a
direct sum of cyclic groups for each a < τ. The relationship between
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paG and Ga is given by Ga = pω"G. Finally an element x e G is said
to have height a in G if x e p"G, x ? pa+1G, and we write £Γβ(ίB) = α.

One of the most important theorems in the theory of Abelian
groups is Ulm's theorem, which states that two countable reduced p-
groups are isomorphic if and only if their corresponding Ulm factors
are isomorphic, or equivalently, if and only if they have the same
Ulm invariants. This result has been extended to direct sums of
countable reduced p-groups by G. Kolettis [12]. Another proof is
given by P. Hill [7].

The main result in this section is an "Ulm's theorem" for direct
sums of countable reduced p-groups in the category Ssf/.^. In the
course of the proof of this theorem, several subsidiary results are
obtained. These will be stated as they arise.

Let G and H be reduced p-groups. Suppose
(I) there is an integer k ^ 0 such that for all integers n ^ 0

and r Ξ> 0

+ 2k

2-ji JiA
i=o

r T -{-2k

+ i) ^ Σ Λ(^
i=oΣ

3=0

and
(II) fG(a) - fH(a) for all a ^ ω.
In [1] Beaumont and Pierce show that (I) and (II) are necessary

and sufficient for two countable reduced p-groups to be quasi-isomorphic.
In [2] Beaumont and Pierce show that (I) is necessary and sufficient
for two direct sums of cyclic p-groups to be quasi-isomorphic. In view
of Kolettis extension of Ulm's theorem, it is natural to ask if (I) and
(II) are necessary and sufficient for two direct sums of countable
reduced p-groups to be quasi-isomorphic. The answer is in the affirma-
tive, and the proof is straightforward since nG g S G G and G a direct
sum of countable groups implies that S is a direct sum of countable
groups. (For a proof of this latter fact, see Irwin and Richman [9].)
In [8] P. Hill proves the following more general statement. IίNG and
H are reduced p-groups with GIG1 and H/Hι direct sums of cyclic
groups, then (I) and (II) are necessary and sufficient for G and H to
be quasi-isomorphic. Hill also includes in [8] a short and informative
proof of the previously mentioned result by Beaumont and Pierce [2].

While the following lemma does not appear in [8], it is an
immediate consequence of a result in [8]. Moreover, it has an appli-
cation later on.

LEMMA 4.1. Let G and H be direct sums of cyclic p-groups
which satisfy (I). Suppose fG(0) = | G \ \ H \ ̂ 0 = fnΦ). Then

G = Go®G1@-- ®Gzk and H - i f o φ ^ φ . φ H2k
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where

pkG0 ~ Ho, pk~1G1 — Hu , Gk ~ Hk1 Gk+1 ~ pHk+1, , G2& — pkH2k .

Proof. For each integer w ̂  0, let An be the initial segment of
ordinals less than the first ordinal of cardinality fG{n). Similarly, let
Bn be the initial segment of ordinals less than the first ordinal of
cardinality fπ{n). Define

A = {(n, a) I 0 <; n < ω, a e An) ,

B = {(n,β)\0^n<ω,βeBn} .

Write G = Σ^<ω (?« where Gn is a direct sum of cyclic groups of
order pn+1. Then Gn = Σ«€^%<^,α)> a n d (w, α)—>α%,α is an equivalence
between A and a basis of G. Write H = Σn<ω Σ/se^ ^ n , ^ where
ζbn,βy ^ C(pw+1) for each β e Bn. Then bntβ —> (w, /5) is an equivalence
between JS and a basis of i ϊ . In [8] Hill shows that there is an
equivalence between B and A which alters indicies by no more than
k, the index of the element (n, 7) of A or B being n. Thus we have
an equivalence π between a basis of H and a basis of G which alters
exponents by no more than k. For 0 ^ ί <J 2A, define

Gί = Σ {<>»,*> I π(δ»,i8) == αw>α, n - m = A; - i} ,

Hi = Σi KK,β> I ̂ (&«,is) = αn,α, w - m = k - i} .

The lemma follows.
Let G be a group. A subgroup H of G is essential in G if

iΓ S G and ϋΓ Π ί ί = 0 imply K = 0. A group X is an ^-extension
of G if G is essential in X and nX = G. Every group has an %-
extension. (See Walker [15].) In fact Gn is an ^-extension of G if
Gn/G = (D/G)[ri\ where D is a divisible hull of G. This notion is
used in the proof of the following corollary.

COROLLARY 4.2. Let G and H be direct sums of cyclic p-groups
which satisfy (I). Then there are subgroups SQG and T^H such
that pkG S S, pkH g Γ, απd S ~ T.

Proof. If k = 0, then /G(w) = fn(n) for all integers n ^ 0 and so
G ~ H. Assume fc > 0 and let G* and i ϊ * be such that pG* = G,
pίf* = iϊ, and fG*(0) = I G* | | H* \ ̂ 0 = Λ/ (0). For example, take
^-extensions of G and if, respectively, and then add on summands
Σ K C(p) where « = | G* | | H * | « 0 . Write k = m + 1. Then

Σ Λ (w + A; + j) = Σ Λ σ (w + m + j ) £ ^' fpH*(n + i )
3=0 j=0 j=0

r + 2m r + Ίk

= Σ ///•(«• + i + i) ^ Σ /«*(« + i) -
i=o i=o
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for all integers n ^ 0 and r ^ 0. Similarly

Now write G* = Go φ φ G2k and # * = Ho φ φ H2k according
to 4.1. Let S* = p"G0 φ p^'G, φ φ Gk φ φ G2k and let T* =
Hoφ ' φHkφ pHk+ι φ φ p"Htk. Then p*G* S S*, PkH* S Γ*,
and S* ~ Γ*. Now p*G = p4 + 1G* £ pS* £ pG* = G, ^ίZ" £ p Γ * £ H,
and pS*

LEMMA 4.3. Let H be a reduced p-group and n and r positive
integers. Then

dim ({p"H)[p\l{p"^H)[p\) = £ fB(n + j)
jQ

Proof. Since

X

where X ~ (pnH)[p]/(pn+1H)[p], the lemma follows from induction and
the definition of fH.

LEMMA 4.4. Let G be a reduced p-group, k >̂ 0, and A £
/or all integers n ^ 0 αmZ r ^ 0,

Σ fσuin + i) ^ Σ fo(n + j) and Σ Λfa + fc + Λ ^ Σ ΛM(^ + i) .
j=0 3=0 j=0 i=0

Proof. Let 5 be a basic subgroup of G, and write i> = Σ*=i B*
with each Bι a direct sum of cyclic groups of order p\ Let

{x, + A + ((2Γ+r+1G + A)/A)b]},ez

be a basis of ((pnG + A)/A)[p]/((^+r+1G + A)/A)[p], with each x{epnG,
Xi $ pn+r+1G. Applying 4.3 to the group G/A, we have

3=0

Since n ^ H0{Xi) < n + r + 1 and E{xt) ^ k + 1, x{ = c{ + df where
0 Φ d e JB,+1 φ φ Bn+k+r+ι, c; £ pn+r+1G, and ^ e pn+r+ιG. Let C =
Bn+ι φ φ Bn+k+r+ι. Now

((C + pn+r+1G + A)/il)[p] -, ((p'G
((p«+"+1G + A)/A)[p]

Hence
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tfo,A(n + j) = \I\
3=0

^ dim (((C + p +r+1G + A)/A)[p]/((p"+'+1G + A)/A)\p\)

£ dim ((((C + i9Λ + r + 1G + A)/A)/((p*+r+1G + A)/A))[p])

= dim (((C + p"+r+1G + A)/p*+r+'G + A))[p])

= dim ((C/(C(p"+'+ιG + A)))[p])

=g dim(CbD = ΣΛ(» + i) = ΣΛ(« + i)
y=o y=o

Since Λ*G(m) = /G(m + k) for all m ^ 0, and G[pk]/A £ (ί?/A)[p*],
applying the first inequality to G/A and the subgroup G[pk)/A yields

Σ Mn+k+j) = Σ
3=0 j=0

r

= ΣΣ
i

r + k

) ^ Σ fσu(n+3) .Σ

This completes the proof.

COROLLARY 4.5. Let G and H be reduced p-groups with G ~ H
in s*/\&. Then G and Ή satisfy (I).

Proof. By 3.1., there is a k >̂ 0 and a homomorphism f:G—*H
such that Ker / and Coker / are bounded by pk. Let A = Ker / and
T = Im /. By 4.4,

Σ fou(n + i) ^ Σ" fc(n + j) and Σ fG(n + k + j) £ Σ ΛM(w + j)
jf—o i—o y = o y—o

for all w ^ 0 and all r > 0. Now

and the latter is an image of (pnT)[p]/(pn+r+k+1T)[p], Also

and the latter is an image of (pnH)[p]/(pn+r+2k+Ή)[p]. Thus, applying
4.3 and 4.4,

r r + /c r-ri r + 2k

Σ /«(«• + H i ) ^ Σ Λ(» + y) = Σ ΛM(» + y) ^ Σ fain + j)
3=0 3=0 3=0 j=0

and

Σ Λ(w + Λ + i) ^ Σ /C/i(w + i) - Σ Mn + i) ^SfAn +
y=o 3=o y=o j=o

COROLLARY 4.6. Lβί G αwd ίΓ δe reduced p-groups with basic
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subgroups B and C, respectively. Then B ~ C whenever G ~ H in

Proof. B and C satisfy (I) whenever G and H do. Now apply
the result in [2].

COROLLARY 4.7. Let B and C he closed p-groups with basic
subgroups B and C, respectively. Then B ~ C in s^/& if and
only if B ~ C.

Proof. B ~ C in s$ί/& implies B ~ C by 4.6, and B ~ C
implies B ~ C is Theorem 3.11 in [3].

COROLLARY 4.8. Let G and H be reduced p-groups and suppose
G/G1 and H/H1 are direct sums of cyclic groups. If G ~ H in

and G1 ~ H\ then G ~ H.

Proof. In [8], Hill shows that G ~ if if G and H satisfy (I)
and (II) and G/G1 and H/H1 are direct sums of cyclic groups. The
corollary now follows from 4.5.

In view of 4.6 and 4.7, it is natural to ask the following question.
If G ~ H in j ^ / ^ 5 is G i H whenever G and H are reduced p-
groups without elements of infinite height? The answer is no and
3.8 furnishes us with a counterexample. Specifically, there is a p-
group G and a subgroup A C G[p] such that

( i ) ^ = 0,
(ii) G is not a direct sum of cyclic groups,
(iii) (G/AY = 0,
(iv) G/A is a direct sum of cyclic groups.

Now G ^ G/A in j ^ / ^ J but G ~ G/A contradicts (ii) and (iv).

LEMMA 4.9. Let G and H be direct sums of cyclic p-groups such
that fG(0) = I G I I H\ ̂ 0 = /#(0). Suppose there is an integer k >̂ 0

for all integers n ^ 0 αwd r ^ 0

Σ / ^ + i ) ^ Σ / ^ + i) and Σ / * + H i ) ^ Σ / > + i).
i=o i=o i=o y=o

Then there is an equivalence of a basis of G onto a basis of H such
that exponents are never increased and are not decreased by more
than k.

Proof. For each integer n ^ 0, define An and Bn as in the proof
of 4.1. Also define A and B as in 4.1. Call the first component of
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the element (n, 7) of A or B the index of the element. It was
pointed out in the proof of 4.1 that A is in one-to-one correspondence
with a basis of G such that if the index of an element of A is n,
then the exponent of the corresponding basis element of G is n + 1.
There is a similar one-to-one correspondence between B and a basis
of H. Hill [8] has shown that (I) implies the existence of an equiva-
lence between A and B which alters indicies by no more than k. By
a close examination of HilPs proof, it is seen that the stronger ine-
qualities in the hypothesis of 4.9 imply the existence of an equivalence
θ from A onto B with the index of θ(n, a) between n — k and n.
Thus there is an equivalence from a basis of G onto a basis of H
such that exponents are never increased and are not decreased by
more than k.

COROLLARY 4.10. Let G and H be direct sums of cyclic p-groups
and k a positive integer such that for all integers n >̂ 0 and r gr 0

Σ fπ(n + j) ^ Σ fa(n + j) and ± fG(n + k + j) £ Σ fH(n + j) .
i=0 j=ϋ j=Q j^O

Then there is a subgroup S £ G such that pkG ϋ S and S ~ H.

Proof. If k = 0, then fG(n) = fB(n) for all n ^ 0 and so G - H.
Assume fc ^ 1, let pG* = G, pH* = H, and /^(0) = | G* | | H* \ ̂ 0 =
fH*(0). Write A; = m + 1. Let n ^ 0 and r ^ 0. Then

Σ Λ * ( ^ + ft + 5) = Σ Λ ^ ( w + m + j)^rSfPiAn + i ) ̂  Σ / > + i ) .
i=0 j=0 3=0 3—0

If ^ — 0, then

Σ Λτ (i) - .MO) = Λ (θ) = Σ Mo)
i=o i=o

If n ^ 1, say n = m -\- 1, then

Σ /H (W + i) = Σ Λ * (W + i) ^ Σ fpAm + i) = Σ U(n + i)
J=O 3=0 j=0 3=0

Thus G* and H* satisfy the hypothesis of 4.9. Let A be a basis of
G* and B a basis of H*. Let π be an equivalence of A onto B
determined by 4.9. For 0 <; i <Ξ A;, define

G* = Σ {<«> I o e A, π(a) = b, E{a) - E(b) = k - i} ,

Hi = Σ {<£> I δ e 5, τr(o) - 6, E{a) - £"(6) = A; - i} .

Clearly G* = Gn@ •-@Gk, H* = Ht® •-• ®Hk, p'^G, ^ H< for

i = !,•••,k. Let S* = p*G o φp*- 1 G 1 e . . 0 G t . Then S* ~ H*
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and pfcG* g S * g G . Let S = pS*. Now S - i? and pkG = p*+1G* s
pS* S pG* = G. This completes the proof.

COROLLARY 4.11. Lei G be a direct sum of cyclic p-groups,
k ^ 0, am? A £ G[ί9&]. Suppose G/A is a direct sum of cyclic groups.
Then there is a subgroup S ξΞ= G such that pkG gΞ S and G/A ~ S.

Proof. Apply 4.4 to see that G and G/A satisfy the hypothesis
of 4.10 with H = G/A.

Corollary 4.11 is a generalization of the well-known fact that the
quotient of a finite group G is isomorphic to a subgroup of G.

PROPOSITION 4.12. Let G and H be reduced p-groups with G~ H
in J&Ί&. Then paG ~ paH in j ^ / ^ J and Ga/Ga+1 ~ Ha/Ha+1 in

Proof. This is a corollary of 3.2.

THEOREM 4.13. Let G and H be reduced p-groups with G ~ H
in j y/ .^ . Then there exists an integer k ^ 0 such that for all
ordinals a and for all r ^ 0

3=0 3 =

and

r r + 2k

y i jH\pί ~ι~ & ~{~ J) = i-ι JG\β- i j )
j=o i=o

Proof. Since paG ~ paH in j ^ / ^ pαG and p α i ϊ satisfy (I).
Moreover, by 3.1 and 4.5, & is the same for each a. Since
fG(a + n) = fpaG(n)9 the theorem follows.

Let G and H be countable reduced p-groups and suppose G — H
in s^f/^. By 4.12 and 4.6, we see that the corresponding Ulm
factors of G and H are quasi-isomorphic. The following example
shows that the converse does not hold.

EXAMPLE 4.14. Let G and H be countable groups whose respective
Ulm factors are

Gn ~ C(pn+1) 0 C(pn+2) φ for n ^ 0, Gω - 0

and

Hn - C(p2n+2) 0 C(p2n+3) φ . . for % ̂  0, Hω = 0 .



ISOMORPHISM INVARIANTS FOR ABELIAN GROUPS 85

Clearly Gn ~ Hn. In fact pn+Ήn ~ Gn. Suppose G ~ H in
By 3.1, there is an integer n ^ 0 and homomorphisms f:G—*H and
g:H—>G such that gf = pn and fg = pn. Now / and g induce
homomorphisms f:Gn~-+Hn and g: Hn—>Gn such that gf — pn and
fg = pn. Let x generate a summand of Gn of order pn+1. Then
/(a?) = pn+ίy for some # 6 Hn. Thus 0 =£ pnx = gf(x) = pn+1g(y) which
is a contradiction. Hence G and if are not isomorphic in j y / ^ ί

In view of Example 4.14, we make the following definition.

DEFINITION 4.15. Let {Ga}aei and {Ha}aei be families of groups over
the same index set. These families are uniformly quasi-isomorphίc
if there is an integer k >̂ 0 and for each a e I, subgroups Sa S Ga

and Ta S Jϊα such that pfcG* S Sα, pkHa c Γα, and Sα - Γα.

COROLLARY 4.16. Lβί G and H be direct sums of countable
reduced p-groups. If G ~ H in ,s>/Ί&, then the corresponding Ulm
factors of G and H are uniformly quasi-isomorphic.

Proof. Apply 4.13 to see that the corresponding Ulm factors of
G and H satisfy (I) with k fixed. Now apply 4.2.

LEMMA 4.17. Let G be a reduced p-group. Then (G/A)β = Gβ/A
for all β <̂  a whenever A £ Ga.

Proof. The proof is by induction on β. For β = 0, the lemma is
clear. Suppose β = 1 and let x + A e (G/A)1. Then x + A = pnxn + A
for each n ^ 0. So x — pnxn + an e p^G for each w ̂  0. Thus .τ +
A e GιIA. Now let β >1 and assume (G/A)7' = Gr/A for all 7 < β.
If /3 = 7 + 1, then (G/A)'9 - (GVA)1 = G^fl/A - G^/A. Suppose β is a
limit ordinal. Then

(G/Ay3 = Π (G/AY = Π (GVA) = (Π GO/A - G /̂A .
r<β r<β r<β

The proof is complete.

LEMMA 4.18. Let G be a reduced p-group and k >̂ 0. TΛβt̂
(G/Ga[pk])β = Gβ/Ga[pk] for β ^ a and (G/Ga[pk])a ~ pkGa.

Proof. The lemma follows from 4.17.

COROLLARY 4.19. Let G be a reduced p-group, a an ordinal, and
k^O. Then G/Ga[pk] has Ulm factors Gβ/Gβ+1 for β < a, pkGa/Ga+ι,
and Gβ/Gβ+1 for β > a.
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Proof. Let β < a. Then β + 1 ^ a and by 4.17,

>k]y+1 = (GηGa[pk])/(G?+1/Ga[pk]) cz

By 4.18 and since Xα/Xα+1 en γ«/γ«+i whenever X and Γ are iso-
morphic p-groups, (G/Ga[pk])a/(G/Ga[pk])a+1 ~ pkGa/Ga+1. Furthermore,
if β > a, say /5 = a + S, then

LEMMA 4.20. Let G be a countable reduced p-group of length τ
and with Ulm factors Ga. For each a < τ, let Ga = Sa® Ta where
both Sa and Ta are unbounded whenever Ga is. Let H be a countable
reduced p-group of length τ and with Ulm factors pnaSa φ Ta where
0 ^ na ^ k, k fixed. (Such a group exists by Zippinys theorem.) Then
G/A ~ H for some A s G[pk].

Proof. For τ = 0, there is nothing to prove. If τ = 1, G is a
direct sum of cyclic groups and the lemma is clear. Assume τ > 1.
For the present, we will assume GΓ_! is unbounded if τ — 1 exists.
For each a < τ, let Ta = Σ/s<r Gaβ where Gaβ is unbounded for β Φ a
and Gaa = 0. For each a < r, let Ka and La be countable reduced
p-groups of length τ whose α:th Ulm factors are pn<xSa and Sa9

respectively, and whose /5th Ulm factors, β Φ a, are Gβa. Now
G — Σ«<: La and applying 4.18, La/La

a[pn«\ ~ Ka for each a < τ. Let
K = Σ«<r #"«. Then G/A ~ K where A — Σ«<r L"[pna]. Moreover, K
has Ulm factors pn«Sa φ Γα. Hence G/A ~ K ~ H.

Now assume τ — 1 exists and GΓ_X is bounded. For # < τ — 1,
Let Ta be as above. Let Ko be a countable reduced p-group whose
Ulm factors are pn<>SQ, GβQ for 0 < β < τ - 1, and Tτ_γ. Let Lo

be a countable reduced p-group whose Ulm factors are So, Gβ0 for
0 < β < τ - 1, and Γ r - 1 . For 0 < α < τ - 1, let i ία and La be
countable reduced p-groups of length τ — 1 whose αth Ulm factors
are p%«£« and Sα, respectively, and whose /5th Ulm factors, β Φ a,
are G^α. Let Kτ_1 and L r - 1 be countable reduced p-groups whose Ulm
factors are Gβ,τ^ for 0 <̂  β < τ — 1 and whose (τ — 1) st Ulm factors
are pnτ~1Sτ_ι and SΓ_X, respectively. Let K — X α < Γ i ία and A —
X α < Γ Lϊ[p%«]. As above G/A ~ K ~ H. This completes the proof.

LEMMA 4.21. Let G be as in 4.20. For each a < τ, let Ga =
Sα φ TΛ. Lei H be a countable reduced p-group with Ulm factors
PnSa φ Ta, n ^ 0. TΛβ^ G ~ H in j$?/&. In fact, there is an
epimorphism f: G —• pnH such that Ker / is bounded by pZn.
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Proof. Let Iι — {a<τ\Sa and Ta are both unbounded}, J2 = {a<τ|Sa

is unbounded and Tα is bounded}, I3 = {a < τ \ Sa is bounded and Ta

is unbounded, and I4 = {τ — 1} if τ — 1 exists and Gr_! is bounded,
otherwise I4= 0. If ael2, let Sα - Sί®Sίf where both Sά and S«'
are unbounded. If a e J3, let Ta = Ti © 27 where both Γ̂  and T^
are unbounded. Let K have Ulm factors as follows:

VnSa © Γβ if a e I, n Λ ,

if

By 4.20, G/A
follows:

3>*S« θ PnΓί 0 Γί' if a e I 3 .

K for some A g G[pn]. Let L have Ulm factors as

PnSa 0 Γα if a e I, n /* ,

P*S« © ^>%Sr © ? ; = ^ % S α φ Tα if a e I2 ,

pnSa®pnTΪ(BTί' if α e / 8 .

By 4.20, iί/β
follows:

L for some 5 C

τa if ix n i2 n

Let ί ί have Ulm factors as

if

By 4.20, H/C ~ L for some C S
/ be the composition G — G/A
pwiί. The lemma follows.

. Hence G ^ f f in J^/ .^ . Let
K -> ίΓ/B ~ L - ίί/C — H/H[pn] ~

LEMMA 4.22. Let G be a direct sum of countable reduced p-
groups, n^O, and suppose G has length τ. Let G have Ulm factors
Ga. For each a < τ, let Ga = Sa(&Ta. Then there is a p-group H
such that

(i ) H is a direct sum of countable reduced groups,
(ii) H has Ulm factors pnSa φ Ta,
(iii) G ~ H in

Proof. Let G = Σ / e ^ where |X^| ̂  ^ 0 for each XeΛ. Let τλ

be the length of Xλ and Xλa its ath. Ulm factor. For τλ<L a < r, X^ = 0.
Now Ga = Σ;e^; .« for each α < τ. Let X?a, S«B, and Tα

B be bases of
X.«, Sα, and Γα, respectively. For each α < τ, there is an equivalence
"̂«: Lhei -X"̂  ̂ ^ S/ U T£ which preserves exponents. For XeΛ and

a < τλ, define

Sλa = Σ {<a> I α e X*a, πa(a) e S*} ,

Tλa = Σ {<«> I « e Xfβ, τrα(α) e Ta

B} .
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If r, ^ a < τ, let Sλa = Tλa = 0. Then Xλa = S,α φ Γ,β, Σ e. &β - Sβ,
and ΣiieΛ Tλa - Γβ. Let Yλa = pnS2a φ TXa. Then Γ i β is countable
and if a <τλi Yλa is unbounded with the possible exception of Yχ,τλ-ι if
τλ — l exists. Let Yλ be a countable reduced p-group of length τλ and
with Ulm factors Yλa. By 4.20, there is an epimorphism fλ: Xλ-^pn Yλ such
that p3nKeτ f = 0. Let H = Σ^e41^ Then there is an epimorphism
/: G->pnH such that p 3 % Ker/= 0. Hence G ~ if in j*f/&. Clearly
i ί is a direct sum of countable groups with Ulm factors pnSa φ Γα.

LEMMA 4.23. Let G be a direct sum of countable reduced p-
groups. Let G have length τ and Ulm factors Ga. Then there is a
reduced p-group H such that

(i ) H is a direct sum of countable groups,
(ii) H has Ulm factors Ga φ ΣiGαι*0 C(p), a < τ,
(iii) G - H in

Proof. Write G = Σ e ^ ^ where | Xλ \ ̂  ^ 0 for each λ e Λ. Let
τλ be the length of Xλ and X α̂ its αth Ulm factor. Then Ga = ΣJ€Λ-3ΓJ«

For λ G J and a < τ,, let Γ,a - Xλa φ Σ^ o C(p). If τλ ^ a < τ, let
F;a = 0. Let Yλ be the countable reduced p-group of length τλ and
with Ulm factors Yλa, a < τλ. For a < r, let Λα = {λ e -4 | XAα Φ 0}.
Then I Gβ I « 0 = I Λ I «o for α < τ. Let H = Σ^e. Γ ;. Then if is a
direct sum of countable reduced p-groups whose atYi Ulm factor is

Ha = Σ.6, Γ,β ^ Σ.e, (Xχa θ Σκ

Σ e, Σ;α θ Σ

By 4.22, H is isomorphic in s*/\£% to the direct sum of countable
groups whose Ulm factors are Ga φ ί>(Σισαι Σκ 0 C(p)) = Gα; namely,
iJ - G in

LEMMA 4.24. Let G and H be direct sums of countable reduced
p-groups whose corresponding Ulm factors are uniformly quasi-
isomorphic. Let G and H have the same length τ and Ulm factors
Ga and Ha, respectively. Suppose fGβ)) = | Ga \ ̂  ^ 0 cmd fπaΦ) —
I Ha I ̂  î o for each a < τ. Then there exists direct sums of
countable reduced p-groups K and L with Ulm factors Ka and La,
respectively, such that

(i ) fκa(0) = \Ka\\La\χ0 = fLβ) for each a<τ,
(ii) G ~ K in
(iii) H ~ L in

Proof. Let I, = {a < τ \ \ Ga \ = \ Ha |}, I2 = {a < τ \ \ Ga \ < | Ha |},
and I3 = {a < τ \ \ Ha \ < | Ga |}. There is an integer k ^ 0 and for
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each a < τ, subgroups Sa £ Ga and Ta £ J5Γα such that p*Gα £ Sα,
2>fciJα £ Ta, and Sα - Tβ. Thus \Ha < \ Ga | ^ | p2fc£Γ« | for α e J2 and
\Ga\ >\Ha\ ^\p2kGa\ for ael3. If aelif write fίβ - ffiφΣ,flβ, C(p).
If α e / 3 , write Gα = G ά φ Σ ^ , C(p). By 4.22, there is a direct sum
of countable reduced p-groups K whose Ulm factors Ka are Ga for
aelι{jl2 and p2fcG« © Σι#αι C(P) for α e / 3 and such that G ~ K in
j y / ^ Similarly, there is a direct sum of countable reduced p-groups
L whose Ulm factors La are if* for ael.ϋ I3 and P2fciϊ« 0 Σ I ^ I C(p)
for α G I2 and such that L ~ H in j ^ / ^ . For α e I, U /2, Λ:α(0) =
\Ga\ = \Ka\. For

a el,, \Ha\ ̂ fKa(0)^\Ka\^\p^G^\ + | Ha \

By hypothesis, | Gα | ^ « 0 and | Ha\ ^ « 0. Thus | jfiΓα | = Λβ(0) -
min (I Ga I, | Ha |) for α < τ. Likewise, | L a\ = fLa(0) - min (| Ga\, \ Hn \)
for a < τ. It now follows that /^(0) = | Ka \ \ La\ ̂ 0 = Λα(0) for
^ < τ.

THEOREM 4.25. Let G and H be direct sums of countable reduced
p-groups. Then G ~ H in Sz?\& if and only if their corresponding
Ulm factors are uniformly quasi-isomorphic.

Proof. Assume that the corresponding Ulm factors of G and H
are uniformly quasi-isomorphic. Let Ga and Ha be the ath Ulm
factors of G and H, respectively. If G has length r and H has
length τ + 1, then Hτ is bounded, H/Hτ is a direct sum of countable
groups, and G ~ H in sfl.ζ® if and only if G ~ H/Hτ in s/l&.
Moreover, the corresponding Ulm factors of G and H/HT are uniformly
quasi-isomorphic. Hence we may as well assume that G and H have
the same length τ. By 4.23, there exist direct sums of countable
reduced p-groups K and L such that K has Ulm factors

GJΣΣC(p) ,

L has Ulm factors Ha 0 Σι//αι Σκ0 C^)* G - iΓ in j ^ / ^ and H ~ L
in J>/1&. By 4.16, the corresponding Ulm factors of G and if (H
and L) are uniformly quasi-isomorphic. In particular the corresponding
Ulm factors of K and L are uniformly quasi-isomorphic. Moreover,
G ̂  i ί in sf\έ% if and only if K ~ L in s^l&. Hence we may as
well assume that fGa(0) = |G«] ̂ 0 and ///α(0) = |.ffα| #0 for each α:<τ.
By 4.24, we may likewise assume that fGa(0) = \Ga\ \ Ha \ ̂ 0 = fHJQ)
for each a < τ. There is an integer fc ̂  0 and for each a < τ, subgroups
Sα £ Gα and Γα £ Ha such that pfcGα £ Sa, P

kHa £ Γβ and Sα - Γβ.
Thus for each a < τ and all integers w ̂  0 and r ^ 0
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r r + 2k

Σ fc(n + k + j) ^ Σ /H(n + 3)
3=0 3=0

and

r r + 2k

Σ /ff(̂  + k + j) ^ Σ fσ(n + i)
i=o j=o

(For a proof of this fact, see [1].) Now by 4.1, we can write
Ga = Ga>0 0 φ GaΛh and Ha = Ha,0 0 0 #α > 2, where pkGa,0 ~

for each a < τ. Now apply 4.22 as needed.

THEOREM 4.26. Let G and H be direct sums of countable reduced
p-groups. Then G ~ H in S$f/& if and only if there is an integer
k ^ 0 such that for all ordinals a and all integers r iΞ> 0

+

Σ / c ( α + k + j ) £ Σ

and

Σ fs(oc + k + j ) ^ Σ V σ ( α + 3) .
3=0 3=0

Proof. Suppose the inequalities hold. Let Ga and Ha be the αth
Ulm factors of G and H, respectively. Then for each ordinal a and
r £ 0

r r

Σ fβa(
n + * + 3) = Σ foiωa + n + k + j)

and similarly

+

Σ /*(ωα + w + j) = Σ Λr«(w +
i=o i=o

"Σ Λβ(» + k + j) ^ Σ fσa(n + 3) .
' 0 Σ

3=0

Now apply 4.2 to see that the corresponding Ulm factors of G and
H are uniformly quasi-isomorphic. By 4.25, G ~ H in j ^ / ^

The converse is 4.13.
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